Generalizations of some results about the regularity
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Abstract
Let A = {a1,a2,...} (a1 < a2 < ...) be an infinite sequence of nonnegative
integers, and let R 2(n) denote the number of solutions of a; +ay, = n (az,ay € A).

P. Erdés, A. Sarkézy and V. T. Sés proved that if limy_ o0 % = 400 then

|A1(Ra2(n))| cannot be bounded, where B(A, N) denotes the number of blocks
formed by consecutive integers in A up to N and 4A; denotes the [-th difference.
Their result was extended to Aj(R42(n)) for any fixed I > 2. In this paper we give
further generalizations of this problem.
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1 Introduction

Let N denote the set of nonnegative integers. Let k > 2 be a fixed integer and let
A = {ay,as,...} (a1 < ag < ...) be an infinite sequence of nonnegative integers. For
n=0,1,2,... let Rqax(n) denote the number of solutions of a;, + a;, +--- + a;, = n,

a;, € A,...,a;, €A, and we put
An) =) 1L
agA

We denote the cardinality of a set H by #H. Let B(A, N) denote the number of blocks
formed by consecutive integers in A up to N, i.e.,

BAN) = Y L
n<N
neAn—1¢A
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If sg,81,... is given sequence of real numbers then let A;s,, denote the [-th difference of
the sequence sg, s1, Sa, ... defined by Ays, = s,41 — S, and Ays, = Aj(A;_18,).

In a series of papers [2], [3], [4] P. Erdds, A. Sarkézy and V.T. Sés studied the regularity
properties of the function R42(n). In [4] they proved the following theorem:

Theorem A Iflimy .o B(\’/L"NN) = 00, then |A;(Ra2(n))| = |Raz2(n+1)—Raa(n)| cannot
be bounded.

In [4] they also showed that the above result is nearly best possible:

Theorem B For all € > 0, there exists an infinite sequence A such that
(i) B(A,N)> NY2=¢,
(1)) Ras(n) is bounded so that also AyR4o(n) is bounded.

Recently, [9] A. Sarkozy extended the above results the finite set of residue classes modulo
a fixed m.
In [6] Theorem A was extended to any k > 2 :

Theorem C If k > 2 is an integer and limpy_, o, B({C’;‘]’T]fv) =00, and | < k, then |A/R4,(n)|

cannot be bounded.
It was shown [8] that the above result is nearly best possible.

Theorem D For all € > 0, there exists an infinite sequence A such that
(i) B(A,N) > NYVk=e,
(1) Rax(n) is bounded so that also AjRak(n) is bounded if | < k.

In this paper we consider R4 2(n), thus simply write R42(n) = Ra(n). A set of positive
integers A is called Sidon set if Ra(n) < 2. Let x4 denote the characteristic function of

the set A, i.e.,
(n) = l,ifne A
XAl = 0,if n ¢ A.

Let Ao, ..., A\q be arbitrary integers with ‘Z?:o i
the function

> 0. Let A = (Ao, ..., Aq) and define

=0

B(A,\,n) = '{m:mgn,ZAiXA(m—z’)#OH.

In Theorems 1 and 2 we will focus on the case Z?:o i # 0.

Theorem 1. We have

> lim sup

lim sup MU o 1y

n—oo

LA (B%M)?

The next theorem shows that the above result is nearly best possible:

d
Z )\ZRA<’I”L — Z)
1=0




Theorem 2. Let Z?:o Ai > 0. Then for every positive integer N there exists a set A

such that
B(4, A,n>>2
lim su AiRa(n — )| <limsup4 Al | ————=
,Hoopz aln =)} < lim sup Z' ’( NG
and B(A.\
lim sup (4,A,n) > N.

n—0o00 \/ﬁ o
Theorem 3. Let Z?:o Ai = 0. Then we have

Z)\RA n—i)

It is easy to see that if A = (Mg, A1) = (—1,1) then B(A,\,n) > B(A,n) thus Theorem

3 implies Theorem A. It is natural to ask whether the exponent of A—\/%”) in the right

hand side can be improved.

2 B(A
> lim sup V2 (4,2, n)
n—oo € Zz 0 |/\ | \/H

lim sup
n—oo

Problem 1. Is it true that if .0\ = 0 then there exists a positive constant C/()\)
depends only on A such that for every set of nonnegative integers A we have

3/2
Z/\RA n—1)| > limsup C'(}) - (M) %

lim sup
n—o00 \/ﬁ
In the next theorem we prove that the exponent cannot exceed 3/2.

n—oo

Theorem 4. Let E?:o Ai = 0. For every positive integer N there exists a set A C N

such that B(A
N < limsup (M) < 00

n—00 \/ﬁ

and
d d 3/2
. . . B(A, A\, n) B(A,\,n
lim su NiRa(n — )| < limsup 48(d+1)*23%+75 A (L) (lo — =
meup |3 Aa(n ) < s 48129070 S (P07 G
2 Proof of Theorem 1
Since —A = (=X, ..., —Aq) and clearly
d d
lim su AiRa(n—1)] =limsu —N)Ra(n —1)],
msup (5 At )| = limsup 3 (A Ratn — 0

B(A,A\,n) = B(A, =\, n), therefore

[ 2o (B(f\l}é,n))z

=i
el 2(d+ 1)?

lim sup

|Z?:O(_/\i)| <B(A, -, n))2
nooo  2(d+1)° ) ’

NG



thus we may assume that Z?:o A; > 0. On the other hand we may suppose that

2
lim sup (W) > 0.
n

n—oo
It follows from the definition of the lim sup that there exists a sequence nq,ns, ... such
that B(A A B(A A
lim B4, A, ny) = lim sup B(4, A, n)

Jj—oo V1 n—00 \/ﬁ ‘

To prove Theorem 1 we give a lower and an upper estimation for
d
> (Z AiRa(n — i)) : (1)
Ynj<n<2n; i=0

The comparison of the two bounds will give the result. First we give an upper esti-
mation. Clearly we have

> (i AiRa(n — @))

¥Mm;j<n<2n; =0

IN

> NiRa(n — i)

=0

2.

M;i<n<2n;

> AiRa(n - i)

1=0

<2n; max
IMmj<n<2n;

In the next step we give a lower estimation for (1). It is clear that

> <Z)\iRA(n—z')>— > (Mot 4 A)Ra(n)

gm;j<n<2n; \1=0 Hm;<n<2n;

—<()\1 b ADRA) 4 Mot e+ A)RARR, — 1) + AaRa(2n, — d + 1))

‘|’(>\1+--- +)\d)RA(|_\3/n_jJ)+()\2+... —|->\d)RA(|_\3/’I”L_]J —1)+... +)\dRA(|_\3/TL_j —d+ 1).
Obviously,

Ra(m) =#{(a,a):a+ad =m,a,d € A} <2-#{(a,a):a+ad =m,a<d,a,a € A}

<2-#{(a:a<m/2,a € A} =2A(m/2).
It follows that

> (Z/\iRA(n—i)>2()\o+...+>\d) > RA(n)—<Z|)\i|>2A(nj)2d

YMmj<n<2n; =0 Ymj<n<2n; =0
d d
> (Z /\i> #{(a,a):a+a =n,¥n; <a,a <njaa €A} — (Z |)\2]> 4dA(n;)
i=0 1=0



_ (Z )\i> (Alny) — A7) — O(A(ny).

The inequaltity Z?:o Aixa(m — i) # 0 implies that [m — d,m] N A # 0. Then we
have {m : m < n, 31 Aixa(m — i) # 0} C Uscpacala,a + d], which implies that
B(A, A, n) < |Up<naeala, a+d]| < A(n)(d +1). By the definition of n; there exists a
constant ¢; such that
B(AaA7 nj)
\/n_j

+y/Mj and clearly y/m; > A(y/n;). By using these facts we get

> ¢ > 0.

It follows that A(n;) >
that

<Z )\z') (A(nj) — A(\?/n_]))2 — O(A(n;)) = (1 + of (Z \ )
(1+ of (ZA) B(A, A n]) ,

Comparing lower and upper estimations we get that

> (i AiRa(n — @'))

e Z“*’A n =) ‘
i—=0 Yj<n<2n; \i=0
Zd—o Ai 2
_( +O( ))(d+1)2 ( ’A’nj)’
this implies that
d d 2
. Z'—O >\z B(A7A7 nj)
A - > = .
8%, | 2 A Bal =) 2 1+ o552 (=T 2

To complete the proof we distinguish two cases. When

lim sup (M 2 < 00
n—o0 \/ﬁ

d d 2
‘ YoM [ B(A A nj)
Z A —3)| > :
?/TTJ-H<12>§(2M i Niflaln =2 2 (L 0(1))2(d + 1) VT

=1+ 0(1))—2%;:_01)\;2 hff:ip (—Bui’/%’ n)) ,

then

which gives the result.
When

lim sup (M .
n—o0o \/ﬁ B

2
lim sup (—B(A’A’ nj)) = 00,
j=00 VT

which implies by (2) that limsup,,_, ‘Z?:o AiRa(n — z)‘ = 00, which gives the result.

then
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3 Proof of Theorem 2

It is well known [5] that there exists a Sidon set S with

lims S(n) > L

imsup —= > —,

TL—)OOp \/ﬁ - \/§

where S(n) denotes the number of elements of S up to n. Define the set T by removing

the elements s and s from S when s —s < (N + 1)(d + 1). It is clear that T'(n) >
S(n) —2(N + 1)(d + 1) and define the set A by

A=TUT+{d+1)U(T+2(d+1)U...u(T+N(d+1)).

It is easy to see that A(n) > (N +1)T'(n) — N. We will prove that B(A, A, n) > A(n)—d.
By the definitions of the sets 7' and A we get that if a < a’, a, ¢’ € Athena—a > d+1.
If

Z)\XA m—1)#0

then there is exactly one term, Wthh is nonzero. Fix an index w such that A, # 0. It
follows that Zf:o Aixala +w —1i) # 0 for every a € A. Hence,

|IB(A, A\, n)| > #{a:a+w<naec A} =An—w)>An) —w > An) —d
>(N+1)T(n)—N—-d>(N+1)Sn)—2(N+1)*(d+1)— N —d.

Thus we have

B(A, )\, n) S(n) 2(N+1)*(d+1)+N+d
— > (N +1) 7 7
and
h?—igp (%) > % > N.

By the definition of A, we have

ZZ#{ (t,t): (t+i(d+1)+ (t+jid+1)=m,tt €T}

=0 j7=0

— ZZRT(m —(i+5)(d+1) <2(N+1)%

Then we have

i)\iRA(n—z <Z|)\|>maxRA <2<Z|M) (N +1)

< limsup4- (ZM !) ( fi/é n)) :

which gives the result.



4 Proof of Theorem 3

Assume first that

\/§ (A7 AJ n)
lim sup
n—r00 62 Zz =0 ‘)\ | \/ﬁ

We prove by contradiction. Assume that contrary to the conclusion of Theorem 3 we
have

< 00.

< limsup V2 B4, 4, n)
n—oo € Z 0’)\| \/ﬁ

Throughout the remaining part of the proof of Theorem 3 we use the following no-
tations: NN denotes a positive integer. We write e = e(a) and we put r = e /N,
z = re(a) where « is a real variable (so that a function of form p(z) is a function of
the real variable o : p(z) = p(re(a)) = P(a)). We write f(2) = > ., 2% By r <1,
this infinite series and all the other infinite series in the remaining part of the proof are
absolutely convergent).

lim sup
n—oo

> AiRa(n—1i) (3)

=0

2iTa

1
We start out from the integral I(N) = [|f(2)(320, Miz")|?da.. We will give lower and
0

upper bound for I(N). The comparison of these bounds will give a contradiction.
First we will give a lower bound for I(N). We write

— Z()\OXA(”/) +Aixa(n—1)+ ... + daxa(n —d))z".

It is clear that if A\gxa(n)+Aixa(n—1)+... +Aaxa(n—d) # 0, then (Agxa(n)+A1xa(n—
1)+ ... + Aaxa(n —d))* > 1. Thus, by the Parseval formula, we have

2) (Z /\Z-zi)

1
I(N) :/ da
0
1] o0 2
- / Z()\()XA(n) + Axa(n—1)+... + Aaxaln —d))2"| da
0 |n=0

=3 (oxa(n) + Aixaln — 1) + ... + Aaxa(n — d))*r’" > e >
n=0 n<N

Aoxa(n)+A1xa(n—1)+...4+Agxa(n—d)#0
=e¢2B(A,\ N).

Now we will give an upper bound for I(N). Since the sums Z?:o |NiRa(n — i)| are
nonnegative integers it follows from (3) that there exists an ny and an € > 0 such that

d
Z|)\iRA(n—z )| <11£ln_)8£pe Eﬁ oY (%’”)(1—8). (4)

7



for every n > mng. On the other hand there exists an infinite sequence of real numbers
ng <np <ng <...<mn;<...such that

2 A 2 B(A :
lim sup v2__ B ,A,n)m< \C{_ ( ’A’nj).
n—oo €2 Zz =0 | Al vn e? Zi:o |l VT

We get that

lim sup V2 BAAn) ) < \55 B2, nj)\/l — €. (5)
oo €2 Zz oMl VR ey il VM

Obviously, f2(z) = Y77, Ra(n)z". By our indirect assumption, the Cauchy inequality
and the Parseval formula we have

I(N) = / f(2) (Z M’) do < (Y w) / (2) (Z W) da
- (ZM)/ (Z > (ZAZ> do = (Zw)/ > (Z/\iRA(n—z)) 2| do
4 1 2 1/2 p w4 1/2
< (ZM |> / (ZARA n—@) da = (Zm) (Z(ZA RA(n_Z))2r2n>
In view of (4), (5) and the lower bound for I(n;) we
d o [ d 2 12
e 2B(A, M\ nj) < I(n;) < (Z |>\Z|> Z (Z AiRa(n — Z)) r2n
1/2

n=ng+1

d B2 . 1/2
< (; |M> <02 + Z ( NIV (A;Lj& J)(l — 6)) r2"> ,

where c; is a constant. Taking the square of both sides we get that

42 2 B2(A,A,nj) - n
B*(A,\,n;) Ai Co 1-— r . (6
/ (Z' ') < fasn e o 0TI ) o

It is easy to see that




for 0 < 2 < 1. Applying this observation, where r = ¢~/ we have

ZTQn 1_T2 _ 171

n=0 l1—ce

1
< — + 1.
2+

In view of (6) we obtain that

iRB? 2 BQ(A’A’nj) —€ )
Pl dm) < (Zm) <62+e4<2?0m|>2 TEE )<2+1>>

<c3+e*B*A,\n)(1 —¢),

where c3 is an absolute constant and it follows that
B*(A, A\ n;) < cze’ + B*(A, A\, n;)(1 —¢),

or in other words
4
C3€

B*(A )\ n;) < —
which is a contradiction if n; is large enough because lim;_,o B(A,A,n;) = oco. This

proves the result in the first case.
Assume now that

V2 B(A\n)
lim sup = 0.

w2, N VR

Then there exists a sequence n; < ny < ... such that

B(A, )\, n;)

lim sup ———= = oc.
j—00 AL
We prove by contradiction. Suppose that

d
)\ZRA(N - 7,)

=0

lim sup < 00.

n—oo

Then there exists a positive constant ¢, such that | Z?:o AiRa(n — )| < ¢4 for every n.
It follows that

1/2

J o / d 2 ~ 1/2
e 2B(A,\,nj) < I(n;) < (Z |)\,|) Z (Z AiRa(n — @)) rn < <C4Z7‘2"> < c5/nj,

i=0 n=0 =0 n=0

thus we have
B(Av Aa nj) 2

< cx€e”,
NG,

where c5 is a positive constant, which contradicts our assumption.

9



5 Proof of Theorem 4

We argue as Sarkozy in [9]. In the first step we will prove the following lemma:

Lemma 1. There ezists a set Cpy C [0, M(d+1)—1] for which |R¢,,(n) — Re,,(n—1)|
124/M(d + 1)log M(d + 1) for every nonnegative integer n and B(Cyr, A, M(d+1)—1)
Qé\% if M s large enough.

<
>

Proof of Lemma 1 To prove the lemma we use the probabilistic method due to Erdos
and Rényi. There is an excellent summary about this method in books [1] and [5]. Let
P(E) denote the probability of an event F in a probability space and let E(X) denote the
expectation of a random variable X. Let us define a random set C' with P(n € C) = 1
for every 0 <n < M(d+ 1) — 1. In the first step we show that

P <m§x |Ro(n) — Ro(n — 1) > 12¢/M(d + 1) log M(d + 1)) <

DO | —

Define the indicator random variable

1,ifneC
QC(”)Z{

0,ifn ¢ C.

It is clear that
Re(n) =2 Y oc(k)oc(n — k) + oc(n/2)

k<n/2

is the sum of independent indicator random variables. Define the random variable (; by
¢ = oc(i)oc(n —i). Then we have

Rc(n) = 2Xn + Yn,

where X, = (o +... + o1y and Y, = oc(n/2).

Case 1. Assume that 0 < n < M(d+1)—1. Obviously, P((; =0) = 2 and P(¢; = 1) = 1
and
1]
E(X,) = 421

10



As Y, <1, it is easy to see that the following events satisfy the following relations

{ max = |Ro(n) = Ro(n—1)| > 12\/M(d+1)logM(d+1)}

0<n<M(d+1)—

n—1

max

n
0<n<M(d+1)— C(TL) a1t RC(TZ B 1) B

4

N

> 10y/M (d + 1) log M (d + 1)}

n—1

N

max —%‘+ Re(n—1) —

0<n<M(d+1)—1 (‘RC > > 104/ M (d + 1) log M (d + 1)}

N

max Ro(n)—%‘>5\/M(d+1)logM(d+1)}

0<n<M(d+1)—1

0<n<M(d+1)—

C max 2Xn—%‘>4\/M(d+1)logM(d+1)}

0<n<M(d+1)—

max
0<n<M(d+1)—

{
{
{
— { max - (2X, +Y, ——‘>5¢M (d+1)log M(d + )}
{
{

> 2¢/M(d + 1)log M(d + 1)}
=]
4

0<n<M(d+1)—1

- { max X, —

> \/M(d+1)log M(d+ )}

It follows that

P ( max  |Ro(n) — Re(n —1)] > 124/M(d + 1)log M (d + 1))

0<n<M(d+1)—1

15
<P ( max X, — i

0<n<M(d+1)—1

>/ M(d+1)log M(d+ 1))
M(d+1)—

S

It follows from the Chernoff type bound [1], Corollary A 1.7. that if the random variable
X is of binomial distribution with parameters m and p then for a > 0 we have

> \/M(d+1)log M(d + 1))

P(|X — mp| > a) < 2e720°/™, (7)

Applying (7) to %] and p = 1 we have

| 2t —2M(d+1)log M(d +1
(‘X - 4J > /M(d+ 1) log M(d + ))<2-exp( ( Vz ?Jg (d+ ))
=N
(8)
< 26—4—1‘“‘1*11\}(13511”)(“” — 9p—4log M(d+1) _ 2 1

Md+ 1)) " aM(d+ 1)
It follows that

P({ max |Ro(n)— Ro(n—1)| > 12¢/M(d+1)log M(d +1)}) (9)

0<n< M (d+1)—1

11



_ Md+1) 1
AM(d+1) 4
Case 2. Assume that M(d+1) <n <2M(d+1) — 2.
Obviously, P(¢; = 0) = 2 and P((; = 1) = § when n — M(d+ 1) < i < %, and if
0<i<n-—M(d+1) then ¢; = 0. Clearly we have

2M (d+1)—1-n
R m—

4

As Y, <1, it is easy to see that the following relations holds among the events

E(XN) =

{ max |Ro(n) — Re(n — 1) > 124/M(d + 1) log M (d + 1)}

M (d+1)<n<2M (d+1)—2

M(d+1)—12 M(d+1) — 22
%‘i‘Rc(n—l)— ( +4) 2

Rc(n> —

g{ max
M(d+1)<n<2M (d+1)—2

>10y/M(d 4 1)log M (d + 1)}

5 ot - D=

d+1)<n<2M(d+1)—2

M(d+1) -1t

+ Rc(n—l)— 1 2

)

>10y/M (d + 1) log M (d + 1)}

M(d+1)—%
< Ro(n) — ———~2 2| > 5. /M(d+ 1) log M(d + 1
- {M(d+1)—12%1\4(d+1)-2 c(n) 4 > 5v/M(d+1)log M(d + )}
2M(d+1) —n
{M(d+1)11<r:i§M(d+1)2 2Xn + Yo 4 > 5/ M(d+1)log M(d + )}

2M(d+1) —n

< 2X, — 4/ M(d+1)log M(d + 1

_{M(d+1)1I§I}%}§M(d+1)2 4 > 4y/M(d + 1)log M(d + )}
2M(d+1) —n

= {M<d+1>_12%§M<d+1)_2 X, — 5 > 2\/M(d+ 1) log M(d + 1)}
LQM(dH)_l_nJ

< Xp——2——= M(d+ Dlog M(d+1) 5.

- {M(d+1)—12}%}§M(d+1)_2 " 4 > \/ (d+1)log M(d + )}

It follows that

P (M(d+1) max |Rc(n) — Re(n —1)| > 124/M(d + 1) log M (d + 1))

—1<n<2M (d+1)—2

2M (d+1)—1—n
e
" 4

=P M(d+1)log M(d + 1
- (M(d+1)—12}%}§M(d+1)_1 >\/ (d+1)log M(d + ))

2M(d+1)—1—n
e —

X - = 2 -
" 4

> /M (d+1)log M(d+ 1)> :

12



LQJVI(d+2l)717nJ

2 and p = 1 we have for M (d+1) <n < 2M(d+1)—

Applying (7) form =
]P) <

and by (8) we have

2M(d+1)—1—n
e —

X, - —2 -
4

2

_ 4 M(d+1)log M(d+1)

< 92V TTED T = 9e—tlos M(d+1) _ 2 1

M@+ D)) " AMd+ 1)

N 1
P(|X - M(d+1)log M(d+1 —
(‘ M > VM(d+1)log M(d + )) S AM(d+ 1)
It follows that
P (M(d+1)<2n<%§4(d+1 |Re(n) = Ro(n —1)] > 12y/M(d + 1) log M (d + 1)) (10)
Md+1) 1
AM(d+1) 4

By (9) and (10) we get that

1
=. (11)
0<n<2M (d+1)— 2

]P’( max |RC( ) — Ro(n —1)| > 124/ M (d + 1)log M (d + 1)> <

In the next step we show that

M 1
It is clear that the following events Fj, ..., E); are independent:

Ey = {Z)\z@c(d_i) %0},
d
Ey = {Z/\Z-Qc(d—i—l—i-d—i) #0},

:{ZM)C m — 1)( d+1)+d—z)7é0}

1=

Obviously, P(E;) = P(E;), where 1 < 4,5 < M. Let p = P(E;). It is clear that there
exists an index w such that A, # 0. Thus we have

p = P(oc(0) =0,0c(1) =0,...,00(u—1)=0,00(u) =1,0c(u+1)=0,...,0c(d) = 0)

2d+1"

13



Define the random variable Z as the number of occurrence of the events F;. It is easy to
see that Z is of binomial distribution with parameters M and p. Applying the Chernoff
bound (7) we get that

—2(Mp/2)? M 5—2d-2

M 1
]P><|Z—Mp|>7p)<26 Mo < 2e7 2 <3

if M is large enough. On the other hand, we have

2>IP>(|Z Mpl| > 2) ]P’(Z< 2) P(Z<2d+2)

Hence,

P (B(C,A, IM(d+1) —2) < zd—]‘i) < % (12)

Let £ and F be the events

E:{ max |Ro(n) — Re(n —1)| > 124/M(d + 1) log M (d + 1)},

0<n<2M (d+1)—2

Fo {B(C,A,M(d+1) —D< %}

It follows from (11) and (12) that
P(EUF) <1,

then
P(ENF) >0,

therefore there exists a suitable set C), if M is large enough, which completes the proof
of Lemma 1.

We are ready to prove Theorem 4. It is well known [5] that there exists a Sidon set S
with

SRSV ISV

where S(n) is the number of elements of S up to n. Let s,s" € S and assume that s > s'.
Define Sy, = S\{s,s/ €S:s—s <2M(d+ 1)} and let A = Cy + Sy, where Cyy is the
set from the lemma.

d
> NiRa(n— i)
=0

d
Z/\i#{(a,a/):a—i-a/ =n—iad €A}
i=0

d
Z)\i#{(s,c,s/,c/) csH+c+s +c¢ =n—1i,s5 €Sy,cc € Cu}
i=0

d 2M(d+1)
= Z Z )\i#{(s,c,s/,cl) e+ =j,s+8 =n—i—jss €Su,cc € Cu}
i=0  j=0

14



d 2M(d+1)

Z Z )\RC]\/I RS]\[( Z_])

=0 7=0
OM(d+1) d M(d+1)+d d
= Z Z)\RCIW RSM(n_Z_]> = Z Z)\RCIW RSM(n_k)
2M (d+1)+ 2M (d+1)+d
Z RSM n — Z i RCM < Z RSM

<2(M+1)(d+1)2- max

d
> NiRey, (k=)
=0

In the next step we give an upper estimation to | Zf:o NiRc,, (k —1i)|. We have

| MoRc,, (k) + ... + XgRe,, (k—d)|
= |)‘0(R0M(k) - RCM(k - 1)) + (>‘0 + )\1)<RCM<k - 1) - RC]M(k - 2)) +o.
+ N+ A+ A1) (Rey, (k—d+1) — Re,, (k—d) + Ao+ M+ ... +Xa)Re,, (k—d)].

Since Z?:o Ai = 0, the last term in the previous sum is zero. Then we have

d
’)‘ORCM(k) +...+ )\dRC]M(k - d)‘ <d (Z |)‘l‘> m?X |RC]\/I(t) - RCM(t - 1)| <

=0

d
12d ) | \i[y/M(d + 1) log M(d + 1).
=0

Then we have

Z/\RA n—1i)

We give a lower estimation for

< 48dZ|A| 1))32(log M (d + 1))"/2.

lim s B(A, A\, n)
msup —————.
e/

f0<wv<Md+1)—1and 3% Nixe,, (v — 1) # 0 then 3% Aixa(s +v —14) # 0 for
every s € Spr. Then we have

B(A, A, n) > (Su(N)—1)B(Cyy A, (M 4+ 1) —1).
Thus we have
, B(A, A\, n) M
llin_ilip NG > Sdr25”
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It follows that

d d
limsup Y ARa(n — )| <484 > [Ni] (M(d +1))*log M(d + 1)) /?
n=eo =0 i=0
“ BAADNY . BAA\"
< limsup 48(d + 1)*23¢+75 A (——) log —— = ,
< lim sup (d+1) ;I | NG NG

if M is large enough. The proof of Theorem 4 is completed.
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