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Abstract This paper investigates the structural stability of long boring or milling tools. The tool is modelled by
arotating cantilever beam that is subject to compression and torsion, manifested by semi-tangential torque. The
three-dimensional mathematical model is based on Euler—Bernoulli beam theory considering a linear three-
dimensional problem. We obtain a dimensionless relationship between the relative importance of rotation,
compression, and torsion that reveals the stability boundaries of the system.

1 Modelling

Consider a long boring or a milling tool (see Fig. 1a) modelled by a straight vertical cantilever beam. The
beam rotates about its vertical axis as well as being subjected to torsion M; and compression mg. Due to the
presence of torsion, we are not able to analyse the system in two-dimensions [1]. The compression can be
modelled by a lumped mass m attached to the free end of the beam (see Fig. 2a) that is much larger than the
mass of the beam. Thus, the mass of the beam might be neglected. The beam is considered to be prismatic,
homogeneous, linearly elastic and inextensible. It is either in compression or in tension depending on whether
it stands upward or downward, respectively. The described system might become unstable depending upon the
speed of rotation, the compression, the torsion, or a combination of all three [1].

The arrangement of the model and the corresponding notation can be seen in Fig. 2a where the gravitational
acceleration is denoted by g, the angular velocity is w, the centrifugal force is mw?>d;, the compression is mg
and the torsional moment vector is M;. Note that the twisting moment is assumed to be semi-tangential [3,4]
depicted in Fig. 1b, that is, the forces F acting on the beam generate an axial torque M; that is able to tilt
about both the y and z axes. By taking into account only small displacement r = col (v w) and angles ¥/, 6
during buckling, the linearised form of the torque is M; = M;col (1 8/28.,/ 2) where M; = 4Fa, and the
bending components of M; come from its resolution with respect to the principal system (&, 1, ¢) and by using
the definition of the semi-tangential torque in the sense of Ziegler [3] (see Fig. 1b, c). In case of the principal
system, we consider £ to be tangential to the deflected beam, while 7 is parallel to the (x—y) plane and ¢ is
parallel to the (x—z) plane. The notations §;, and §/, define the corresponding angular rotations of the end of
the beam (see Fig. 2a).

B. Béri (X)) - G. Stépan
Department of Applied Mechanics, Budapest University of Technology and Economics, Budapest, Hungary
E-mail: beri.bence @ gmail.com

G. Stépan
E-mail: stepan@mm.bme.hu

S. J. Hogan
Department of Engineering Mathematics, University of Bristol, Bristol, UK
E-mail: s.j.hogan@bristol.ac.uk

“707_2017_1902_Article” — 2017/6/14 — 14:36 — page 1 — #1


http://orcid.org/0000-0002-3559-2865
http://crossmark.crossref.org/dialog/?doi=10.1007/s00707-017-1902-8&domain=pdf

Author Proof

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

50

B. Béri et al.

(a) [ (b) (©
T

IE, L

z
w ~
4 <

Yy

Fig. 1 a Model of the rotating tool. b Concept of the semi-tangential moment in the sense of Ziegler [3]. ¢ Formulation of torsion

The mathematical model is obtained using the Euler—Bernoulli connection between curvature and bending
moment [6]

006) M) ) . MyE©)
a5 IE F IE

; (1

where the slope angles in the direction y and z are defined by 6 and ¥ (see Fig. 2b), respectively, and § is
the arc length coordinate. The bending moment functions M, ,(5) are expressed about y axis and z axis as
follows:

5 5 o 5 1
My(5) = =M @) + mgsy () — mgdy + ma*8,,(5 — L) + EMﬂs; ,
(2)
| 5 o 5 1

M.(5) = MW (5) + mg30(5) — mgdy + maw?8,(5 — L) — EM,(S;} ,

where §, = v + dv and §,, = w + Sw at the end of the beam (see Fig. 2b). Since the variation of the torsional
moment (the projection of M, to &) is of second order, the torsional stiffness of the beam is irrelevant from the
viewpoint of buckling [6].

The dimensionless length coordinate s = §/L is normalised by the length L of the beam. By taking into
account Egs. (1) and (2), and neglecting the nonlinear terms of the bending functions above, the bending
moment balance gives the dimensionless differential equation system [2,5,6] for small 6 and v in the form

2
9°9(s) +a81//§s) +y0(s)+ x8, =0,

ds2 9 3)
3%y (s) 30(s) B
s —a +y¥(s) + xdw =0,
as as

where the parameter « = M, L/IE specifies the relative importance of torsion to bending stiffness, y =
mgL?/IE is the relative importance of gravity to bending stiffness and x = mw?L> /IEis the relative importance
of rotation to bending stiffness.

Let us introduce a complex function d(s) = 0(s) + i (s). Hence from Eq. (3), we have

3%2d(s) . 3d(s)
— 1
0s2 ds

+yd(s) + xd1 =0, “)
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Fig. 2 a Rotating beam subjected to torsion and compression. b Infinitesimal piece of the beam

where dj = 8, + 18, and d; = col (8, 8») . The boundary conditions are

30(s) 1

0 = = ——ad
o Vi 95 |s=1 2% )
o awe| 1,
O =0. O Jay.

where the free end conditions are originated in the semi-tangential torque [3] as discussed above. Using the
complex function d, the boundary conditions above can be expressed as

ad(s)
as

1
= —iad], 6
s=1 210[ ! ( )

d0) =0,

where d| = 8, +i5,,,.
In addition, we are able to specify a linear connection between an assumed radial function r(s) and d(s)
(see Fig. 2b)
ar(s)
as

where r(s) = v(s) + iw(s). It provides three additional conditions

=d(s), )

ar(s) ,

r0)=0, r(l)=d, 3 =d, )

for the complex form Eq. (4) when it is transformed for r(s) .

2 Stability

The general solution of Eq. (4) is given by
d(s) = Ae™S + B — Xay | apn = (uE i,
4 ©)
w=a/2, v=,/a2+4y/2,
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where A are purely imaginary eigenvalues. Applying Eq. (6), the unknown coefficients A, B are given by

1 1
iad] — Xdja et Siad| — Ldiageh
X, 2 'y 2y
y ! Aper2 — hjet per2 — pjer (19)
In view of Eq. (7), the radial function r(s) is then given by
AlS A2s
ris)=AS— + B _Las+c. (11)
Al Ay vy

By means of Eq. (8), we could eliminate d; and d], to find

€M (i — 2X;) — €M (i — 211)

_ M
i (1 Me + 1) (et —e2)

= . 12
y (=) —m (=) er(l—ditm) -t (l—d2+m) 2
1+ + =2 .
o - i M — et fardy [ 1 — M i ( M kz)
142 A 1 — e 2 A ¢ ¢
In order to proceed, we note that the right-hand side of Eq. (12) is in the form

X _ P +iP; (13)

Y Or +i0;

where P, P; and Q,, Q; are real quantities. Now the left-hand side of Eq. (12) is real. So the right-hand side
of Eq. (13) must also be real and so its imaginary part has to vanish. Hence

PiQr — PQi =0. (14)

But then the real part of the right-hand side of Eq. (13) can be simplified so that we find

P
x_ LI (15)
y O
So using Egs. (15) and (12) simplifies greatly to become
2
v CcoS v
x=- X (16)

avsinpu + yvcosv — (2v2 — y)sinv

3 Results

Equation (16) is the main result of this paper. It denotes the relationship between rotation, compression and
torsion and generates stability boundaries for the system. When « tends to zero, we have u = 0, v = /y
and so we obtain Wang’s result [1], that is, the case of a two-dimensional problem investigating a compressed,
rotating beam in the absence of torsion

x = —— LSV ST (17)
JY cos .y —sin Jy
shown in Fig. 3a. The stability boundaries are slightly curved. Boundary 1 is asymptotic to the line x = —y

and boundaries 2, 3 are asymptotic to the values of y» = 20.191 and y3 = 59.679, that are obtained from
Eq. (17), when yx tends to infinity, that is

Jycos/y =sin /Y.
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Fig. 3 a Stability boundaries in (x —y) plane. b Stability boundaries in (x —«) plane. ¢ Stability boundaries in (¢ —y) plane. d
3D stability boundaries

When y tends to zero (@ # 0), that is, the relative importance of gravity is negligible, we have that
# = v = «/2 and hence from Eq. (16) by using L’Hospital’s rule

a3

_ , 18
21+ puHtanp — o (18)

X

the stability boundaries can be seen in Fig. 3b. Boundary 1 tends to the line ¥ = 3 and boundaries are
asymptotic to the values of o = 6.811 and a3 = 12.868, obtained from Eq. (18), when x tends to infinity,
that is

2(1+M2)tanu=a.

When x might be neglected, the stability boundaries can be seen in Fig. 3c. They are parabolic. The roots
along the y axis are the well-known, normalised Euler buckling modes (2n + 1)?72/4 wheren = 0, 1... ,
and along the « axis are the normalised critical loads in terms of semi-tangential torque (2n + 1) where
n=0,1....

The stability boundaries of the system, corresponding to Eq. (16) are depicted by Fig. 3d. The curvature of
the stability boundaries is continuously increasing as the parameter o grows. They are asymptotic to the dashed
lines. Looking again at Fig. 3a, surface 1 crosses the y axis at xy = 3 (see Fig. 4). The system is absolutely
stable as long as the solution does not reach the surface 1. Between surface 1 and 2 instability of the first mode
might occur depending on whether the beam stands upward or downward. To the right of surface 2, 3 and 4 the
instabilities of the second, third and fourth modes may occur. The validity of the stable and unstable modes is
affected by torsion because it bends the stability boundaries as we can see in Fig. 3c.
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Fig. 4 Explanation of stable and unstable modes

4 Conclusion

The paper investigates the structural stability of a light rotating beam under torsion and compression. Torsional
torque is assumed to be semi-tangential, and compression is manifested by a block attached to the free end of
the shaft. The study is the generalisation of the result of Wang [1] on the stability of a light rotating column
with and end mass when torsion is also applied.

There are many advanced practical models in the literature where our analytical results could be applied
and extended further: Lee [7], Chen and Liao [8] have investigated the buckling and dynamics stability of a
spinning pre-twisted beam under compressive loads. They have taken into account how the speed of rotation
affects the stability behaviour of the shaft depending on whether the shaft is pre-twisted or nonpre-twisted.
Chen and Peng [9] have examined the dynamic behaviour of a rotating composite beam subjected to axial
periodic forces. Como [10] dealt with the case of lateral buckling of a cantilever bar subjected to a transverse
following force and studied the stability of bending-torsional equilibrium. Another related topics is vibrations
of drill strings where the stability issues have been investigated, for example, by Gulyaev et al. [11] and Liu et
al. [12]. Liu et al. [12] presented a discrete system model to study the axial torsional dynamics of a drill string.
They also took into account nonlinearities that come from dry friction and loss of contact.

The analytical results of the present paper provide test examples for checking the numerical methods
developed for analysis of the above-mentioned mechanical models of the literature.
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