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Abstract
We provide exact formulae for the rational Bézier representation of caus-
tics of planar Bézier curves of degree greater than one.
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1. Introduction

In optics a caustic is the envelope of light rays reflected or refracted by an object.
We consider only that special case when the rays are parallel and are reflected by
a planar curve.

Recently, caustics of control point based planar curves were studied in [6], how-
ever the special properties of basis functions in use were not exploited. In the
present contribution we concentrate on the caustics of planar Bézier curves, the
basis functions of which are the Bernstein polynomials.

2. Caustic curve

Without the loss of generality we can assume that the direction of the light rays is
[ 1 0 ]T7 since this only results in an isometric transformation of the curve. We
consider the sufficiently smooth curve



94 1. Juhdsz

The direction of the reflected ray at the point r (¢) is

1 272 (1)
—
v(t) = 23;.?();)7.“5((:)) , t € la,b]
2 (O)+75 (1)

and the caustic ¢ of the curve r can be written in the form

(72 (t) — 75 (1)) 7y (t)
2 (7 (8) 7y (t) — T (8) 7y (1))
7 () 75 (t)
F (8) 7y (£) — 7 () 7y ()

An equivalent of the above formula for the caustic was also derived in [6].

The caustic may have point(s) at infinity, i.e., the curve can be composed of
several branches. This happens where the denominator 7, (t) 7, (t) — 75 (¢) 7y (t)
vanishes, i.e., where the curvature of r is zero. The asymptote at such a point is
the reflected ray r(¢) + Av (t), A € R itself. In Fig. 1 there is a quartic Bézier
curve the caustic of which has two points at infinity.

e (t) =1y () +

¢y (1) =y (1) +

Figure 1: A quartic Bézier curve along with its caustic, which has
two points at infinity. The arrow indicates the light direction.
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From here on, we will study the caustics of planar Bézier curves
n
r(t)=>_ Bp(t)b;, t€[0,1], n>2,
i=0

where the sequence of points {bi}?:O are called control points and Bj* denotes the
ith Bernstein polynomial of degree n. (The case n = 1 is out of interest, since then
the curve degenerates to a straight line segment and the reflected rays are parallel.)

3. Caustic of a Bézier curve

At first, we reformulate the caustic ¢ to have a common denominator of the the
coordinate functions, yielding

2 (7 (8) 7y (t) = 70 (8) Ty (8)) 7 (8) + 73 (8) 7y (1) — 75 (2)

e ) = 27 (0, ()~ 72 (07, (1) o6
2 (7 (1) 7y (t) = 70 (8) 7y (8)) 7y () + 27 () 75 (F)

e (1) = 2 (72 (1) 7y (1) — s (D) 7y (1)) (32)

Obviously, numerators of the above expressions are polynomials of degree 3 (n — 1)
and the common denominator is of degree (2n — 3), therefore these coordinate
functions are rational functions of degree 3 (n — 1). In what follows we provide the
rational Bézier representation of such caustics. We introduce notations

n—1
P(t)=> B '(t)a;, te€[0,1], aj=n(bi1—b;), i=0,1,...,n—1,
=0
n—2
f‘(t):ZB:L_Q(t)d“ te [0?1]7 di:(n_l)(ai-‘rl_ai)a 7/:0,1,,7’1—2
=0

Making use of the identity

BP (t) B (t) = ((;l(ni)) Bri™ (t)
i+j

of Bernstein polynomials (cf. [1]), we can derive an identity for the product of two
linear combinations >, Bl (t) a; and Z;"ZO B} (t) bj can be written in the form

n m n+m N 1 m n m
;Bi (t) aijZZ%Bj (t)b; = ;:% By (1) (n—;m) kZ:O (E B k) <k)aekbk, (3.3)

provided n > m.
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Now, we study the common denominator. By means of identity 3.3, its first
term is of the form

n—1 n—2
Fo (8) 7y () =D B (taws Y By 2 () dy,
i=0 =0
2n—3 n—2
1 n—1\/n—2
= Z B" 3 (t) 7o ( )( )ax,ekdy,k.
=0 ") s \—k k

The second term can analogously be expressed, yielding

= 1 SEmn-1\(n-2
i‘y (t) T (t) - Z Bt?n_g (t) (2n73) <€ _ k‘) ( k >ay»f—kd17k
=0 k

L =0

and the denominator has the form

2n—3

2 (P (8) Fy () — i (8) 7y (£) = D weB7" 2 (8), (3.4)

=0

where
n—2
2 n—1\/n—2
wy = W ;::0 (g _ k:> ( k ) (ax,ffkdy,k — Gy r—ka k) - (3.5)

We elevate the degree of (3.4) by n, using the general degree elevation formula

s s+z
DBl (Owi =3 B Mw, 2 >0, (36)
=0 1=0
wz[_z] _ wl[z’” Lt (wl[:l] _ wl[zfll) ,i=0,1,...,s+2
S+ z
w =w;, i=0,1,...,s.

with substitutions s =3 (n — 1) and z = n.
The degree elevated denominator is

3(n—1)
ST owBl" Y 1), tefon].
£=0

The numerator of the x coordinate function is
2 (i (£) 7y (t) — ¥ (8) 1y (1)) 70 (8) + 72 (8) 1y (8) — 75 (2) -

Its first term can be expressed as

2 (g (0) 7y (8) — 7 (8) 72y () 72 (2)
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Y 3(n—1) 1 " /2n—3\ (n
= Z By (t) (3(n—1)) Z i~k )\ & Wbz k
=0 ¢ k=0

and the second one as

3(n—1)

(t) = Z B;" Y (1) S(nl—l)
= ")

(T B )

while the third one as

3(n—1) 1

3 t) = Z Bg(n—l) (t) (S(n_l))

14

SO S () o).

Thus, the numerator of Eq. (3.1) can be written in the form

3(n—1)

Z BS(n Y mev

where

ety (£ ) Qe B (7

X ;0 (ﬁ —k— z) ( 5 > (Az0—k—z0z > — ay,é—k—zay,z)> . (3.7)

Analogously, we can obtain the numerator of (3.2) in the form

3(n—1)

Z B (= 1) nya

where

= (Z () (0w “Z( o
() ) 53
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Finally, the rational Bézier representation of the caustic curve is

3(n—1) wén]B?(nfl) (t)

c(t) = Z 3(n—1)

n 3(n—1
=0 k=0 wl[c]Bk( )(t)

qe, t € [0, 1]

3(n—1)
where weights {wé"} }z are the coefficients obtained by the degree elevation of
0

the denominator, and control points are specified by

1
OM_[n][qx’z}’e_oala..w?’(n—lf (3.9)
w, Qy,¢

Figure 2: A quartic Bézier curve and its caustic along with the

reflected rays. The control polygon of the rational Bézier represen-

tation (which is of degree 9) is also displayed. The arrow indicates
the light direction.

Now, we summarize our results.

Proposition 3.1. The caustic of a Bézier curve of degree n (if exists) is a rational
Bézier curve of degree 3 (n — 1). Its weights and control points are specified by (3.5),
(3.6) and (3.7), (3.8), (3.9), respectively.

Remark 3.2. The caustic of a quadratic Bézier curve (n = 2) (if exists) is a cubic

polynomial curve, since in this case the common denominator of (3.1) and (3.2) is
the constant

1 L)
> B (t) <2 > (ag i kdy — ay,ékdm,k))
=0 = @
1
=2 Z Bl} (t) (az,edy0 — ayeds o)
=0
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= 2 (ag,0ay,1 — az1ay,0) (Bg (t) + Bi (1))

= 2(a2,0ay,1 — az,10y0),

therefore the caustic is a cubic polynomial curve. It is well-known that the caustic
of a parabola is a Tschirnhausen cubic, if the rays are not parallel to the axis of
the parabola, we have just obtained its Bézier representation.

Figure 3: A quintic Bézier curve the caustic of which has two
cusps. The control polygon of the rational Bézier representation of
the caustic is also shown. The arrow indicates the light direction.

Remark 3.3. The cusp(s) of the caustic may be of interest. The caustic ¢ has a cusp
at to € [0,1], if ||¢ (¢o)]| = O, i.e., if the tangent vector vanishes, that we can find
numerically. Actually, it is a root finding problem, which can be solved efficiently
with high precision and stability, since the polynomials are specified in Bernstein
basis (cf. [2, 5]).

In Fig. 2 there is a quartic Bézier curve and its caustic, along with the control
polygon of the rational Bézier representation of the caustic. Fig. 3 shows such a
quintic Bézier curve whose caustic has two cusps.

4. Conclusions

We have provided ready to implement exact formulae for the rational Bézier rep-
resentation of caustics (if exist) of planar Bézier curves of degree greater than
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one. This method can be extended to other control point based curves, i.e., curves
described in the form

c(t) = iFi" (t)d;, t € [a,b].
=0

We assume that function system F := {F;| F;: [a,b] — R}, consists of suffi-
ciently smooth non-negative functions, forming a partition of unity. Additional
requirements are the existence of degree elevation and product formulae in the ba-
sis F. These requirements are fulfilled by the B-basis of trigonometric (cf. [3]) and
that of hyperbolic polynomials (cf. [4]), besides the Bernstein basis.
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