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Abstract

Let (Fin)m>0 and (Pn)n>0 be the Fibonacci and Padovan sequences given
by the initial conditions Fy = 0,Fy = 1,Py = 0,PA = P, = 1 and the
recurrence formulas Fi,q2 = Fiq1 + Fon, Pots = Pry1 + Py, for all m,n > 0,
respectively. In this note we study and completely solve the Diophantine
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Keywords: Fibonacci, Padovan sequences, Pillai’s type problem, Linear form
in logarithms.

MSC: 11B39, 11D45, 11D61, 11J86.

1. Introduction

Let a, b be fixed positive integers and consider the Diophatine equation

a = b =a"t — ™ (1.1)
in positive integers n, m,ny, m; with (n,m) # (n1,m1). In particular, we look for
the integers which can be written as a difference of a power of a and a power of b in
at least two distinct ways. In [11], Herschfeld proved that in the case (a,b) = (2, 3)
equation (1.1) has only finitely many solutions. In [15], Pillai extended this result
to the case a, b > 2 being coprime integers. Both results are ineffective. In [16],
Pillai conjectured that in the case (a,b) = (2, 3) the only solutions of equation (1.1)
are (3,2,1,1), (5,3,3,1) and (8,5,4,1). This conjecture remained open for about
37 years and was confirmed in [20] by Stroeker and Tijdeman by using Baker’s
theory on linear forms in logarithms.

Recently, the above problem now known as the Pillai problem, was posed
in the context of linear recurrence sequences. Namely, let U := (U,),>0 and
V = (Vi)m>o0 be two linearly recurrence sequences of integers and look at the
diophantine equation

Uy =V =Upn, — Vi, (1.2)

in positive integers n, m,ny,my with (n,m) # (n1,m1). This reduces to determin-
ing the integers which can be written as a difference of an element of U and an
element of V in at least two distinct ways. This version was started by Ddamulira,
Luca and Rakotomalala in [8] where they considered U as being the Fibonacci
sequence and V as being the sequence of powers of 2. Many other cases have
been studied, see for example [3, 6, 7, 10, 12, 13]. In [5], there is a general result,
namely that if U and V satisfy some natural conditions, then equation (1.2) has
only finitely many solutions which furthermore are all effectively computable. We
recall that the Fibonacci sequence (F)m>o is given by Fy = 0, F; = 1 and the
recurrence formula

Fr,n_l’_2 = Fm+1 + Fm for all m > 0.
Its first few terms are

0,1,1,2, 3, 5,8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, ...
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Now, let (P,)n>0 be the Padovan sequence, named after the architect R. Padovan,

P, =1 and the recurrence formula

0, P, =

given by Py

P,i1+ P, forall n>0.

Pn+3 -

This is the sequence A000931 in [18]. Its first few terms are

0,1,1,1,2,2,3, 4,5, 7,9, 12, 16, 21, 28, 37, 49, 65, 86, 114, 151, ...

In this note, we study another case of equation (1.2) namely with the Fibonacci

and the Padovan sequences. More precisely, we solve the equation

(1.3)

P, — Fn,

Py~ Fp =

in non-negative integers (n, m,ny,my) with (n,m) # (ny, my). To avoid numerical

repeated solutions we assume that n # 1,2,4 and ny # 1,2,4. That is whenever

we think of 1 and 2 as members of the Padovan sequence que think of them as
being P3 and Ps, respectively. In the same way, m # 1 and my # 1. With this

conventions, our result is the following:

Theorem 1.1. All non-negative integer solutions (n,m,ni,my) of equation (1.3)

belong to the set
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(18,10,17,9), (18,11,8,6), (18,11,5,5), (18,11,0,4), (19,11,14,4),

(19,12,7,9), (20,11,17,4), (20,12,14,8), (20,12,11,5), (20,12,10,3),
(20,12,9,0), (20,13,9,11), (20,14,9,13), (21,11,19,4), (21,13,3,9),
(22,13,15,5), (23,11,22,4), (25,15,10,4), (25,15,9,2)

The set of integers which can be written as the difference of a Padovan number
and a Fibonacci number in at least two distinct ways is

—226, —82, —52, —34, —33, —30, -27, —18, —13,
~-12, -9, -8, -6, -5, —4, -3, -2 -1,
0, 1, 2, 3 4 5 6 1, 8,
9, 10, 11, 13, 15, 16, 20, 25, 28,
31, 32, 36, 44, 52, 62, 65, 111, 262.

All such representations of each of these numbers are

—226 = Pyg — F14 = Py — Fi3;
—82 = Py — F13 = Py — Fi1;
=52 = P15 — I11 = Ps — Fio;
=34 = P13 — Fig = Py — Fo;
=33 =Py — F13=P3 — Fy;
=30 = Pig — F12 = Py — Fy;
=27 = Py — Fi9g = Py — Fy;
=18 = P13 — Fy = Ps — Fg = P15 — Fio;
=13 = P13 — Fy = Py — Fr;
—12 = Pyg — F3s = P3 — F7;
—9=Pn —Fy=P;— Fr;
—8 =Py — F; = Py — Ig;
—6 =P — Fro= Py — Fg =Py — F7r = P5 — Fg;
—5=Piyg—Fy =P — Fs = Ry — Iy;
—4=Pyy—Fr=P;— Fg = P3 — F¥;
—3=Pg—F1=P—Fs=DF —F; =P — Fy;
—2=F—F5;=P3—F, =P — F3;
—1=Ph1—Fr=P—Fg=P—Fs=F—F,=P;—F3=F — Fy;
O0=P3—Fy=P—F5s=F—F,=P—F3=P;— F, =P — Fp;
1=Po—Fe=P —Fy=Ps— F3 =P — F» = P3 — Fp;
2=PRy—Fs=F—F,=P;—F3=PF— F>» = P5 — Fy;
3=Pi5—Fy=Pio—F; =P — F3=P; — Iy = P — F;
4=Py —Fs=Po—Fs=P —Fy=F—Fy=P; — Fp;
5= Py — F3 =P — Fo;
6= P5 — Fi15 = Pio— Fy = Py — Fy;
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7= Py — Fia= Py — Fg= P11 — F5 = Pio— F3 = Py — Fp;

8=Pi3 — F7 = Pi1g — Fg = P1g — Fy;

9= P — Fy= Pio — Fo;

10 = P17 — Fi9 = P11 — F3;

11 = Pi1p — F5 = P11 — Fy;

13 = P13 — Fg = P12 — Fy;

15 = Pig — Fg = P1y — F7r = P1g — Fy;
16 = P15 — Fg = P13 — F5 = P1p — Fp;
20 = Py — Fg = P13 — Iy

25 = Pig — F11 = Py — Fy;

28 = Pig — Fg = P14 — Fo;

31 = Pig — Fio = P17 — Fy;

32 = Pyp — F13 = P15 — F5;

36 = Pig — F7 = P15 — Fy;

44 = P17 — Fg = Py — F5;

52 = Pig — Fy = P17 — Fy;

62 = Poo — F11 = P17 — Fy;

65 = Pig — Iy = P17 — Fp;
111 = Po; — F11 = Pio — Fy;
262 = Pog — F| = Pog — Fj.

In [19], Stewart notes that 3, 5 and 21 are both Fibonacci and Padovan num-
bers and asks whether there are any others. This problem was solved by De Weger
in [21], where he proves that all integers which are both Fibonacci and Padovan
numbers are 0, 1, 2, 3, 5, 21. Actually, he proves that the distance between Fi-

bonacci and Padovan numbers growths exponentially. We remark that as a partic-
ular case of our result, we also have a solution of Stewart problem.

2. Tools

In this section, we gather the tools we need to prove Theorem 1.1. Let a be an
algebraic number of degree d, let a > 0 be the leading coefficient of its minimal
polynomial over Z and let oV, ... a(¥ denote its conjugates. The logarithmic
height of a is defined as

d
h(a) = é <loga+ Zlogmax{|a(i)|, 1}) .
i=1

This height satisfies the following basic properties. For «, 8 algebraic numbers
and m € Z we have
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o hla+B) < h(a) + h(B) +log(2),
o h(af) < h(a) +h(B),
o h(a™) = |m|h(a).

Now, let I be a real number field of degree d,, a1, ..., ay positive elements of
L and by,...,b; € Z\ {0}. Let B > max{|b1|,...,|be|} and

A—altoal—1,
Let Aq,..., Ay be real numbers with
A; > max{dy, h(o;), |log a;|,0.16}, i=1,2,... ¢

The first tool we need is the following result due to Matveev in [14] (see also
Theorem 9.4 in [4]).

Theorem 2.1. Assume that A # 0. Then
log |[A| > —1.4-30°73 . 045 . @2 . (1 +logdy) - (1 +log B)A; - -- Ay.

In this note we always use ¢ = 3. Further, L = Q(v, «) has degree di, = 6,
where v and « are defined at the beginning of Section 3. Thus, once and for all we
fix the constant

C :=1.43908 x 10" > 1.4-303%3.3%5.62. (1 +log6)

The second one, is a version of the reduction method of Baker-Davenport based
on Lemma in [1]. We shall use the one given by Bravo, Gémez and Luca in [2] (See
also Dujella and Pethé [9]). For a real number z, we write ||z| for the distance
from x to the nearest integer.

Lemma 2.2. Let M be a positive integer. Let T,u, A > 0,B > 1 be given real
numbers. Assume that p/q is a convergent of T such that ¢ > 6M and that € :=
llgpll = M||g7|| > 0. Then there is no solution to the inequality

0<| 4—|<i
nT—m-+p Bw

in positive integers n,m and w satisfying

n<M and w}w.
log B

Finally, the following result will be very useful. This is Lemma 7 in [17].
Lemma 2.3. If m > 1, T > (4m*)™ and T > z/(logz)™. Then

x < 2™T(logT)™.
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3. Proof of Theorem 1.1

We start with some basic properties of our sequences. For a complex number z we
write Z for its complex conjugate. Let w # 1 be a cubic root of 1. Put

39-}-\/@ 39—\/@ 39+\/@ _ 3 9—\/@
= + , Oi=w\ ——— + W\ — =,
18 18 18 18

and

145 1—
o= , Bi= 5

It is clear that ~,d, ¢ are the roots of the Q-irreducible polynomial X3 — X — 1. It
can be proved, by induction for example, that the Binet formulas

an_ﬂn

=

F, = 7 and P, = 17" + 20" +¢36° hold forall n >0, (3.1)
where
1 O/ ) B | Cl ) e
YTy 3 T 25430 BT ™E

The first formula in (3.1) is well known. The second one follows from the general
theorem on linear recurrence sequences since the above polynomial is the charac-
teristic polynomial of the Padovan sequence. Further, the inequalities

anf2 < Fn < anfl’ ,Yn73 < Pn < ,ynfl (32)
also hold for all n > 1. These can be proved by induction. We note that
v=1.32471..., |§|=0.86883..., ¢1 =0.54511..., |co| =0.28241...,

and
o =1.61803..., |B|=0.61803...

Now we start with the study of our equation (1.3) in non-negative integers
(n,m,ny,my) with (n,m) # (n1,m;1) where, as we have said, n,n; # 1,2,4,
m,my; # 1. We note, if m = m; then P, = P,, which implies n = n;, a con-
tradiction. Thus, we assume that m > m;. Rewriting equation (1.3) as

P, — P, =F, — F,, (3.3)

we observe the right-hand is positive. So, the left-hand side is also positive and
therefore, n > ny. Now, we compare both sides of (3.3) using (3.2). We have

’}/nisgpnfpnl:Fm*le gFmgamil-

Indeed, the left-hand side inequality is clear if ny = 0. If ny =3,n > 5. For n =5
it is also clear and for n > 6 we have P, — P,,, > P, — P,_1 = P,,_5 > " %. Thus,
=8 < o™ In a similar way,

’yn_1>Pn_Pn1 :Fm_Fm1 >am—4.
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where the inequality at the right-hand side is clear for both m; = 0 and m; # 0.
Thus,

log v >
log o

1
(n—S)%Sm—l and (n—1)

m — 4. (3.4)
Since log v/ log v = 0.584357 ... we have that if n < 540 then m < 318. A brute
force search with Mathematica in the range 0 < ny < n < 540, 0 < my < m < 318,
with our conventions, we obtained all solutions listed in Theorem 1.1.
From now on, we assume that n > 540. Thus, from (3.4), we have that m > 311
and also that n > m. From Binet’s formula (3.1), we rewrite our equation as

a™ 1

Yt — —| < 2|es||6|™ +

Dividing through by a™/v/5 we get

+7n1—1 +am1—1 < maX{,yn1+67am1+4}-

VBe1ytaT™ — 1| < max{ym 6 gmimm+6y (3.5)

where we have used 7”_8 <amt V5 < cw2 and /5 < a?. Let A be the expression
inside the absolute value in the left-hand side of (3.5). Observe that A # 0. To see
this, we consider the Q-automorphism o of the Galois extension K := Q(a,~,d)
over Q defined by o(v) := 6,0(d) := v and o(a) := a. We note that o(5) = & and
o(B) = . If A =0 then o(A) =0 and we get

=o(c17") = ™.

SI%

Thus,

Q

m
— = |ea 0" < 1,

V5

which is absurd since m > 311. So, A # 0. We apply Matveev’s inequality to A by
taking
(112\/561,0122% ag=«a, by =1,by=mn,bz3=—m.

Thus, B = n. Further, h(az) = logv/3, h(as) = loga/2. For a; we use the
properties of the height to conclude

h(ar) < log~y + 7log 2.
So we take A; = 30.8, Ay = 0.57, A3 = 1.45. From Matveev’s inequality we obtain
log |A] > —C(1 +1logn) - 30.8 - 0.57 - 1.45 > —3.66336 x 10**(1 + logn),
which, compared with (3.5) we obtain
min{(n — ny)logy, (m —m;)loga} < 3.66337 x 10M*(1 + logn).

Now we study each one of these two possibilities.
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Case 1. min{(n — n1)log~y, (m —mi)loga} = (n — n1)log~.

In this case, using Binet’s formulas (3.1), we rewrite our equation as

("M =)™ — <Alea)|d|™ +14+a™ < 2. amt2 L o™,

a”
V5
Thus,

1

amfmlfﬁ :

‘61\/5(’)/”7”1 —1)y™Ma ™ -1 < (3.6)

Let A1 be the expression inside the absolute value in the left-hand side of (3.6). We
note that Ay # 0. For if not, we apply the above o to it and we have o(A;) = 0.
Thus,

am

V5 |o(c) (6" = 0™)| < 2fea| <1,
which is absurd since m > 311. We apply Matveev’s inequality to A; and for this
we take

= \/501(7”_"1 —1),as=v,a3=qa, b =1,by=ng, bg=—m.

We have B = n. The heights of as and a3 are already calculated. For o we use
the height properties and we get

. 101(1 +1
h(ay) < 306338 (; (1 +logn)

Thus, we can take A; = 7.32676 x 10'4(1 4 logn) and Ay, Az as above. From
Matveev’s inequality we obtain

log|A1] > —C(1 +logn) - (7.32676 x 10'*(1 + logn)) - 0.57 - 1.45,
which compared with (3.6) gives
(m —mq)loga < 8.71446 x 10%7(1 + logn)?,
Case 2. min{(n — ny)log~y, (m —my)loga} = (m — my) log a.
To this case, we rewrite our equation as

(amfml _ 1)am1

cay" — 7

'1 N (am""l - 1) ———
\/561 7

where we have used 1 < ¢;72 . Let Ay be the expression inside the absolute value
in the left-hand side of (3.7). We note that As # 0. Indeed, if it is not the case
then by applying the above o to it we obtain o(A3) = 0. Thus

<M 4 20ep| + 1 < 4™M

Thus,
1

< ,yn—711—7 )

(3.7)

am—l(a _ 1) a™ — a™

Vi T Vb

1<

1
= V5leal6]" < VBles| < 1,
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where the left-hand side inequality holds since m > 311, which is absurd. So,
Ao # 0 and we apply Matveev’s inequality to it. To do this, we take

(o I |
\/501

Thus, B = n. The heights of as and a3 are already calculated. From the properties
of the height for a; we obtain

ap = y Qg =7, 3 = «, b1:17b2:_n7b3:m1~

. 101(1 +1
h(ay) < 300338 02 (1 +logn)

Thus, we can take A; = 1.09901 x 10*°(1 + logn) and As, A3z as above. Hence,
from Matveev’s inequality we obtain

log |A2| > —C(1 +1logn) - (1.09901 x 10'*(1 + logn)) - 0.57 - 1.45,
which compared with (3.7) we get
(n —ny)logy < 1.30717 x 10?%(1 + logn)?.
So, from the conclusion of the two cases we have that
max{(n — ny)logy, (m —my)log2} < 1.30717 x 10*%(1 + log n).
Now we get a bound on n. To do this we rewrite our equation as

(™™™ — 1)a™

V5

(YT = 1)y —

<dea] +1 <22

Thus,

T 2.2-4/5 6.6 -v5 1
‘(\/561;;17”1_1) Mo ™ — 1’ < V5 < V5 < (3.8)

a™ — g =~ am fy’I’L*lG’

where we have used 7"~8 < o™ and 6.6 - /5 < an®. Let A3 be the expression
inside the absolute value in the left-hand side of (3.8). As above, if A3 = 0 we
apply the above o and we obtain o(A3) = 0. Then

m—1 —1 m o__ ,m1 2
oo ml) oM a6 6] < 2e] < 2,

NV 3

and as above, we get a contradiction. Thus, A3 # 0 and we apply Matveev’s
inequality to it. To do this, we take

1<

n—ni _q

a; = \/5017_7
Oém my1

PR THhm=y b1 =1, by = n1, by = —my.
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Hence, B = n. The height of as and a3 have already been calculated. For oy we
use the properties of the height to conclude that

I I
h(cn) < logy+ (n—n1) og7+(m my) o

3
6.53586 x 10%%(1 + log n)?
c :

+ 9log 2

Thus, we can take A; = 6.53586 x 10%*(1 + logn)? and Ay, A3 as above. From
Matveev’s inequality we get

log |As| > —C - ((1+logn) - 6.53586 x 10%*(1 + logn)?) - 0.57 - 1.45,

which compared with (3.8) yields n < 2.2116 x 10*3(logn)3. Thus, from Lemma 2.3
we obtain
n < 1.75894 x 10°°. (3.9)

Now we reduce this upper bound on n. To do this, let I' be defined as
I' =nlogy — mloga + log (\/501) ,

and we go to (3.5). Assume that min{n — ny,m — m;} > 20. Observe that
e —1 = A #0. Therefore I' # 0. If I' > 0, then

0<T<el —1=]|A| < max{y™—"+16 gmi—m+6y,
IfT <0, we then have 1 —e" = |¢" — 1| = [A] < 1/2. Thus, el < 2 and we get
0<|T| < el =1 =eM|A] < 2max{ym —"H16 gmi—m+6}
So, in both cases we have
0 < |I'| < 2max{y™ —"T16 gmi—m+6y,

Dividing through log o we get

374 75
0<|nT—m+pl <max{ ———, ——— ¢,
,y’ﬂ*nl amfml
where
S log ~y _ log (\/501)
" loga’ T loga

We apply Lemma 2.2. To do this we take M := 1.75894 x 10°° which is the upper
bound on n by (3.9). With the help of Mathematica we found that the convergent

pinn _ 10550181102903844192795827490150215250922708545039517997
i1 18054337085897707605265391296915471978898809258369491754
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of 7 satisfies that ¢111 > 6M and that € := ||qr11 || — M||g1117|| = 0.450294 > 0.
Thus, by Lemma 2.2 with A := 374, B :=y or A := 75, B := «, we get that either

n—ny <476 or m—my < 275.

Now we study each one of these two cases. We first assume that n —n; < 476
and m — mq > 20. In this case, we consider

Iy = nylogy — mloga + log(v/5ey ("™ — 1))

and we go to (3.6). We see that el'* —1 = A; # 0. Thus, I'; # 0 and, with a similar
argument as the previous one we obtain

208

am—m1 .

O<‘F1|<

Dividing through log o we get

)

75
0<|mT—m+p| < o

m—1mi
where 7 is the same one as above and

_ log(vBa(y" ™ — 1))
a log o ’

We note that ny > 0, since otherwise we would have n < 476 which contradicts
n > 540. Thus, we can apply Lemma 2.2. Consider

_ log(vBer (4 — 1))
log

[ , k=1,2,...,476.
With the help of Mathematica we found that the denominator of the 111-th con-
vergent above of 7 is such that ¢11;7 > 6M and e, > 0.00129842 > 0 for all
k =1,2,...,476. Thus, by Lemma 2.2 with A := 75, B := a we obtain that
the maximum value of log(qi11 - 75/ex)/loga, k = 1,2,...,476, is less than 287.
Therefore m — m; < 287.

In a similar way we study the other case. Assume that m — m; < 275 and
n —ni1 > 20. In this case we consider

am—m1 — 1

Ve )

Iy = nlogv—mlloga—i—log(

and we go to (3.7). Observe that 1 — e~ 12 = Ay # 0. Hence, I's # 0 and, with an
argument as above we conclude that

27
0<|1“2|<%
~y

—n1 )
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Dividing through by log a we get
30

n—mny
'Y 1

0<|nT—mq+pl<

where 7 is as above and

e log (\/’301/(04”1_7"1 - 1))

log o

We note that m; > 0. Indeed, for if not, we get m < 275 which contradicts
m > 311. Thus, we can apply Lemma 2.2 again. Consider

1y = log (\/501/(0/ — 1))

log o

. 0=1,...,275.

Again, with Mathematica we quickly found that the same 111-th convergent
of 7 satisfies g111 > 6M and ¢, > 0.000693865 > 0 for all £ = 1,...,257. Thus,
from Lemma 2.2 with A := 30, B := v we obtain that the maximum value of
log(g111 - 30/€¢)/logy, £ =1,...,257 is < 490. Hence, n — nq < 490.

Summarizing what we have done, we first got that either n — ny < 476 or
m —mq < 257. Assuming the first one we obtained that m — m; < 287, and
assuming the second one we obtained n — n; < 490. So, altogether we have that
n—ny1 <490, m —my < 287. It remains to study this case.

Consider

,ynfnl -1
I's =nylogy —myloga+ log (\/501 am—ml—l) ,
and we go to (3.8). Note that e'* —1 = A3 # 0. Thus, I's # 0 and since n > 540
with an argument as before we get

92 16
0< 3] < 7n .
Dividing through by log o we obtain
374
o< |mT—my—pl < —,
/yTL

where 7 is as above and

_log (VBey ("™ —1/am ™ — 1)
o= log o '

As above we note that n; and m; are positives. We apply Lemma 2.2 again.
Consider

o log (\/5(31 (fyk — 1/0/ — 1))
HEg = log o

. k=1,...,490 ¢=1,...,287.
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With Mathematica we find that the same 111-th convergent above of 7 works
again. That is, g111 > 6M and e > 5.2893378 > 0 for all k = 1,...,490 and

=1,...,287. Thus, by Lemma 2.2 with A := 374 and B := v we obtain that
the maximum value of log(q111374/ek¢)/logy, k=1,...,490 and £ = 1,...,287,
is < 533. Thus, n < 533 which contradicts our assumption on n. This completes
the proof of Theorem 1.1.
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