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Abstract. In this work, @—supplemented and strongly é—supplemented lattices are defined and
investigated some properties of these lattices. Let L be a lattice and 1 = a1 @ar @ ... D an
with ay,as,...,ap € L. If a; /0 is @—supplemented for each i = 1,2,...,n, then L is also
@—supplemented. Let L be a distributive latticeand 1 = a; ®ar & ... ®a, withay.az,....an €
L. Ifa; /0is strongly &—supplemented foreachi = 1,2, ...,n, then L is also strongly é&—supple-
mented. A lattice L has (D1) property if and only if L is amply supplemented and strongly
@—supplemented.
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1. INTRODUCTION

Throughout this paper, all lattices are complete modular lattices with the smallest
element O and the greatest element 1. Let L be a lattice, a,b € L and a < b. A
sublattice {x € L|a < x < b} is called a quotient sublattice, denoted by b/a. An
element a’ of a lattice L is called a complement of ain Lifana’ =0andava’ =1,
this case we denote 1 = a ®d’ (a and a’ also is called direct summands of L) L
is called a complemented lattice if each element has at least one complement in L.
An element a of L is said to be small or superfluous and denoted by a < L if b =1
for every element b of L such that a vV b = 1. The meet of all the maximal elements
(# 1) of a lattice L is called the radical of L and denoted by r(L). An element ¢ of
L is called a supplement of b in L if it is minimal for bV ¢ = 1. a is a supplement
of b in a lattice L ifand only ifavb =1and a Ab < a/0. A lattice L is said to be
supplemented if every element of L has a supplement in L. We say that an element
b of L lies above an element a of L ifa < b and b < 1/a. L is said to be hollow if
every element (5 1) is superfluous in L, and L is said to be local if L has the greatest
element (£ 1). An element a of L is called a weak supplement of b in L ifavb =1
and a Ab < L. Alattice L is said to be weakly supplemented, if every element of L
has a weak supplement in L. We say that an element a € L has ample supplements
in L if for every b € L witha v b = 1, a has a supplement b’ in L with b’ <b. L is
called an amply supplemented lattice, if every element of L has ample supplements
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in L. It is clear that every supplemented lattice is weakly supplemented and every
amply supplemented lattice is supplemented. A lattice L is said to be distributive if
anvce)y=(@anrb)v(anc)foreverya,b,c € L. Let L be alattice. Itis defined S«
relation on the elements of L by af«b with a,b € L if and only if for each ¢ € L such
thatavt =1then bVt =1and foreachk € L suchthatbvk =1thenavk = 1.

Let L be a lattice. Consider the following conditions.

(D1) For every element a of L, there exist ay,ar € L such that 1 = a; ®as,
ay €a/0and ax Aa K az /0.

(D3) If a; and a; are direct summands of L and 1 = a; Va», then a; Aas is also
a direct summand of L.

More details about (amply) supplemented lattices are in [1,2] and [5]. More results
about (amply) supplemented modules are in [4] and [9]. Some important properties
of @—supplemented modules are in [6] and [7]. The definition of B relation on
lattices and some properties of this relation are in [8]. The definition of f* relation
on modules and some properties of this relation are in [3].

In this paper, we generalize some properties of @—supplemented modules to lat-
tices. We constitute relationships between @—supplemented quotient sublattices and
@—supplemented lattices by Lemma 11 and Corollary 2. We also constitute rela-
tionships between lattices which has (D1) property and strongly @&—supplemented
lattices by Proposition 4. We give some examples at the end of this paper.

Lemma 1. Let L be a lattice and a,b,c € L with a < b. If ¢ is a supplement of b
in L, then aV c is a supplement of b in 1/a.

Proof. Similar to proof of [5, Proposition 12.2(7)]. ]

Lemma 2 ([5, Lemma 7.4]). Let L be a lattice, a,b € L anda <b. Ifa < b/0
thena < L.

Lemma 3 ([5, Lemma 7.5]). In a lattice L let ¢’ < ¢/0 and d’ < d /0. Then
c’vd < (cvd))o.

Lemma 4 ([5, Lemma 7.6]). Ifa < L, thena <r(L).

Lemma 5 ([5, Exercise 7.3]). If L is a lattice and a € L, then r(a/0) < r(L).

Lemma 6 ([5, Lemma 12.3]). In any modular lattice [(c Vd) Ab] <[c A (b Vv d)]V
[d A (b Vc)] holds for every b,c,d € L.

Lemma 7. Let L be a lattice, a,b € L and a < b. Then b lies above a if and only
if aB«b.
Proof. (=) See [8, Theorem 3].

(<) LetbVvt=1witht € 1/a. Since aB«b,avt =1andsincea <t,t =1.
Hence b <« 1/a and b lies above a. O

Lemma 8 ([8, Lemma 2]). Let L be a lattice and a,b,c € L. Ifav b =1 and
(anb)yve=1,thenav(bArc)=bVv(anc)=1.
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2. @—SUPPLEMENTED LATTICES

Definition 1. Let L be a lattice. L is called a @—supplemented lattice, if every
element of L has a supplement that is a direct summand of L.

Clearly we see that every @—supplemented lattice is supplemented and every com-
plemented lattice is @—supplemented. We also clearly see that hollow and local
lattices are @—supplemented.

Proposition 1. Let L be a lattice. Then L is ®—supplemented if and only if for
every b € L, there exists a direct summand ¢ of L such thatb~c =1andbnc <K c /0.

Proof. Clear from definition. O

Proposition 2. Let L be a lattice. If every element of L has a weak supplement
that is a direct summand of L, then L is ®—supplemented.

Proof. Let a be a weak supplement of b in L and @ be a direct summand of L.
Since a is a weak supplement of b in L, a Ab < L and since a is a direct summand of
L,aAb < a/0. Hence a is a supplement of b in L and L is @—supplemented. [J

Lemma 9. Let L be a lattice, and a,b € L. If x is a supplement of a Vv b in L and
v is a supplement of a A (x VvV b) in a/0 then x V y is a supplement of b in L.

Proof. Since x is a supplement of @ vV b in L and y is a supplement of a A (x vV b)
ina/0,thenl =avbvx,(avb)rx L x/0,a=[an(xVvb)]Vvyand (x VD)AYy =
an(xVb)Ay KL y/0.Herel=avbvx=[an(xVvb)]vyvbvx=bvxVvy.By
Lemma 6, (x VY)AD <[(y VD)AxX]V[(x VDAY <[(aVD)AX]V[(x VD) A Y] K
(x Vv y)/0. Hence x Vv y is a supplement of b in L. g

Lemma 10. Let L be a lattice and ay,ay € L where a1/0 and az/0 are &—
supplemented and 1 = a1 ® a,. Then L is ®—supplemented.

Proof. Let x be any element of L. Then 1 =a; Va;VXx and a; Va, Vv x has a
supplement 0 in L. Since a,/0 is d—supplemented, a> A (a1 V x) has a supplement
y that is a direct summand in a,/0. By Lemma 9, y is a supplement of a; V x in
L. Since a1/0 is d—supplemented, a1 A (x V y) has a supplement z that is a direct
summand in a1 /0. By Lemma 9, y Vv z is a supplement of x in L. Since y is a direct
summand of @, /0 and z is a direct summand of a1 /0, by 1 =a; ®a, yVz=y®z
is a direct summand of L. Finally, L is @—supplemented. U

Corollary 1. Let L be a lattice, ay,as,....an € Land 1 =a, ®ar®...®a,. If
a; /0 is ®—supplemented for every i=1,2,....,n, then L is ®—supplemented.

Proof. Clear from Lemma 10. O

Lemma 11. Let L be a lattice,a € L anda = (a Aay) ® (a Aay) foreveryay,as €
L with 1 = a1 ®as. If L is ®@—supplemented, then 1/a is also ®—supplemented.
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Proof. Let x € 1/a . Since L is ®@—supplemented, there exist y,z € L such that
l=xvy,xAy<Ky/Oand 1 =y z. Since y is a supplement of x in L and a < x,
by Lemma 1, a Vv y is a supplement of x in 1/a. Since 1 = y & z, by hypothesis,
a=((anrny)®@nrz). Then(@avy)A(avz)=[any)v@arz)vylallany)v
(anz)vzl=[yv@nnllany)vzl=(@ny)vi(yviarz)rzl=(@nyyv
[(yAz)v@nz)=(@ny)v(Ov(anz))=(any)V(aAnz)=a. Hence 1/a is
@—supplemented. O

Corollary 2. Let L be a distributive lattice. If L is ®—supplemented, then 1/a is
@ —supplemented for every a € L.

Proof. Clear from Lemma 11. O

Lemma 12. Let L be a supplemented lattice and a /0 is a quotient sublattice such
that a Ar(L) = 0. Then every element of a/0 is a direct summand of a /0.

Proof. Let x € a/0. Since L is supplemented, there exists an element y of L
withl=xVvyandxAy < y/0.Sincel =xVvyandx <a,a=xV(aAy).Since
XAy Ky/0,byLemmad, x Ay <r(L). Thenx A(@arny)=arxAy <aAr(L)=
OandaAx Ay =0. Hencea = x® (a Ay) in a/0 and x is a direct summand of
a/o. O

Corollary 3. Let L be a supplemented lattice and a /0 is a quotient sublattice such
thata Ar(L) = 0. Then a/0 is complemented.

Proof. Clear from Lemma 12. ]

Proposition 3. Let L be a @—supplemented lattice. Then there exist ay,ap € L
such that 1 = a1 @ az, r(a1/0) K ay/0and r(az/0) = a».

Proof. Since L is é&—supplemented, there exist aj,a € L such that 1 =r(L) Vv
a1 =a1Paz and r(L) Aay < a1/0. Then by Lemma 5, r(a;/0) <r(L) Aa; K€
al/O.

Assume x be a maximal (# ap) element of a5/0. Since 1/(a; VvV x) = (a1 ®
az)/(a1vx)=(a1Vvxvaz)/(a1Vvx)=ay/lax (a1 Vvx)]=az/[(axna))Vvx]=
a/x,ai Vv Xxis amaximal element (# 1) of L and since 1 =r(L)Vva; <apV x, this
is a contradiction. Hence r(a2/0) = a». O

Definition 2. Let L be a lattice. L is called a completely @&—supplemented
lattice, if every quotient sublattice a/0 such that a is a direct summand of L is
@—supplemented.

Theorem 1. Let L be a ®—supplemented lattice with (D3). Then L is completely
@ —supplemented.

Proof. Let u be a direct summand of L and x € u/0. Since L is @—supplemented,
then there exists a direct summand y of L such that | =xVvy and x Ay < y/0.
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Because of 1 = x Vv y, uvy =1 and because of L has (D3), u Ay is a direct
summand of L and hence u A y is a direct summand of /0. Since | = xVvy
and x <u,u=xVUAY). ByxAruAny=xAy<Ky/0, x A urny < L. By
xAuAy <uAyanduAyisadirect summand of L, x AuAy < uAy. Thusu/0
is @—supplemented. O

Definition 3. Let L be a supplemented lattice. L is called a strongly é&—supp-
lemented lattice if every supplement element in L is a direct summand of L.

Clearly we see that every strongly @&—supplemented lattice is ©—supplemented
and every complemented lattice is strongly &—supplemented. Hollow and local lat-
tices are strongly @—supplemented.

Lemma 13. Let a be a supplement of b in L and x,y € a/0. Then y is a supple-
ment of x in a/0 if and only if y is a supplement of bV x in L.

Proof. (=) Let y be a supplement of x ina/0and bvxVvz =1 with z < y.
Because of x,y €a/0and z <y, x Vz <a. Since a is a supplement of b in L,
a = x Vv z. Since y is a supplement of x in a/0, z = y. Hence y is a supplement of
bvxinL.

(<=)Let y be a supplement of bV xin L. So,bvxVvy=1land (bVvx)Any K
/0. Since x Vy <a and a is a supplement of » in L, xVy =a and x Ay <
(bvx)Ay <« y/0. Hence y is a supplement of x in a /0. O

Lemma 14. Let L be a strongly ®&—supplemented lattice. Then for every direct
summand a of L, the quotient sublattice a /0 is strongly ®—supplemented.

Proof. Letl =a®b withb € L, x,y € a/0 and y be supplement of x in a/0. By
Lemma 13, y is a supplement of b v x in L. Since L is strongly é&—supplemented,
every supplement element is a direct summand of L and y is a direct summand of L.
Here there exists z € L such that 1 = y @ z. By modularity,a =aAnl=an(y®Hz) =
y@® (a Az). Thus y is a direct summand of a /0. O

Corollary 4. Every strongly @—supplemented lattice is completely ©—
supplemented.

Proof. Clear from Lemma 14. U

Lemma 15. Let L be a distributive lattice and ay,a; € L with 1 = a1 ®as. Ifa; /0
and a, /0 are strongly ®—supplemented, then L is also strongly @—supplemented.

Proof. Let a be a supplement of b in L. Since L is distributive, a = a Al =
an(ar®az) =(anay)®d(araz)holds. By Lemma 13, a Aa;j is a supplement of
(a nap) Vb in L. We can also see that a A aj is a supplement of a; A ((a Aaz) Vv b)
in a1/0. Since a1/0 is strongly @&—supplemented, a A ay is a direct summand of
a1/0. Similarly we can see that a A ap is a direct summand of a/0. Since 1 =
ar®azanda = (aAay)®(a Aaz),aisadirect summand of L. Hence L is strongly
@—supplemented. O
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Corollary 5. Let L be a distributive lattice, ay,az,...,ay € Land 1 =a; ®a, ®
o ®ap. If a; /0 is strongly ®—supplemented for every i= 1,2,....,n, then L is
strongly @—supplemented.

Proof. Clear from Lemma 15. O

Lemma 16. Let L be a supplemented lattice. The following statements are equi-
valent.

(i) L is strongly @—supplemented.

(ii) Every supplement element of L lies above a direct summand in L.

(iii) (a) For every nonzero supplement element a in L, a/0 contains a nonzero
direct summand of L.

(b) For every nonzero supplement element a in L, a/0 contains a maximal

direct summand of L.

Proof. (i) = (ii) Clear, since every element of L lies above itself.

(ii) = (iii) Let a be a nonzero supplement element in L. Assume a is a sup-
plement of b in L. By hypothesis, there exists a direct summand x of L such that a
lies above x in L. By Lemma 7, af«x and sinceaVvb =1, xVvb = 1. Since a is a
supplement of b in L and x < a, a = x and a is a nonzero direct summand of L.

(iii) = (i) Let a be a supplement of » in L and x be a maximal direct summand
of L withx <a. Assume | =x@® y withy e L. Thena=aAl=aA(xBy)=
x @ (any)and by Lemma 13, a A y is a supplement of bV x in L. If a A y is not
zero, then by hypothesis, (a A y) /0 contains a nonzero direct summand ¢ of L. Here
X @ c is a direct summand of L and x & ¢ < a. This contradicts the choice of x.
Hence a Ay =0 and @ = x. Thus a is a direct summand of L and L is strongly
@—supplemented. g

Proposition 4. Let L be a lattice. The following statements are equivalent.
(i) L has (D1) property.

(ii) Every element of L lies above a direct summand in L.

(iii) L is amply supplemented and strongly ®—supplemented.

Proof. (i) = (ii) Leta € L. Since L has (D1) property, there exist aj,as € L
such that 1 = a1 @ ap, a; <aand ax Aa K a/0. Letavi =1 witht € 1/a;.
Sincea; <aand 1l =a;®az,a=anl=an(a1®az) =a; ®(aray). Then
l=avt=aiVv(anray)Vvt=(anra) Vvt and since a Aa, < L, t = 1. Hence
a < 1/ay and a lies above a;.

(ii) = (iii) Let avb =1 with a,b € L. By hypothesis, a A b lies above a
direct summand in L. Here there exist x,y € L such that 1 = x @ y and a A b lies
above x. Since l =x@®yandx <b,b=bAl=bA(xVvy)=xV(bAy). Then
l=avb=avxv(bry)=aV(bAy). By hypothesis, b A y lies above a direct
summand in L. Here there exist x1,y; € L such that 1 = x; & y; and b A y lies
above x;. By Lemma 7, (b A y) B«x1 and since 1 =a Vv (bAy), 1 =a Vv x; holds.
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Let (anxy))vt=1witht € L. ByaAx; <anbAy, (arnbAy)Vvt =1 holds.
Here y =yAl=yA ((anbry)vt)=(arbAry)V(yAt)andl =xVy=xV
(anbry)yv(yat)y=xv(anb)v(yAt). Since a Ab lies above x, by Lemma 7,
(anb)B«x. Thenl =xVv(anb)Vv(yAt)=xV(y At)and since y is a supplement
of xinLand yAt <y, yAt=yandy <t. Hence l =(@aAbAy)Vt =t and
aAxy < L. Since x1 a direct summand of L, a A x; < x1/0 and x; is a supplement
of a in L. Moreover, x; < b. Hence L is amply supplemented. By Lemma 16, L is
strongly @—supplemented.

(iii) = (i) Let a be any element of L. By hypothesis, @ has a supplement b
in L. Here l =avb and anb <« b/0. Since L is amply supplemented, b has
a supplement x in L with x < a. By hypothesis, x is a direct summand of L and
there exists an element y of L suchthat 1 =x@ y. Let (@aAny)Vvt =1witht e L.
Since l=xvy=avy,byLemma8,aVv(yAt)=1.Since ]l =xVvband x <a,
a=anl=an(xvb)y=xv(anb). Thenl =av(yrt)=xVv(@Aab)Vv(ynt)
andsincea Ab K L, 1 =xV (yAt). Since l =xV (yAt)and y is a supplement of
xinL,ynt=yand y <t. Thenl =(aAy)Vvt=tandaAy <K L. Since y isa
direct summand of L, a A y < y/0. Hence L has (D1) property. 0

Corollary 6. Let L be a lattice with (D1) property. Then L is ®—supplemented.
Proof. Clear from Proposition 4 and Corollary 4. O

Example 1. Consider the lattice L = {0,a,b, c, 1} given by the following diagram.
1

0
Then L is supplemented but not &—supplemented.

Example 2. Consider the lattice L = {0,a,b,c,d,e, 1} given by the following dia-
gram.
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Then L is supplemented but not @—supplemented.

Example 3. Consider the interval [0, 1] with natural topology. Let P be the set
of all closed subsets of [0,1]. P is complete modular lattice by the inclusion (See
[1, Example 2.10]). Here '/\ICi = .ﬂICi and _\/ICl- = _UICl- foreveryC; e P (i € 1)

1€ IAS] IAS] IAS]

(.UICZ- is the closure of 'UI Ci ) Let X e Pand X VY =[0,1] with Y € P. Then
1€ 1€

[0,1]— X C Y andsince Y isclosed [0,1]—X C Y. Let X =[0,1]— X. Then X €
P,XvX =XUX =[0,1]and X' C Y forevery Y € P with X VY =0, 1]. Hence
X has ample supplements in P (here X' = [0,1]— X is the only supplement of
X in P) and P is amply supplemented. Let A = [0,a] € P with 0 <a < 1. Here
A =10,1]— A =[a,1]is the only supplement of A in P. Let AvB=A4AUB=]01]
with B € P. Since A UB =[0,1], [0,a) = [0,1]— A" C B and since B is closed,
[0,a] C B. Thiscase a € B andsincea € A, A A\B=A NB # @. Hence A’ is not
a direct summand of P and P is not @—supplemented.
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