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ABSTRACT. In this article we give a Jensen—Rohrlich type formula for a certain class of auto-
morphic functions on the hyperbolic 3-space for the group PSLa(Ok).

1. INTRODUCTION

1.1. Rohrlich’s formula. The classical Jensen’s formula is a well-known theorem of complex
analysis which characterizes, for a meromorphic function f on the unit disc, the value of the
integral of log |f(z)| on the unit circle in terms of the zeros and poles of f inside the unit disc.
An important theorem of Rohrlich [I1] establishes a version of Jensen’s formula for modular
functions f with respect to the full modular group PSLy(Z) and expresses the integral of
log|f(2)| over a fundamental domain in terms of special values of Dedekind’s eta function.

To be more precise, let H?> = {7 = x +iy|z,y € R,y > 0}, T = PSLy(Z), and X =
PSLy(Z)\H?. Let T, denote the stabilizer subgroup of 7 in ' and let v(7) denote its order.
The hyperbolic measure on X is given by du(7) = dxdy/y? and the hyperbolic Laplacian on X

is given by
0? 0?
_ 2
A=y <a_ * %) |

The quotient space X has the structure of a hyperbolic Riemann surface of finite hyperbolic
volume vol(X) = 7/3, admitting one cusp which we denote by oco. The field of modular
functions on X is given by C(j(7)), with j(7) denoting Klein’s j-invariant [13] satisfying

1
Jj(r)=— 4744+ O(q,),

qr
as T — 0o, where ¢, = 2™,
Consider now the class M of functions F' : H? — RU{cc} satisfying the following properties:

(M1) The function F(7) is I-invariant and can therefore be considered as a function on X.
(M2) There exist distinct points 7,...,7, € X together with constants ni,...,n, € Z
satisfying >, ny = 0 such that, for £ € {1,...,m}, the bound

F(1) =ngv(m)log|m — 7|t + O(1),
as T — 74, holds and such that F(7) is smooth at any point 7 € X with 7 # 7 for
Ce{l,...,m}.
(M3) For 7 € X with 7 # 7, for £ € {1,...,m}, we have AF(7) = 0.
(M4) The function F(7) is square-integrable on X.

If F: H?> — RU{oo} satisfies the properties (M1)—(M4), then the limit F(c0) := lim, o, F(7)
exists and we have the equality

(1.1) F(t) =log|f(r)|, with f(r) =€ °°>H ) — () ™.



Now, Rohrlich’s Theorem can be rephrased as follows

Theorem 1.1 (Rohrlich [T1]). Let F : H* — RU{oo} be in M, the class of functions satisfying
the properties (M1)—(M4). Then, we have the equality

§/XF(7)du(T) = F(00) + 6 n¢log (In()|" Im(r)),

™

where n(T) = g 12, (1 —¢F) is the classical Dedekind’s eta function.
Observe that the function on the right hand side of the equality in Theorem [1.1]is given by
the constant term in the Laurent expansion of the non-holomorphic Eisenstein series E (T, s)

at s = 1. For 7 € H? and s € C with Re(s) > 1, this series is defined by

Ex(r,s) = Z Im(y7)°.

YEL o \I
The Eisenstein series is I'-invariant with respect to 7 and holomorphic in s, and it admits a
meromorphic continuation to the whole complex s-plane with a simple pole at s = 1 with
residue
1 3

ress— Ex (P, s) = Vol(X) =

In this context, the well-known Kronecker’s limit formula for PSLy(Z) (see, e.g., [14]) states

: 3 3 4
lim (Eoo(z, s) — 7r(3——1)) = log(|77(z)| Im(z)) +C,

s—1

where C' = 6(1 — 12¢'(—1) — log(4m))/m and ((s) denotes the Riemann zeta function. Note
that the constant C' does not appear in Theorem , since > ;- ng = 0.

The proof of Rohrlich’s formula is an application of this Kronecker’s limit formula. The
formula admits several generalizations and has many applications in number theory, see, e.g. [5],
[8]. There is also an extension of Rohrlich’s formula which has applications to the computation
of arithmetic intersection numbers in Arakelov theory, see, e.g., [9].

1.2. Purpose of the article. The goal of this paper is to give an analogue of Rohrlich’s
formula in H?, the hyperbolic 3-space. We write H? = {P = z +71j | 2z € C,r € Ry},
which is a subset of the usual quaternions R[i, 7, k], and we will view z and r as coordinate
functions on H3. The quaternionic norm on R[i, j, k] induces a norm on H? given explicitly by
|P]| = /|2 + 2. We let K be an imaginary quadratic field, O its ring of integers, hy its
class number, and dj its discriminant. From now on, we let I' = PSLy(Ox) C PSLy(C), which
is a discrete and cofinite subgroup, and we let X = I'\H?. By I'p we denote the stabilizer
subgroup of P in I and by v(P) its order. By du(P) we denote the hyperbolic measure on X
and by A the hyperbolic Laplacian on X (see[2.1]). The quotient space X has finite hyperbolic
volume, which is explicitly given by
1.2 1(x) = Ll
(1:2) vol(X) = 20 ()
with (x(s) denoting the Dedekind zeta function, and it admits hx cusps (see Section [2)).

For P € H? and s € C with Re(s) > 1, the Eisenstein series associated to the cusp oo is
defined by

E.(P,s) = Z r(yP) 1,
YETLAL
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where I is the maximal unipotent subgroup of the stabilizer group 'y, of co in I'. The Eisen-
stein series is ['-invariant with respect to P and holomorphic in s, and it admits a meromorphic
continuation to the whole complex s-plane with a simple pole at s = 1 with residue

covol(O) 22
1.3 ress—1 Foo (P, s) = = )
) VP = ) T e ?)
Here, covol(Of) denotes the euclidean covolume of the lattice Ok in C. In this case, Kronecker’s
limit formula states
(1.4) lim (EOO(P, s) —

s—1

271'2 271.2
|dic|Cre (2)(s — 1)) = T ldrlce2) %8 (nse(P) 7(P)) + Ck,

where O is an explicit constant depending only on K. Here, the function 7, : H? — R satisfies
Noo(YP) = ||cP 4 d||*nso(P) for any v = (2 %) € T and can be considered as the analogue of the
weight 2 real-analytic modular form |n(z)[%. The function 7, is essentially the function defined
by Asai in [I]. More precisely, we have

~27?log (no(P)) _ O]
|dic|Cxe(2) 2

P2 AT Y |l Poeeo (5 1) Iy (A ) 0,
ueDh-1
u#0
Here, we employed the notation of Section . The value oo 00(pt; 1) can be explicitly given
in terms of special values of certain generalized divisors sums. For these results, we refer the
reader to [3], Chapter 8, Sections 1-3.
Consider now the class A of functions F' : H* — RU {oo} satisfying the following properties:

(A1) The function F'(P) is I'-invariant and can therefore be considered as a function on X.
(A2) There exist distinct points @1, ...,Q, € X together with constants ¢i,...,¢, € R
satisfying >, , ¢, = 0 such that, for £ € {1,...,m}, the bound

Tt
P(P) = ar(@0) gy + O()
as P — Qy = z¢ + 1¢j, holds and F(P) is smooth at any point P € X with P # @, for
te{l,...,m}.
(A3) For P € X with P # @y for £ € {1,...,m}, we have AF(P) = 0.
(A4) The function F(P) is square-integrable on X.

We note that the bounds in (M2) and (A2) are the natural bounds that arise from the type
of singularities of the corresponding Green’s functions.

In Propositionof Section , we will show that, if F: H? — RU{oo} satisfies the properties
(A1)—(A4), then the limit F/(co) := lim,_, F'(P) exists, and we will prove the analogue of
in this case. Our main theorem is

Theorem 1.2. Let F: H3 — RU {oo} be in A, the class of functions satisfying the properties
(A1)—(A4). Then, we have the equality

1 N
vol(X) /XF(P)d“(P) = Floo) + mzw log (1100 (Qe) 7).

=1
Note that, in analogy with Rohrlich’s Theorem, the constant Cx arising in does not
appear in Theorem [1.2] since )", ¢, = 0.
It is known to the experts that Rohrlich’s formula can be proven using the theory of the
resolvent kernel of the hyperbolic Laplacian and our proof of Theorem is a generalization

of this method to the hyperbolic 3-space. The advantage of this method is that it can be
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generalized to other settings such as the case of the hyperbolic n-space. This method also
naturally leads to an analogue of the function log |j(71) — j(72)| (see the function defined in
(5.1))). The properties of this function play a central role in our proof of Theorem , and the
proof of these follow from properties of the resolvent kernel and of Niebur type Poincaré series.

1.3. Outline of the article. The paper is organized as follows. In Section 2| we begin by
collecting background information. In Section [3| we compute the Fourier expansion of the re-
solvent kernel associated to the hyperbolic Laplacian on X. In addition, we give the Fourier
expansion of the Niebur type Poincaré series which appear as coefficients in the Fourier expan-
sion of the resolvent kernel. To the best of the authors’ knowledge these expansions have not
been explicitly stated elsewhere in the literature and are of independent interest. In Section []
we study some of the analytic properties of the Niebur type Poincaré series and we prove the
meromorphic continuation of the resolvent kernel via its Fourier expansion. In Section [5 we
construct the above mentioned analogue of log |j(71) — j(72)|, prove its main properties, and
give our proof of Theorem using these properties. Identities involving special functions that
are needed in the paper as well as some technical lemmas are given in the Appendix and in
Section [0}, respectively.
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ful comments on an earlier version of this paper. Herrero, von Pippich, and Téth thank the
Institute for Mathematical Research FIM at ETH Ziirich for providing a stimulating and com-
fortable atmosphere during their visits to Ziirich. Herrero, Imamoglu, and von Pippich thank
Jiirg Kramer and the Department of Mathematics at Humboldt-Universitat zu Berlin for their
kind hospitality during the preparation of this work. Toéth thanks the support of the MTA
Rényi Intézet Lendiilet Automorphic Research Group and the NKFIH (National Research,
Development and Innovation Office) grant ERC_HU_15 118946.

2. BACKGROUND MATERIAL

2.1. The hyperbolic 3-space and the group PSLy(Ok). Let H? := {P = z +rj|z €
C,r € R.g} denote the upper half-space model of the three-dimensional hyperbolic space,
where {1,14, j, k} is the standard basis for the quaternions R[i, j, k]. The quaternionic norm on
R[4, j, k] induces a norm on H? given explicitly by ||P]| = ||z +7j|| = \/|z|> + r2. For z € C, we
set tr(z) := z + Z. The hyperbolic volume element, resp. the hyperbolic Laplacian are given as
dx dy dr 82 32 0? 0

2.1 du(P) = ———— A= — — 4+ —+ — —.
Let d(P, Q) denote the hyperbolic distance between the points P and Q. An explicit formula

is given by

|21 — 202 + 72 + 12
2.2 h (d(P =
22) cosh (P Q) T

where P = 21 +r1j and Q = 25 + rj. An element v = (‘C‘ S) € PSLy(C) acts on H? by

(az + b)(cz + d) + acr? r ,
lcz + d|? + |c|?r? lcz + d|? + |c|?r? I

where P = z 4 rj. By abuse of notation, we represent an element of PSLy(C) by a matrix.
As mentioned in the Introduction, we let K be an imaginary quadratic field, O its ring of
integers, hy its class number, and dy its discriminant. We let I' = PSLy(Ok) C PSLy(C) and

we let X := I'\H?. By I'p we denote the stabilizer subgroup of P in T" and by v(P) its order.
4



In a slight abuse of notation, we will at times identify X with a fundamental domain in H?
and identify points on X with their preimages in such a fundamental domain. The hyperbolic
volume vol(X) of X is given by formula in terms of a special value of Dedekind’s zeta
function, which is defined by

Crl(s)= Y NI,
ICOkideal
14(0)
where s € C with Re(s) > 1 and N(/) denotes the norm of I.

A cusp of X is the I'-orbit of a parabolic fixed point of I', and X has hg cusps. From now on
we fix a complete set of representatives Cr C P'(K) for the cusps of X. We write elements of Cr
as [a : b] for a,b € Ok, not both equal to 0, and we write co := [1 : 0] and assume that oo € Cr.
Furthermore, for any cusp k = [a : b] € Cr, we fix a scaling matrix o, = (¢ ;) € PSLy(K) such
that o,00 = k and

(2.3) o ' Tho, = {(8 uAl)

with the full lattice A, = (aOx + bOx)~2 C C (see, e.g., [15]). For the cusp oo, we choose o4
to be the identity. Furthermore, for the maximal unipotent subgroup I"., which consists of all
the parabolic elements of ', together with the identity, we have

(1A
(2.4) o, FNU,{—{(O 1 AeEA,p.

We let AX = {v € C: tr(vA) € Z for any A € A} denote its dual lattice. In particular, we
have Ao, = O and AX, = D! with D! = {v € K | tr(v\) € Z for any X\ € Ok} denoting the
inverse different.

uGOIX(,)\EAH}

2.2. Fourier expansion of automorphic functions. A function f : H?> — C is called
automorphic with respect to I" if it is I-invariant, that is, f(yP) = f(P) for any v € I'. An
important tool to study the behavior of an automorphic function f at a cusp £ € Cr, with
scaling matrix oy, is its Fourier expansion. More precisely, since the function P +— f(o¢P) is
o¢ 'Tioe-invariant, employing (2.4), we have f(o¢(P 4+ A)) = f(0¢P) for any A € A, If f is
smooth, the Fourier expansion of f with respect to the cusp £ is therefore of the form

(2.5) FloeP) =) a,(r)e’™ ),

,uEAg
where P = z + rj and with Fourier coefficients given by

1

= — f(o P)e‘Q’T“r(“Z)dz.
covol(Ag) /A ¢

au(r)
If we assume that f is an eigenfunction of the hyperbolic Laplacian, satisfying Af = (1—s?) f for
some s € C with s # 0, and that f is of polynomial growth as 7 — oo, that is f(z+7j) = O(r¢)
as r — oo for some constant C', then the expansion (2.5 has the form (see, e.g., [3], Theorem
3.1, p. 105)

(2.6) f(oeP) = agr'™® + bor' ~* + Z a, v K (47| p|r) e trn?)
uEAg
u#0

with ag, by, a, € C and with K,(-) denoting the modified Bessel function of the second kind.
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2.3. Poincaré series. For later purposes, we define two families of eigenfunctions of the hy-
perbolic Laplacian, namely the Eisenstein series and the Niebur type Poincaré series, which
from now one will be called Niebur—Poincaré series for simplicity. For this, let k € Cr be a
cusp with scaling matrix oy.

For P € H? and s € C with Re(s) > 1, the Eisenstein series associated to the cusp & is given
by

E.(P,s) = Z r(o 'y P)*
YETAT

The Eisenstein series is an automorphic function for I" and it is holomorphic in s in the region
Re(s) > 1. Moreover, it satisfies the differential equation

(A= (1—-5%)E.(P,s)=0,

i.e. it is an eigenfunction of A. For s € C with Re(s) > 1, the Eisenstein series admits a Fourier
expansion of the form (2.6)) given by (see, e.g., [3], Theorem 4.1, p. 111)

(2.7)

—s 21+s ’ i tr(pz

EK(J§P7 S) = (5R,§[Ffi : F:@] ’r1+s+90m§(0; 3) P 4 F( Z |,U| gO,ig(/uL, )TK (47r|,u| ) 2mitr(p )7
GA*
M#O

where d,, ¢ is Kronecker’s delta symbol and, for s € C with Re(s) > 1, we have set

T e27ritr(u%)
28 K ’ = — JE—
(28) P h: 5) covol(A¢)s 2:1 |c|?5+2
(C d)€a,§ Rmygo'g
with
(2.9) re =T \{y €l 9§ # r}/Te.

Note that {y € T': v¢ # k} = T if £ # k. It is known (see, e.g., [3], [12]) that the function
@i ey s) admits a meromorphic continuation to all s € C, which is holomorphic at s = 1 if
i # 0. It is also well-known that one can use the above Fourier expansion in order to prove that
E.(P,s) admits a meromorphic continuation to the whole complex s-plane. There is always a
simple pole at s = 1 with residue given by

covol(Ay)

vol(X)

In case that kK = oo, the residue is explicitly given by ((1.3) and we have

(2.10) ress—1 B (P, s) = = ress—1 Pux(0; 5).

Sooooo(o S) W’o;(’ ZLL<S>X)

hi|dr|'?s (s+1,x)°

where the sum runs over all characters x of the class group of K and L(s,y) denotes the

associated L-function (see, e.g., [3], Chapter 8, Theorems 1.5 and 2.11). From these, a straight-

forward computation yields the Kronecker’s limit formula stated in the Introduction.
Finally, we recall the definition of the Niebur—Poincaré series. For P € H? and s € C with

Re(s) > 1, the Niebur—Poincaré series associated to the cusp x and to v € A%, v # 0, is given
by

(2.11) F.,(Ps) = Z T‘(U;l’yp) I, (47T|V|r(0;1'yP)) 627’ritr(yz(o’;1fyp))’

yETIAT

K
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where () denotes the modified Bessel function of the first kind. We recall that the Niebur—
Poincaré series converges absolutely and defines an automorphic function, which is holomorphic
for s € C with Re(s) > 1 (see, e.g., [10]). Moreover, it satisfies the differential equation

(A - (1 - 82)) F"”val’<'7 S) = 07
i.e. it is an eigenfunction of A.

2.4. The resolvent kernel. The resolvent kernel for the hyperbolic Laplacian is given by the
automorphic Green’s function. For P,Q € H? with P # ~Q for any v € I, and s € C with
Re(s) > 1, it is defined by

C.(P.Q) = 5= 3 ou (cosh(d(P1Q))).
yel
where @4(t) = (t 4+ /12 — 1)7*(t* — 1)~'/2. The series defining G,(P, Q) converges uniformly on
compact subsets of {(P,Q) € H* x H? : P # 4@ for any v € T')} x {s € C: Re(s) > 1}. We
recall the following well-known properties of G4(P, Q) (see, e.g., [3]):
(G1) The function G4(P, @) is I-invariant in each variable and can therefore be considered as
a function on X x X, away from the diagonal. Moreover, we have G4(P, Q) = G4(Q, P).
(G2) For fixed @ € X, we have a singularity of the form

v(Q) 1
G(PQ) = = (P, Q)

+0q(1),
as P — Q.
(G3) For P,Q € X with P # Q, we have (Ap — (1 — s%))G4(P,Q) = 0.

The Green’s function is holomorphic for s € C with Re(s) > 1 and it admits a meromorphic
continuation to the whole complex s-plane with a simple pole at s = 1 with residue

1
vol(X)

Moreover, using the spectral expansion of G4(P, Q) given in [3] (Proposition 4.6, p. 285), it is
easy to see that the function

P lim (GS(P’ @) - vo1(X)?32 - 1))

is square-integrable on X, for fixed () € X, and orthogonal to the constant functions, i.e.

(2.13) /X lim (GS(P, Q- o X)i? — 1)) du(P) = 0.

3. FOURIER EXPANSIONS

(2.12) ress—1 Go(P, Q) =

In this section, we compute the Fourier expansion of the Green’s function and that of the
Niebur—Poincaré series. Part of the computations involve explicit evaluations of certain integrals
in terms of special functions. The proof of these technical identities is postponed to Section [0]
in order to keep the exposition simple.

Proposition 3.1. Let P = z +rj € H® with r > 7"(05_17@) for any v € T, and s € C with
Re(s) > 1. Then, we have the following Fourier expansion

1-s
Gs(oeP, Q) = 1( A (r Ee(Q.s)+2 ) Feu(Q,s) TKS(47T|M|7“)62“”T(W)),

covol s
HEAE

p#0
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Proof. The Fourier coefficient a,(r) = a, s(r, Q) in the Fourier expansion (2.5) of the function
P — G4(P, Q) with respect to the cusp & is given by

1 / “omit
_ Gy(oe P, Qe 2m () g
covol(Ag) C/A¢ (0 )

To compute this integral, we start by writing

Gs(oeP, Q) = — Z Z(ps cosh(d(n o P, 'yQ)))

wer' \I' nery

_ % > Y o (cosh(d(P + X, 05 '7Q)))

YELL\I AeAs

a“us(r7 Q) =

where for the last equality we employed (2.4), namely the identity o Teoe = {(§)I X € A¢}.
Hence, we get

1
27 covol(A¢)

4n(r, Q) = 3 / o (cosh(d(P, 07 17Q))) =250 g

YETL
Now, we set Z := z(aglny) and 7 := r(ag ~v@). Using formula (2.2)), namely

|z — Z|> + 7?2 + 72
2rr

cosh(d(P, o, Q) =

Y

we obtain by a change of variables (z +— 2z + 2),

1

_ —27ritr(u2)] ~
aM,S(ra Q) 27T COVOI(A&) ;/\F € H,s (Ta 7”),
TSt

~ Z2+7“2+7:2 —2mitr(pz
1, s(r,7) = /<ch (HT) e 2mitrn2) g,
By Lemma 6.1, we have

where we have set

. Qs tplospstl if =0,
1, s(r,7) = ~ ~ )
ArriKy(Arn|v|r) L (4n|v|F), if u # 0.
Summing up and recalling that 7 = r(o; 'vQ), we conclude
1 i ) 1 1 i
s\ = T AN ¢ 3 = T /A E, )
a0,(r, Q) covol(A¢) s Z rlog Q) covol(A¢) s e(@:9)
’yel"é\l"
and, for p # 0, we derive
2 ~ ~\ —2mitr(uz
ap,s(r, Q) = WTKSMW’HV’) Z FI (4| p|7)e—>m (i)
WGF%\F
K (Al P (Q9)
= ———rK,Ar|u|lr)Fe_.(Q, s),
covol(Ag) HIT)Zemn
as asserted. This completes the proof. O



We proceed by computing the Fourier expansion of the Niebur—Poincaré series F}, ,(P,s),
where k € Cr and v € A*, v #£ 0. For this, we define the function J, : C* — C by

K?

. (4my/2) s (4TV/Z), if Re(z) >
(3.1) Js(2) == { (4#\/—_2) (47T\/_) if Re(z) <

Using the identity I,(z) = e™™/2J,(ze*™/?) for z € C with Re(z) > 0, it is easy to verify that
Js(2) is well-defined for z € C, z # 0, with Re(z) = 0. With this, we have

0
0.

Proposition 3.2. Let P = z+7j € H? and s € C with Re(s) > 1. Then, we have the following
Fourier expansion

T 1(Ax) (27|v])® _
Fru(0cP, ) = 0,c 71, (4 Yo et | SOS w(—vis) Tt
5 (O-f ? 8) 75 r ( 7T|V|T) € + COVOI(A&) SF(S) gOg, ( V? S) r

u€0 ;. /{£1}
+ Z B,{,g(V, W, s) TKs(47T|/L|T)e2m“(#Z)'
HEAZ
H#0
Here,
2T e2mi tr((va+ud)/c) ”
Bf{ 3 ; = —_— S (_) |
) covol(A¢) 2 |c|? s 2

(¢ a)eon"Rueore
and e (—v;s), Rue, and Js(-) are given by (2.8), (2.9), (3.1]), respectively.
Proof. To simplify the notation, we set f(P) := r(P)I, (4n|v|r(P)) > ") and we define

= > D flo'mP).

YERy,£ neTy

Recalling the definition (2.11)) of the Niebur-Poincaré series, we then deduce

F. . (0¢P,s) = Z f (05 v0eP)

YEMAL

(3.2) =0ee > [(0:190eP) + F. (0P, s).

To treat the first term in (3.2), we assume that 6, = 1, that is k = { and o, = 0¢. Then

bne > flotoeP) = Y f(yP)=rLalplr) Y i)

YET s yeo M \Ck)ow u€0 ) /{£1}

where for the second equality we note that o, o = (8 2) Jue OK} /{ﬂ:l} which
is an immediate consequence of and (| and we used the identity (o et )P =ulz+7rj
for v € OF.

To treat the second term in (3.2]), we note that the function ]3&,,(05-, s)is o 1Ff§a€—invariant.

The Fourier coefficient b,,(r) = b, .., (r, s) in the Fourier expansion ({2.5)) of the function E.,(P,s)
with respect to the cusp £ is given by

1 ~ .
b ) _ F., P —27rztr(,uz)d '
Heshy <T78> COVOl(Ag) /(C/Ag ) (0-5 7S>€ z
9



To compute this integral, we start by writing

Fou(ocPos) = > > f (o7 mocP)

YERk e n€T;

= > ) floyoe(P+ ),

YER,¢ ANEA

where for the last equality we employed (2.4), namely the identity o, 'T;oe = {(§1)| A € A¢}.
Hence, we get

b . _ P —2mi tr( p,z)d
s (T3 8) COVOI(AE) Z /f 7

’YEO‘H HgO’g

Now, writing z(yP) = ¢ — %% with v = (2%) and using
; _cztd
f (f}/P) _ r [s 47T|V|T e27ritr(zz%)e_zm'tr( |cz+d|2+|c\2r2>
lcz 4+ d|? + |c|?r? lcz + d|? + |c|?r? ’
we obtain by a change of variables (z — z — 9)
1 L (a
b (ri8) = ————= > @I ),

1(A
COVO ( 5) ?z)egglmméag

where we have set

47T|I/|’I“ —2mitr (VW*F/LZ)
I(r,v, b, 1 e R dz.
e / ER ||2+r (|c|2<|z|2+r2>>
By Lemma 6.2, we have

2s7rs+1|y|s . .
—|c|2(5+1)32r(3)r s lf o= O,
j(?“, v, i, C) =

50 () PK(dnlulr). it 0,

Summing up, we conclude
1 237rs+1|y|5 627Titr(1/%)
b R,V ) - 1_8 1 9ero
(1 5) covol(Ag)  s2T'(s) " Z |e[?s+2

(¢3)€on Rueoe

1 9s s+1 27Titr(71/%)
- D D
covol(Ag)  s2T(s) s ‘ |c|?s+2
(C d)eag RE)NUK

Recalling definition (2.8)), we get that

covol(A,) 2°m 5|1/| _
covol(Ag¢) sT'(s ) Teen(—vis),
as asserted. Furthermore, for u # 0, we conclude

o 627ritr(l/%+,u%) v
buwy(r,s) = ————rK(4dr|p|r) Z R (_u)

covol(Ag) |le]? c?
( (cl 2)60’,:13?&505

= Brog(v, p; s)r K (dm|plr).
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This completes the proof. O

4. ANALYTIC CONTINUATION

The main goal of this section is to prove the meromorphic continuation of the Green’s function
via its Fourier expansion. We remark here that the existence of this meromorphic continuation
is well-known and follows from the spectral expansion of the Green’s function (see, e.g., [3],
Proposition 4.6, p. 285). Here we choose a different approach as we also need precise information
about the growth at the cusp oo of this meromorphic continuation. In order to do this, we
first analytically continue the Niebur-Poincaré series F. (P, s) by using the explicit Fourier
expansion given in Proposition with £ = co. Before doing so, we need the following result.

Lemma 4.1. We have the bounds
O (|z[Re®), for 0 < |z| <1,
85 Z)| =
1ds(2)| O (68wm|Z|Re(s)> o for |z > 1,

holding uniformly for s in any compact set contained in Re(s) > —1/2.

Proof. Using the asymptotic formula (A.15]), we conclude
|4m22|*
9:(2) T(s+1)2

for z — 0. This implies the first bound. In order to obtain the second bound, we use (A.13))
and get

I(4my/=2)1,(4my/=Z) = O Oz,m(s)esm(@)) ’
for z — 00, Re(z) < 0. On the other hand, formula (A.14)) gives
J,(47/2) Jy(4nVZ) = O <|Z|Re<s>es7r|lmwz>|> ’

for z — oo, Re(z) > 0. The second bound follows easily from these estimates. Since the used
asymptotic formulas and bounds are uniform for s in any compact set contained in Re(s) >
—1/2, we conclude that these estimates are also uniform. This completes the proof of the
Lemma. O]

Given v, u € D1 both non zero and s € C define

) [8(v, 1, )]
Z(v, p; s) = Z ‘C‘QT,

c€0g /{£1}
c#0

where
Spc)i= 3 e,

u,u*EOK/COK
uu*=1

By using the trivial bound for [8(v, u, ¢)|, namely |8(v, i, c)] < N(c) = |c|?, one sees that the
series Z(v, uu; s) converges absolutely for Re(s) > 1.

Lemma 4.2. The series Z(v, p; s) converges absolutely for Re(s) > 1/2. Moreover, there exists
a > 0 such that the bound

Z(v, 13 5)] = O (N(vuD?)*)

holds uniformly for s in any compact set contained in Re(s) > 1/2.
11



Proof. This result is essentially due to Sarnak. Indeed, from the proof of Proposition 3.4 in [12]
we have

8w, p c)| _ |9k oyl 1 N(P)~*
< 1-N(P)™° 1+ 2N(P T
2 e[>+2e = 2 I (=) T (e TIENP) )
CEOK/{:I:I} PCOg PCOg
c#£0 vuD2CP P#(0)

where o = Re(s) and the products run over prime ideals P C Og. The infinite product

1T (1 +2IN(P)5 7 + TN P jj(j]j()];)ga)

PCOk
PA()

converges for o > 1/2, proving the absolute convergence of Z(v, u, s) for Re(s) > 1/2. On the
other hand, since the function z — (1 — 277)~! is decreasing for z > 1 and N(P) > 2 for any

prime ideal P, we have
[T G-NP)) ' <a-27)"

PCOg
vuD2CP

where £ is the number of prime ideals dividing vuD?. But ¢ < 2w# (N(vpD?)), where w#(n)
is the number of prime divisors of n € N. It is known that w#(n) = O(log(n)), which gives
(1-279)7% < N(vuD?)* for some a > 0 depending on o. Moreover, one can choose a > 0 such
that this bound holds uniformly for ¢ in any fixed compact set contained in ¢ > 1/2. This
implies the desired bound for |Z(v, u, s)|. O

Lemma 4.3. Let v, € D! both non zero. Then, the series By oo (v, 113 8) converges absolutely
for Re(s) > 1/2 and the bound

|Boooo(V, p58)] = O <68W\/|Vu\|yu|Re(s)+1>

holds uniformly for s in any compact set contained in Re(s) > 1/2.

Proof. We start by writing

BOO,OO(VNU; 3) = 2—7T Z %Hs <w> .

2
covol(Ok) o Tian) c
c#0
For fixed s € C with Re(s) > 1/2, Lemma 4.1 gives
S(V H, € ) Re(s) |S v, i, C
Z c2 35 ( ) ’ Z ‘2+2Re s)
€Ok /{£1} |41<1
c#0
Re(s) |S v, i € ’ 87T\/|l/ c2
+|vul “ Z C|2+2Res Hel
(>
Since
S
Z | (V K, C )| 87r\/|yu/02 <e 8m/ vyl | #{Ce Ok : |C|2 < |1/,u|} O< \/|V,u\|l/lu|>7
’C’2+2Re(s)
|]>1
we have
S(I/7 /'1/7 C) V/J/ S T 14 S
> |50 (55) | = O (vl 02, 1, Re(s)) + SV IH ppf e )
c€0k /{£1}

c#0
12



This together with Lemma implies the absolute convergence of B, (v, p; s) and the desired
bound for |Bo oo (v, 115 5)|. This completes the proof of this Lemma. O

We now give the analytic continuation of the Niebur-Poincaré series.

Proposition 4.4. The Niebur—Poincaré series Fu,(P,s) has an analytic continuation to
Re(s) > 1/2. Moreover, for fized P € H? and ¢ > 1, the bound

FOO,V(P7 8) _ OP,(S <max {|V|Re(s)647r|u\7" |V|Re(s)+16457;lu| })

holds uniformly for s in any compact set contained in Re(s) > 1/2.

Proof. By Proposition [3.2] we have

) 2 s
(4.1) Foo (P, s) =rl(4r|v|r) Z 2mitvutz) | Mrlfsgooo,oo(—y; s)

ST (5)
ue0 ;. /{£1}
+ Z Boo,oo (l/, s S)TKS (47TW|7“)62” tr(nz)

MEAE
u#0

For s in a fixed compact set in Re(s) > 1/2 we have, by Lemma [4.3| and (A.12)), the bound
D [ Bocoo (v, s 8)r K (4|l )| = O(WIVV’H Y lult Ry "’”“'6_4”'“”),

HEAZ ueD1
u#0 u#0

where 0 = Re(s). The inequality
STV VIl o —4rlulr < e%e—wu—é-l)m\r?
which holds for 6 > 1, gives
(42) 3 [Buooo(v, s s)r K, (dmlpalr)| = O, (ﬁrur’“e“f =y |m0+1/2em_w).

Hehg uedt
p#0 u#0

In particular, the series on the left hand side converges. This, together with the Fourier ex-
pansion (4.1)) and the analytic continuation of Yo oo(—v;s), give the analytic continuation of
Fw (P, s). Now, by the asymptotic bound (A.13)), we have

(4.3) rl,(4n|v|r) = O (rRe(S)H|V]Re(5)e4“"’|r) .

On the other hand, as mentioned in the Introduction, the function @ o (—v; ) can be expressed
in terms of certain generalized divisors sums and it therefore has at most polynomial growth
with respect to |v|, uniformly for s in any fixed compact set contained in Re(s) > 0. This,

together with (4.2)) and (4.3]), gives the result on the growth of |F (P, s)|. This completes the
proof of the Proposition. O

We can now state the existence of the meromorphic continuation of G4(P, Q) together with
precise information about its growth at the cusp oo.

Theorem 4.5. For fized P,Q € H? with r = r(P) > max{r(Q),7(Q)"'}, the automorphic
Green’s function Gs(P, Q) has an analytic continuation to Re(s) > 1/2, s # 1, with a simple
pole at s = 1. Moreover, we have

(4.4 i (6.(P.@) -

asr — OQ.

1

1+ log(r)
W(OK)EOO(Q’S)> =TT lx) +o(1),

13



Note that the analyticity of G4(P, Q) for Re(s) > %, s # 1, is equivalent to Sarnak’s lower

bound for the first “exceptional” discrete eigenvalue of the Laplacian on X ([12], Theorem 3.1).

Proof. Let P,Q € H? and assume that r = r(P) > max{r(Q),r(Q)~'}. By Theorem [3.1] we
have

1-s
G.(P,Q) = loK) (r Ew(Q.5)+2 ) Fw,_“(Q,s)rKs(47r|M|r)e2mr<w>),

covol( s
ped-1
u#0
By Proposition [4.4] together with the asymptotic bound (A.12)), we have

467 | p|
Z |Foo,—p,(Q7 3) TKS(47T|M|T)| = OQ,& <\/; Z |M|Re(5)_%e—47r\ﬂ\T max {6471'\#\7‘(@)’ |,u|e T(Ql; } )
ped-1 ped-1
u#0 n#0

for any § > 1, uniformly for s in any compact set contained in Re(s) > 1/2. Choosing ¢ such
that r > max{r(Q),or(Q)~'} we conclude that the series on the left hand side is convergent.
This proves that G4(P, Q) has a meromorphic continuation to Re(s) > 1/2 having poles only
where E. (P, s) has poles, in which case the multiplicities also agree. Since E (P, s) admits an
analytic continuation to Re(s) > 0, s # 1, with a simple pole at s = 1, we conclude the same
for G4(P, Q). Now, we note that the above computations also give

Tl—s

4.5 lim (| G4(P,Q) — ———— F.(Q, =o0(1),
(4.5) | ( (P,Q) covol(Ok)s (@ S)> o(1)
as r — oco. A straight-forward computation using (|1.3) gives

ri=s 1 1 + log(r)
4.6 lim | —————F(Q,s) — ————E,.(Q, ="
(46) o1 (covol((‘)K)s (@) covol(Ok) (@ S)) vol(X)
Formula (4.4)) follows by combining (4.5) with (4.6)). This completes the proof of the Theorem.

g

5. PROOF OF THE MAIN THEOREM

To prove our main theorem, we first introduce a building block for the class of functions in
A. More precisely, for P,Q € H? with P # vQ for any v € I, we define

1

5.1 L(P,Q) = lim ( G, (P, ——(Eoo 8) + Eo(P,5) — 0 oo (0; ) .
51 £(RQ) =i (G(PQ) - g (BxlQ8) 4 EalPis) = onnl0:9)
Recalling (2.12) and ([2.10)), the above limit exists. This function can be seen as the analogue
of log |j(m1) — j(2)| (see Proposition 5.1 in [7]). The next lemma summarizes the properties of
the function £L(P, Q).

Lemma 5.1. The function L(P,Q) satisfies the following properties:
(L1) The function L(P,Q) is T'-invariant in each variable and can therefore be considered as
a function on X x X. Moreover, we have L(P, Q) = £L(Q, P).
(L£L2) For fired Q € X, we have a singularity of the form

WQ) r(Q)
Q=5 ql

as P — @Q, and the function P +— L(P,Q) is smooth at any point P € X with P # Q.

(L3) For P,Q € X with P # Q, we have ApL(P,Q) = 0.
14

+ Oq(1),



(L£4) For fized Q € X, we have
_ 9%
vol(X)  2covol(O)

L(PQ)=— T2+O(1),

asr =r(P) — oc.

Proof. Properties (£1), (£2), and (£3) follow from properties (G1), (G2), and (G3) of the
Green’s function G4(P, Q) together with the equality

A (0)
i(P.Q) TP QI

as P — @. In order to prove property (£4), we consider the Fourier expansion ({2.7)) of E.(P, s),
namely the equality

+ Oq(1),

21+s s

['(s)

OX
Es(P,s) = %r”s + Poo.0(0; 9) ri=s 4

D 11l sono (15 8) T E (A )™ 04,
ueD1

where we employed the identity [« : [ ] = |Ox|/2. A straight-forward computation using

(2.10) gives

covol(Ok)
vol(X)

Since |@oo00(pt; 1) is of at most polynomial growth in |p| and K;(r) has exponential decay as

r — 00, we therefore get

lim @eg 00 (0; s)(rl_S -1)=- log(r).
s—1

lin} <EOO(P, ) — Pooco(0; 5)> = |021X<|r2 — Co:;l(()(?;) log(r) + o(1),

S—

as r — 00. Property (£4) now follows from this together with (4.4). This completes the proof
of the Lemma. OJ

The function £(P, Q) is a building block for functions in A. More precisely, we have the
following proposition which can be seen as an analogue of ([1.1)).

Proposition 5.2. Let F': H* — RU{oo} be in A, the class of functions satisfying (A1)-(A4).
Then, the limit F(00) := lim,_, F'(P) exists and we have the equality

F(P) = F(x) + QWi ce L(P,Qy),

for any P € X with P # Qy, for{ =1,...,m
Proof. Let us define F(P), for P € X with P # Q,, for £ =1,...,m, by

F(P)=F(P) =2 Y ¢, L(P, Q).

=1
By properties (A3) and (£3), we have that Aﬁ( P) =0 for P # Q ( = ,m. On the
other hand, properties (A2) and (£2) imply that F(P) is locally bounded around any point in

X. This implies that F(P) extends to a smooth function F : X — R satisfying AF(P) = 0
everywhere. Indeed, by taking geodesic normal coordinates around any point, one can reduce

the problem to the case where F(P) is a harmonic function with respect to the euclidean
15



Laplacian, at least locally. The existence of the harmonic extension of F (P) then follows from
Theorem 2.3 in [2]. Using > _,*, ¢, = 0, we note that

m m

L(P, Qg) = ZC@ lim ( (P QZ) mE@)(QbS))

(=1 (=1

— Zcé lim ( (P, Q) = Vol(X)?s2 — 1))

2 1
li
+ZCZ Py (vol X)(s?2-1) Covol((f)K o8 )

m

= Z cr hm ( (P,Qy) — Ol(X)?SQ —3 ) Vol ZCZ 10g (N (Qe)Te).

(=1

As mentioned in Sectlon 2.4] the function

P~ lim <GS(P7 Q) = VOI(X)?SQ - 1))

is square-integrable on X, for fixed ). This implies that the function

pHZCEL(Pan)

(=1

is also square-integrable. By property (A4), we conclude that F(P) is square-integrable over
X. By Theorem 4.1.8 in [3], p. 140, we know that any smooth, harmonic, square-integrable

function on X is constant. We conclude that F(P) is constant. Finally, using (£4) together
with >°,", ¢o = 0, we have

iCZL PQZ ()

as 7 — 00. We conclude that F(P) = F(co). This proves the result. d
We now prove our main theorem.

Proof of Theorem[I.3 Let F : H* — R U {oo} be a function in the class A satisfying the
properties (A1)—(A4). By Proposition [5.2| we have

ﬁ/XF(P)du(P) = F(00) + VO?—/XZCEL (P, Qe)dp(P).

(=1

Since ), ¢, = 0, we have

/XZ@L P,Q¢)du(P /hmZCg( (P, Q) — mEoo(th))d#(P)

=1
/Xein;q lim ( (P, Q) — VOl(X)?SZ — 1>> du(P)
+/ché Pg% (vol(X)?s2 —1) B covoll(OK)Eoo<Qe’ S)) a(P).



Using (2.13) and (1.4)), we obtain
vol(X)
L(P,Qu)du(P) =1 E(Q,
[ 3 ecet00min = 3 a5 - S en)

(=1

= Zc@ 1og (100 (Qr) 70)-
=1
This completes the proof of Theorem [1.2] O

6. TECHNICAL LEMMAS

In this section we prove two lemmas that were used in Section [3| for the computation of the
Fourier coefficients of the Green’s function and of the Niebur—Poincaré series.

Lemma 6.1. For p,s € C with Re(s) >0 and r > 7> 0, let

2 2 ~2
]u,S(T’, )= /805 <—|Z| _;:f_‘_r ) e~ 2mitr(nz) g,
C

with ps(t) = (t + V12 — 1)7*(t?> — 1)"Y2. Then, we have

(r,7) = {2”8 i, if p=0,

L Arri K (47T|V|7’) s(4mlv|7),  if pw#0.

Hn,s
Proof. Using polar coordinates z = pe', we get
2 00 2 2 ~2
- prE+ri4r —omip tr(ue’®)
I, ) = s pom— TIpLIiLie dpdb.
s (157) /0/090< 57 )6 pdp
Letting t = p? and f(t) := (¢t + 7% + 72)/2r7, we have

totr) = [t = =2 [(g0) + TP 1) ] = e,

where we have used that r > 7. This proves the first formula. For p # 0, we write pu = |u|e™
and get

27 ) 2m . .
/ o-2mipt(ue®) gp / e~ Amielnlsn®) qg — o Jo (4| ulp),
0 0

by using formula (A.1). Replacing this in the above formula for 7, ;(r, 7) and making the change
of variables t = p*/r?, we get

o0 )
Lys(r,7) = 7rr2/ ©s (% <t +1+ %)) Jo (4| p|rV/t)dt
0

Using formula (A.10f), we have

vs(b/a) =a /000 I (au)e " du,

for b > a > 0. Using this identity with a = 27/r and b=t + 1 + f—z, we get

o0 2~ _ ﬁu oo
L.y(r,7) = 217 / I, (ﬂ)e (1+72) / Jo(4r|p|rv/) et dtdu.
0 0

r
17



Formula (A.2)) with a = w and b = 4x|u|r yields
* o (2Fu (145 d
Ls(r, 7) = 2107 / I, (ﬂ) o~ (1472 Ju =t 22 pu U
0

r u

Next, we make the change of variables ¢ = 87%|u|*r? /u and we get

o b a2 452 dt
1, s(r,7) = 27T7’f/ I <a7) e 2 e’t/27,
0

with a = 47 |p|r and b = 4x|u|r. Observing that a > b > 0 and using ({A.3)) we conclude
1, s(r,7) = 4nriK(a)ls(D).

This completes the proof of the Lemma.

Lemma 6.2. For v, u,c € C with v,c both non zero, r > 0, and s € C with Re(s) > 0, put

Ir,v,p,c / Amlelr ef%itr(”c?uzé;r?)“‘Z)dz.
|c*(l2 |2+7’ [c[*(|2]* +72)

Then, we have
71_1—&—825‘”'5
|c|2(+9) sD(1 + )

KL (Anlulr) 3, (%), i n 0,

ri=e, if p=0,
J(r,v,p,c) =
(rvpe) =9
[e?
where Js(2) is given in (3.1)).

Proof. We start with the case u = 0. Using polar coordinates z = pe®, we get

I .0.0) / / I < Ar|v|r ) 6_‘0‘3?;\21?2,) COS(G)dep.
e At (e

Using formula (A.1)) and making the change of variables £ = p/r, we get

L omr [ ¢ 47 |v| drmlv|€
”““Q@‘kvf =1t () (e )

Using Lemma [A.1| with a ”'Vl we get

1+525|y| s

J(r,v,0,c) = |20+ T (1 + s) "

This proves the first formula. For p # 0, we start by writing

Mj (|T_|7V,M’C) _ WT I, < 47T|5|7’ ) e—2witr<ﬁ%)—2m’tr(pz)dz
W

Jetnr e P

with 8 = “§. Making the change of variables { = uz and using polar coordinates § = pet?

obtain

e 4 2 —271 Bpe” 04 Bpet? 2p cos(0
() [ ) [ 5
2 w=Jo P r P r 0
18
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Now, we compute

2 Bpe= "0+ Bpe 2
—2mi (%‘F?PCOS@) —4mi +p2+r2|sin
/ e 22 df = e Py 2|5P | ()de
0 0

dmp
=2nhy | 5 7
7-"0<102_i_7,2|ﬁ—i_p —|—7“‘),

by formula (A.1f). We conclude

; omlglr [~ p , (AxlBlr , [ dmp :
|V|J(m,y,,u,c) = /0 p2—|—7“2]8 e Jo g 2|B+,0 + 77

|ul?
Making the change of variables t = p/r, we get

o _ 2nm|Blr [t 47| 8| Arrt
lv|J U, C ) = I, Jo
|l w2 Jo 2+1 7" \r(t*+1) 2+1]|r

s +t2+1D dt.

Now, by formula (A.11]) with A\ = | 2(t2 5+ 1| z =4nrt, and s = 0, we get

J(thl +t2+1D P (W+“(f)(t2+1))k(27rrt)kjk(4m).

kL (24 1)%k \ rd r
Therefore, using the binomial theorem, we have

|v|J (ﬁ,y,u,c) =
‘5‘23’51" ) /oo( nas! ]( 47| B )Jk(471'7“t)dt.

2| Blr
Z Z( ) rk+2j t2+1)k+j+1 $ r(tQ—l—l)

2
I~ —

B

T2

k=0

Using the power expansion for I,(z) given in formula (A.6|), we have

(o) tk+1 47T|ﬁ|
7, Arrt)dt
/0 (2 4+ 1)kt (r(t2 n 1)) Ji(47rt)

27181\ ° > (27T!6|)2Kr_2£ /oo o
B - J(4mrt)dt
( r ) — OT(s+0+1) Jy (12 + 1)sth+it2erl i (4mrt)

(—27%—')8 2 (2m]B])r 2 (2mr) R (4
= UT(s+0+1) D(s+k+j+20+1)

Y

r

by formula (A.5) with s =k, u = s+ k+ j+ 2¢, and a = 47r. This gives

(_1)k(27r)25+2k+j+4€’ﬁ|s+2j+2€ tr(ﬂ)k_st+j+2[<47TT)

i _SyY
27T|5|,,,3 IIVM’ =222 (k=0T (s + L+ (s+k+j+2041)7

_ i i i (—1)MH (2m) 24 2R 3T B2 20y (B)F Ky o0 (4r)
RGO T (s + 6+ D)0 (s+k+25 +20+1)7d

19
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using a well-known identity for the double sum over k£ and j. Applying this identity again for
the double sum over j and ¢ and using Lemma with z = 47r, we get

Vi, <|T—|,V7u, C) NN (DR (2m) PRSI B () i <J) (—277) Koy jpe(47r)

27| B|r K\ T(s +k+2j+ 1)rd 4 I'(s+¢+1)

k=0 j=0 =0

4y 35 OB Z m) tr(5)"
= s mwr
= JIT(s+7+1) k'Fs+l{:+2j+1)

Assuming that tr(3) > 0, using formula (A.7) and recalling that 8 = “&, we therefore obtain

I(r,v, pm,c) = %TK (47 |p|r) Z ((QW)W/ : tr(ﬁ)) Jst2j (47n/tr(ﬁ)) :

g JIT(s+7+1)
Applying Lemma (A.3) with = = 47+ /tr(8) and A = \/3/ tr(B), we get

I(r,v, pm,c) = ’2‘ r K (4m|u|r)J <47r\/_) ( \/7)

27 170
= WT’KS(47T|ILL|T’> Js <§) .
This implies the second formula in the case p # 0,Re (%) > 0. The case Re (%) < 0 is
completely analogous, so we omit the details. Finally, the case Re (c ) = 0 follows from any of

the two other cases by taking the limit § — it,t € R, ¢t # 0. This completes the proof of the
Lemma. U

APPENDIX A. IDENTITIES INVOLVING SPECIAL FUNCTIONS

In this appendix we recall some identities involving special functions that are used in the
paper. Most of these identities are well-known and can be found in the literature and for these
we just give a reference. For some of the less-known identities we give sketch of proofs.

We start with the well-known identities. These are
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(A.1) / e~ dp = o7 Jy(a), a >0,

0
(A.2) / e~ Jo(bV/'t)dt = e eV 0> 0,beR,

0
(A.3) / I (%) e‘ﬁ—i(ﬁuﬂ)% =2K,(a)ls(b), a>0b>0,Re(s)>—1,
0

* oat o Ty —p)

and

(A.5) /OOO WLJS(CLL‘)dt _ (CL/Z)MKws(a)7 a>0,—1<Re(s) <Re(2u+3),



which can be found in [6] (formulas 8.411-1, 6.614-1, 6.653-2, 6.565-4, and 3.194-3, respectively).
We also have

(A.6) L(z) = ’; M(fs/?ﬁ; 5 #€C \ (=00, 0],
(A7) () = ’; Ed“ézs(j/ 1?51)’ 2 € C\ (—o00,0].
and

" /n JU+D)  Tn+a—bI(b)
(A4.8) ; <£) (=1) T({+a) T(a—bT(n+a)

in loc. cit. (formulas 8.402, 8.445, and 0.160-2, respectively). For the Gauss hypergeometric
series o F(a, b; ¢; z), we have the transformation property (formula 9.134-2 in loc. cit.)

a a l+a 4z
(Ag) 2F}(a,b,a—b—0—1,z)-(1—|—z) 2F1 (5,7761 b—|—1, (1—|—Z)2>
Formulas 4.16-1 in [4] and 5-22-16 in [10] are
(A.10) /0 I(at)e™dt = \/%(b + Vb2 —a?)7°,  Re(s) > —1,Re(b) > |Re(a)|,
= (—2/2)F(A\2 = 1)k
(A.11) T(A2) =2 (=2/2) ]5, ) Joan(2).
k=0 '

We also have the well-known asymptotic bounds, valid uniformly for s in a compact set con-
tained in the half-plane Re(s) > —1/2,

(A.12) |Ks(z)| = 0O (x’l/ze’x) , forz — 00,2 €R,

and

(A.13) I(2)=0 (\Z|Re(s)eRe(z)) )

(A.14) Jy(2) = O (|2l mEI)

for z — oo, larg(z)| < 27 — & with fixed § > 0. The asymptotic formulas
z[2)*

(A.15) I(2) ~ Js(z) ~ F((S/+)1)’ for z = 0,

also hold uniformly for s in a fixed compact set.
We now give the less-known identities in the form of several lemmas.

Lemma A.1. We have

> ¢ a a& B a’
/0 &+ i (52 + 1) o (£2+ 1) %= 25+1sT (s + 1)

for any a > 0 and s € C with Re(s) > 0.
Proof. Using formulas (A.6) and (A.7), we have

¢ a aé
/0 gy (52+1) T <£2+1)d§

a\ s (_1)]a2k+2j 0 €2j+1 ;
- <§> 2. AT (s + k + DT(j + 1)/0 (E2 4 1)2k+2itstl 3

k,j=0
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By putting x = &2, n = k + j, and using formula (A.4)), we see that this equals

2 ) S w5 () e
By formula we have
z": (n) (~1 (s +20—j) _ 1y "0 (n) (~)T(s+n+j) _ {s—l, if n =0,

im0 \J s+n—j+1) = \J L(s+j+1) 0, if n > 1.

Replacing this in the previous expression gives the desired formula. O
Lemma A.2. For s,z € C, we have

i (‘2) (—2/2) ' Korje(z) _ (—2/2)Ky(2)

[(s+¢+1)  T(s+j+1)"

=0

Proof. This identity can be proved by induction over j, the case 7 = 0 being obvious. For the
inductive step one can use the identity

Kon(2) = Koo() + 2K.(2)

(see formula 8.468-10 in [6]). We omit the details. O
Lemma A.3. Assume that A € C\| — c0,0], Re(A?) =1/2, and x > 0. Then

. B o0 ($|A|2/2)8+2n
I(Ax)Jy(Ax) = nZ:O nl(s+n+1

) s+2n ('I>

and similarly

= (AR
I, (Ax)I,(Ax) Zn'F S+n+1>Is+2n(x).

n=

Proof. By using formula (A.7)) and collecting the powers of x, we have

—20—2n

B o0 220 G AP A
HAn A = ;%‘Z)E; (fe) Fls+n+DI(s+E-n+1)

and

S s+2n o0 [¢/2] n
S A o) =3 (-5) e S
= nll(s+n+1) i 4/ T(s+L+1) &= nl(t —2n)!T(s +n+ 1)

where [¢/2] denotes the integral part of £/2. Putting a = A% and using that @ = 1 — a, we get

4
1 A A (1-a)* a
Z(n)F(5+n+1) I(s+l—n+1) TI(s+D0(s+1+0)°> 1< s—4—bst ’1—a)

n=0

—20—2n

and

/2
3 Al 1 1—¢ ¢

- A —— —5s+14a(l—a) ).
c=nl({ —2n)!T(s+n+1) AT(s+1) 2"\ 2 58+ 1L a(l —a)
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Thus, we just have to prove the identity

a 1—¢ 7
(1—a)’ 3 Fy (—3 — 0, —l; s+ 1; E) = oF (T, —g58 + 1;4a(1 — a)) :
This follows from identity (A.9) applied toa = —¢, b = —s—{, and z = a/(1—a). This completes
the proof of the first formula. The proof of the second formula is completely analogous, so we
omit the details. 0
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