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Abstract. Inspired essentially by the work [H M. Srivastava, M. A. Chaudhry and R. P. Agar-
wal [The incomplete Pochhammer symbols and their applications to hypergeometric and related
functions, Integral Transforms Spec. Funct. 23 (2012), 659-683] (see [ ])], we introduce the
families of the incomplete Hurwitz-Lerch Zeta functions of two variables. We then give the
integral representations including the Mellin-Barnes contour integral representation, summation
formulas, derivative formulas and recurrence relations for the incomplete Hurwitz-Lerch Zeta
functions of two variables.

2010 Mathematics Subject Classification: 11M06; 11M35; 33B15; 33C60; 11M68; 33C65; 33C90

Keywords: Gamma function, Incomplete gamma functions, Beta function, Pochhammer symbol,
Incomplete Pochhammer symbols, Hurwitz-Lerch Zeta function, Hurwitz-Lerch Zeta function of
two variables, Incomplete confluent hypergeometric functions, Appell hypergeometric function,
Incomplete Appell hypergeometric functions, Humbert hypergeometric functions of two vari-
ables, Integral representations, Mellin-Barnes integral formula, Summation formula, Derivative
formulas, Recurrence relation

1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

The classical incomplete Gamma functions y(s,x) and I" (s, x) satisfy the following
decomposition formula [3,4,7, 16]:

y(s,x)+r(s,x):r(s):/:r"*l exp(—1)dr  (R(s)>0). (L)

By using each of these classical incomplete Gamma functions y(s,x) and I' (s, x), the
incomplete Pochhammer symbols (A, x),, and [A,x], were defined, forx = 0and A, v €
C, by Srivastava et al. (see, for details, [16]). In fact, these incomplete Pochhammer
symbols (A,x), and [A,x], satisfy the decomposition formula:

(o), + Py, = (), 1= F(;E:)V - r(lx) /O Cpvlexp(cr)yd, (1.2)

provided that the Gamma quotient as well as the infinite integral exist. Furthermore,
Srivastava et al. [16] investigated many properties of the generalized incomplete
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hypergeometric functions by the help of these representations (see also a closely-
related recent work [23] dealing mainly with such much more general functions as
the incomplete H-functions and the incomplete H-functions).

Many researchers studied many different generalizations and extensions of the
familiar Hurwitz-Lerch Zeta function ® (z,r,a) by inserting certain additional para-
meters to the series representation of the Hurwitz-Lerch Zeta function. The interested
readers can refer to these earlier publications for further researches and applications
[5,8,10-15,17-19,21,24]. Recently, Choi and Parmar [6] introduced and studied the
following extension of the generalized Hurwitz-Lerch Zeta function in two variables:

o (@) (D), (B'), 2
b 1o (2,8, 00) = r
ablic (2 ) k;O (g k! 1! (k+14a)

(1.3)

<a,b,b' € C; c,a€ C\Zy; r,z,t € Cwhen |z] < 1and |¢] < 1;

R(r—c—a—b—b")>1when |z] =1and |t| = 1>'

Motivated by the above-mentioned works, our aim here is to investigate an exten-
ded family of the generalized incomplete Hurwitz-Lerch Zeta functions of two vari-
ables. In particular, we obtain integral representations including the Mellin-Barnes
contour integral representation, derivative formulas, summation formulas, series re-
lations and recurrence relations. We choose to record some of our results for only
one member of the above extended family of the generalized incomplete Hurwitz-
Lerch Zeta functions of two variables. Analogous results can be derived fairly easily
for the other member of the above extended family of the generalized incomplete
Hurwitz-Lerch Zeta functions of two variables.

2. THE INCOMPLETE EXTENDED HURWITZ-LERCH ZETA FUNCTIONS OF TWO
VARIABLES

In this section, we introduce the following family of the incomplete extended
Hurwitz-Lerch Zeta functions of two variables:

(@,x);4; (D) (D), &

bt (0= ; 2.1
Oappric (z,t,1,0) kJZ:O () K11 (k+1+a) 2.1
and
b), (b k 1
Cabb'sc (z,t,r,0) = Z [a’x]kH( )k( )1 it 02

k,/=0 (C)k-i-l k'[! (k+l+a)r

(xgo; a,b,b’ € C; c,a.€ C\ Zy; r,z,t € C when |z| < 1and |t| < 1;
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R(r—c—a—b—"b')>1when |z] =1and |r| = 1)'

By virtue of (1.2), these families of the incomplete extended Hurwitz-Lerch Zeta
functions of two variables satisfy a decomposition formula in terms of &, 5, ;. (z,,7, ),
which is the extension of the generalized Hurwitz-Lerch function of two variables in

[6].

Remark 1. The limit cases of the families of the incomplete Hurwitz-Lerch Zeta
functions of two variables are given by

: t
¢Z,b;c (Z’ t7 £ (x) - bl/li?f; {(I)a,bh’;c <Z7 y) I, OL) }

— (%) (b), 4
k=0 () K11 (k+1+a)

(2.3)

and

t
(pabL(Z)t7r(x = h {(pd,b,b’;c (Z,y,r,(l)}

oo

k,1=0 Ck+l k'l' (k+1+a) '

<x20; a,b,b’ € C; c,a.€ C\ Zy; r,z,t € C when |z| < 1and |t| < 1;
R(r—c—a—b—>b")>1when |z] =1and [t| = 1).

3. INTEGRAL REPRESENTATIONS

For the parameters a,b,b’ € C; ¢ € C\ Zy, we make use of the following incom-
plete first Appell hypergeometric functions (see [7]):

i (aax)k-H (b)k(b/)l xk)’l

Yl (a7x)7b7b/;c;x7y = (31)
[ ] k1=0 (©)ess k!1!
and
2 (@] (0), (), &Y
[y [(a,x),b,b;c;x,y| = , (3.2)
[ ] kJZ:’O (€)gess k!l
which satisfy the following decomposition formula:
Y1 [(a,x),b,b'scx,y] + T [(a,x),b,b's5x,y] = Fi (a,b,0c1x,y) (3.3)

where Fi (a,b,b';c;x,y) is the first Appell hypergeometric function (see, for example,

[ ’ ’ ’ ’ ])‘
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Theorem 1. The following integral representation for the function
Qap iy (2,1,1,00) defined by (2.2) holds true:

(Pahb’ (ZJ,I"(X,)

1 ” —1 / - -
= uexp(—ou)Ty |(a,x),b,b';c;z¢ " te ™| du 34
G ) @ (e (@ Jau (34

(x 2 0; min{R(r),R(a)} >0when |z| =1 (z#1)

and |t] <1 (t#l);‘ﬁ(r)>0whenz:t:1>.

Proof. Applying the following Eulerian integral (see [0]):
1 1

_ ~ r—1 o _ .
<k+z+r>°“r<r>/o u' exp(—ou—ku—lu) du (3.5)

(min {R(r),R(a)} > 0; k,l € NO>

to the equation (2.2) and inverting the order of summation and integration, followed
by using (3.2), we can get the desired result (3.4). ]

Theorem 2. The following integral representations for the function
Qap iy (2,1,1,00) defined by (2. 2) hold true:

Pup iy (2,t,1,0) = / / T exp(—ow —vy)
-q>2 [b,b,c,ze vi,te vy dudvy, (3.6)
Pub /e (ZJJOO
) / / / r=lyb- lvé’ exp(—ow — vy, —v3)
. 1F1 [( a,x);c;ze “vytte V3] du dv, dvs, (3.7
1

Cup.p' C(Z,I,VOC) 1—~( F )r*(b)r‘(b/)

/ / / / -l Vi~ 1\2127 1v2 exp(—0u — v — vy —3)
- oF} [—,C,ZB vivy +te uV1V3] du dv; dvy dV3, (3.8)

['(c+1)
L)L (a)T(6)T ()

L e

Pa.b.bic+1 (_Z, —t,r, (X) =
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-exp(—0wu —vy —vy —v3) (ze*”vz + te*”V3) 3

Je (2\/Ze*”v1vz —l—te*”vl\@) du dvy dv; dvs 3.9

and
I'(c+1)
1“( F(a)F(b)F(b’)

rla%*lblb’—l
V3

. exp(—(xu -V —Vvy—V3) (ze* vy + te*”V3)

L (2\/Ze*”v1vz +ze7uv1V3) du dvy dv, dvs (3.10)

Pupbct1(2,,1,0) =

(4
2

<x 2 0; min{R(r),R(a)} > 0; max {R(z),R(¢)} < 1; R(a) > 0 when x = 0>,

provided that conditions analogous to those that are listed above with (3.10), are
satisfied also for all the assertions (3.6) to (3.9), Jy(z) and I,(z) being the Bessel and
the modified Bessel functions, respectively.

Proof. 1If we use following integral representation of the incomplete first Appell
hypergeometric function I'j in (3.4) and interchange the order of summation and
integration, we can obtain the desired result (3.6):

1 oo
Iy [(a,x),b,b);c;2,t] = —/ Vi~ lexp(—v1)®, (6,65 c32v1,1v1] dvy,
I'(a) Jx
where, for convergence, R(a) > 0.
In the same way as above, by using the other integral representations of the in-

complete first Appell hypergeometric function I'| in [7], we can obtain the equations
(3.7) to (3.10). O

Theorem 3. The following integral representations for the function
Qap iy (2,1,1,0) defined by (2.2) hold true:

I'(c)
LT (a)T(B) T )T (c—b—b)

L[

-exp(—au—v1+ze “viutte™ 1(1—,u)<5)
(=) (1= 6) Y dudvy dudo, (3.11)

(pa,b,h'; (Z,l‘,r(l)

I'(3)
T(NT(@T GG (6—b—b)

Da.p.b'ic (Za L, (X) =
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1 1 poo poo )
/// / W1

o Jo Jx Jo
~exp(—ocu—v1 +ze "viutte vy (1 —,u)G)

1R [c—5;c; —ze "viu—te vy (1 —p) 6]
(1= (1= 0)¥ ! dudvy dudo, (3.12)

()
()T (a)T (&) T ()T (c =8 —b')

LT[

-exp(—ocu—v1+ze “viutte™ 1(1—,u)<5)
1R [81 = b 81 —ze vy
(1= (1= 6) ¥ dudvy dudo, (3.13)

(Pa,b,h'; (Z,l‘,r(l)

I'(c)
L)L (a)T ()T (0)I (c—8 —b)

AL Lome

— o — vy +ze “viu+re v (1—p))
. 1F1 [b—Sl,c—Sl—b,ze vl(l— )(1—0)]
(1= (1= 6) ¥ dudvy dudo, (3.14)

Qap e (2,1,1,00) =

- €X

['(c)
L (r)T(a)T(81)T(82) ' (¢ =81 — &)

LLLLrw e

cexp (— o — vy +ze “viu+re vy (1 —p)o)
- 1F [81 —b;01;—ze” v1,u] 1F [Sz—b :00; —te "1y (1 —,U)G]
(=) (1=0) 82 qydy; dudo (3.15)

Papp'c (Za L, OC)

and
I'(c)
I(r)I(a)L(81)T(82)T (¢ =81 — )

LI Lo

— o — v +ze “viu+te vy (1—pu)o)

(Pa,b,b’ (Z,t,l"a)

- €X
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@y [b—81,6 — 805 —z¢ v (1 —p) (1 —0),te v (1 —p) (1 —0)]
(1= (1= 0) 8% gy dyy dudo, (3.16)
provided that the second member of each of the assertions (3.11) to (3.16) exists.

Proof. We recall from [2] that

I'(c)

®2 b, bseizt] = LT (a)T(b)T(H)T(c—b-b)

1, ,
g /O 16" exp (zu+1(1—p)o)
(=) (1= 0) " dudo. (3.17)

If we use (3.17) in (3.6) and interchange order of summation and integration, we
can get the desired result (3.11).

In the same way as above, by using the other integral representations of the Hum-
bert function of two variables ®, (see [2]), we can obtain the equations (3.12) to
(3.16). O

4. MELLIN-BARNES CONTOUR INTEGRAL REPRESENTATION

In this section, we give the Mellin-Barnes contour integral representation for the
families of the incomplete Hurwitz-Lerch functions defined by (2.1) and (2.2).

Theorem 4. The Mellin-Barnes contour integral representation for (2.2) is given
by
I'(c 1
Qb pic (2,1,1,0) = F(a)F((b))F(b’) Zm/b/g
C(—u)T(=V)T(a+u+v,x)L(b+u)T (B +V)[[(u+v+a)]
' T(c+u+Vv)T(utv+oa+1)]
(=2 ()" dudv (Jarg(—2)] < Jarg(—1)] <), .1

where it is assumed that the poles of the integrand in (4.1) are simple and the Mellin-
Bernes type contours L, and L, of integration are so chosen that the poles of T (—u)
and T (—V) can be separated from those of T (b+ u) and T (b’ + V) with indentations,
if needed.

Proof. Taking the sum of the residues at the poles of I'(—u) at the points u = k
(k € Nop) and the poles of I (—V) at the points v =1 (I € Np) in the equation (4.1), we
readily get the following series expansion:

I'(c)

Pore 50 = T ) T ()
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= T(a+k+1L,x)T(b+k)T(B +1) !
= [(c+k+1)k! ! (k+1+a)”’

which completes the proof of Theorem 4. U

5. A SUMMATION FORMULA
Theorem 5. A summation formula for the function Qup 1. (2,t,1,0) defined by
(2.2) is given, for |B| < avand r # 1, by

> (r)
(Pa,b,b’;c (Zat>r7(x'_l3) - Z 7'17 (Pa,b,b’;c (Z7t7r+p7a) Bp' (51)

p=0

Proof. Using the definition (2.2) in the left-hand side of the assertion (5.1), we
find that

(Pa,b,b’;c (Za L,ro— B)

= ()"Hk'l' (k+1+0) k+1+o

i axk+l )i (D), ! i (”)p By
o @kt (krl+a) \ = opt (k1)

- i @ i [a,x] i (), (B), ! B?, (5.2)
im0 P\ (kR (ko)™
which readily gives the desired result (5.1). O

6. DERIVATIVE FORMULAS

In this section, we consider the derivative formulas for the families of the incom-
plete Hurwitz-Lerch functions defined by (2.1) and (2.2). In view of the above-
mentioned decomposition formula resulting from (2.1) and (2.2), we choose to re-
cord here the derivative formulas for the function @, 4 .. (z,¢,r, @) defined by (2.2).
The corresponding results for the function ¢y 4. (z,1,7,0) defined by (2.1) can be
derived fairly easily.

Theorem 6. Each of the following derivative formulas for the function
Qap iy (z,1,1,00) defined by (2.2) holds true:

A _ (a)k(b)k
3 {Qappc(z,t,r,00)} = (o
“Qatk p+k,bc+k (Z,f, o+ k) (k S No) , 6.1)
0 (@, ),

Y {@up iy (z,t,r,a) } = o,
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Qa1 +lc+1 (21, 1,0+ 1) (I € No) (6.2)
and
okt! (@) (D) (D),
{Quppc (zt,r0)} = ———=
azkor! (rss
“QatktLb kb + ekl (21, 1,00k +1) (k,l € Np). (6.3)

Proof. Differentiating both sides of the series definition (2.2) with respect to the
variable z, which is valid under the conditions in (2.2), we obtain

S [axi (D) (B); 2
1o (2,81, 00 . 6.4

{(pabb ( } ZOkZl( )kJrl (k—l)'l' (k+l+oc)’ ( )

Putting k— 1 = k’ in (6.4) and dropping the prime on k, we get
a,x] k+l+1 (b)it1 ()
- t OL
{(p‘””’ @hna)) = ZZ Okerrer kU
Fals
——. 6.5
hititay ©5)
Next, by applying the following identities:
A x|kr1 = A [A+1,x]k and (M1 =A (A4 1), (k € Np)

in the last equation (6.5), we have

0 ab

872 {(Pa7b7b’;c (Z7t7 r 0‘)} = 7 Oat1,6+1,0"0+1 (Z,l‘, 7,0+ 1) . (66)

Finally, if we successively differentiate the right-hand side of (6.6) kK — 1 times
with respect to the variable z, we have the assertion (6.1) of Theorem 6.

In a similar manner, we can derive the derivative formulas (6.2) and (6.3) asserted
by Theorem 6. O

Theorem 7. The derivative formulas for the function @Qqpp.c(z,t,1,Q)
defined by (2.2) are given by

D? {tbl+n ! Pab,b'c (thv T OL)} = tbil (bl)n Qa,b.b'+n;c (z,t,r, OC) ) (6.7)

Dy {tc_l Qapiyc (2,11, oc)}
= (_l)n tC*nfl (1 — C)n (pa,b,b/;c—n (Zt,t, T a) (68)

and

4
n) Patp,bb'+pictp (Z, L, OL) > (6.9)
—"p
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where
D {f(z,1)} = an{fz,} (6.10)

Proof. Using the definition (2.2) in the left-hand side of the assertion (6.7), we
have

b'+n—1
D? {t " (Pa,b7b’;c (Z7t7r7 a’)}

=D" l‘b/+n_1 i [a’x]k+l(b)k(b/)l Zkl‘l
l k,1=0 (g k! (k+14+a)"

= (o P c+k 1! (k+ 1+ o)

[avx]k—i-l(b)k(bl)l 2
KI=0 () kgt k1! (k+1+a)"’

_ (b/)ntb/—l

(6.11)

which yields the desired result (6.7) asserted by Theorem 7.
In the same way, we can get the other derivative formulas (6.8) and (6.9) asserted
by Theorem 7. O

Corollary 1. The following derivative formulas for the first Appell hypergeometric
Sfunctions I'y in (3.2) hold true:

D} {F1 [(a,x) ,b,b’;c;z,t]}

_@,0),

= [(@a+n,x),b,b" +n;c+n;z,1] (6.12)
(©)n

D} {tbur”_l I [(a,x),b,b’;c;z,t]}
=1 (), Ty [(a,x),b,b +mciz,t], (6.13)
D! {t“l I [(a,x) ,b,b/;c;zt,t]}
=" (1-¢), T [(a,x),b,b';c —nzt,1] (6.14)
and

D} {tc_b_ll“l [(a,x),b,b);c;2,1] } =(=1)"r h—c 1),

() (@), (8D, 1 .
.pz:‘E) <p> (c)p(c—b—n)p I [(cH—p,x),b,b —|—p,c—i—p,z,t] , (6.15)

where Df{f(z,t)} is given by (6.10).
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Proof. Differentiating both sides of the equation (3.2) with respect to ¢ for n times,
we can derive the required result (6.12). By using the same operations, we can deduce
the desired results (6.13), (6.14) and (6.15). ]

Remark 2. The special cases of (6.12) to (6.15) when x = 0 are easily seen to
reduce to the known derivative formulas for the Appell hypergeometric function F;
(see, for details, [2]).

7. RECURRENCE RELATIONS

In this section, we will give the recurrence relation for the extended family of the
incomplete Hurwitz-Lerch functions defined by (2.1) and (2.2).

Theorem 8. The following recurrence relation for the function
Qupp'ic (2,1,1,00) defined by (2.2) holds true:
Qubpic (2:1,1,0) = Qapyie—1 (2,1, 7,0)

abz
+ c(l1=c) Qat1,b+100+1 (21,1004 1)

ab't
+m%+1,b,y+1;c+1 (z,t,,0041). (7.1)
Proof. Applying the following well-known contiguous formula for the function

oF1 given in [9,20,24]:

oFi[—;c—152 — oF [—;632) — oFi[—:c+1:2]=0 (7.2)

_
c(c—1)
to the integral representation in (3.8), we can derive the required result (7.1). O

Corollary 2. The following recurrence relations for the function
Qappsc (2,1,1,0) defined by (2.2) hold true:

I'i[(a,x),b+n,b";c:2,1) =T [(a,x),b,b';¢;2,1]
n
+ Y Ti[(a+ 1,2),b+m, b+ 12,1]. (1.3)
C

m=0

I [(avx)7b_n7b/;C;Z7t] =1 [(a,x),b,b’;c;z,t]
n—1
~ LY D[(a+1,20),b—m,bsc+1;2,1] (7.4)
¢ m=0

and
[i[(a,x),b,b';c—n;z,t] =T1[(a,x),b,b';c;z,1]
" 1,x),b+1,b;c+2—m;z,t
+asz 1[(a+1,x),b+1,b;¢+2—m;z,1]
m=0 (C_p)(c_m+1)
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a+lx)b+1b’c+2 m;z,t]
b . 75
Ta tz —m)(e—m+1) (75)

Proof. Using an obvious identity for (b + 1); in terms of (b) in the definition
(3.2) of the incomplete Appell hypergeometric function I'y, we obtain

Iy [(a,x),b+1,b"5¢;2,t) =T [(a,x),b,b;c;2,1]
+%r1 [(a+1,x),b+1,65¢+ 1;2,1] . (7.6)

Appropriate iteration of this procedure for n times on I'; with the parameter b + n,
we can get the desired result (7.3).

In the same way as above, we can obtain the recursion relations (7.4) and (7.5).

O

Theorem 9. The following recurrence relations for the function
Qap e (2,1,1,0) defined by (2.2) hold true:

Oa,b+nb'sc (Z7t7r (X) =Qubp;c (Z,t,r(l)

aZ
Z Qa1 bimpct1 (2,1,7,0), (7.7)

¢ m=0

Pap—nb';c (Z, L, O(-) = OQg.pp';c (Z7 L, O‘)
n—1

Z Qat1,b—mpc+1(2,1,1,0) (7.8)
m=0

oz
C

and

Pabb'sc—n (thar (X) =Qubp;c (thar (X)

"\ abz Z (Pa+lb+1b’ c2-m (2,t,1,00)

m=0 C_m+1)
(pa+lbb’+lc+2 m (2,21, 00)
bt 79
i mzo m)(c—m+1) @9

Proof. If we use the equation (7.3) in (3.4), after some simple rearrangements,
we can get the desired result (7.7).

In the same way as above, by using the other recursion formulas (7.4) and (7.5) of
the incomplete first Appell hypergeometric function I'j, we get the equations (7.8)
and (7.9). O

Corollary 3. The following recurrence relations for the function
[y [(a,x),b,b';c;z,t] defined by (3.2) hold true:

I [(aax> ,b—i—n,b’;c;z,t}
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=) (Z)Ei;p Ti [(a+px), bt pbsetmzi  (71.10)
= p

and

I [(a,x) ,b—n, b/;c;z,t]

_ Z <n (a),

_ /. . Y
p:0 p) (C)p Fl [(a+p7x)7b,b ,C+p,z7[:| ( Z) . (711)

Proof. Using the recursion relation (7.6), we can compute the incomplete first
Appell hypergeometric function I'; with the parameter b+ 2 as follows:

Iy [(a,x),b+2,b"c;2,t] =T [(a,x),b,0';¢:2,1]
—|—%F1 [(a+1,x),b+ 1,6 5c+1;2,1]

+Ej§2 2T [(a+2,x),b+2,b'5c+2;2,1] .
2

Now, by iterating this procedure for »n times on I'; with the parameter b+ n, we ob-
tain the recursion formula (7.10). Similarly, by making use of the same calculations,
we can deduce the desired result (7.11). O

Theorem 10. The following recurrence relations hold true:

n n a m
Qapinptic (2:1,1,0) = Z’ ( > &

m=0 \" (C)m

*Qatm,b+m, b c+m (Z7 t,r,o+ m) " (7.12)

and

- n\ (a)m

Pap—nb';c Z,t,10) = < >
@rre)= 1 ) ©n
: (Pa+m,b+m,b’;c+m (Z,I, T, OL—I—m) (_Z)m' (7-13)

Proof. If we use the equation (7.10) in (3.4), after some simple rearrangements,
we can derive the desired result (7.12). In precisely the same way, by using the other
recursion formula (7.11) for the incomplete first Appell hypergeometric functions I'y,
we get the equation (7.13). |

Remark 3. The special cases of our results (7.3) to (7.5), (7.10) and (7.11) when
x =0 are easily seen to reduce to the known recursion formulas for the Appell hyper-
geometric function F (see [25]).
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