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ON THE STABILITY OF SOLUTIONS TO CONFORMABLE
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Abstract. In this paper, we study the stability of solutions to conformable stochastic differential
equations. Firstly, we show the trivial solution are stochastially stable, stochastically asymptotic-
ally stable and almost surely exponentially stable, respectively. Secondly, we show the nontrivial
solution are Ulam’s type stable in the sense of probabilities. Finally, two examples are given to
present the theoretically results.
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1. INTRODUCTION

Conformable derivative, an extension of the classical limit definitions of the deriv-
atives of a function, has been proposed in Khalil et al. [1]. The details of the basic
theory are reported in [2, 4] and the application are reported in [3,9]. The theory
of stochastic differential equations (SDE) and It0 integrals have been studied extens-
ively, one can refer to the classical results in [5, 6].

Consider the stability of solutions to the following conformable stochastic differ-
ential equations

dw (t)
dt '’

DgX(t) = b(X(1),1) +0(X(t),1)
X (o) = X,

p€(0,1], t € [a,0), (L.D)

where Dg is conformable derivative, b : R" X [0, 00+ 4] — R",h > 0, and 6 : R" x
[0, 00+ h] — R™™ are continuous and W (-) is a standard scalar Brownian motion on
an underlying complete filtered probability space (Q, F,F := { % };co,0), P)- F is a
c-algebra and P is a probability measure. For each ¢ € [o, ), L?(Q, %, P) denotes
the space of all #-measurable, mean square integrable functions endowed with the
standard norm.
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Existence and uniqueness of solution to (1.1) is given in [7] by using Picard’s iter-
ative technique and the It6 formula of the conformable version is also established. In
the present paper, we study the stability of solutions to (1.1). In Section 3, we prove
the trivial solutions are stochastically stable, stochastically asymptotically stable, al-
most surely exponentially stable by setting suitable conditions on the constructed
Lyapunov function. In Section 4, we propose the concepts of Ulam’s type stability
for (1.1) in the sense of probabilities and show the nontrivial solutions are almost
surely Ulam’s type stable. Two numerical simulation examples are presented in final
section.

2. PRELIMINARIES

Definition 1 ( [2, Definition 2.1]). The conformable derivative with low index p
of a function f : [&,00) — R is defined as
flxte(x—o)'P) — f(x)

Dy f(x) = lim , x>0, 0<p<l.
e—0 €

Remark 1 ( [2, Theorem 2]). Fix 0 < p <1 and x> a. A function f : [0t,00) —
R has a conformable derivative Dg f (x) if and only if it is differentiable at x and

DY (x) = (x— ) ~P £'(x) holds.

Definition 2 ( [7, Definition 4.1]). We say that an R”-valued stochastic process
X (+) is a solution of (1.1), if X(-) is continuous and F,-adapted and

X(1) = Xa—l—/tb(X(‘C),’E)(‘C— o)’ ldt
+/t6(X(1:),1)(1:—oc)p_ldW(t), € [0 0+ . @1

Lemma 1 ( [5, Theorem 3.8] ). (Doob’s martingale inequalities) Let {M; },>, be
an R"-valued martingale and [a,b] an interval in R*. If p > 1 and M, € LP(Q,R"),
then

1
P{o: sup |M;(®)|>c} < —pE]M;,]”, c>0.
c

a<t<b

Lemma 2 ([5, Lemma 5.4]). Denote M?([a,b];R) the space of all real-valued
measurable { F; }-adapted processes g = {g(t)a<i<p} such that

B[ eto)Par) <=

If g € My([a,b];R) C M?([a,b];R), then, for a <t < b, we have

E ( / bg(t)dW(t)) ~0,
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E( ) — ([ leoPar).

Theorem 1 ([7, Theorem 2.8]). Let 0 < h < o0, X (1), € [0, 0.+ h] be an It6 process

for
DEX() = 1) + 5l

Y(-) :=Y(X("),") € C*HR" x [0, 0t + K], R"). Then, Y(t),t € [0, + h] is an Itd
process given by

b
| saw

, pe(0,1],

dy (1) = aY();Et)’t)dt + aY()a(}(;)’t)f(t)(t —a)Plar
PO g1y - app-taw () + 42X 2y — o2,

Definition 3 ( [5, Definition 2.1]). (i) The trivial solution of (1.1) is said to be
stochastically stable or stable in probability if for every pair of € € (0,1) and r > 0,
there exists a & = 8(g, r,79) > 0, for all # > 1o such that P{|X ()| < r} > 1 —¢, whenever
|Xo| < 8. Otherwise it is said to be stochastically unstable.

(ii) The trivial solution of (1.1) is said to be stochastically asymptotically stable
if it is stochastically stable and, moreover, for every € € (0,1), there exists a 8y =
do(&,70) > 0 such that P{lim,_,.. X (#) =0} > 1 —¢&, whenever |Xp| < 8y and 0 denotes
n-dimensional zero vector.

Definition 4 ([5, Definition 3.1]). The trivial solution of (1.1) is said to be almost
surely exponentially stable, if lim; . sup%ln |X(1)| <0, a.s. for all Xy € R", where
a.s. means almost surely.

Lemma 3 ([5, Lemma 2.4])). (Borel-Cantelli’s lemma) If {Ax} C F and
Y P(Ag) < co. Then P{limy_,.supAg i.o.} =0, where i.0. means infinitely often.

Lemma 4 ( [8, Theorem 1]). Set x(-),g(-) is real continue function on [ty, 1],
f(-) > 0 is the integrable function over interval [ty,t1], g(-) > 0 is nondecreasing. If

X(t) < g(t) + /, " Hox(R)dr, 1€ fio.n).
Then )
(1) < g(t)exp( /, F(0)d), 1€ [to,].

3. STABILITY OF TRIVIAL SOLUTIONS

We first introduce the following assumptions and denote | - | by the norm of R”.
[H1] There exists a constant L > 0 such that b and & satisfying |b(X,?) —b(X,1)| <
LIX —X|, |o(X,t)—o(X,t)| <L|X —X|, t € [, 0+ 1], X,X € R".
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[H2] There exists a constant L > 0 such that b and o satisfying |b(X,1)| < L|1 +
X|, lo(X,t)| <L[1+X|, t € [o,ot+h], X € R".
[H3] E(|Xa|?) < o where X, is independent of W (ct).

Lemma 5 ( [7, Theorem 4.3]). Suppose that [HI], [H2] and [H3] hold. Then,
(1.1) has a unique solution X (-) € L2[at, o+ h] give by (2.1) provided that p € (3,1].

Next, we discuss the stability of solutions to (1.1) under [H1], [H2] and [H3],
which includes stability, asymptotical stability and almost surely exponentially sta-
bility.

For any ¢ > «a, denote

DV (X(1).1) = Vi(X (0),0)(t — )P~ + Vi (X (1),1)b(X (1),1)(t — 0)°!
¥ Stracels (X(0),0)Vax (X(0), )0 (X (1), 1)1~ 00%*2).

Set k > 0 be arbitrary, denotes Sy := {X (-) € R" | [X ()| < k}. V(X (*),-) € C>'(Sk x
[o,0); RT) denote the family of all real-valued function V(X (-),-) defined on Sy x
[0, 00) such that they are continuously twice differentiable in X and once int. aAb:
the minimum of a and b, a Vb : the maximum of @ and b. I} is indicative function.
Let K be the family of all continuous nondecreasing functions. L2[ot, o+ /] is the
space of n dimensional 27/ integrable functions defined on [a, o+ A].

We introduce assumptions for positive-definite function V(X(-),-) € C>!(Sy x
[0,00); RT).

[H4] D,V (X (-),-) is negative-definite, i.e. DV (X(-),-) <O0.
[H5]V(X(-),-) > 1| X()|P, er > Lp > 1.
[H6] DpV(X(-),-) < c2V(X(:),), c2 €R.

()0 (), ) (- = P~ > e3VA(X (), ), e3> 0.

Theorem 2. If[HI], [H2], [H3], [H4] hold and p € (%, 1], then the trivial solution
of (1.1) is stochastically stable.

[H7] |Vx (X

Proof. From Lemma 5, (1.1) has a unique solution X (-) € L2[c, o+ 4]. Following
the same procedure as the proof of [5, p.111, Theorem 2.2], one can check the result.
Here we present more details for the reader’s convenience. Note that V(X (¢),7) is
positive-definite and V(0,7) = 0, Then, there exists a function u(-) € K, such that
V(X(1),1) = u(|X (2)]), for all (X (2),1) € (Si X [0, 0)).

Let € € (0,1) and r > 0 be arbitrary. Assume that r < k, since V(X (-),-) is con-
tinuity and V (0, 0) = 0, we can find a d = 8(g,r,a) > 0 such that

1
= sup V(X (1),0) < u(r). 3.1
XeSs

Obviously, 8 < r, we fix initial value X, € Sy arbitrary, let T be the first exit time
of X(¢) from S, i.e. T=1inf{r > a: X (1) & S,}.
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By Theorem 1, for any ¢ > o, we obtain
V(X(TAL),TAL)

:V(X(x,oc)+/WVS(X(s),s)(s—oc)p_lds

+ /a (X (5),5)b(X (5).5) (s — 0)P~1dis

+ /a (X (5),5)6(X (s, ) (5 — )P~ 1dW (s)
1 1

+ 2”“C€/M [0" (X (s),5)Vxx (X (s),5)0(X(s),s)(s — o) ?]ds

o

V() + [ ™ DoV (X (s),5)ds

+ /(:N Vx (X (s),s)0(X(s),s)(s— Oc)pfldW(s).

By [H4], D,V (X(-),-) <0. Following the same procedure in the proof of [5, p.111,
Theorem 2.2], taking the expectation on both sides, we have

EV(X(tAt),TtAt) <V (Xg, Q).
Clearly |X(tAf)| = |X ()| = rif T <t. Hence, we obtain
EV(X(TA1),TAL) 2 E [Iiz<y V(X (1),7)] > pu(r)P{t <t}

Then, from (3.1), we get P{t <1} <e. Letting t — oo, which implies P{T < oo} <,
i.e.

PX(D)| <} >1-€ 1> a.

By Definition 3 (i), the trivial solution is stochastically stable. The proof is com-
pleted. O

Theorem 3. If[H1], [H2], [H3] and [H4] hold, V (X (-),-) is a decreasing function
andp € (%, 1], then the trivial solution of (1.1) is stochastically asymptotically stable.

Proof. From Theorem 2, the trivial solution of (1.1) is stochastic stable. Similarly,
following the procedure of proof in [5, p.112, Theorem 2.3] and using Lemma 1, one
can derive for any € € (0, 1), there exist a 8y = 8y (€, &) > 0 such that P{lim; .. X (¢) =
0} > 1 —¢, whenever [Xy| < .

By Definition 3 (ii), the trivial solution is stochastically asymptotically stable. [J

Remark 2. For p=1,0a =1y, Theorems 2 and 3 are the same as [5, p.111, Theorem
2.2] and [5, p.112, Theorem 2.3].
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Theorem 4. If [HI], [H2], [H3], [H5], [H6] and [H7] hold and p € (%, 1], then,
forall X(t) # 0 and Xy, # 0,
c3+2c;
2p
holds for all Xy € R". In particular, if c3 +2co < 0, the trivial solution of equation
(1.1) is almost surely exponentially stable.

)

1
i — <
Jim sup —In|X(1)] <

Proof. By Theorem 1, we can deduce that for p € (0,1], 7 > a
InV(X(1),1)

(s—a)P~lds

<InV (X, ) + /oc * (Va(X(5),5) +V‘(’§( ((?j)(ss)),S)b(X (5),5))

)
o V(

Set M(t) == [}, %@ —a)P~1dW (s). Then, for any € € (0, 1) is arbit-
rarily, let n = 1,2..., by [H7] and Lemma 1, we can get

! S), S s).s)(s— —112
P{a<§gg+n [M(I)Jr;/a Viio) )‘?2(5;(3)772; W ds} >C3(f—0¢)}
€

< — .
- 2C3(Z—OL)

(3.2)

Using Lemma 3, we have

P{ sup |:M([)+§/: [V (X(s), 50X (s) s)(s—(x)p_1|2ds} > c3(t— ) i.o.}

o<r<a+n

=0,

which implies
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From [H6] and [H7], for t > «, we have
1
InV(X(t),t) <InV(Xg,a) +c2(t — o) + 5 [(1—¢€)c3(t—a)].

Then, fort > o

1 (t—o)

SV(X(0).1) < InV(Xe, )

1-— 2 —_—
o [( 8)6‘3 + Cz] + p

Thus, letting ¢ — oo, we can get

1 1
thm sup ; InV(X(t),t) > [(1—€)c3+2¢).

Using [H5], we have

1 1 1
lim sup;ln(c1|X(t)]p) <lim-InV(X(z),7r) < = [(1—¢€)c3 +2¢3].

t—yo0 t—yoo f - 5
Note that ¢y > 1,p > 1, then

1 1 1
1 _ P — 1 _ < = _
thm sup ; In|X(1)]P = pthm ; In|X(1)] 2 [(1—¢€)c3+2cy].

Finally, we obtain

1 1-— 2
limsup—1In|X(7)]| < (E)ﬂ
e Tt

2p
Since ¢ is arbitrarily, we have
1 2
lim sup—In |X (¢)| < Groe a.s.
1—o0 t 2p

Then, if c3 +2c¢, < 0, by Definition 4, the trivial solution of (1.1) is almost surely
exponentially stable. The proof is completed. O

Remark 3. Concerning on Theorem 4 for p = 1,0 =19, [5, p.121, Theorem 3.3]
uses different technique (exponential martingale inequality) in (3.2), i.e.

e [ |VX(X(S),S)G(X(_9),S)|2 2 1
P{m;ggm [M(l) ) o V2(X(s),s) ds} > elnn} < 5

then derives the following different inequality

t—o0

1
lim sup;ln X)) < ————
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4. ULAM’S TYPE STABILITY

Denote C([o, o+ A],R™) by the family of all continuous functions from [a, o + /]
to R*. For Ve > 0, ¢(-) € C([o, 0+ 1], R™), t € [, 0.+ A, consider

‘DS‘Y(t) —b(¥(£),1) —G(Y(t),t)dvzt(t) <, % <p<l, @1
and
DYV (1)~ b(¥ (1).1) G(Y(t),t)dvgt(t) < eo(t), % <p<l. @42

Definition 5. (1.1) is called almost surely Ulam-Hyers stable in the sense of prob-
ability, if there exists a constant N > 0 such that for Ve > 0,r € (0,1) and for each
process Y (+) € L2[o, o+ A satisfy

P{lY(t)—X(t)| <Ne}>1—r 1€ |o,0+h].
Remark 4. A process Y (-) € L[, ot + K] is a solution of (4.1), iff for Ve > 0,
there exists a function G(-) € L2[ot, 0+ A] such that (i) |G(-)| < €% (i) DY (1) =
b(Y (1),0) +0(Y (1),) 2 +G(1), 1 € o, + .

Definition 6. (1.1) is called almost surely Ulam-Hyers-Rassias stable in the sense
of probability, if there exists a constant N > 0 such that for Ve > 0, r € (0,1), and
o(-) € C([o, o+ h],RY). for each process Y (-) € L2[o, ot + h] satisfy

P{|Y(r)=X(t)| <Neo(t)} >1—r, 1e€[a,a+h]

Remark 5. A process Y (-) € L2[o,, o+ h] is a solution of (4.2), iff there exists a
constant M and function G(+) € IL2[o, o+ /] such that (i) |G(¢)| < €M < €2¢(t), t €

[0, o+ s (id) DEY (1) = b(Y (1),1) + 6 (Y (1),0) 2+ G(r), 1 € [ot, cu+-A].

Lemma 6. Let process Y (-) be a solution of equation (4.1) provided p € (%, 1].
Then

E (’Y(t) Yy /tb(Y(r),r)(T— 0)P-dr

o
2 e4p2e
<
—2p—1

—/tG(Y(r),r)(r—oc)pldW(’c)

o

hold fort € [, 0.+ h.

Proof. We know that DSY (1) = b(¥ (1),1) + (Y (1),0) %8 4 G(r), 1 € [or, o+ ],

with initial value Y () = Yy, for # € [o, ot + £, the solution can express as

Y () :Ya—i—/lb(Y(r),t)(r—a)p_ldr
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+ /IG(Y(T),t)(r )P law (1) + /IG(T)(T )P ldr.

o

Then, by Holder inequality, for 7 € [o, o0+ h], we can get

< /(:b T—o)P ldn

—/’c(«:,y(r))(c—oc)P—ldW(r)F)

o
2

—E /tG(t)(t—a)p“dt

t 1
<E / IG(7)[2dt / (1— )2 Vaq
o o

2p—1
eth®P | e 1
<Elp=i| = -1 PEG
The proof is completed. g

Lemma 7. Let the process Y (-) be a solution of equation (4.2) provided p € (%, 1].
Then

E(‘Y(t) —Yo— /tb(Y(r),t)(t—oc)p‘ldt

1 ) 2
—/ o(Y(1),7)(t— )P 1dW (1) >

o

etn?e
<

hold fort € [o, 0.+ hj.

Proof. We know that DSY (1) = b(1,Y (1)) +o(t,Y (1)) 8 + G(r), 1 € [or, o+ ],
with initial value Y () = Yy, for t € [o, &+ /], the solution can expressed as

=Y+ / b(Y(1),7)(t— )P~ ldt
+/ Y(t—o)P law (t +/ G(t)(t—a)Pldr.
Then, by Holder inequality, for 7 € [, 0.+ h], we can get

E(]Y(t) Yo /tb(Y(r),r)(r — o) dn

o
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—/O:G(Y(r),T)(T—oc)p1dW(1)|2>
~£(| ¢ )
<E / IG(t 2d1/ o)2P~Ddr

(1—apr!

Y(t—o)Pldt

<E|e*M*(t — o)

- 2p—1
etn? | etnP
< E =
2p—1 2p—1

Noting M < ¢(-), then M? < @*(-). For ot < t < o+ h, we obtain

E <'Y(t) Yy /(:b(Y(r),r)(t— @) ldt

t 2 472
- [t e-arawm)] ) < 200,

The proof is completed. U

Theorem 5. Assume [HI], [H2] and [H3] hold and p € (%,1]. Then, (1.1) is
almost surely Ulam-Hyers stable on [0, 0. + h].

Proof. LetY(-) € 2], o+ A] is a solution of (4.1), and X (-) is a solution of (1.1)
give by (2.1). By Lemma 2, Lemma 6 and [H1], for ¢ € [0, 0.+ /], we can get

E(|Y (1) =X (1))

:E(’ /b )(t—o)Pldr
-/ 'o(Y(r) ©)(t— 0P~ Law (1)
+/ —b(Y(7),7)) (T — )P 'dr

)
§3£42:2 +3L%(t — ) (/ ¥ (1) (roc)2<01>dr>
+3L2E< /a ]Y(r)—X(r)z(r—oc)Z(pl)dr>

+ / (6(Y(t),7) —0(Y(1),7))(T— (x)p’ldW(’c)

<3e42th1+3L2(1+toc)/tE(\Y(‘c)X(‘t)F)(t o)?P~Vgrg

o
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2p t
< 3842;11 +3L7(1 +h)/ E([Y(x) =X (1)) (t— )*P~Dagr.
- o

Next, using Lemma 4, for 7 € [o, o0+ 4], we have

E(|Y(t)—X(1)]*) < 3¢* 2;’2_p exp <3L2(1 +h)(t;:f‘;1>

th 2p1
< 3¢* 3L2(1+h
<3¢ 2p_lexp< (1+ >2p—1)

< Net,

where N = 32]’ T eXp (3L2(1 +h) g;p ; )
Therefore, from Lemma 1, we can get

P{ sup |Y(r)—X(r)|>Ne} < S =

a<t<o+h
By Lemma 3, we can get
P{ sup |Y(t)—X(t)|>Ne i.o.} =0. a.s.
o<r<a-th
Then, for Vr € (0,1), we have
P{ sup |Y(t)—X(t)|<Ne}>1-r
a<t<o-th
From Definition 5, (1.1) is almost surely Ulam-Hyers stable. The proof is com-
pleted. O

Theorem 6. Assume [H1], [H2], [H3] hold, ¢(-) is nondecreasing and p € (5,1].
Then (1.1) is almost surely Ulam-Hyers-Rassias stable on [, 0.+ h].

m\—-

Proof. Let Y(-) € L2[o, 0+ 1] is a solution of (4.2), X(-) is a solution of (1.1)
given by (2.1). By Lemma 2, Lemma 7 and [H1], for ¢ € [o, o+ /], we have

E(|Y(6) =X (1))
/ b(Y 1—a)? ldt

=E(
— /IG(Y(T),’C)(’C— )P~ 1dW (1)

+/t(b(Y(1:),t)—b(Y(r),r))(r—oc)pla’r

2

)

+/ —6(¥(1),1)) (t—0)° W (1)
2p
= 32p—1

02(1) +3L2(1 — o)) /E\Y )= X(1)[2(t — )P Vgr)
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t
+3L2/ E[Y(t) - X(0)2(t— 0)*P Vax
o

41.2p .
§328p l(pz(t)+3L2(1+t—oc)/ E\Y(fc)_X(T)IZ(T_O()Q(p,I)dT
. o
84 2p ,
S 32[3 1(P2(t)+3L2(1+h)/ E|Y(‘C) _X(T)|2(T—(X)2(p_l)d1
B o

Note ¢(-) is nondecreasing and (¢?)' = 29¢’ > 0. From Lemma 4, for ¢ € [0, o+
h], we have

E(Y()-X(n)P) <3 ;:fpl @*(r)exp <3L2<1 +h) / (o d)z(pl)dr>

o

etn?® ) (t —a)?P~!
< ~ v
_32p_1(p (t)exp<3L (I+h) o1 >
< Nete? (1),

where N = 3%@% exp (3L2(1 +h) g;p:i ) . Therefore, by Lemma 1, we have

N Netg?(t) €
P Y(t)—X(t)| > Neo(t)} £ <= =.
{aggg+h| (1) =X ()| = Neg(r)} < MeQ() N

By Lemma 3, we get

P{ sup |Y(t)—X(t)| > Neo(t) i.o.}=0. a.s.

a<t<o+h

Then, for Vr € (0,1), we have
P{ sup |Y(t)—X(t)|<Neo(t)}>1-—r

a<t<o+h

From Definition 6, (1.1) is almost surely Ulam-Hyers stable. The proof is com-
pleted. U

5. EXAMPLES

Example 1. Consider an one-dimensional stochastic differential equation

DEX (1) = b(X(1),1) +G(X(t),t)dvzt(t), t>a,pe (%, 1], 5
X(o) = X,

where Xy, € R and Xq 7# £oo, b : R X [0t,00) = R,6: R X [0t,00) — R.
Let b, o satisfying [H1], [H2] and

b(X,) =a(-)X(-), o(X,:)=0b()X(), (5.2)
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in a neighbourhood of X () = 0, where a(+),b(-) are bounded Borel-measurable func-
tions. Assume there is a pair of positive constants A and K such that

-K < /r (a(‘c) —I—%bQ(‘C)(‘C—OC)p_I +k>dt <K,t>o. (5.3)

o

We define the stochastic Lyapunov function

V(X,1) = |X(t)|Fexp [—e/t(a(t) + %bz(t)(‘c—u)p_l +?»)d1] Jt>a. (5.4)
From (5.3), for t > a, we have
X (1) [fe™** <V(X,1) < |X(1)]%.

Hence, V is positive-define. Combing (5.2) and (5.4), for t > o, we have

DoV (X(1),1) = |X (1) Eexp {—e /a (a(t) - %bz(r)m— )P~ +x)dc]

-—€ (a(t) + ?bz(t)(t —o)P! +7L> (t—a)P!

+€|X(1)[F ' exp [—e/oj(a(t) + %bz(t)(t —o)P 4 %)dt]

- [a(z‘)X(z‘)] (t—o)P~!

+5 (BT (X (e~ DIX (02X (1)b(r))

N —

exp [—e / '(a(z)+ %bz(r)(r— )P +x)d¢] (t— )2

o
< —ehe KX (1)[E(r — )P
< 0.

From above [H4] holds. By Theorem 2, the trivial solution of (5.1) is stochastically
stable under (5.2) and (5.3).

Example 2. Consider the following conformable stochastic differential equations
and give the simulation results of the Ulam’s type stable of the solution.

DYX (1) = rX(1) +B(t_a)1px<t)th(f)

X(0) = X # oo,

, 1€ [0, o+ h, 5.5)

The solution of (5.5) can express as

—a)P
X(t) :Xae(’%mwm’%ﬁz(’*“)), t € o, 0+ h]. (5.6)
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Set Xp = 10,r = 0.12, = 0.18,a0 = 0,2 = 500, Brownian motion W (¢) and its

white noise dvgt(t) when ¢ € [0,500]. Then (5.6) reduces to

P
X([) _ 1Oe(o.123-5—0.18W(l‘)—0.00721)7 = [0’500]
Let ¢(t) = exp(O.S%),t € [0,500], we consider

dw ()
dt

1
DYX (1) —rX (1) —Bt' PX (1) <e 5 <p<1,1€[0,500],

and

dW (1)
dt

‘D%X(z) —rX(t) = Pt PX (1) <eQ(t), % <p<1,1t€]0,500].

Clearly, (5.5) is Ulam-Hyers stable and Ulam-Hyers-Rassias stable from Theorems 5
and 6, respectively.
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