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ON EXTREMAL PROBLEMS IN GRAPH THEORY
Yera T. Sds

Eotvds L.[niversity, Budapest, Hungary

In this talk I am going to speak on results and problems in
connection with the investigations concerning distance distribution in

a point set 4, discussed by P. Turdn in his talk.

T shall use the following notations:
G(P;E) is the graph with the set of vertices P and set of edges [
Ck = Ck(P;Ec) is the complete graph, where [P = k.
GP(P;GI,GZ,...,GP) is a so-called r-class graph.
»

P . . E.= L j E.=E.
GL Gt(P,E%), where Ezfi 4 ¢ for i # 4 and J:& - -
H(kl""’kp) is the class of G r-class graphs, with the property, that

Cku $G\) for every 1 ¢ v ¢ 7,

Hn(kl""’kr) is the subclass of it contalning G* with [P| = n.

Let ® have the form n = (k-1)m + £ (n,k,m L non negative integers)

and
def k-2 £
= __fTe a2 p2
t(n, k) T (n2-22) + [2]
the Turdn-numbers.
Let R(kl""'kr) the Ramsey-number, defined as the smallest number

having the property, that if
G (P3G, -0, S HK - ,k)
then |P| € R(k,.000k ).

In order to obtain Iower bound for the number of large distances in
a point set, we recall the definition of the K'th covering-—constant of

2 point-set A on the plane.




Let X(r,P) be the disk with vadius r and center P. We call
XJ(P’PI)’é"’Xk(P’Pk) a covering-system of A, if Pi e d forl e gk
and 4= |} K, (r,P.). The covering-comstant ¢, of a set A is defined
i=1
usually as the infimum of the r's with the above property.
From our peint of view it's more appropriate to use the equivalent
definition:

def
ck = ing sup m%n QP
(Pi""'Pk) Q@ lgick

where @ ¢ 4, E% e 4.

Iheorem. If 4 = [Ql""’Qn} having 1 covering constant 2y, then ai

least

etk F by (ae1) + [’i";—”g]

among the distances Qi?j (154 <7 ¢n) are not less, than e

The result is sharp, as it is shown by the following example:
Let n ~ k + 1 even, Ql,..., n_k41 the vertices of a regular s-k+l-gon

inseribed inte K(r,0), and let Qn—k+2""’Qn additional points with the

property
Quo > 2r for n-k4+2 <y, v ¢ n.
882 >r .
AV
For this point set g =r and the number of distances, which are 2 » is

exactly e(n,k).

The proof follows easily using the following theorem of P, Erdss —

L. Moser:

Theovem. (P. Erd#s-L. Moser): If the graph G(P,E) has the property, that
for every {Pl""’Pk} € P there exists a P* ¢ P such that the edges
PiP* € F for ) s 4 <k, then

2] = (k-1)(n-1) + H—LZ]

The unique extreme graph has the property, that it has k-1 roints

with degree n-1.

From the point of view of application the following question arises:
how fast the minimal possible value of |E| increases, if we restrict the

maximal degree. More exactly, if the graph G(P,E) has the above property
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and the maximal degree in G is 6§, what is the minimal possible value for

|£] depending on & (and on k,n).
E.g. in the simplest case, when § = n-2, the following holds:

Theorem., If the graph G(P,E) has the property as in theorem of P. Erdds -
L. Moser, and every vertex in P has degree s n-2, then
k
8] = k-r) + ().
The above graph problems are strongly connected with the Following

one for (0,1) matrices:

Let 4 = [ai.} an n x n symmetric (0,1) watrix with a = 0 and with

the property, that for A2 = [bij] we have bij z k. UWhat is the minimal
n n

possible value of Z E aij? Further, the same question under the
i=1 =1

n
additional condition Z aij < §7
-

In order to get some results for the distribution of distances of
a point set A using the packing-constants, refining the ideas of P. Turan,

we proceed as follows:

For the case of simplicity we consider a point set 4 with diameter l.

We divide the interval [0,1] by the packing-constants®
1= d2 2 dy 3 ... 2 d,.q > 0. Ue define the r-class graph
6" = GP(P,Gl,...,GP) with P = {1,2,...,n} belonging tc a point-set
{Ql""’Qn} < 4 by:

"
-]
I
—_

d

v+2) for v

0] for v

@) £ By Q00 « [d,,),

]
=

£ [dr+l’

Now from the definition of the numbers dv we get simultaneous
structural conditions for the graph Gl""’Gr' The general question is,

what are the possible values of ]E1|J...,|EP| {under certain condition).

This leads to the following simplest special but important graph problem:

Let kl""’kr given positive integers. IF G" is an r-class graph

having the property, that

*For the definition of the packing constants dz,da,... see P, Tur4mn:

Applications of graph th. etec. In this volume.




Ck te for L ¢ vgr
W
then what 1s max (E1 + ...+ Er—l)?

In the case, when kr = n+l (i.e. there is no condition for Gr) it is

easy-to see, that
B+ ... +E | 5t R(kl""’kr—l))
and the upper bound is sharp,

E.g. forr = 3, kl = k2 = 3 the 3-class graph in Hh(3,3, n+l) having
the minimal number of edges in G3 is the following: (for the sake of

symplicity let 5 decide n). Al

Let Ai (1 £ 2 £ 5) be disjoint sets of the » vertices each having
% points. F, consists of all the edges with both vertices in the same
set Av (1 g vg5). E, consists of all the edges (£,7) for which
i€ Av and 7 € Au+l 4, = A1) and E, consists of all the remaining edges.

Already 1n the case k = 2 it seems to be very difficult to determine

X def
Ffolk k)Y = max E|
n 1 2 2
G¢ < Hn (kl,kz)

The remark, that (i) fﬁ(kl,n+l) = t(n,ky) and (ii) fh(likz) =
o(n?) for fixed kl,kz shows the connection between Turdn's and Ramgey 's
theorem. Namely the statement (i) is Just Turdn's theorem, While
statement (ii) implies that for n large the class Hn(kl,kz) nust be
empty, which is just Ramsey's theorem. So having some information on
fn(kl,ké)Turén's and Ramsey's theorems are the consequences of the two

extreme cases.

For the case, when kl 1s fixed and kz = ¢n or kz = o(n) for large

encugh, we have some results with P. Erdos which will appear later.




