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Abstract. The general features of the dual symmetry breaking in the
algebraic structure models are discussed. Dual breaking indicates here
simultaneous dynamical and spontaneous breaking. Several examples
are considered, including the multiconfigurational dynamical symmetry
(MUSY), which is the common intersection of the shell, collective and
cluster models for the multi shell problem.

1 Introduction

The basic equation of the time-independent quantum mechanical description is the
eigenvalue-equation of the energy. It has two important objects: the (H Hamiltonian)
operator and its eigenvectors. When both of them are symmetric (see below for more
details), one has an exact symmetry [1]. When the Hamiltonian contains a symmetry
breaking interaction, then we speak about a dynamical breaking of the symmetry. In
this case the operator is not symmetric, of course, but the eigenvectors may remain
symmetric. This situation requires some special symmetry breaking interaction. When
this is the case (non-symmetric operator with symmetric eigenvectors), one has a
dynamical (or dynamically broken) symmetry. [2–4]. On the other hand, when the
operator is symmetric, but the eigenvector (of the ground state) is not symmetric (in
the strict sense), then the symmetry is spontaneously broken [5].

We consider here continuous symmetries which are characterized by Lie groups
and their associated Lie algebras. (For simplicity we denote both the group and its
algebra by the same letter.) The symmetry of the operators and eigenvectors can be
expressed as follows. [1]. An operator H is symmetric, or in other words it is a scalar,
if [H,Xq] = 0, where Xq is any element of the symmetry algebra. The state ψ is
symmetric in the strict sense if Xqψ = 0. 1 We call a set of states ψi symmetric in the
loose sense if they transform according to a definite irreducible representation (irrep)
of the symmetry group: Tψi = ΣjTjiψj , where Tji are elements of the representation
matrix of the transformation T .

In this paper a symmetric state is meant in the loose sense, in general. When it
is symmetric in the strict sense, we say it explicitly. For illustration: with respect to

a e-mail: cseh@atomki.mta.hu
1 This equation is equivalent to the more familiar condition: the state ψ transforms ac-

cording to the identity representation Tψ = ψ. Here T is the operator of a symmetry trans-
formation, representing an element of the Lie group, and for the identity representation
T = 1.
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the rotation a state is strictly symmetric if it has angular momentum L = 0, and it
is symmetric in the loose sense if it has well-defined L value.

Obviously, these two different kinds of symmetry breaking, the dynamical and the
spontaneous ones, do not take place at the same time when the symmetry is charac-
terised by a single group G. (The H operator can not be symmetric and nonsymmetric
at the same time.)

When, however, a group-chain
G ⊃ G′ (1)

is relevant for the description of the system, then the situation is different. This is
the case when the Hamiltonian H splits up into a G-symmetric, and a G′-symmetric
parts:

H = αHG + βHG′ . (2)

In order to be G(G′)-symmetric HG (HG′) can contain the generators of G (G′) only
via the invariant (or Casimir) operators of the group.

The first part of the Hamiltonian HG is invariant with respect to G, including its
G′ subgroup, of course. (The invariant operator of G commutes with all the elements
of its algebra, including the ones of its G′ subalgebra.)

Due to the presence of the second part HG′ , however, the total Hamiltonian is
not G-symmetric, H has only G′ as an exact symmetry. HG′ breaks the G-symmetry
dynamically. The result is the dynamical symmetry mentioned above: all the repre-
sentation labels of group-chain (1) are good quantum numbers, thus the degeneracy
corresponding to G splits up, but no mixing is taking place between the basis states
of different quantum numbers [2–4].

On the other hand G′ may be spontaneously broken. The spontaneous breaking is
taking place in the eigenvalue-equation of the G-symmetric part of the Hamiltonian
HG. As already mentioned, this operator has a G′ symmetry as well (since it is
a subgroup of the symmetry-group G). As a consequence the eigenvectors of HG

transform, in general, according to the irreducible representations of G as well as G′.
When, however, a degeneracy is present a different situation may appear. A definite
irrep of the larger group may contain several irreps of its subgroup. Thus it may very
well happen that different states transform according to a definite irrep of G, but
according to different irreps of G′. If a linear combination of such states appears,
it transforms according to a single irrep of G, but does not necessarily transform
according to any specific irrep of G′. This results in a spontaneous breaking of the G′

symmetry in the eigenvalue-problem of the operator HG.
An important and frequent example of the splitting of the Hamiltonian as de-

scribed by Eq. (2) is provided by the separation of the intrinsic (fast) and collective
(slow) degrees of freedom [2,6,7].

In case of a dynamically symmetric Hamiltonian this separation is exact, i.e. there
is no mixing term in the energy. Then G is the group (or group-chain) of the intrinsic
motion and G′ is that of the collective part. Detailed examples will be presented
below.

The dynamical breaking of the G symmetry can provide us with a (non-trivial,
i.e. non-degenerate) spectrum, while the spontaneously broken G′ symmetry results
in the non-symmetric ground state.

The dual (dynamical and spontaneous) symmetry-breaking is in fact very frequent
in the algebraic structure models, though not so much discussed until now. In this
paper we show how it takes place first in the Elliott-model [8–11], which is the pro-
totype of the algebraic structure models, then we mention a few other cases. Finally
a detailed example is presented in relation with the multiconfigurational dynamical
symmetry (MUSY) [12], which is the connecting symmetry of the shell, collective and
cluster models for the multi-major-shell problem [13,14].
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2 Elliott model

The Elliott model [8–11] is an L−S coupled shell model, in which the spin-isospin de-
grees of freedom are characterized by Wigner’s UST (4) group. The space part has an
U(3) symmetry due to the fact that the shell potential is taken to be that of the har-
monic oscillator, and the nucleon-nucleon force is quadrupole type. The Hamiltonian
is:

H = HHO + κQa ·Qa. (3)

Here HO stands for the harmonic oscillator, and Qa is the mass quadrupole operator
acting within a single shell, which is obtained by summing the quadrupole operators
of the nucleons. In Elliott’s representation the building blocks of the physical oper-
ators are the creation and annihilation operators of oscillator quanta but it can be
formulated also in the language of the nucleon creation and annihilation operators
[15].

The physically relevant group-chain of the model is:

{UST (4) ⊃ US(2)⊗ UT (2)} ⊗ {U(3) ⊃ SU(3) ⊃ SO(3)} (4)

The US(2), UT (2), and SO(3) symmetries are exact symmetries of the model. The
symmetries of the larger groups are dynamically broken.

In its original form the model deals with a single major shell problem. When it is
the sd shell, i.e. 2h̄ω oscillator shell for example, then it has 6 single particle orbitals.
Together with the 4 spin-isospin degrees of freedom it results in 24 single-particle
states. Therefore, in this case the chain (4) turns out to be a subgroup chain of the
U(24) dynamical group (including a U(6) ⊃ U(3) part in the space sector).

In fact, for many physical problems we can restrict ourselves to a single irrep of
the spin-isospin groups, and apply the Hamiltonian of Eq. (3). Then the relevant
group-chain simplifies to the second part of (4): U(3) ⊃ SU(3) ⊃ SO(3).

With the invariant operators of these groups

C
(1)
U3 = n, C

(2)
SU3 =

3

4
L · L+

1

4
Qa ·Qa, C

(2)
SO3 = L · L, (5)

one can rewrite the Hamiltonian. Here C(i) stands for the Casimir operator of degree
i of the algebra indicated as a subscript, and n = n1 + n2 + n3 is the number of
oscillator quanta.

The algebraic form of the Hamiltonian is

H = C
(1)
U3 + αC

(2)
SU3 + δC

(2)
SO3. (6)

It is seen that it separates into an intrinsic and a collective parts:

H = Hintr +Hcoll, (7)

where the collective part is the rotational term

Hcoll = δC
(2)
SO3 = δL · L, (8)

while the intrinsic part is

Hintr = C
(1)
U3 + αC

(2)
SU3. (9)

This latter part determines the bandheads, while the rotational term splits (and
shifts) the bands.
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The intrinsic HamiltonianHintr = C
(1)
U3+αC

(2)
SU3 is invariant under the rotation. Its

eigenstates, including the ground state, however, may have a deformed shape. Only
the completely filled shell has spherical symmetry, all other nuclei have deformed
ground state. It means that the spherical symmetry of the Schrödinger equation of
the intrinsic system is spontaneously broken. In such a case the ground state of the
intrinsic Hamiltonian is degenerate, and has no definite angular momentum, i.e. it is
not rotationally symmetric (even in the loose sense).

In many cases the action of the angular momentum operators on such a state
results in different states of the same energy. These excitation quanta of zero energy
represent the Goldstone bosons of the Elliott model [7]. Such bosons appear, whenever
a global continuous symmetry is spontaneously broken [16]. This is the case with the
rotational symmetry of the intrinsic Hamiltonian.

The Elliott model was extended both in its model space and concerning its in-
teractions. Spectra were calculated with more realistic interactions, including SU(3)
symmetry-breaking terms, like e.g. pairing force. Since, however, we are interested
here in the symmetry properties of the model, we do not discuss these cases. As for
the larger model space is concerned, some examples will be discussed in detail below.
Here we mention two examples.

One of the recent no-core shell models is formulated with Elliott SU(3) basis [17,
18]. This model is applied both with model interaction, as well as with realistic inter-
actions, which are obtained either from scattering data or from effective field theory.
In describing the experimental data, these latter calculations represent the bigger
news. From the viewpoint of the symmetries of the model the situation is the follow-
ing. In the large model space obviously new symmetries can be there. This problem
has not been studied yet systematically from the mathematical viewpoint. From the
physical viewpoint, however, it is very remarkable that the SU(3) and Sp(6,R) sym-
metries were found to emerge from ab initio calculations, which apply large model
space and realistic interactions [19]. The space symmetries of the original model are
still there, and they play the same role. SU(3) is responsible for the intrinsic shape,
and SO(3) is representing the collective part. The SU(3) is dynamically broken, while
SO(3) is spontaneously broken in the eigenvalue problem of the intrinsic Hamiltonian.
2

A simplified version of the no-core SU(3) shell model is the symmetry adapted
quartet model [20]. It is applicable for the description of the nuclei with N=Z=even
neutron and proton numbers. The building blocks of the model are the quartets
formed by two protons and two neutrons with permutational symmetry of {4} or
spin-isospin symmetry {1,1,1,1}. The space of this model is obtained by truncating
the space of the no-core shell model to the Wigner-scalar sector. It is applied mainly
in schematic studies, like symmetry-based unified description of shell and cluster
spectra. In this approach again the SU(3) ⊃ SO(3) space symmetries are playing the
same role, as discussed before.

3 Other models

Here we consider some other models related to the shell structure, collective behav-
ior, and clusterization, or connecting these phenomena to each other. Each model is
similar to the Elliott model in its algebraic method: both the basis states and the
operators carry some group symmetries. Some of them are direct extensions of the

2 In fact, in the no-core model the proton-neutron formalism is used instead of the isospin
scheme of Eq. (4), but the two sets are closely related to each other, and their choice does
not disturb the space symmetries.
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Elliott model. We start with the ones, which account for the quadrupole collectivity in
close connection with the shell structure, and consider other phenomena afterwords.

Symplectic shell model
The description of the electromagnetic transitions without an effective charge

requires the incorporation of the major shell excitations; i.e. a vertical extension of
the SU(3) shell model. For this purpose the symplectic group proved to be very useful
(see e.g. [21]), and in the formalism developed in [22] the symplectic shell model has
been widely applied.

The Sp(6,R) group is generated by the position vectors and their canonically con-
jugate momenta of the nucleons. 3 An alternative set of its generators is expressed in

terms of harmonic oscillator operators. Let c†αi be the creation operator of an oscilla-
tor quantum in the direction i belonging to the nucleon α, and cαi the corresponding

annihilation operator. Then the 9 number conserving Cij = 1
2Σ

A−1
α (c†αicαj − cαjc

†
αi)

operators generate the U(3) group. The 6 creation B†ij = 1
2Σ

A−1
α c†αic†αj and 6 annihi-

lation Bij = 1
2Σ

A−1
α cαicαj operators ladder by 2 or -2 quanta. Their appropriate linear

combinations are U(3) and spherical tensors. In particular, the creation operators are
[2, 0, 0] U(3) tensors, therefore, their products also carry U(3) labels: [ne1, n

e
2, n

e
3]. Since

these operators commute with each other, only the symmetrically coupled products
are non-vanishing. (Their coupling always produces a set of unique irreps thus there
is no need to introduce an additional multiplicity label.) Note that all the symplectic
generators are fully symmetric one-body operators, so they conserve the nuclear per-
mutational symmetry. Therefore, if the band-head U(3) irrep is Pauli-allowed, then
so are all others in the symplectic band.

The model has a rich group structure, one of its physically important subgroup
chain, called shell model chain, is associated with Elliott’s SU(3):

Sp(6, R) ⊃ U(3) ⊃ SU(3) ⊃ SO(3)

|[ns1, ns2, ns3], [ne1, n
e
2, n

e
3], ρ, [n1, n2, n3], (λ, µ),K , L 〉. (10)

Here [ns1, n
s
2, n

s
3] denotes the symplectic bandhead, which is a U(3) irrep, being a

lowest-weight Sp(6,R) state, while ρ distinguishes multiple occurance of [n1, n2, n3]
in the product [ne1, n

e
2, n

e
3]⊗ [ns1, n

s
2, n

s
3]. Note that this basis is not orthonormal; such

a basis can be constructed inductively, by diagonalizing the norm matrix (provided
by the inner products of the basis states) in each major shell.

In collective terms the symplectic model includes monopole and quadrupole vi-
brations as well as vorticity degrees of freedom for the description of the rotational
dynamics in a continuous range from the irrotational flow to rigid rotor.

In [24] it was found that a realistic description of the low-lying spectrum can be
obtained with a Hamiltonian, containing three parts, each with well-defined physical
content: a harmonic oscillator term, responsible for the shell structure, a two-nucleon
quadrupole interaction Qc · Qc, accounting for the major shell excitations, and a
residual interaction that reproduces the dynamics of a quantum rotor in an irrep of
SU(3). This latter part has an ΣiLiLi term as well as a third (ΣijLiQ

c
ijLj) and fourth

order (ΣijkLiQ
c
ijQ

c
jkLk) contribution and matrix elements which are much smaller

than those of the first two parts. Qc is the collective quadrupole operator, including
the Qa algebraic quadrupole operator of the Elliott model (of Eq. (3)), and creation
and annihilation operators of the 2h̄ω excitations.

3 We note here that the language of the literature is not univocal, some authors denote
this group by Sp(3, R).
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The Hamiltonian of the SU(3) dynamical symmetry is obtained as the limit of
this general Hamiltonian, by i) substituting the collective quadrupole operator by the
algebraic one, and ii) neglecting the higher order terms of the residual interaction. The
dynamically symmetric Hamiltonian has the same algebraic structure (characterized
by the group-chain SU(3) ⊃ SO(3)) like the Elliott model, therefore, the role of the
symmetry-breaking is the same, as before.

Recently the Sp(6,R) symplectic shell model has been extended to a two-component,
i.e. proton-neutron model with Sp(12,R) group structure [25]. The Sp(12,R) model is
suitable for the description of the quadrupole collectivity in heavy nuclei, by incor-
porating major shell excitations (describing E2 transitions without effective charge).
The shell model classification of the states are provided by the group-chain:

Sp(12, R) ⊃ U(6) ⊃ SUp(3)⊗ SUn(3) ⊃ SU(3) ⊃ SO(3). (11)

The embedding of the crucial SU(3) ⊃ SO(3) group-chain into a larger group does
not influence the role of the SU(3) and SO(3) symmetries (of the intrinsic and collec-
tive degrees of freedom), thus the role of their breaking remains untouched.

Contracted symplectic model
In the limit of large number of oscillator quanta (ns = ns1+ns2+ns3) the symplectic

shell model reduces to a collective model with a simpler structure. The dynamical
group of the model simplifies to Ub(6)⊗Us(3), i.e. to a compact group, as opposed to
the noncompact Sp(6,R) of the shell model. Technically it is achived by replacing the

raising and lowering operators by boson creation and annihilation operators: b
†(l)
m =

(1/ε)B
†(l)
m , b

(l)
m = (1/ε)B

(l)
m , where ε denotes [ 43ns]

1
2 . This model is called U(3) boson

model [23], or contracted symplectic model [24]. Mathematical justification for the
symplifying assumptions is provided through the application of the group deformation
mechanism. This model is more easily applicable, e.g. it has an orthonormal set of
basis states:

Us(3) ⊗ Ub(6) ⊃ Us(3)⊗ Ub(3) ⊃ U(3) ⊃ SU(3) ⊃ SO(3) (12)

|[ns1, ns2, ns3], [nb, 0, 0, 0, 0, 0], [nb1, n
b
2, n

b
3], ρ, [n1, n2, n3] , (λ, µ),K , L 〉.

The united U(3) group is generated by the sum of the operators corresponding to the
subgroups Us(3)⊗Ub(3):

n = ns + 2nb, Q = Qs +Qb, L = Ls + Lb. (13)

The Us(3) is Elliott’s shell model symmetry of the 0h̄ω shell, and Ub(6) is the group
of the six dimensional oscillator, generated by the bilinear products of the (l = 0
and 2) boson creation and annihilation operators. It is realized in a similar way as
the U(6) group of the interacting boson model (IBM) [2], nevertheless physically it
is different, because in the case of the contracted symplectic model the bosons are
associated to intershell excitations, not to intrashell ones.

As for the symmetries and their breaking is concerned it can be summarized in
a way similar to that of the Elliott model again. Analytical solution of the energy
eigenvalue problem can be obtained when the Hamiltonian is expressed in the invari-
ant operators of the group-chain (12). When the full Hamiltonian is considered, then
SO(3) is an exact symmetry, those of the larger groups are dynamically broken. When
dividing the full Hamiltonian into an intrinsic and collective parts then L · L is the
collective one, and the rest belong to the intrinsic. The intrinsic Hamiltonian has a
spontaneously broken rotational symmetry.
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Interacting boson model
The interacting boson model [2] is a successful algebraic model of the quadrupole
collectivity, which was applied very widely. The basic building blocks of the model
are the monopole and quadrupole bosons. Microscopically they correspond to nucleon
pairs in the valence shell with L = 0 and L = 2 angular momentum. The dynamical
algebra of the model is U(6), and it has three dynamical symmetries: U(6) ⊃ G ⊃
SO(3), where G : U(5) ⊃ O(5), corresponding to the anharmonic vibrator, G : SU(3),
describing the rigid rotor, and G : O(6) ⊃ O(5), for the gamma unstable limit. The
intrinsic and collective features of this model have been worked out in great detail
(see e.g. [2,6]), here we recall only a very brief summary.

As mentioned above the dynamical symmetry with the SU(3) algebra describes
the rigid rotation. In this case the scenario of the dual breaking is the same, as in
the case of the Elliott-model and its extensions. The SU(3) invariant operator of the
Hamiltonian is the intrinsic part, and the SO(3) part (L2) is the collective one. The
presence of the L2 operator breaks the SU(3) symmetry dynamically. In return, in the
eigenvalue problem of the intrinsic Hamiltonian the SO(3) symmetry is spontaneously
broken: the ground state is usually not spherically symmetric [2,6].

In case of the two other dynamical symmetries, which include quadrupole vibra-
tions as well, the collective Hamiltonian contains the Casimir-operator of the O(5)
algebra, too. The intrinsic Hamiltonian is provided by the invariant operator of the
first subgroup of U(6), i.e. U(5) or O(6), respectively. Therefore, the U(5) and O(6)
symmetries are broken dynamically by both the O(5) and SO(3) invariants. And in
the eigenvalue problems of the intrinsic operators not only the SO(3), but also the
O(5) symmetries are spontaneously broken [6].

In case of the IBM the separation of the Hamiltonian into intrinsic and collec-
tive parts is worked out in detail for the general case as well, when the Hamiltonian
contains contributions from each of the three dynamical symmetries. In this case the
collective part contains a further term belonging to the O(6) group, which is mathe-
matically equivalent to the O(6) of the dynamical symmetry, but it is generated by a
different set of operators.

Octupole deformation
The algebraic description of the octupole deformation is developed also within the
interacting boson model, by incorporating octupole bosons as well [2]. Here we con-
sider very briefly a more recent approach [26] within the extended Elliott model. As
the octupole operator is of negative parity at least two harmonic oscillator shells are
required (with major quantum numbers N-1 and N). It turns out that the energy
eigenvalue problem of the spherical shell model has an analytical solution generated
by a spin-isospin-scalar octupole interaction, which tends to its geometric equivalent
in the case of large N . The approximation is reasonably good even for low values of
N , as long as the value of the orbital angular momenta are not too large.

The analytical solution is obtained for a case of a dynamical symmetry. In par-
ticular, the Hamiltonian is expressed as a combination of Casimir invariants of the
algebra chain

U(Ω2) ⊃ G ⊃ SO(3), (14)

where Ω = N + 1, and

G = Ua(Ω)⊗ Ub(Ω) ⊃ Spa(Ω)⊗ Spb(Ω) ⊃ Sp(Ω),

G = Ua(Ω)⊗ Ub(Ω) ⊃ SOa(Ω)⊗ SOb(Ω) ⊃ SO(Ω),

depending on whether Ω is even or odd, respectively. Sp denotes the unitary sym-
plectic algebra. For small dimensions they are isomorphic with orthogonal algebras:
Sp(2) ≈ SO(3), Sp(4) ≈ SO(5).
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In this case, too, the Hamiltonian can be completely separated into an intrinsic
and a collective part H = Hintr + Hcoll, and Hcoll is the rotational term Hcoll =

δC
(2)
SO3 = δL · L.
For this shell-model-based algebraic description of the octupole deformation the

details of the intrinsic state are not completely known yet. Nevertheless, the role of the
rotational symmetry and its breaking is seen to be similar to that of the quadrupole
case: the intrinsic Hamiltonian is spherically symmetric, but this symmetry breaks
down spontaneously, due to the separation of the degrees of freedom, resulting in a
deformed nuclear shape.

Cluster model: molecule-like configuration
The semimicroscopic algebraic cluster model [27] is a fully algebraic approach

with transparent symmetry-properties. The internal structure of the clusters is de-
scribed here by the Elliott model [8–10], therefore, this part of the wavefunction has
a UST

C (4)⊗UC(3) symmetry. The relative motion of the clusters is accounted for by
the modified (UR(4)) vibron model [28].

The coupling between the relative motion and internal cluster degrees of freedom
for a binary cluster system results in a group structure:

USTC1
(4)⊗ UC1

(3)⊗ USTC2
(4)⊗ UC2

(3)⊗ UR(4). (15)

The spin and isospin degrees of freedom are essential from the viewpoint of the con-
struction of the model space. However, if one is interested only in a single supermulti-
plet [UST

C (4)] symmetry, which is typical in cluster problems, then the relevant group
structure simplifies to that of the space part. It is characterized by the group-chain:

UC1
(3)⊗ UC2

(3)⊗ UR(3) ⊃ UC(3) ⊗ UR(3) ⊃ (16)

U(3) ⊃ SU(3) ⊃ SO(3) ⊃ SO(2),

here UC(3) stands for the coupled space symmetry of the two clusters.
This basis is especially useful for treating the exclusion principle, since the U(3)

generators commute with those of the permutation group, therefore, all the basis
states of an irrep are either Pauli-allowed, or forbidden [29].

The exclusion of the Pauli-forbidden states amounts up to a truncation of the
coupled U(3) basis from the side of the small number of oscillator quanta. Some
major shells are completely missing, and from some other ones parts of the single-
nucleon states are excluded. This is the modification [27] with respect to the original
vibron model, as it is applied e.g. in molecular physics.

A Hamiltonian having the dynamical symmetry (16) gives a reasonably good
description of several cluster spectra [30,14]. Such a Hamiltonian splits up into an in-
trinsic and a collective part, just like that of the Elliott model: H = Hintr+Hcoll. The
collective part is again the rotational term: Hcoll = δL ·L. The intrinsic part gives the
shape of the cluster configuration in the body-fixed system. It describes two clusters
with arbitrary quadrupole deformation and arbitrary relative orientation. The geo-
metric mapping of the semimicroscopic algebraic cluster model is discussed in detail
in [31,32]. Examples for the deformed intrinsic states of some cluster configurations
are presented in the next section.

4 Multiconfigurational dynamical symmetry

When major shell excitations are incorporated, then both the (symplectic) shell
model, and the (contracted symplectic) collective model, as well as the (microscopic
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or semimicroscopic algebraic) cluster model has a set of basis states characterised by
the irreps of the

Ux(3)⊗ Uy(3) ⊃ U(3) ⊃ SU(3) ⊃ SO(3) ⊃ SO(2) (17)

group chain, as seen above. For the shell and collective models x stands for the band-
head (valence shell), for the cluster model it refers to the internal cluster structure.
y indicates in each case the major shell excitations; in the shell and collective model
cases it takes place in steps of 2h̄ω, connecting oscillator shells of the same parity,
while in the cluster case it is in steps of 1h̄ω, incorporating all the major shells. For
the cluster model it has only completely symmetric (single-row Young-tableux) irreps:
[n, 0, 0], while in the case of the shell and collective models it can be more general.
As a consequence the model space of the three models have a considerable overlap,
but they are not identical.

A particularly simple Hamiltonian with dynamical symmetry (17) is

H = C
(1)
U3 + αC

(2)
SU3 + βC

(3)
SU3 + δC

(2)
SO3, (18)

in which the contribution of the relative motion (UR(3)) and the internal cluster

structure (UC(3)) appears only in the coupled (U(3)) form. Here C
(3)
SU3 is the third

order Casimir operator of the SU(3) group. (It is needed in the description of the
experimental spectra in order to distinguish between the prolate and oblate states.) In
spite of its simple structure this Hamiltonian is able to account for some experimental
spectra to a reasonable approximation [14,33]. In fact, it is able to describe the spectra
of different cluster configurations and the shell (or quartet) model in a unified way
[33,12]. Furthermore, since U(3) symmetry defines the quadrupole deformation, the
spectrum of the dynamical symmetry of group-chain (17) and energy-operator (18)
represents the common intersection of the shell, cluster and (quadrupole) collective
model [13] for a multi-shell problem. A detailed example on the performance of this
Hamiltonian was discussed in [14]. In particular, a prediction on a complete (high-
lying) cluster spectrum was obtained from the description of the low-lying quartet
(shell) spectrum, that turned out to be very similar to the experimental results. Here
we concentrate on the intrinsic shapes of the shell and cluster states, which originate
from the spontaneous breaking.

In the Hamiltonian (18) the intinsic and collective parts are the U(3)- and O(3)-
related terms, respectively (similarly to some previous cases):

Hintr = C
(1)
U3 + αC

(2)
SU3 + βC

(3)
SU3, Hcoll = δC

(2)
SO3. (19)

The intrinsic Hamiltonian is spherically symmetric, but the cluster configuration
is usually not, therefore, the rotational symmetry is spontaneously broken.

As for the shape of the intrinsic state of the cluster model, it has an interesting
aspect, known as the cluster-shell duality. It means that the cluster and shell wave-
function can be identical, as a consequence of the antisymmetrization. It is seen most
easily in the SU(3)-models, that we discuss here.

It was shown by Wildermuth and Kanellopoulos [34] that the Hamiltonians of the
two models can be rewritten into each other exactly for harmonic oscillator interac-
tions. In fact the connection is valid also for the more general interactions of U(3)
dynamical symmetry [35]. Thus any cluster state can be expanded in terms of shell
basis of the same number of oscillator quanta. Furthermore, basis states of different
U(3) representations are orthogonal to each other. Therefore, if a shell model state of
a specific U(3) symmetry has a single multiplicity, then the cluster state (any cluster
state) is identical with it (having only a single term in the expansion).
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Fig. 1. Shape of some states in 28Si. The quantum numbers in parenthesis are the U(3)
labels, while the first integer shows the major shell excitation quanta. Note, that the mul-
tiplicity of these U(3) states in the shell basis is 1, therefore, the indicated shell, and both
cluster configurations have wavefunctions with 100% overlap in each case, as a consequence
of the antisymmetrization.

This duality was recognised in the early days of the cluster study for the ground
state of some light nuclei [34]. But it turns out to be valid also for many excited bands,
including the shape isomers, like superdeformed and hyperdeformed configurations,
where the U(3) symmetry is especially good [36].

In case of the 28Si nucleus e.g. [14] the following bands have a pure cluster
(16O+12C, as well as 24Mg+4He) and shell configurations at the same time: 0(12,0)0+,
1(14,1)1−, 2(16,2)0+, 4(20,4)0+, where the quantum numbers are nx(λ, µ)Kπ, with
nx denoting the excitation quantum with respect to the ground state. The 4(20,4)0+

state has the superdeformed shape [37], with a small triaxiality, which was found
recently [38]. The deformed cluster and shell configurations of the intrinsic states,
that appear as a result of the spontaneous symmetry breaking are shown in figure
1. From the shell-model side the quadrupole shape is given by the U(3) quantum
numbers of the state, as discussed before. The corresponding cluster configurations
can be obtained from the Harvey prescription [39,40] and from the U(3) selection
rule [41] which describes the structural aspect of the fusion (or fission) of a nucleus
in terms of the harmonic oscillator basis. These shell and cluster configurations turn
out to be identical with each other, due to the effect of the antisymmetrization.

5 Summary and conclusions

In this paper we have discussed the duality of symmetry breaking that shows up in
the dynamical symmetry limits of the algebraic structure models. In such cases the
Hamiltonian is expressed in terms of the invariant operators of a group-chain G ⊃ G′
(where G and G′ stand for single groups or group chains). Then only the last group
denotes an exact symmetry, the symmetries of the larger groups are dynamically bro-
ken, i.e. their representation labels are good quantum numbers of the states, but they
are not degenerate. In addition to this dynamical symmetry breaking a spontaneous
breaking is also taking place. It appears e.g. when the Hamiltonian can be split up
into an intrinsic and collective parts: H = αHG + βHG′ . Then HG has not only a G
symmetry, but G′ symmetry as well (since G′ is a subgroup of G). Nevertheless, the
eigenvectors of the intrinsic Hamiltonian are not necessarily G′-symmetric, when a
degeneracy is present. Thus a spontaneous breaking is taking place in the eigenvalue
equation of HG: a symmetric Hamiltonian has a nonsymmetric ground state.

In the Elliott model the SU(3) ⊃ SO(3) group-chain is relevant. The SU(3) quan-
tum numbers define the quadrupole shape of the intrinsic state, and the collective
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Hamiltonian is the rotational term L2. SU(3) is dynamically broken, and SO(3) is
spontaneously broken in the eigenvalue equation of the intrinsic Hamiltonian. In sev-
eral extensions of the model, like e.g. in the symplectic shell model, in the contracted
symplectic collective model or in the semimicroscopic algebraic cluster model the
same group chain appears, embedded into a larger group. As a consequence, the dy-
namical and spontaneous breaking in these models is taking place in the same way. In
some other models, like interacting boson model, and models of octupole deformation
a similar scenario is present, built on different algebraic structure.

When multi shell excitations are considered, then the common intersection of the
shell, collective and cluster models turns out to be a Ux(3)⊗Uy(3) ⊃ U(3) ⊃ SU(3) ⊃
SO(3) dynamical symmetry. This symmetry is called multiconfigurational dynamical
symmetry. In this case, too, the duality of the dynamical and spontaneous breaking is
similar to that of the Elliott model. In relation with the deformation of the intrinsic
states, which appears as a result of the spontaneous breaking, a further interesting
duality can be seen in the MUSY. This is the cluster-shell duality. In particular, some
intrinsic states (collective bands) of the shell and cluster models that we associate to
rather different geometrical pictures become identical due to the antisymmetrization.
Here we showed four intrinsic states of the 28Si nucleus (with 0,1,2, and 4 excitation
quanta, the latter one being the recently observed superdeformed state). In these cases
the shell model and 24Mg+4He and 16O+12C cluster models have wavefunctions with
100% overlap.
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J. Cseh, G. Lévai, W. Scheid, Phys. Rev. C48 (1993) 1724;
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