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Abstract. In this paper, we study the problem of maximizing social welfare in combinatorial3
markets through pricing schemes. We consider the existence of prices that are capable to achieve4
optimal social welfare without a central tie-breaking coordinator. In the case of two buyers with5
matroid rank valuations, we give polynomial-time algorithms that always find such prices when one6
of the matroids is a partition matroid or both matroids are strongly base orderable. This result7
partially answers a question raised by Dütting and Végh in 2017. We further formalize a weighted8
variant of the conjecture of Dütting and Végh, and show that the weighted variant can be reduced to9
the unweighted one based on the weight-splitting theorem for weighted matroid intersection by Frank.10
We also show that a similar reduction technique works for M\-concave functions, or equivalently, for11
gross substitutes functions.12
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1. Introduction. In this paper, we study the problem of maximizing social16

welfare in combinatorial markets through pricing schemes. Let us consider a combi-17

natorial market consisting of indivisible goods and buyers, where each buyer has a18

valuation function that describes the buyer’s preferences over the subsets of items.19

The goal is to allocate the items to buyers in such a way that the social welfare, that20

is, the total sum of the buyers’ values, is maximized. Such an allocation can be found21

efficiently under reasonable assumptions on the valuations [32]. As an application22

of the Vickrey–Clarke–Groves (VCG) mechanism [7,22,37] for welfare maximization,23

the VCG auction is another illustrious example. However, the problem becomes much24

more intricate if the optimal welfare ought to be achieved using simpler mechanisms25

employed in real world markets, such as pricing.26

In a pricing scheme, the seller sets the item prices, and the utility of a buyer for a27

given bundle of items is defined as the value of the bundle with respect to the buyer’s28

valuation, minus the total price of the items in the bundle. Ideally, the prices are set29

in such a way that there exists an allocation of the items to buyers in which the market30

clears and everyone receives a bundle that maximizes her utility. A pair of pricing31

and allocation possessing these properties is called a Walrasian equilibrium1, while32

we will refer to the price vector itself as Walrasian pricing. The fundamental notion33

of Walrasian equilibrium first appeared in [38], and the definition immediately implies34

that the allocation in a Walrasian equilibrium maximizes social welfare. Therefore,35

the problem might seem to be settled for markets that admit such an equilibrium.36
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Cohen-Addad et al. [8] observed that Walrasian prices alone are not sufficient37

to coordinate the market. The reason is that ties among different bundles have to38

be broken up carefully by a central coordinator, in a manner consistent with the39

corresponding optimal allocation. However, in real markets, buyers walk into the shop40

in an arbitrary sequential order and choose an arbitrary best bundle for themselves41

without caring about social optimum. In their paper, it is shown that the absence42

of a tie-braking rule may result in an arbitrarily bad allocation. In particular, no43

static prices can give more than 2/3 of the social welfare when three buyers with44

unit-demand valuations arrive sequentially.45

To overcome these difficulties, Cohen-Addad et al. [8] introduced the notion of46

dynamic pricing schemes. In this setting, the seller is allowed to dynamically update47

the prices between buyer arrivals. Achieving optimal social welfare based on dynamic48

pricing would be clearly possible if the order in which buyers arrive was known in49

advance. Nevertheless, determining an optimal dynamic pricing scheme is highly50

non-trivial when the prices need to be set before getting access to the preferences of51

the next buyer.52

The main open problem in [8] asked whether any market with gross substitutes53

valuations has a dynamic pricing scheme that achieves optimal social welfare. A54

market with gross substitutes valuations is known to be an important class of markets55

having Walrasian prices [25]. It is worth noting that the existence of an optimal scheme56

reduces to the existence of an appropriate initial price vector; an optimal allocation57

then can be determined by induction. For a formal definition, we refer the reader58

to [2].59

As a starting step towards understanding the general case, we consider the exis-60

tence of a static pricing scheme for a two-buyer market with matroid rank valuations,61

because a matroid rank function is a fundamental example of gross substitutes val-62

uations. Here, a matroid with a ground set S and a base family B is denoted by63

M = (S,B) and we denote p(X) :=
∑

s∈X p(s) for p : S → R and X ⊆ S.64

Conjecture 1.1. Let M1 = (S,B1) and M2 = (S,B2) be matroids with rank65

functions r1 and r2, respectively. Then, there exists a function p : S → R (called a66

price vector) satisfying the following conditions.67

1. For B1 ∈ arg maxX⊆S(r1(X) − p(X)) and B2 ∈ arg maxY⊆S\B1
(r2(Y ) −68

p(Y )), we have r1(B1)+r2(B2) = max{r1(X)+r2(Y ) | X,Y ⊆ S, X∩Y = ∅}.69

2. For B2 ∈ arg maxY⊆S(r2(Y ) − p(Y )) and B1 ∈ arg maxX⊆S\B2
(r1(X) −70

p(X)), we have r1(B1)+r2(B2) = max{r1(X)+r2(Y ) | X,Y ⊆ S, X∩Y = ∅}.71

This conjecture can be interpreted as follows. There are two buyers and each72

buyer i ∈ {1, 2} has a valuation function ri. If buyer i comes to a shop first, then73

she chooses an arbitrary bundle Bi that maximizes her utility ri − p, and the second74

buyer chooses a best bundle in S \Bi. The requirements mean that any choice of Bi75

results in an allocation maximizing the social welfare. Thus, whoever comes first, we76

can achieve the optimal social welfare.77

As we will see in Lemma 2.6, Conjecture 1.1 can be reduced to the following78

conjecture.79

Conjecture 1.2. Let M1 = (S,B1) and M2 = (S,B2) be matroids with a com-80

mon ground set S such that there exist disjoint bases B1 ∈ B1 and B2 ∈ B2 with81

B1 ∪B2 = S. Then, there exists a function p : S → R (called a price vector) satisfy-82

ing the following conditions.83

1. For B1 ∈ arg minX∈B1
p(X), we have S \B1 ∈ B2.84

2. For B2 ∈ arg minX∈B2
p(X), we have S \B2 ∈ B1.85
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In the conjecture, there are two buyers and each buyer i ∈ {1, 2} wants to buy a86

set of items that forms a basis in Bi. If buyer i comes to a shop first, then she chooses87

a cheapest set Bi in Bi with an arbitrary tie-breaking rule. The requirements mean88

that, regardless of the choice of Bi, the remaining set S \ Bi is a desired set for the89

other buyer.90

Note that Conjecture 1.2 was first suggested by Dütting and Végh [12]. In their91

original conjecture, the price vector p is chosen to have all different values, that is,92

p(s1) 6= p(s2) for s1 6= s2, which implies that Bi ∈ arg minX∈Bi
p(X) is unique for93

i = 1, 2. However, this difference is not essential, because we can apply a perturbation94

to p without affecting the requirements in Conjecture 1.2.95

Previous work. The notion of Walrasian equilibrium dates back to 1874 [38],96

originally defined for divisible goods. In their analysis of the matching problem, Kelso97

and Crawford [25] introduced the so-called gross substitutes condition, and showed the98

existence of Walrasian prices for gross substitutes valuations. Gul and Stacchetti [23]99

later verified that, in a sense, this condition is necessary to ensure the existence of a100

Walrasian equilibrium.2101

It was first observed by Cohen-Addad et al. [8] and Hsu et al. [24] that Wal-102

rasian prices are not sufficient to control the market, as ties must be broken in a103

coordinated fashion that is consistent with maximizing social welfare. A natural idea104

for resolving this issue would be trying to find Walrasian prices where ties do not105

occur. However, Hsu et al. showed that minimal Walrasian prices always induce106

ties. Even more, Cohen-Addad et al. proved that no static prices can give more than107

2/3 of the social welfare when three buyers with unit-demand valuations arrive se-108

quentially. As a workaround, they proposed a dynamic pricing scheme for matching109

markets (i.e., unit-demand valuations), where the prices are updated between buyer-110

arrivals based upon the current inventory without knowing the identity of the next111

buyer. On the negative side, they presented a market with coverage valuations where112

Walrasian prices do exist, but no dynamic pricing scheme can achieve the optimal113

social welfare. Meanwhile, Hsu et al. showed that, under certain conditions, minimal114

Walrasian equilibrium prices induce low over-demand and high welfare. Recently,115

Berger et al. [2] considered markets beyond unit-demand valuations, and gave a char-116

acterization of all optimal allocations in multi-demand markets. Based on this, they117

provided a polynomial-time algorithm for finding optimal dynamic prices up to three118

multi-demand buyers.119

To overcome the limitations of Walrasian equilibrium, Feldman et al. [17] pro-120

posed a relaxation called combinatorial Walrasian equilibrium in which the seller can121

partition the items into indivisible bundles prior to sale, and they provided an al-122

gorithm that determines bundle prices obtaining at least half of the optimal social123

welfare.124

Another line of research concentrated on posted-price mechanisms in online set-125

tings. As alternatives to optimal auctions, Blumrosen and Holenstein [3] studied126

posted-price mechanisms and dynamic auctions in Bayesian settings under the ob-127

jective of maximizing revenue. They gave a characterization of the optimal revenue128

for general distributions, and provided algorithms that achieve the optimal solution.129

Chawla et al. [4,5] developed a theory of sequential posted-price mechanisms, and pro-130

vided constant-factor approximation algorithms for several multi-dimensional multi-131

2The simplest example of gross substitutes valuations are unit demand preferences, when each
agent can enjoy at most one item. Gul and Stacchetti showed that gross substitutes preferences form
the largest set containing unit demand preferences for which an existence theorem can be obtained.
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unit auction problems and generalizations to matroid feasibility constraints. In [16],132

Feldman et el. verified the existence of prices that, in expectation, achieve at least133

half of the optimal social welfare for fractionally subadditive valuations, a class that134

includes all submodular functions. Dütting et al. [10, 11] provided a general frame-135

work for posted-price mechanisms in Bayesian settings. Chawla et al. [6] showed that136

static, anonymous bundle pricing mechanisms are useful when buyers’ preferences137

have complementarities. Ezra et al. [15] provided upper and lower bounds on the138

largest fraction of the optimal social welfare that can be guaranteed with static prices139

for several classes of valuations, such as submodular, XOS, or subadditive. A set-140

ting related to online bipartite matching, called the Max-Min Greedy matching, was141

considered in [13].142

Our results. In the present paper, we concentrate on combinatorial markets143

with two buyers having matroid rank valuations, where the matroid corresponding144

to buyer i is denoted by Mi = (S,Bi) for i = 1, 2. Since this setting is reduced to145

Conjecture 1.2, in which each buyer has to buy a set of items that forms a basis of a146

matroid, we focus on Conjecture 1.2.147

While Conjecture 1.2 remains open in general, we give polynomial-time3 algo-148

rithms for two important special cases. In the first one, one of the matroids is a149

partition matorid. Although partition matroids have relatively simple structure, find-150

ing the proper price vector p is non-trivial even in this seemingly simple case.151

Theorem 1.3. If M1 is a partition matroid and M2 is an arbitrary matroid, then152

Conjectures 1.1 and 1.2 hold, and a price vector p satisfying the conditions can be153

computed in polynomial time.154

Next we consider strongly base orderable matroids, a class of matroids with dis-155

tinctive structural properties. Roughly, in a strongly base orderable matroid, for any156

pair of bases, there exists a bijection between them satisfying a certain property (see157

Section 2 for the formal definition). Note that various matroids appearing in com-158

binatorial and graph optimization problems belong to this class, such as partition,159

laminar, transversal matroids, or more generally, gammoids.160

Theorem 1.4. If both M1 and M2 are strongly base orderable, then Conjec-161

tures 1.1 and 1.2 hold. Furthermore, a price vector p satisfying the conditions can be162

computed in polynomial time if, for any pair of bases, the bijection between them can163

be computed in polynomial time.164

As an application of Theorem 1.4, we deduce a result to bipartite matchings that165

might be of independent interest. For a vertex v in a graph, let δ(v) denote the set166

of all the edges incident to v.167

Corollary 1.5. For a bipartite graph G = (U, V ;E) containing a perfect match-168

ing, there exists a weight function w : E → R satisfying the following conditions.169

1. For each u ∈ U , let eu be a lightest edge in δ(u) with respect to w. Then,170

{eu | u ∈ U} is a perfect matching in G.171

2. For each v ∈ V , let ev be a heaviest edge in δ(v) with respect to w. Then,172

{ev | v ∈ V } is a perfect matching in G.173

Another contribution of this paper is to show the equivalence between Conjec-174

ture 1.2 and its weighted counterpart as below.175

3In matroid algorithms, it is usually assumed that the matroids are accessed through indepen-
dence oracles, and the complexity of an algorithm is measured by the number of oracle calls and
other conventional elementary steps.
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Conjecture 1.6. For i ∈ {1, 2}, let Mi = (S,Bi) be a matroid and wi : S → R176

be a weight function. Assume that there exist disjoint bases B1 ∈ B1 and B2 ∈ B2177

with B1 ∪ B2 = S. Then, there exists a function p : S → R satisfying the following178

conditions.179

1. For B1 ∈ arg maxX∈B1
(w1(X) − p(X)), we have that B1 is a maximizer of180

w1(X) + w2(S \X) subject to X ∈ B1 and S \X ∈ B2.181

2. For B2 ∈ arg maxX∈B2
(w2(X) − p(X)), we have that B2 is a maximizer of182

w1(S \X) + w2(X) subject to S \X ∈ B1 and X ∈ B2.183

Clearly, Conjecture 1.2 is a special case of Conjecture 1.6; this follows easily by184

setting w1 ≡ w2 ≡ 0. Somewhat surprisingly, the reverse implication also holds for185

arbitrary matroids.186

Theorem 1.7. If Conjecture 1.2 is true, then Conjecture 1.6 is also true.187

More generally, we prove that Theorem 1.7 can be generalized to the case with188

gross substitutes valuations, i.e., M\-concave functions. See Theorem 6.3 in Section 6189

for the details.190

Based on Theorem 1.7 and the properties of partition and strongly base orderable191

matroids, we have the following corollaries.192

Corollary 1.8. If M1 is a partition matroid and M2 is an arbitrary matroid,193

then Conjecture 1.6 holds, and a price vector p satisfying the conditions can be com-194

puted in polynomial time.195

Corollary 1.9. If both M1 and M2 are strongly base orderable, then Conjec-196

ture 1.6 holds. Furthermore, a price vector p satisfying the conditions can be com-197

puted in polynomial time if, for any pair of bases, the bijection between them can be198

computed in polynomial time.199

Paper organization. The rest of the paper is organized as follows. Basic def-200

initions and notation are given in Section 2. Theorems 1.3 and 1.4 are proved in201

Sections 3 and 4, respectively. The connection between unweighted and weighted202

variants of the problem is discussed in Section 5. The reduction technique is extended203

to gross substitutes valuations in Section 6. We conclude the paper in Section 7.204

2. Preliminaries.205

Basic notation. The sets of reals, non-negative reals, integers, and non-negative206

integers are denoted by R, R+, Z, and Z+, respectively. Let S be a finite set. Given207

a subset B ⊆ S and elements x, y ∈ S, we write B − x + y for short to denote the208

set (B \ {x}) ∪ {y}. The symmetric difference of two sets X and Y is X4Y :=209

(X \ Y ) ∪ (Y \X). For a function f : S → R, we use f(X) :=
∑

x∈X f(x). For two210

vectors x, y ∈ RS , we denote x · y :=
∑

s∈S x(s)y(s).211

Matroids and matroid intersection. Matroids were introduced as an abstract212

generalization of linear independence in vector spaces [33,39]. A matroid M is a pair213

(S, I) where S is the ground set of the matroid and I ⊆ 2S is the family of independent214

sets satisfying the independence axioms: (I1) ∅ ∈ I, (I2) X ⊆ Y ∈ I ⇒ X ∈ I, and215

(I3) X,Y ∈ I, |X| < |Y | ⇒ ∃e ∈ Y \ X s.t. X + e ∈ I. A loop is an element that216

is non-independent on its own. The rank of a set X ⊆ S is the maximum size of217

an independent set contained in X, and is denoted by r(X). Here r is called the218

rank function of M . Maximal independent sets of M are called bases and their set is219

denoted by B. Alternatively, matroids can be defined through the basis axioms: (B1)220

B 6= ∅, and (B2) B1, B2 ∈ B, x ∈ B1 \ B2 ⇒ ∃y ∈ B2 \ B1 s.t. B1 − x + y ∈ B. In221
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6 K. BÉRCZI, N. KAKIMURA, AND Y. KOBAYASHI

this paper, a matroid is denoted by a pair (S,B), where S is a ground set and B is a222

family of bases.223

For a matroid M = (S,B) and for T ⊆ S, deleting T gives a matroid M ′ on the224

ground set S \ T such that a subset of S \ T is independent in M ′ if and only if it is225

independent in M . For T ⊆ S, contracting T gives a matroid M ′ on the ground set226

S \ T whose rank function is r′(X) = r(X ∪ T )− r(T ), where r is the rank function227

of M . Adding a parallel copy of an element s ∈ S gives a new matroid M ′ = (S′,B′)228

on ground set S′ = S + s′ where B′ = {X ⊆ S′ : either X ∈ B, or s /∈ X, s′ ∈229

X and X − s′ + s ∈ B}. The direct sum M1 ⊕M2 of matroids M1 = (S1,B1) and230

M2 = (S2,B2) on disjoint ground sets is a matroid M = (S1 ∪ S2,B) whose bases are231

the disjoint unions of a basis M1 and a basis of M2. The sum or union M1 + M2232

of M1 = (S,B1) and M2 = (S,B2) on the same ground set is a matroid M = (S,B)233

whose independent sets are the disjoint unions of an independent set of M1 and an234

independent set of M2.235

For a basis B ∈ B, let us consider the bipartite graph G = (S,E[B]) defined by236

E[B] := {(x, y) | x ∈ B, y ∈ S \B, B − x+ y ∈ B}. Krogdahl [26, 27, 28] verified the237

following statement (see also [35, Theorem 39.13]).238

Theorem 2.1 (Krogdahl). Let M = (S,B) be a matroid and let B ∈ B. Let239

B′ ⊆ S be such that |B| = |B′| and E[B] contains a unique perfect matching on240

B4B′. Then B′ ∈ B.241

In the weighted matroid intersection problem, we are given two matroids M1 =242

(S,B1) and M2 = (S,B2) on the same ground set together with a weight function243

w : S → R, and the goal is to find a common basis maximizing w(B), that is,244

B ∈ arg max{w(B) | B ∈ B1 ∩ B2}. The celebrated weight-splitting theorem of245

Frank [18] gives a min-max relation for the weighted matroid intersection.246

Theorem 2.2 (Frank). The maximum w-weight of a common basis of M1 =247

(S,B1) and M2 = (S,B2) is equal to the minimum of max{w1(B) | B ∈ B1} +248

max{w2(B) | B ∈ B2} subject to w = w1 + w2. In particular, for an optimal weight-249

splitting w = w1 +w2, it holds that arg max{w(B) | B ∈ B1 ∩B2} = arg max{w1(B) |250

B ∈ B1} ∩ arg max{w2(B) | B ∈ B2}.251

A k-uniform matroid is a matroid M = (S,B) where B = {X ⊆ S | |X| = k} for252

some k ∈ Z+. A partition matroid M = (S,B) is the direct sum of uniform matroids,253

or in other words, B = {X ⊆ S | |X ∩ Si| = ki for i = 1, . . . , q} for some partition254

S = S1 ∪ · · · ∪Sq of S and ki ∈ Z+ for i = 1, . . . , q. Each Si is called a partition class.255

For further details on matroids and the matroid intersection problem, we refer256

the reader to [34,35].257

Dual matroids. The dual of a matroid M = (S,B) is the matroid M∗ = (S,B∗)258

where B∗ = {B∗ ⊆ S | S \ B∗ ∈ B}. Given one of the standard oracles for M , the259

same oracle for M∗ can be constructed as well.260

We now rephrase Conjecture 1.2 by using dual matroids. Suppose that M1 and261

M2 are matroids as in Conjecture 1.2 and let M∗2 = (S,B∗2) be the dual matroid262

of M2. Then, we can see that S \ B1 ∈ B2 is equivalent to B1 ∈ B∗2 , and B2 ∈263

arg minX∈B2
p(X) is equivalent to S\B2 ∈ arg maxX∈B∗2 p(X). Therefore, by replacing264

M2 and S \ B2 with M∗2 and B2, respectively, Conjecture 1.2 is equivalent to the265

following conjecture.266

Conjecture 2.3. Let M1 = (S,B1) and M2 = (S,B2) be matroids with a com-267

mon ground set S such that there exists a common basis B ∈ B1 ∩ B2. Then, there268
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exists a function p : S → R satisfying the following conditions.269

1. For B1 ∈ arg minX∈B1
p(X), we have B1 ∈ B2.270

2. For B2 ∈ arg maxX∈B2
p(X), we have B2 ∈ B1.271

The motivation of the proposed problems is multifold. Conjecture 2.3 bears a lot272

of similarities with the problem of packing common bases in the intersection of two273

matroids. If M1 and M2 share two disjoint common bases, then setting the prices low274

on one of them and high on the other gives a desired p.275

When applied to w ≡ 0, the weight-splitting theorem of Frank (Theorem 2.2)276

asserts the existence of prices p such that the set of common bases equals the inter-277

section of the minimum-cost bases in M1 and the maximum-cost bases in M2, with278

respect to p; this trivially holds already for p = 0. Conjecture 2.3 asserts that one279

can choose weights p with the stronger property that the minimum-cost bases in M1280

are all in M2, and the maximum-cost bases in M2 are all in M1.281

Another motivation comes from polyhedral aspects of matroids. When the base282

polyhedra of two matroids intersect in a common face, one can select an appropriate283

price vector p as a separating direction. The conjecture asserts a strong separation284

property for the general setting.285

Strongly base orderable matroids. A matroid M = (S,B) is strongly base286

orderable if for any two bases B1, B2 ∈ B, there exists a bijection f : B1 → B2 such287

that (B1 \X) ∪ f(X) ∈ B for any X ⊆ B1, where we denote f(X) := {f(e) | e ∈ X}.288

Davies and McDiarmid [9] observed the following (see also [35, Theorem 42.13]).289

Theorem 2.4 (Davies and McDiarmid). Let M1 = (S,B1) and M2 = (S,B2)290

be strongly base orderable matroids. If X ⊆ S can be partitioned into k bases in both291

M1 and M2, then X can be partitioned into k common bases. Furthermore, such k292

common bases can be computed in polynomial time if the bijection f can be computed293

in polynomial time for any pair of bases.294

The following technical lemma about strongly base orderable matroids will be295

used in the proof of Corollary 1.9.296

Lemma 2.5. Let M = (S,B) be a strongly base orderable matroid, q : S → R be297

a function, and define a matroid M̂ = (S, B̂) by B̂ = arg maxX∈B q(X). Then M̂ is298

strongly base orderable.299

Proof. Let B1, B2 ∈ B̂. Since both B1 and B2 are bases of M = (S,B), there300

exists a bijection f : B1 → B2 such that (B1 \X) ∪ f(X) ∈ B for any X ⊆ B1. Since301

q(B1) ≥ q((B1 \X)∪f(X)) for any X ⊆ B1 by B1 ∈ B̂, it holds that q(X) ≥ q(f(X)).302

In particular, q(x) ≥ q(f(x)) for any x ∈ B1. Since B2 ∈ B̂, we obtain q(B1) =303

q(B2) = q(f(B1)), which shows that q(x) = q(f(x)) for any x ∈ B1. Therefore,304

q(B1) = q((B1 \X) ∪ f(X)) for any X ⊆ B1, and hence (B1 \X) ∪ f(X) ∈ B̂. This305

shows that M̂ is strongly base orderable.306

Market model. In a combinatorial market, we are given a set S of indivisible307

items and a set J of buyers. Each buyer i ∈ J has a valuation function vi : 2S → R308

that describes the buyer’s preferences over the subsets of items. Given prices p : S →309

R, the utility of buyer i ∈ J for a subset X ⊆ S is defined by ui(X) = vi(X)− p(X).310

The buyers arrive in an undetermined order, and the next buyer always picks a subset311

of items that maximizes her utility. The goal is to set the prices in such a way that312

no matter which buyer arrives next, the final allocation of items maximizes the social313

welfare. In a dynamic pricing scheme, the prices can be updated between buyer314

arrivals based on the remaining sets of items and buyers.315
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We focus on the case of two buyers with matroid rank functions as valuations.316

Let M1 = (S,B1) and M2 = (S,B2) be matroids with rank functions r1 and r2,317

respectively. The valuation of agent i is ri for i = 1, 2. The valuations are accessed318

through one of the standard matroid oracles (e.g. independence or rank oracle). As319

described in the introduction, this setting can be reduced to the case in which each320

buyer always chooses a basis that maximizes her utility, that is, Conjecture 1.1 can321

be reduced to Conjecture 1.2.322

Lemma 2.6. If Conjecture 1.2 is true, then Conjecture 1.1 is also true.323

Proof. Let M1 = (S,B1) and M2 = (S,B2) be matroids as in Conjecture 1.1 and324

let B̂1 ∈ B1 and B̂2 ∈ B2 be a pair of bases that maximizes |B̂1 ∪ B̂2|. For i ∈ {1, 2},325

let M ′i be the matroid obtained from Mi by deleting S \ (B̂1 ∪ B̂2) and contracting326

B̂1∩B̂2. Then, M ′1 = (S′,B′1) and M ′2 = (S′,B′2) are matroids with a common ground327

set S′ := (B̂1 ∪ B̂2) \ (B̂1 ∩ B̂2) such that there exist disjoint bases B̂1 \ B̂2 ∈ B′1 and328

B̂2 \ B̂1 ∈ B′2 whose union is S′. Hence, by assuming that Conjecture 1.2 is true, there329

exists a price vector p′ : S′ → R with the following conditions.330

1. For B′1 ∈ arg minX∈B′1 p
′(X), we have S′ \B′1 ∈ B′2.331

2. For B′2 ∈ arg minX∈B′2 p
′(X), we have S′ \B′2 ∈ B′1.332

We observe that we can modify the price vector p′ so that 0 < p′(s) < 1 for every
s ∈ S′, by replacing p′(s) with α · p′(s) + β for some α > 0 and β ∈ R. By using such
a function p′, define p : S → R by

p(s) =


p′(s) if s ∈ S′,
0 if s ∈ B̂1 ∩ B̂2,

1 if s ∈ S \ (B̂1 ∪ B̂2).

For B1 ∈ arg maxX⊆S(r1(X)− p(X)), the definition of p shows that B1 = B′1 ∪ (B̂1 ∩333

B̂2) for some B′1 ∈ arg minX∈B′1 p
′(X). Since this implies S′ \ B′1 ∈ B′2, it holds that334

S′ \B′1 is a maximal independent set of M2 in S \B1 by the maximality of |B̂1 ∪ B̂2|.335

Therefore, if B2 ∈ arg maxY⊆S\B1
(r2(Y )− p(Y )), then B2 = S′ \B′1 and hence336

r1(B1) + r2(B2) = |B′1|+ |B̂1 ∩ B̂2|+ |S′ \B′1| = |B̂1 ∪ B̂2|337

= max{r1(X) + r2(Y ) | X,Y ⊆ S, X ∩ Y = ∅},338339

which shows the first requirement of Conjecture 1.1. The same argument works for340

B2 ∈ arg maxX⊆S(r2(X) − p(X)). Therefore, p satisfies the requirements in Conjec-341

ture 1.1.342

Note that a pair of bases B̂1 ∈ B1 and B̂2 ∈ B2 maximizing |B̂1 ∪ B̂2| can be343

computed in polynomial time by applying a matroid intersection algorithm to M1 and344

M∗2 . Note also that the price vector p obtained in the above proof is not necessarily345

a Walrasian price.346

We also consider a weighted variant of the problem, formally defined as Conjec-347

ture 1.6, where each buyer chooses a basis that maximizes her utility, and the goal is to348

find a price vector p that achieves the optimal social welfare max{w1(X)+w2(S \X) |349

X ∈ B1, S \ X ∈ B2}. Recently, Berger et al. [2] investigated the existence of op-350

timal dynamic pricing schemes for k-demand valuations. A valuation v : 2S → R+351

is k-demand if v(X) = max{
∑

s∈Z v(s) | Z ⊆ X, |Z| ≤ k}. Although this problem352

is similar to our weighted variant for k-uniform matroids, our results do not directly353

generalize their work because choosing a basis is a hard constraint in our setting.354
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3. Partition matroids. The aim of this section is to prove the existence of a355

required price vector p for instances where M1 is a partition matroid. Our proof356

constructs a directed graph based on exchangeability of items, which was also used357

in [8] for markets with unique optimal allocations.358

Theorem 1.3. If M1 is a partition matroid and M2 is an arbitrary matroid, then359

Conjectures 1.1 and 1.2 hold, and a price vector p satisfying the conditions can be360

computed in polynomial time.361

Proof. Since Conjectures 1.2 and 2.3 are equivalent by replacing M2 with its dual362

M∗2 , we show Conjecture 2.3. Let M1 = (S,B1) be a partition matroid defined by363

partition S = S1 ∪ · · · ∪ Sq and upper bounds ki ∈ Z+ for i = 1, . . . , q so that364

|Si| ≥ ki, that is, B1 = {X ⊆ S | |X ∩ Si| = ki for i = 1, . . . , q}. Let M2 = (S,B2) be365

an arbitrary matroid such that M1 and M2 have a common basis.366

Let B1 ∈ B1 ∩ B2 be an arbitrary common basis. Take another common basis367

B2 ∈ B1 ∩ B2 (possibly B2 = B1) such that |B1 ∩ B2| is minimized. We consider a368

bipartite digraph D = (V,E) defined by369

V = (B1 ∩B2) ∪ (S \ (B1 ∪B2)),370

E = {(x, y) | x ∈ B1 ∩B2, y ∈ S \ (B1 ∪B2), B1 − x+ y ∈ B1}(3.1)371

∪ {(y, x) | x ∈ B1 ∩B2, y ∈ S \ (B1 ∪B2), B2 − x+ y ∈ B2}.372373

Claim 3.1. The digraph D is acyclic.374

Proof. Let x ∈ B1 ∩ B2 and y ∈ S \ (B1 ∪ B2). As M1 is a partition matroid,375

B1 − x + y ∈ B1 implies that x and y are contained in the same partition class.376

Therefore B1 − x+ y ∈ B1 if and only if B2 − x+ y ∈ B1.377

Now suppose to the contrary that D contains a dicycle. Choose a dicycle C with378

the smallest number of vertices, which implies that C has no chord. We claim that379

B′2 := B24V (C) is a common basis of M1 and M2. To see B′2 ∈ B2, observe that380

the bipartite graph corresponding to B2 contains a unique perfect matching on V (C)381

by the choice of C, hence Theorem 2.1 applies. We also obtain B′2 ∈ B1 by the same382

argument, since B1 − x + y ∈ B1 if and only if B2 − x + y ∈ B1 as described above.383

Since |B1 ∩B′2| < |B1 ∩B2|, this contradicts that |B1 ∩B2| is minimized.384

Let n = |S|. We now consider a function p : S → R satisfying the following:385

p(x) := 0 for x ∈ B1 \ B2, p(x) := n + 1 for x ∈ B2 \ B1, p(x) are distinct values in386

{1, 2, . . . , n} for x ∈ V , and p(x) < p(y) for (x, y) ∈ E. Note that such a function exists387

by Claim 3.1, which can be found easily by the topological sorting. In what follows, we388

show that p satisfies that arg minX∈B1
p(X) = {B1} and arg maxX∈B2

p(X) = {B2}.389

Claim 3.2. arg minX∈B1
p(X) = {B1} and arg maxX∈B2

p(X) = {B2}.390

Proof. To see that B1 is a minimum weight basis ofM1 with respect to p, it suffices391

to show that p(x) ≤ p(y) holds for each pair x ∈ B1, y ∈ S \B1 with B1−x+ y ∈ B1;392

see e.g. [20, Lemma 13.2.13]. However, this is a direct consequence of the definition of393

p. Now suppose that there exists B′1 ∈ arg minX∈B1
p(X) different from B1, and let394

x ∈ B1 \B′1. Clearly, 0 < p(x) < n+1, hence x is the unique element with its p-value.395

By the symmetric exchange axiom, there exists y ∈ B′1 \B1 such that B1−x+y ∈ B1396

and B′1 + x− y ∈ B1. By both B1 and B′1 being optimal, this implies p(x) = p(y), a397

contradiction.398

A similar argument shows arg maxX∈B2
p(X) = {B2}.399

Since B1, B2 ∈ B1 ∩ B2, this claim shows that p satisfies the requirements in400

Conjecture 2.3. Thus, Conjecture 2.3 holds, and hence Conjecture 1.2 also holds. In401
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the proof of Lemma 2.6, we modify given matroids by deleting and contracting some402

elements, but this modification does not affect the assumption M1 being a partition403

matroid. Therefore the above together with Lemma 2.6 shows that Conjecture 1.1404

also holds.405

Remark 3.3. Note that in the proof of Theorem 1.3, we fixed the basis B1 ∈406

B1 ∩ B2 arbitrarily. That is, for any B1 ∈ B1 ∩ B2, the optimal price vector p can407

be set in such a way that the maximum utility of the buyer corresponding to M1 is408

attained on B1. It is not difficult to see that the analogous statement holds for any409

basis B2 ∈ B1 ∩ B2 and the buyer corresponding to M2.410

Remark 3.4. Even when B1 is a base family of a partition matroid as in The-411

orem 1.3, if B2 is an arbitrary set family of S, then the requirements in Conjec-412

ture 1.2 do not necessarily hold. To see this, suppose that S = {1, 2, 3, 4}, B1 =413

{{1, 3}, {1, 4}, {2, 3}, {2, 4}}, and B2 = {{2, 4}, {1, 2}, {3, 4}}. Then, (B1, B2) =414

({1, 3}, {2, 4}) is a unique pair of disjoint sets such that B1 ∈ B1, B2 ∈ B2, and415

B1 ∪ B2 = S. If p satisfies the requirements in Conjecture 1.2, then p(1) < p(2) and416

p(3) < p(4) hold by the first requirement and p(4) < p(1) and p(2) < p(3) hold by417

the second requirement. This shows that such p does not exist.418

4. Strongly base orderable matroids. In this section, we show that Con-419

jectures 1.1 and 1.2 hold for strongly base orderable matroids. The proof is based420

on a similar approach to that of Theorem 1.3. In particular, we take two common421

bases of the given matroids. Nevertheless, there are small but crucial differences. A422

key difference is that we use Theorem 2.4 for the strongly base orderable case, while423

we use a property of partition matroids in the proof of Theorem 1.3. In the follow-424

ing argument, to utilize Theorem 2.4, we add parallel copies of some elements and425

sometimes regard the two common bases as disjoint sets.426

Theorem 1.4. If both M1 and M2 are strongly base orderable, then Conjec-427

tures 1.1 and 1.2 hold. Furthermore, a price vector p satisfying the conditions can be428

computed in polynomial time if, for any pair of bases, the bijection between them can429

be computed in polynomial time.430

Proof. In order to show Conjecture 1.2, we first show Conjecture 2.3 under the431

assumption that M1 and M2 are strongly base orderable. Let M1 = (S,B1) and432

M2 = (S,B2) be strongly base orderable matroids that have a common basis. We433

take two common bases B1, B2 ∈ B1 ∩ B2 (possibly B1 = B2) such that |B1 ∩ B2| is434

minimized. For each element x ∈ S, we add a parallel copy x′ of x to the matroid435

Mi and denote the matroid thus obtained by M+
i = (S ∪ S′,B+i ) for i ∈ {1, 2}. We436

denote X ′ := {x′ | x ∈ X} for X ⊆ S. Let 2M+
i = (S ∪ S′, 2B+i ) be the sum of437

two copies of M+
i . As M+

i clearly has two disjoint bases, we have 2B+i := {Y1 ∪ Y2 |438

Y1 and Y2 are disjoint bases of M+
i }.439

Claim 4.1. For i ∈ {1, 2}, 2M+
i is a strongly base orderable matroid.440

Proof. Fix i ∈ {1, 2}. We can easily see that M+
i is strongly base orderable.441

Suppose that we are given two bases X1, X2 ∈ 2B+i , and suppose also that X1 =442

Y 1
1 ∪ Y 2

1 and X2 = Y 1
2 ∪ Y 2

2 , where Y 1
1 , Y

2
1 , Y

1
2 , Y

2
2 ∈ B+

i . Since M+
i is strongly443

base orderable, for j ∈ {1, 2}, there exists a bijection fj : Y j
1 → Y j

2 such that (Y j
1 \444

X) ∪ fj(X) ∈ B+
i for any X ⊆ Y j

1 . Then, f1 and f2 naturally define a bijection445

f : X1 → X2 such that (X1 \ X) ∪ f(X) ∈ 2B+i for any X ⊆ X1. This shows that446

2M+
i is strongly base orderable.447

Let X0 := (B1∪B2)∪ (B1∩B2)′. Then, X0 is a common basis of 2M+
1 and 2M+

2 .448
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We consider a bipartite digraph D+ = (V,E+) defined by449

V = (B1 ∩B2) ∪ (S \ (B1 ∪B2)),450

E+ = {(x, y) | x ∈ B1 ∩B2, y ∈ S \ (B1 ∪B2), X0 − x+ y ∈ 2B+1 }451

∪ {(y, x) | x ∈ B1 ∩B2, y ∈ S \ (B1 ∪B2), X0 − x+ y ∈ 2B+2 }.452453

Claim 4.2. The digraph D+ is acyclic.454

Proof. Suppose to the contrary that D+ contains a dicycle. Choose a dicycle455

C with the smallest number of vertices, which implies that C has no chord. Then,456

X04V (C) is a common basis of 2M+
1 and 2M+

2 by Theorem 2.1. By Theorem 2.4457

and Claim 4.1, X04V (C) can be partitioned into two common bases of M+
1 and458

M+
2 . Let B̃1 and B̃2 be the sets in S corresponding to these common bases. Then,459

B̃1, B̃2 ∈ B1 ∩ B2 and |B̃1 ∩ B̃2| < |B1 ∩ B2|. This contradicts that |B1 ∩ B2| is460

minimized.461

We now consider the digraph D = (V,E) defined by (3.1). For x ∈ B1 ∩ B2 and462

y ∈ S \ (B1 ∪ B2), we observe that B1 − x + y ∈ B1 implies X0 − x + y ∈ 2B+1 and463

B2−x+y ∈ B2 implies X0−x+y ∈ 2B+2 . This shows that D is a subgraph of D+, and464

hence D is acyclic by Claim 4.2. Therefore, we can find a function p : S → R such that465

p(x) := 0 for x ∈ B1 \B2, p(x) := |S|+ 1 for x ∈ B2 \B1, p(x) are distinct values in466

{1, 2, . . . , |S|} for x ∈ V , and p(x) < p(y) for (x, y) ∈ E. Then, Claim 3.2 shows that467

arg minX∈B1
p(X) = {B1} and arg maxX∈B2

p(X) = {B2}. Since B1, B2 ∈ B1 ∩ B2, p468

satisfies the requirements in Conjecture 2.3. Thus, Conjecture 2.3 holds.469

This proof can be converted to a polynomial-time algorithm for computing p as470

follows. We first pick up two arbitrary common bases B1, B2 ∈ B1 ∩B2 and construct471

a digraph D+ as above. If D+ is acyclic, then we can find an appropriate function472

p. Otherwise, the proof of Claim 4.2 shows that we can find B̃1, B̃2 ∈ B1 ∩ B2 with473

|B̃1 ∩ B̃2| < |B1 ∩ B2|. Then, we update Bi ← B̃i for i ∈ {1, 2}, construct D+,474

and repeat this procedure. Since |B1 ∩B2| decreases monotonically, this procedure is475

executed at most |S| times.476

Recall that Conjectures 1.2 and 2.3 are equivalent by replacing M2 with M∗2 .477

Since M2 is strongly base orderable if and only if M∗2 is strongly base orderable,478

Conjecture 1.2 also holds for strongly base orderable matroids.479

This together with Lemma 2.6 shows that Conjecture 1.1 also holds. We note480

that, if M1 and M2 are strongly base orderbale matroids, then the matroids M ′1 and481

M ′2 obtained by deletion and contraction in the proof of Lemma 2.6 are also strongly482

base orderable.483

Finally in this section, we show how Corollary 1.5 follows from Theorem 1.4.484

Corollary 1.5. For a bipartite graph G = (U, V ;E) containing a perfect match-485

ing, there exists a weight function w : E → R satisfying the following conditions.486

1. For each u ∈ U , let eu be a lightest edge in δ(u) with respect to w. Then,487

{eu | u ∈ U} is a perfect matching in G.488

2. For each v ∈ V , let ev be a heaviest edge in δ(v) with respect to w. Then,489

{ev | v ∈ V } is a perfect matching in G.490

Proof. Let B1 = {F ⊆ E | |F ∩ δ(u)| = 1 for any u ∈ U} and B2 = {F ⊆491

E | |F ∩ δ(v)| = 1 for any v ∈ V }. By definition, (E,B1) and (E,B2) are partition492

matroids, and hence they are strongly base orderable matroids. Since Conjecture 2.3493

holds for strongly base orderable matroids and B1 ∩B2 is the set of perfect matchings494

in G, we obtain the corollary.495
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5. Reduction from the weighted case to the unweighted case. In this496

section, we show that the weighted problem can be reduced to the unweighted one,497

and prove Theorem 1.7.498

Theorem 1.7. If Conjecture 1.2 is true, then Conjecture 1.6 is also true.499

Proof. Since Conjectures 1.2 and 2.3 are equivalent, it suffices to show that Con-500

jecture 1.6 is true by assuming that Conjecture 2.3 is true.501

Suppose that we are given Mi = (S,Bi) and wi : S → R for i ∈ {1, 2} as in502

Conjecture 1.6. We first consider the problem of finding a maximum weight common503

basis of M1 and M∗2 with respect to w1−w2, where M∗2 = (S,B∗2) is the dual matroid504

of M2. By Theorem 2.2, there exist two functions q1 : S → R and q2 : S → R with505

q1 + q2 = w1 − w2 such that506

(5.1) arg max
X∈B1∩B∗2

(w1(X)− w2(X)) =

(
arg max
X∈B1

q1(X)

)
∩
(

arg max
X∈B∗2

q2(X)

)
.507

Define B̂1 = arg maxX∈B1
q1(X) and B̂2 = arg maxX∈B∗2 q2(X). Then, it is known508

that M̂i = (S, B̂i) is also a matroid for i ∈ {1, 2} (see [14]). By (5.1), we obtain509

(5.2) arg max
X∈B1∩B∗2

(w1(X)− w2(X)) = B̂1 ∩ B̂2.510

This together with B1∩B∗2 6= ∅ shows that B̂1∩B̂2 6= ∅, and hence M̂1 and M̂2 satisfy511

the assumptions in Conjecture 2.3. Therefore, by assuming that Conjecture 2.3 is512

true, there exists a function p̂ : S → R satisfying the following conditions.513

(a) For any B1 ∈ arg minX∈B̂1
p̂(X), it holds that B1 ∈ B̂2.514

(b) For any B2 ∈ arg maxX∈B̂2
p̂(X), it holds that B2 ∈ B̂1.515

Let δ := min{|qi(X) − qi(Y )| | i ∈ {1, 2}, X, Y ⊆ S, qi(X) 6= qi(Y )} and let516

ε be a positive number such that ε · |p̂(X)| < δ/2 for any X ⊆ S. We now show517

that p := w1 − q1 + ε · p̂ satisfies the requirements of Conjecture 1.6. Let B1 be a518

set in arg maxX∈B1
(w1(X)− p(X)) = arg maxX∈B1

(q1(X)− ε · p̂(X)). Since −δ/2 <519

ε · p̂(X) < δ/2 for any X ⊆ S, we have that B1 ∈ arg maxX∈B1
q1(X) = B̂1 and520

B1 ∈ arg minX∈B̂1
p̂(X). Then (a) shows that B1 ∈ B̂2. Therefore,521

B1 ∈ B̂1 ∩ B̂2 = arg max
X∈B1∩B∗2

(w1(X)− w2(X))522

= arg max
X∈B1∩B∗2

(w1(X) + w2(S \X))523

524

holds by (5.2), which means that p satisfies the first requirement in Conjecture 1.6.525

Similarly, let B2 be a set in526

arg max
X∈B2

(w2(X)− p(X)) = arg max
X∈B2

(−q2(X)− ε · p̂(X))527

= arg max
X∈B2

(q2(S \X) + ε · p̂(S \X)).528

529

This shows that S \ B2 ∈ arg maxX∈B∗2 q2(X) = B̂2 and S \ B2 ∈ arg maxX∈B̂2
p̂(X).530

Then (b) shows that S \B2 ∈ B̂1. Therefore,531

S \B2 ∈ B̂1 ∩ B̂2 = arg max
X∈B1∩B∗2

(w1(X)− w2(X))532

= arg max
X∈B1∩B∗2

(w1(X) + w2(S \X))533

534
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holds by (5.2), which means that p satisfies the second requirement in Conjecture 1.6.535

Therefore, Conjecture 1.6 is true if Conjecture 2.3 is true.536

Remark 5.1. Algorithmically, if we can compute p̂, then we can compute p effi-537

ciently as follows. Since w1 and w2 are rational-valued when they are given as a part538

of input, by multiplying by the common denominator, we may assume that w1 and539

w2 are integral. Then, we can take q1 and q2 so that they are integral [18]. Therefore,540

we have that δ ≥ 1, and hence ε := 1/(1 + 2
∑

s∈S |p̂(s)|) satisfies the conditions in541

the proof. This shows that we can compute p := w1 − q1 + ε · p̂.542

By Theorem 1.7, we obtain Corollaries 1.8 and 1.9 as follows. In the proof of543

Theorem 1.7, we consider Conjecture 2.3 for matroids M̂i = (S, B̂i), where B̂1 =544

arg maxX∈B1
q1(X) and B̂2 = arg maxX∈B∗2 q2(X). Observe that if M1 is a partition545

matroid, then so is M̂1. Furthermore, Lemma 2.5 shows that if Mi is strongly base546

orderable, then so is M̂i. Since Theorems 1.3 and 1.4 imply that Conjecture 2.3 also547

holds for these cases, we obtain Corollaries 1.8 and 1.9.548

6. Gross substitutes valuations. In this section, we show that the reduc-549

tion technique in Section 5 works also for M\-concave functions, or equivalently,550

gross substitutes functions. M\-concave functions are introduced by Murota and Sh-551

ioura [31] and play a central role in the theory of discrete convex analysis. A function552

f : ZS → R ∪ {−∞} is said to be M\-concave if it satisfies the following exchange553

property:554

(M\-EXC) ∀x, y ∈ domf, ∀i ∈ supp+(x− y), ∃j ∈ supp−(x− y) ∪ {0}:

f(x) + f(y) ≤ f(x− χi + χj) + f(y + χi − χj),

where domf = {x ∈ ZS |f(x) > −∞}, supp+(x) = {i ∈ S | x(i) > 0}, supp−(x) =555

{i ∈ S | x(i) < 0} for x ∈ ZS , χi is the characteristic vector of i ∈ S, and χ0 is the556

all-zero vector 0. When we consider a function f on {0, 1}S , f can be regarded as a557

function on ZS by setting f(x) = −∞ for x ∈ ZS \ {0, 1}S . It is shown by Fujishige558

and Yang [21] that a function f on {0, 1}S is M\-concave4 if and only if it is a gross559

substitutes function (see also [29, Theorem 6.34]). See survey papers [30,36] for more560

details on M\-concave and gross substitutes functions. For a set Q ⊆ ZS , we define561

a function fQ on ZS by fQ(x) = 0 if x ∈ Q and fQ(x) = −∞ otherwise. We say562

that a set Q ⊆ ZS is M\-convex if fQ is an M\-concave function. It is known that563

a set is M\-convex if and only if it is the set of integer points/vectors in an integral564

g-polymatroid [19,20]. Let 1 denote the all-one vector in ZS .565

We are interested in the existence of a pricing scheme for the two-buyer case with566

gross substitutes valuations (or equivalently, M\-concave valuations), which is stated567

as follows.568

Conjecture 6.1. For i = 1, 2, let vi : {0, 1}S → R ∪ {−∞} be an M\-concave569

function. Then, there exists a vector p ∈ RS satisfying the following conditions.570

1. For x1 ∈ arg maxx∈{0,1}S (v1(x)−p ·x), we have x1 ∈ arg maxx∈{0,1}S (v1(x)+571

v2(1− x)).572

2. For x2 ∈ arg maxx∈{0,1}S (v2(x)− p ·x), we have x2 ∈ arg maxx∈{0,1}S (v1(1−573

x) + v2(x)).574

In Conjecture 6.1, a set in S is represented by its characteristic vector. If buyer575

i comes to a shop first, then she chooses an arbitrary set xi maximizing her utility576

4An M\-concave function f with domf ⊆ {x ∈ {0, 1}S | x(S) = k} for some k ∈ Z+ is called a
valuated matroid in the literature.
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vi(x) − p · x. Then, the second buyer takes the set of all the remaining items whose577

characteristic vector is 1− xi. Conjecture 6.1 asserts that, regardless of the choice of578

xi, this mechanism gives an allocation maximizing the social welfare.579

As an unweighted version of this conjecture, we consider the following conjecture.580

Conjecture 6.2. For i = 1, 2, let Qi ⊆ {0, 1}S be an M\-convex set such that581

there exist x1 ∈ Q1 and x2 ∈ Q2 with x1 +x2 = 1. Then, there exists a vector p ∈ RS582

satisfying the following conditions.583

1. For x1 ∈ arg minx∈Q1
(p · x), we have 1− x1 ∈ Q2.584

2. For x2 ∈ arg minx∈Q2
(p · x), we have 1− x2 ∈ Q1.585

In Conjecture 6.2, each buyer i has an admissible set Qi instead of a valuation.586

More precisely, each buyer i wants to buy a set of items whose characteristic vector587

xi belongs to a given M\-convex set Qi. We can easily see that Conjecture 6.2 is a588

special case of Conjecture 6.1, in which vi = fQi for i = 1, 2. We now prove that the589

reverse implication also holds, which means that Conjecture 6.1 can be reduced to590

the unweighted case.591

Theorem 6.3. If Conjecture 6.2 is true, then Conjecture 6.1 is also true.592

Proof. Let v∗2 : {0, 1}S → R∪{−∞} be the function defined by v∗2(x) = v2(1−x)593

for x ∈ {0, 1}S . Then, v∗2 is also an M\-concave function. Consider the problem594

of maximizing v1(x) + v∗2(x) subject to x ∈ {0, 1}S . By the M-convex intersection595

theorem (see [29, Theorem 8.17]), there exists a vector q ∈ RS such that596

(6.1) arg max
x∈{0,1}S

(v1(x)+v∗2(x)) =

(
arg max
x∈{0,1}S

(v1(x)−q ·x)

)
∩
(

arg max
x∈{0,1}S

(v∗2(x)+q ·x)

)
.597

Define Q1 = arg maxx∈{0,1}S (v1(x)− q · x), Q∗2 = arg maxx∈{0,1}S (v∗2(x) + q · x), and598

Q2 = {1 − x | x ∈ Q∗2}. Then, it is known that Q1 and Q∗2 are M\-convex sets599

(see [29, Theorem 6.30(2)]), and so is Q2 (see [29, Theorem 6.13(2)]). By (6.1), we600

obtain arg maxx∈{0,1}S (v1(x) + v∗2(x)) = Q1 ∩Q∗2. This shows that Q1 ∩Q∗2 6= ∅, and601

hence Q1 and Q2 satisfy the assumptions in Conjecture 6.2. Therefore, by assuming602

that Conjecture 6.2 is true, there exists a vector p̂ ∈ RS satisfying the following603

conditions.604

(a) For any x1 ∈ arg minx∈Q1
(p̂ · x), it holds that 1− x1 ∈ Q2.605

(b) For any x2 ∈ arg minx∈Q2
(p̂ · x), it holds that 1− x2 ∈ Q1.606

Then, by the same argument as the proof of Theorem 1.7, p := q + ε · p̂ satisfies the607

requirements in Conjecture 6.1, where ε is a sufficiently small positive number.608

Remark 6.4. In a market model, it is common to assume that each valuation vi609

is monotone and vi(∅) = 0. We note that these assumptions are not required in the610

proof of Theorem 6.3. In return for this, the obtained price vector p is not necessarily611

non-negative.612

We note that Conjecture 1.2 is a special case of Conjecture 6.1, as the character-613

istic vectors of all the bases of a matroid form an M\-convex set. This relationship614

supports the importance of Conjecture 1.2. It is unknown whether the converse im-615

plication holds, i.e., we do not know whether Conjecture 1.2 implies Conjecture 6.1.616

7. Conclusion. We considered the existence of prices that are capable of achiev-617

ing optimal social welfare without a central tie-breaking coordinator. Although such618

pricing looks similar to well-known Walrasian pricing, it is less understood even for619

two-buyer markets with gross substitute valuations. This paper focuses on two-buyer620
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markets with matroid rank valuations, and we gave polynomial-time algorithms that621

always find such prices when one of the matroids is a partition matroid or both ma-622

troids are strongly base orderable. This result partially answers a question of Dütting623

and Végh. However, deciding the existence of optimal dynamic prices for more than624

two matroids remains an interesting open problem. We further formalized a weighted625

variant of the conjecture of Dütting and Végh, and showed that the weighted variant626

can be reduced to the unweighted one based on the weight-splitting theorem of Frank.627

We also showed that a similar reduction technique works for M\-concave functions,628

or equivalently, for gross substitutes functions.629
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