SHRINKING TARGETS ON BEDFORD-MCMULLEN CARPETS

BALAZS BARANY AND MICHAL RAMS

ABSTRACT. We describe the shrinking target set for the Bedford-McMullen carpets, with targets
being either cylinders or geometric balls.

1. INTRODUCTION AND STATEMENTS

1.1. Introduction. The shrinking target problem is a general name for a class of problems, first
investigated by Hill and Velani in [12]. This class of problems is related to other distribution type
questions (mass escape, return time distribution), it also appears in the number theory (Diophantine
approximations, as an example the classical Jarnik-Besicovitch theorem can be interpreted as a
special shrinking target problem for irrational rotations).

The setting is as follows. Given a dynamical system (X,7T') and a sequence of sets B; < X, we
define

I'={zeX;T'ze B;io.}

and ask how large is the set I'. The size of the shrinking target set we will describe by calculating
its Hausdorff dimension. For any Borel set A, let

H5(A) = inf() |Ui[* : A< | JU; & |Ui| < 6}

Then the s-dimensional Hausdorff measure of A is H*(A) = lims_,o+ Hj(A). We denote the Hausdorff
dimension of A by

dimg A = inf{s > 0: H*(A) = 0}.
For further details, see Falconer [§].

The answer to the shrinking target problem will, naturally, depend on the sets B;, one usually
chooses some especially interesting (in a given setting) class of those sets. After the original paper of
Hill and Velani [12], this question was asked in many different contexts, let us just mention expanding
maps of the interval considered by Fan, Schmeling and Troubetzkoy [10], Li, Wang, Wu and Xu [20],
[25], Liao and Seuret [22], Persson and Rams [24] and irrational rotations studied by Schmeling and
Troubetzkoy [27], Bougeaud [7], Fan and Wu [I1], Xu [28], Liao and Rams [21] and Kim, Rams and
Wang [17].

All the examples above are in dimension 1. In higher dimensions there appears a significant
technical problem: the maps are not necessarily conformal. The dimension theory for nonconformal
dynamical systems is lately very rapidly developing, but we will be mostly interested in the subclass:
the dimension theory of affine iterated function systems. In this class there are several examples of
systems for which we can exactly calculate the Hausdorff dimension of the attractor, the simplest
of them (and the one we will investigate in this paper) are the Bedford-McMullen carpets, [6], [23].
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We should also mention examples considered by Lalley and Gatzouras [19], Kenyon and Peres [16],
Baraiiski [1], Hueter and Lalley [14], Barany [2], as well as the generic results of Falconer [9], Solomyak
[26], Béardny, Kdenmaki, Koivusalo [3] and Barany, Rams and Simon [4] [5].

The Bedford-McMullen carpets are defined as follows. Let M > N > 2 integer numbers and let
llcggg%. Moreover, let S be a non-empty subset of {1,..., N} and for every a € S let P, be a
non-empty subset of {1,..., M}. Denote

Q ={(a,b):ae Sbe P,}.

T =

Let us denote the number of the elements in the sets S, P,,Q by R,T,, D respectively. For every
(a,b) € Q let

r+a—1 y+b—-1
F(a,b)<$7y) = < N ) M ) .
By Hutchinson’s Theorem [I5], there exists a unique non-empty compact set A such that
A= ] Fap®). (1.1)
(a,b)e@

This construction gives us an iterated function system, to obtain a dynamical system (repeller of
which will be A) we need to take the inverse maps F(;lb) : Flap([0,1]%) — [0,1]2

Let us now go back to the shrinking target problem. There are two important results for the
shrinking target problem in a higherdimensional nonconformal settting. Koivusalo and Ramirez [18]
investigated a general-type self-affine iterated function systems (Falconer and Solomyak’s setting)
and obtained an almost-sure type result using the Falconer’s singular value pressure function, the
shrinking targets in this paper are cylinder sets. Hill and Velani [I3] investigated a special type of
Bedford-McMullen carpet (with @ = {0,...,N — 1} x {0,..., M — 1}), their method might be also
applicable to a more general class of product-like Bedford-McMullen carpets (where for each choice
of a the number of possible choices of b, (a,b) € @ is the same).

In this paper we will present an answer to the shrinking target problem valid for all Bedford-
McMullen carpets, with the shrinking target chosen as either cylinders or geometric balls.

1.2. Main theorem. Now, we state the main theorem of this paper. Let
T(x,y) = (Nz mod1l,My mod 1) (1.2)
be a uniformly expanding map on the unit square. Then it is easy to see that A (defined in (1.1]) )

el et ] o [1300] ML) Moreover,

is T invariant. Let P be natural partition, i.e. P(z,y) = [
let

n—1

Polw,y) = (| TFP(T*(x,y)) (1.3)
k=0

Denote the simplex of probability vectors p = (pap)(apeq by T, i.e.

T = BGRQ:pa,b>0& Z Dap =1
(a,b)e@

Define for a probability vector p = (pa)(apeq) the Bernoulli measure v, = {B}N , define also its

h(vp) = h(p) = = > Paplogpap
(a,:b)eQ
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entropy and

hr(yg) = hr(B) = - Z( Z pa,b) IOg( Z pa,b)

aeS beP, beP,

row-entropy. Let us define the dimension of p as follows,

h(p) + (r = Db (p)

dim(p) = log 37
Moreover, let
m(a,7) = min{l, (1 + «)/7}
M(a,7) = max{0,1—-(1+a)/7} =1—-m(a,7).

Now, we introduce the 6 different quantities, depending on probability vectors. We call these
functions dimension functions.

di(p_) = dimp_,
N m(a, T)h(p_) + M(a,7)h,(p,)
3 (p_opy) = (1+ «)log N =
N m(a, T)h(p_) + M(a, 7)h(p,) + (T — Dhs(p,)
45 (p_spy:Py) = (1 + a)log N ’

m(o, T)h(p_) + M(a,T)h(gl) + (17— 1)hT(Q2) + a(r — 1)hr(]3+) +a(l—1/7)H
7(1 + a)log N ’
m(a, T)h(p_) + M(a, T)h(p,) + (T — Dh(p,) + (T + a)(T — 1)hr(g+) +a(l—-1/71)H
7(T 4+ a)log N

dz(ﬂ_’BI’]zQ?B_i_?H) =

d?(ﬂ7781’g27£+,H) =

)

d6(2+) = dim]g+,
and let

Do(p_.p,,p,,p, k) =minidi(p ),d5(p_,p,),d5(p_,p,.p,)di(p_.p, P, 0. ), d5(p_.p,, 0,0, h),ds(p. )¢
17522724 1 1722 1722724 1722724 +

Theorem 1.1. Let z,, be an arbitrary sequence of points on A and let f : N — N be an arbitrary

function such that lim,,_,4 @ =a>0. Then
dimpg{ye A:T"y e Pt (xn) infinitely often} = max Ba(g_,gl,yg,gr, 0).

PP Py, €T
Let us denote the geometric balls on R? centered at z and with radius r by B(z, ).

Theorem 1.2. Let pu be an ergodic, T-invariant measure such that suppu = A. Let x,, be a sequence
of identically distributed random variables (not necessarily independent) with distribution p and let

r: N RY be an arbitrary function such that lim,_,4 7;(1)5;1(\7) =a>0. Then

dimpy{y e A : T"y € B(z,,r(n)) infinitely often} = max Ba(gi,gl,&,&r, H),
P_sPypyP €T

where H = {log T\ Naj+1d1(T,Y).

For the heuristic explanation of the result we refer the reader to Section 3.
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2. SYMBOLIC DYNAMICS

Let us denote by ¥ the space of all infinite length words formed of symbols in Q, i.e. ¥ = QN.
Let ¥* denote the set of finite length words, i.e ¥* = (J"_, Q™. Usually, we denote the elements
of ¥ by i,j and we denote the elements of ¥* by 7,7, h. For an i = ((a1,b1), (az,b2),...) € ¥ and
n = m > 1 integer, let i, = ((am,bm), ..., (an,by)). For1e ¥* and i€ ¥ (or 7€ ¥*), let 7 (or 77) be
the concatenation of the words. We use the convention throughout the paper that for a nonnegative
number p ¢ N, i) := i|,|, where |.| denotes the lower integer part.

For 7= ((a1,b1),..., (an,by)) € X%, let

C@) = {j = ((a},}), (a5, by),...) 1 aj, = a and b, = b for k =1,...,n}.

Moreover, denote B(7) the approximate square that contains 7 = ((a1,b1),. .., (an,by)) and has size
NI, That is,
B@) = U U C( J+17b/[ J+1) (anvb/n)))'
b'l%mEPal%m s Fan

Denote the cylinder of length n containing i = ((a1,b1), (a2,b2),...) € ¥ by Cp(i), i.e
Cn(i) = C(i[f) and By (i) = B(i[}).
For any 7 = ((a1,b1), ..., (an,by)) € £*, let
F; = F(al,bl) C 0L (g, by):
Let us define the natural projection from ¥ to A by «. That is,
m(i) = hm F‘n(O 0).

Let us denote the left-shift operator on ¥ by o. It is easy to see that ¢ and T are conjugated on
A ie.

moo=Tom. (2.1)
Let f: N+— N be a function such that
lim Jn) _ a>0. (2.2)
n—a0 n

Let {j,} be a sequence in ¥ and let T (f, {jn}), I'B(f, {jn}) be the set of points which hit the shrinking
targets {Cf(,)(jn)} and {Bjy(,)(jn)} infinitely often. That is,

To(f, {jn}) = {i€ T : 0" € Cpny(jn) 10.} and
Tp(f,{jn}) = {i€ £ : 0" € Byn(in) i0.}.

In other words,

c(ftia) = (1 U o7 (Crn(in) and T (£, ) - By (). (23)

TDS
i

For a visualisation of 07" Cfp)(jn), o (n)(Jn), see Figure

Theorem 2.1. Let {j,} be an arbztmry sequence in X, and let f : N — N be a function such that
lim,, o fgf) =a>0. Then

dimg 7l (f, {jn}) = max Da(gi,gl,&,ﬂyO). (2.4)
P_sPy Py €T
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FIGURE 1. Symbolic representation of holes at nth iterations defined by cylinders and
balls. That is, the sets 0" Cjn)(jn) and 0= By () (jn)-

Theorem 2.2. Let f : N — N be a function such that limn_,oo% = a > 0 and let {j, =
((agn), bgn)), (agn), bgn)), ... )} be a sequence in ¥ such that lim,,_, 4 m Zi(:}(n)/-r log Ta;(cn) =H.
Then

dimg 7Tp(f,jk) = max 4Da(g_,g1,g2,]_7+,H). (2.5)
P_py:PyP €T

3. HEURISTICS

The statements of our results might on the first glance look a bit strange and complicated, but
they have a simple geometric meaning.

Fix some n > 0 and consider the set I',, of points that hit the target at time n. In symbolic
description, I';, consists of points that have prescribed symbols on positions a;,7 =n+1,...,n+ f(n)
and bj,j =n+1,...,n+ 771 f(n) (in the ball case) or on positions a;,i =n+1,...,n+ f(n) and
bj,j=n+1,....,n+ f(n) (in the cylinder case). Let p_, p1, p2, p+ be some fixed probabilistic vectors
on Q.

We will define a probabilistic measure p, = p,(p—, p1, p2, p+) the following way. We will demand
that (a;, b;) is independent from (a;, b;) for all @ # j, and that the distribution of (a;, b;) is given by p_
for i < min(n, 77 (n + f(n))), by p1 for 77H(n + f(n)) <i < n, by pa for n + f(n) <i < 71n+ f(n),
and by py for i > ™n + f(n). If we are in the ball case then we still have to describe b; for
n+ 77 f(n) <i < n+ f(n), at those position we have already prescribed the value of a; and we
distribute b; choosing each of available values of b; € P,, with the uniform probability 1/7,.

Given m, we define the local dimension of u, at a point j at a scale N™™ by

. log fin(Bm ()
i (tin,§) = T mlogN

Then, everywhere except at a u,-small set of points, we will have that the local dimensions of p,,
at scales N~ corresponds to the dimensions values d; as follows:

mi<n me=n+f(n) my=1n+ f(n) mg=7(n+ f(n)) ms=71(n+ f(n)) me>»n+ f(n)
dl(p—) dg(p—apl) dg(p—vpbp?) dg(p—»PlaPQa]%) dg(p—vpl7p2ap+) dﬁ(p-l-)
For a visual representation of the approximate squares at level m;, see Figure [2| and Figure

Moreover, one can check that, again everywhere except at a u,-small set of points, the local minima
of dy,(n,j) happen at (some of) the scales my, ..., mg. That is, for m; < m < m;;1 we have
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my=f(mM+n my=~f(nN)+m my=71(f(n)+n) ms = 1T (f(n) + ™)

M
FIGURE 2. The representations of balls at scale m; and the probability measure g,
in the case a > 7 — 1.
my<<n my=f(nN)+n my=f(n)+m my=rt(f(n)+n) ms = 1 (f(n)+1N)
7777777 N
M il

FicUrE 3. The representations of balls at scale m; and the probability measure g,
in the case a < 7 — 1.

A (fn, ) > min(di, (1n, ), dmg sy (10, J)) — €(n),

where €(n) is small for n large.

The rest of the paper is divided as follows. The following section is devoted to prove several
lemmas, used heavily later in the proofs of lower and upper bounds. In Section [£.1] we define a class
of measures (piecewise Bernoulli measures) which are a generalization of the measure u, defined
above.

In particular, a piecewise Bernoulli measure is the distribution of a sequence of independent finite
valued random variables, chosen in a piecewise constant way. That is, we consider a sequence
of intervals (Sk_1,Sk] € N and a sequence of finite valued random variables Xj, and at all the
positions i € (Sk_1,Sk] we use the random variable X;. We show that the local dimension of such
measures (more precisely, of their projections from the symbolic space, where they are defined, to
the Bedford-McMullen carpet) can be calculated by considering only the scales correspoding to the
positions Si (Lemma , which lets us to write explicite formulas (Lemma . Those measures
will be eventually used in Section [5] to obtain the lower bounds, since the projection of a well-chosen
piecewise Bernoulli measure gives full measure to the shrinking target set.

In Section we will present the basic properties of entropy and row entropy (Lemma ,
and give some counting arguments (Lemma Lemma @ and Lemma , which will be useful
during the proof of upper bound. Moreover, Lemma [4.5] is also applied to simplify significantly
the statements of our results. Namely, it allows us in Section [£.3] to work with a restricted family
of probabilities (Lemma and Lemma , and to show some relations between the values of
functions d', where the minimum is achieved (Lemma . The construction of the cover depends
on, which function df' achieve the minimum value in D, at the maximum. The case of d§ = D, is
the most difficult and in order to be able to handle this case, Lemma plays a key role in the
argument (see Lemma and Lemma .

In Section |5, we will prove the lower bound estimation for the dimension of the shrinking target
set. With a proper choice of {n;}, we will construct a piecewise Bernoulli measure supported on
the set of points that hit the targets at times {n;} in such a way that around each scale N~ this
measure will be similar to p,,. In Section |§[, we will prove the upper bound estimation. Idea of



SHRINKING TARGETS ON BEDFORD-MCMULLEN CARPETS 7

proof: for any n we will construct a cover for all the points hitting the target at time n. Again, the
construction of this cover will be closely related to the measure u,, though this relation might be
difficult to explain right now. We finish the paper with the examples section.

4. ENTROPY AND PIECEWISE BERNOULLI MEASURES

4.1. Piecewise Bernoulli measures. We define the piecewise Bernoulli measures on X as follows.
Let Q(k) be an arbitrary sequence in Y and let m; be a sequence of positive integers. Let us denote

Z];:l mgq by Si with the concept Sy = 0. Then we call ;1 piecewise Bernoulli if
0
p=] =1, where no = p™ if £ € (Sp_1, S].
L

Lemma 4.1. Let B(k) be a sequence of probability vectors in Y and let my be a sequence of integers
such that

0
dimpt <o (4.1)
k=1

Let p be the piecewise Bernoulli measure corresponding to the sequences Q(k) and my. Then there
exists a set Q with () = 1 such that for every sufficiently small e > 0 and for every i = (i1,12,...) €
Q there exist K = K (e,1) such that for every k = K and every emy_1 < m < my,

=1+ 30 mg,...,m+ e mg: e=9'}_p(k>
J

< e and
m

<ée.

‘ﬁ{g_Zq lmq m—i—l,...,zlgzlmq:if:j}_p(k)
m J

Proof. We prove only the first inequality, the proof of the second one is similar.
Let us recall here Chebyshev’s inequality. Let X7, Xs,... be independent, uniformly bounded
random variables. Then for every € > 0

n
]P (
i=1

2. Xi= ZE

> ns) < % for all n > 1, (4.2)
n

where C' is some constant depending on the uniform bound and ¢ > 0.
Let us fix € > 0. Let A, . be the set of i € 3 such that

{6—1—1—2 “img,. . m+2 “img i =75} k)
—pi| >e.
m J
Thenby,
C
M(Am,k’)<m

Hence,
mi mg
C C(l-e)
A < — < —.
® ( 7U mk) 72 m2 p—
M=EME_1 m=emig_q

Since the series Zle m,;l is summable, by Borel-Cantelli Lemma the assertion follows. O
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Letie ¥ and g > 1. Let k,£ be integers such that Sp_1 < ¢ < S and 7.5,_1 < g < 75, then

/-1 Sn q/T
nB0) = [ | H Pacb, - L1 #as, Hpar H H b T . @)
r=S,_

r=Sp_1 r=q/T n=¢+1r=S,_1 r=Sip_1

Lemma 4.2. Let C' < T° be compact set and let {]g(k)}ff:l be a sequence of prob. vectors such that
(k) e C for all k = 1. Moreover, {mr}i, be a sequence of integers such that (4.1)) hold. If p is the

;iecewise Bernoulli measure corresponding to my and B(k) then for p-a.e. i

liminf ——————-~ =

S mah(p™) + (Si/r — Setr)-1) (PO + (Sery — Se/T) e (pO) + X0 s myhe (p™)
k—o0 Sk log N

)

(4.4)

where £(k) is the unique integer such that TSyy)—1 < Sk < 7Syx), and

. (-1
lim inf log u(Brs, (i) _ lim int S mah(p™) + Zn 33+1 mnhe(p™) + (7S¢ — Skey—1) b (p™)
t—o  —15plog N £—m 7Sy log N

)

(4.5)
where k({) is the unique integer such that Sy—1 < 7S¢ < Sp()-

Proof. We prove only equation (4.4]), the proof of (4.5) is similar and even simpler.

By ([4.3),

(k)-1 S, Sk/T So(k) k
BSk H H p((;:?br ) H par7br H par H H p
n=1 r=S,_1 r=Sp(k)—1 r=Sk/T n=0(k)+17=5Sn—1

Let € > 0 be arbitrary, but fixed. Let K = K(g,i) > 0 be the constant defined in Lemma [4.1] and let
us assume that ¢(k) > K + 1. Thus,

log 1(Bs, (1))

—Silog N
0(k)—1 n n Sy/T ¢ S ¢
Zn(=)K mnh@( )) + Zi=£(k)+1 m”hr(ﬂ( )) - ZTi{g{(k)—l lo gpl(lr)br o Zri(g)k/T logpc(”) — e (4 6)
Sk log N ’
and
log (Bs,, (1)) _
—Si log N
o(k)—1 n n Si/T ‘ S ¢
Sk b ) + By ke (0) = G ogE), — B logpht
S log N
Sk P )
— 4 C 4.7
* Sk log N +Ce (A7)

with some constant ¢’ > 0 and P = — minpec ming p log pa . There are three possible cases,
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o if TSé(k)—l < S < TSE(k)—l +eTmyk)—1 then by Lemma

Sk/7 , Seew)
- Z logpgibr - Z logp( ) < < emy(g)— P+ (Seky — Sk/7)he(p D) + mye <
T=S¢(k)—1 r=Sk/T
(Sk/T = Sery—1)R(P) + (Sery — S/ (') + (1 + P)Sye
and
Sy/T , Sek)
- Z Inggr),bT - Z log p{) = (Syqw) — Sk/T)hr(p)) — myge >
T=S5¢(k)—1 T=5k/T

(Sk/™ = Sery—1)R() + (Sery — S/ (p1)) — £S), max h(p).

peC

e Similarly, if TSg(k) — ETMy(k)—1 S Sk < TSg(k)

(Sk/T = Segy—0)hPD) + (Seqry — Se/7)hr (P — €51 mac by (p) <
Sy /T Se(k)
— Z logpa by Z logp
T:Sg(k) 1 r= Sk/T

(Sk/7 = Sery-D)h(P) + (Seqry = Sk/T)hr (1) + (1 + P)Spe,  (4.8)

e and if TSE(k)fl +EeTMyk)—1 < S < TSg(k) — ETMy(k)—1 then

Sk/T Secr)
(Sk/™ = Sy~ DhEY) + (Sey = S/ () = | = ) logpll), — 3} logpl?) || < 268y
r=Sp(k)-1 r=_Sk/T
Equation (4.4) follows from the fact that the choice of € was arbitrary. O

Lemma 4.3. Let C < Y° be compact set and let {g(k)}zo:l be a sequence of prob. vectors such that
p k) e C for all k = 1. Moreover, {mi}i2, be a sequence of integers such that (4.1) hold. If p is the
piecewise Bernoulli measure corresponding to my, and p(k) then for p-a.e. i

1 B, (i Be (i Boc (i
lim inf 08#BaW) o g 108 HBs W) el i(Br (i) ]
g—o  —qglog N k-  —Sklog N e —718S¢log N

Proof. Let € > 0 be arbitrary small but fixed. Let i € Q and let K = K(i,¢), where the set Q and
the constant K = K(e,1) defined in Lemma Let k, £ be integers such that Si_1 < ¢ < S; and
751 < q < 75p. We may assume that ¢ > K + 1.

Ifge (Sk—l, Sip_1 + emk_l) then

logpu(By(1)) _  logu(Bs, (1)) 1 logu(Bs, (1))

= = . 4.9
—qlog N —(Sg—1 +emg_1)logN ~ 1+e —Sg_1logN (4.9)
Similarly, if g € (7S¢—1,7S¢—1 + eTmy—1) then

—qlogN = 14+¢ —71Si_1logN ~
So without loss of generality, we may assume that

Sp_1+emp_1 <qg<Spand 75,1 +etmy_1 < q< 78y
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By Lemma and ,
log (B (1)) _
—qlog N
Sh e mah (™) + (g/7 — Sp-1)h(PO) — B2 logpl) + ThZtey mahe (0) + (g = Sk-1)he (p9) o
qlog N ’
where C” depends only on € > 0 and the compact set C' but independent of ¢q. If ¢ € (7S; —
eTmy—1,7Sp) then the right hand side is greater than or equal to
log p(By(i)) _, Bnese mah(p™) + Bger e @) + (S = i) @)
—qlogN ~— 7Splog N ’ ’
where C” > C' but depend only on € > 0 and the compact set C.
On the other hand, if ¢ € (7Sy_1 + eTmy_1, 7S¢ — eTmy_1) then by Lemma
log (B, (1)) _
—qlogN ~
Yo Mk @) + (a/7 = Se-) @) + (Se = a/T)he (09) + Bz mabr @) + (0 = Sp-0)he@®)

qlog N

Clearly, the right hand side of the inequality is either strictly increasing or strictly decreasing in g,
thus

log u(By(i)) _ . {zi;mmMM+mh—&AMW%

= min
—qlog N q=Sk—1,78¢-1,5%,75¢ qlog N

— Ce. (4.12)

+(S€ - Q/T) (p(g ) + Zn /+1 mnhr(p( )) + (q - Sk—l)hr(ﬂ(k))
qlog N

Hence, the statement of the lemma follows by Lemma (14.9)),(4.10),(4.11), (4.12) and the fact
that the choice of € > was arbitrary. U

4.2. Notes on entropy and coverings. Let p D be the unique measure with maximal entropy, let
Pr be the measure with maximal entropy among the measures with maximal row-entropy, and let p 4
be the measure with maximal dimension. That is,

11

1 1 7
bp = <> P = (> L=\ 1 ' (4.13)
D R T.R d T
(a,b)eQ (a,b)e@Q Ywes Ty (a,b)eQ

The first two formulas are obvious. The proof for the third one can be found in [6, Theorem 4.5] or
alternatively [23] Theorem on p. 1].

Lemma 4.4. The functions p — h(p), p — h.(p), p — dim(p) are continuous and concave on Y.
Proof. Proof is straightforward. O

Given 0 < z < log R let

and for 0 < z < log D
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Lemma 4.5. The functions a — (a), a — p(a), a — %(TM_I)G and a — %

on their domains. Moreover, hy(p,) < hr(p,;) < hr(py) =log R and h(p,) < h(p,) < h(p,,) = log D
and equalities hold if and only if T, takes only one value for all a € S.

are concave

Proof. First, we prove the concavity of ¢. It is easy to see that for any p € T, h(p’) > h(p) and
h,(p') = hr(p), where

o, = 2 Pab _ Da
(l,b Ta Ta'

Hence,
Y(z) =z + max{z palog Ty @ — Z Palogp, = z}.

aesS aesS
However,

maX{E palogTy @ — Epalogpa =z} = max{Z palogTy @ — Zpalogpa > z}.
aesS aesS aeS aeS

Indeed, the < direction is trivial. Let #; = f{a € S : T, = minges Ty} and #o = {a € S : T, =

maxges To . If {pa}acs is a maximizing vector such that — > _¢palogp, > 2z then by choosing
Pa— 0/, ifast. Ty =mingegTy;

pfl =< pa+0/ta, ifast. T, =maxyesTy;

Pa, otherwise

we have >, ¢pologTy, < D ,cq Py logT, and — 3, ¢ p,, logpl, > z for sufficiently small choice of ¢,

which contradicts to the assumption that {p,}.es is a maximizing vector.
Therefore,

q(z1) + (1= @)¢(z2) =
gz1+ (1 —q)z + max{z qpa + (1 — q)p) log T, : — Zpa logp, = 21, — Zpglogpg > 29} <

aesS aesS aesS

gz1+(1—q)ze+max{ ) gpa+(1—q)p,log To : — Y. (qpat+(1—q)p,) log(qpa+(1—q)p,) = gz1+(1—q) 22} =

aeS aesS
Y(gz1 + (1 — q)22).

The concavity of ¢ follows by the fact that ¢(¢(2)) = 2 for z € [h,(p,,), log R].
The proof of the second statement of the lemma follows from simple algebraic manipulations. [

For the graph of the function ¢ on [h,(p,)),log R], see Figure

Let us denote the symbolic space formed by only the row symbols by Z = SN and the set of finite
length words by E* = | J)°_, S™. Let II be the natural correspondence function between ¥ and = (and
between ¥* and =* respectively). That is, for i = ((a1,b1), (ag,b2),...) € X let II(i) = (a1, a9,...)
(and for 7 = ((a1,b1), ..., (an,by)) € £* let I1(7) = (a1,...,an)).

For a finite word 7 € ¥* and for 7 € Z* let us define the entropy of 7 and row-entropy of 7 as follows.
Let us denote the frequency of a symbol (a,b) and a row-symbol @ in 7 and 7 by

Van(7) — #{k=1,...,17 : (ak,br) = (a,b)} and va(7) = Hk=1,.. ’;|’]‘ Dag = a}.

g
We can also define the frequency of rows for finite words 7 € ¥* in the natural way,

Ua(i) = Ua(H(i)) = Z Ua,b@)‘

beP,
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w(a)

log(D) |

hip )+

h

Pt

i i -
he(pp) he(p,) log(R)

FIGURE 4. The graph of the function ¢ on [h,(p,)),log R].

And let for 7€ ¥* and 7€ =*

h@) == > vap(2)10gvap(2), hr(1) = = D" 04(2) log va(2) and he(7) = — O va(7) log va(7).

(a,b)e@ aes aes

Lemma 4.6. For every € > 0 there exists N = 1 such that for alln = N and every h < log D and
h, <log R

#{1€ Q" : h(7) < h} < e"h+e)
and
t{7€ 5™ : he(3) < hy} < enhrte),
Proof. We prove only the first inequality, the proof of the second one is analogous.

Let W ={pe Y :h(p) <h}. Then

{1e Q" : h(7) < h} = g {1€ Q" : vap(D)n = qayp) for (a,b) € Q}.
(9(a,b)) (a,b)e@ENP

Z 9(a,b)=N
(a,b)eQ

_ 2 q(“vb) log q(‘l:b) <h
(abe@ " "

For any ¢, € N with Z(a,b)EQ dap) = M

ﬁ{i € Qn : Ua,b(i)n = q(a,b) for (CL, b) € Q} =

By using Stirling’s formula, there exists C' > 0 such that for every k > 1
k* k*
C™' =2k < k! < C—V2rk.
e e

Thus, for any g, ) € N with Z(a,b)eQ Q(a,p) = 1 and with — > q(:l—’b) log %T’b) <h

(a,b)eQ
n! n! _ 9a.b) 1, Yasb)
;= ' < CD+1\/ﬁe ”Z(a,b)eQ log =2 < CD+1\/E€nh.
[T %ap [T %
(a,b)eQ (a,b)e@Q
Y(a,p)>1
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On the other hand, #{(q(a))(a,b)cq € NP . Z q(mb) =n} < (n-i—é)-i—l)‘ Hence, for every € > 0 one
( 7
can choose N > 1 such that for every n >

{’L eQ": h( (TL + D+ 1> CD+1\/Henh < en(h+€)‘

O

Lemma 4.7. For every z € [hT(BD),log R] and for every e > 0 there exists N > 0 such that for
every n > N
8e Q" ho(1) = 2} < PR+,
Moreover, For every x € [h(BR),log D] and for every € > 0 there exists N' > 0 such that for every
n> N’
fl{z e Q" : h(1) > x} < ")),

Proof. By Lemma ¥ (z) is monotone decreasing on the interval [h,(pp),log R]. So, if h.(7) > =z
then h(z) < ¢ (h,(7)) < (2). Thus, the statement follows by Lemma [4.6] O

Lemma 4.8. Let V,, be a set of finite length words with length n. Denote the number of approximate
squares with side length N™" required to cover V = | Jicy, Bn(7) by V,,. Then

V,<t#{7e@" 7= n/T} #{7 e SOV Gl 1) =7
The proof is straightforward.
4.3. Properties of the dimension functions. Let

Ty = {pe T v(he(p) = h(p) & he(p) = ho(py)}
and let

= {0, :p,p,) € (Yo he(p) € [he(p) e (0], o)) € [hr(p_), log R]
and hy(p,) € [ha(p,). log R1}

where p,p, and p, are defined in (4.13)).
Lemma 4.9. For any h = 0,

max  BDo(p_,p,p,p h) = — max  Da(p_,p,p,p,,h
B*’Bl’ETBJrGT a(i_ L2 ) (B_’Bpgz’g-;_)e@ 04(7_ SR8 )

Proof. Tt is easy to see that ﬂa(ﬂ—’ﬂl’ﬂz’&r’h) is monotone increasing in h(gi) and hT(Bz‘) for

i = —1,2,+. Thus, for fixed h,(p,) the value of Dy can be increased by replacing h(p,) with
P(hr(p,)).

On the other hand, since 1 is continuous and concave with maxima at h.(p ), if hy(p,) = hr(p,)
for some ¢ = —, 1,2, + then the value of D can be increased by replacing h,(p,) with h,(p,,), and
replacing h(p,) = ¢(h,(p,)) with log D = h(p,,). Thus, we’ve shown that

max D ,D. Do, p L h) = max D ,Dys Dy, P L h).
b_p pap, €T o(P_,p5 P, P, ) (00,0, JE(X ) olp_, Py 1, Py )
Now, let (p_.p,p,,p,) € (Ty)* be arbitrary. Since the function a ~— W is a concave

function with maxima at a = h,(p,) and a — ¢ (a) is strictly decreasing on [h,(p ), log R, if h,(p ) >
h, (;Qd) then by choosing p’ = (1—¢)p_ +ep,, we get that di(g’,gl,QZ,QJr) > di(g_,gl,&,gr) for every
1=1,...,5. Thus, ﬂa(ﬁ,’ﬂl’ﬁg’gﬁ-) > ﬂa(£—72172278+) and we may assume that h.(p_) < hr(ggd).
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Now, suppose that h,(p,) < hy(p_) < hy(p,). Then h(p,) > h(p ) and dimp, > dimp . Thus,
:DQ(BI,BI,BTQJF) > :Da(pi,gl,&,g ). Hence, we may assume that h, (pl) hy(p_).

Finally, if hr(&r) < hT(Bd) then d;(p_ N Ry ) < di(p_ ,pl,pQ,%l) for i = 4,5,6, which implies
that ﬂa(ﬂ—’ﬂl’ﬂz’ﬂd) > Ba(ﬂ—’ﬂl’&’&r) Thus we may assume that hT(,Jr) > hr(gd). O

Denote the maximizing subset of © by @%’[H, ie.

max  Do(p P}, 00 H) = Dalp_p,p,p, . H) for every (p_,p,,p,.p,) € 05"
@ pppyp,)e0 U PEELEr S SIS
H . .
Lemma 4.10. If (B—’Q1’Q2’B+> € O} and a > 0 then Da(g_,gl,22,2+,H) <dimp,. In particu-
lar, p_#p, D,

. H
Proof. Suppose that dimp, = Da(p_,p,,pyp,, H) for (p_,p,,p,,p. ) € 09 - Then P, =pP_=7p,

otherwise Dy < dimp,. By Lemma {.5| and Lemma h(p,) < h(gd) But then

Bp,) + (r — Dhe(p,)
(T +a)log N

which implies by Lemma 4.5 that h(p,) < h(p,). Thus,

> d3(p,,p,,p,) = dimp, implies that (t—1)h(p,) = (T+a—1)h.(p,) > (T—1)h.(p,),

o Thlp) ()= Dbilp) +a(l -y o ((r = 1)H = hp,)) .
5 < 7(T + ) log N -y 72(T + a)log N = APy
since H < max, log T, < h(pd) clearly. This contradicts to D, = min;—q,_e{d{'}. O

Lemma 4.11. If (p 3PPy P ) € G)a and Ba(g_,gl,gz,&r,ﬂ) = dingr then

dlm2+ = d?(g_?£179272+7}1)'
Moreover, if Ba(ﬂf’&’ﬂz’ByH) = di(gi,gl,&,ng} for i = 4,5,6 then h(}gz) = h(£+) and
hr(py) = he(p. ), i.e. p, =p_ can be chosen.

Proof. Suppose that max 7/, )€ Dalp_,p;:0y:p - h) = dimp_ . Ifhe(p,) < he(p,) and dimp <

PP P,
min{dg(p),d3(p)} (where p = (Q—’Q1>BQ’B+)) then by taking ¢ > 0 sufficiently small and Bl—i— such
that hr(p',) = (1 —€)h(p, ) + ehr(p,) and h(p' ) = P(h(p ), we get

dimp, < dimp’ < min{d5(p’),dj(p ')} < min{d5(p), di ()},

where p’ = (p_ \ DDy P ) This contradlcts to p € ©F;". Thus, either d¢(p) = dimg+ or di(p) =

dimp_orp =p, But by Lemma p, #p,and therefore dimp = min{dg, di}.
Next, we show that dim p, = dg. Contrary suppose that df = dim p, < dg. Simple manipulations

shows that
1 _h —h Thy(p h — hy h(p ) — h(p
P Ltay M) = hlp) @) b)) bp)hlp) o
T—1 T—1 log M log M log M log M =t

Thus, if df = dlmgr < dg then

T+ « (da dim2+> _ h(ﬂz) — hT(BQ) B h(EJr) — hr(BJr).

0< log M log M

r_
Hence, h.(p,) < (p+). Indeed, if hr(p,) = hr(p,) and h(p,) — hr(p,) > h(g+) — hy(p,) then
Y(hr(py)) = h(py) > h(p_) = ¥(h:(p, )), which contradicts to the fact that ¢ monotone decreasing on



SHRINKING TARGETS ON BEDFORD-MCMULLEN CARPETS 15

[hr(pp,); log R]. But if h,(p,) < Ay (g+) then the value of d¢ can be decreased and df can be increased

by increasing hy(p,) (the value dimp does not change), which contradicts to (p_,p,,p,,p_ ) € @%H,
and shows the first assertion of the lemma.
On the other hand, if df = dg = dimgr then by (4.14))

h(p,) = he(p,) = h(p.) — he(p_)-

Since v is monotone decreasing on [h,(p,),log R], the proof is complete. O

5. LOWER BOUNDS
Proposition 5.1. Let f be a function defined in (2.2). Then, for any P_\Dy:Pyp, €Y7
dlmH WFC(f) {jk}) = Da(ﬂf:glvﬂ27ﬂ+a 0)
where {ji} is an arbitrary sequence.

Proof. Let g = 1 be arbitrary but fixed integer and let {ns} be a sequence of integers numbers such
that

k—1
lim =™ _ 0 and (5.1)
k—o0 Nk

Nopt1 > Tngy for all k> 1. (5.2)

Let IV be the set for which
I'={ieX: 0™ ljic Ctngp_1)Fng,_,) for all k > 1}.
Clearly, I'" < T'c(f). We divide the proof into two cases.
Case I: a > 7 — 1. Observe, that in this case m(«,7) = 1 and M (a, 7) = 0, thus p, does not play

any role.
Let

e}
=1 1n
/=1

be a measure supported on I, where 7, a probability measure on @ such that

50”21@71)@*”%71“’ if (e (n2k 1,N2k—1 + f(n2k 1)]
Dy ifle (ngk 1+ f(n% 1) Tnok—1 + f(an—l)L
ne=4 P if £ € (Tnak_1 + f(nog_1), nak]
™, if £ € (7™ngg, T ngy],
p_ if { e (71/5n2k’ n2k+1]
where m = 0,...,q and

m m m
plm™ — (1—) p,t+—p_. (5.3)
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By (5.1) and Lemma it is easy to see that
log p1(Bn,,_, (1))

h;?l)logf g1 log N = dimp_, (5.4)
.. Jdogp(Brny, (1)) h(p_)
1 f - == .
e —Tnog_1log N Tlog N’ (5:5)
log p1(By, ngp_p) (1 h(p
lim inf 8Byt 1) (1) _ A, (5.6)
k—oo —(nog—1 + f(nok—1))log N (1+ «)log N
lim int loglu’( T(nog—1+f(nak— 1))(1)) _ h(Q_) + (T - 1)h7"(122) + (T - l)ahT(B+)’ (57)
k=0 —7(ngk—1 + f(nak—1))log N 7(1 + a)log N
log (B, n i hip )+ (r—1)h.(p
liminf gﬂ( ok—1+f(nak— 1)( )) _ (7_) ( ) (72)7 (58)
k- —(Tnog—1 + f(nog—1))log N (1 + a)log N
log (B (rn n i h(ip )+ (t—=1)h(p,) + (1 —1)(T + a)hr(p
f i 2O HBr(rna o) @) (p_) + (7 = Dhe(p,) + (7 = 1)( ) (4)’ (5.9)
k—oo —7(Tngg—1 + f(nok—1)) log N (1 + ) log N
o log (B, (1)
hl?l»loof “rlog N dimp_, (5.10)
. m—1 n—1 - (n) m—1 . (m)
s 108 (B, (1) hp,) +2p—y 7" (T = Dh(E™) + 7 (7 1)hr(g5.1£)
k-  —TMnorlog N T log N '

For the comfortability of the reader, we give details to ([5.7)), the proof of the other equations is
similar. By Lemma

log:u<BT(n2k 1+f(n2k 1))<i>)
lim inf =
k—oo —T(nok—_1 + f(nok—1))log N
i ((7’ — Dnae—1h(p,) + (nog — mnoe—1 — f(nae—1))h(p, ) + 2o 7" (7 — 1)"2€h(9(m)))
lim inf
ke—s00 T(nag—1 + f(nar—1))log N
Sot (naery — Tnog)h(p_) + (1 — Dngg_1he(p,) + (7 — 1) f(n2k—1)hr(p, )
T(ngk_l + f(ngk_l)) logN )

+

The statement follows by (2.2)) and (5.1)).
Now we show that the formula in (5.11) can be bounded below by min{dimp_,dimp_} —O(1/q).

By using the continuity of the entropy, we have that |k, (p™) — h,(p™*1))| < O(1/q) and thus,

h(p,) + X 77N r = Dh™) + 77 (- = Db (p™)

7™ log N
hip,) + S (e e = DAE™) + 7 (r — DA (0 D) — 777 (1 — DAy (™)) + (1 — 1), (p1) -
7™ log N >
dimp, + Y7 77 (r — 1) log M dim p(™) ot L
7" log N D m log N

By the concavity of the entropy and the dimension,

dim p™ > (1 — ) dlmp + — dlmp > min{dimer,dimp 1
p q p p_
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which implies that

£ log M(BTmnzk (1)) >

dimp, + 37 Ll (r—1) log M dim p™

limin

k-  —TMno,log N

Equations (5 and (5.12) together with Lemma imply that dimg 7Tc(f)

O(1/q), and since ¢ = 1 was arbltrary, the assertion is proven.

Da(£_7£17827g+70)

Case II: o« <7 —1. Let

7™ log N

—O0(e) 2 min{dimp ,dimp_}-0O(1/q).

(5.12)
> dimpy I/ >

o0
p=11Tm
/=1

be a measure supported on I, where 7, a probability measure on @ such that

-

Nok— 1+f(n2k 1)

by
(jn2k71)£7n2k71+17
, if £ € (no
Mg = A By
B.t,_’
B(m), if £ e
P if £ e

\

where m =0, ...

10g pU(B gy, + 1) (1))

T N9k, T

€ (
(
(
if £ e (Tn2k 1+ f(n2k-1), 2]
(
(71

) n?k—1]7

if £ € (nok— 17n2k 1+ f(nar—1)],

1+ f(nog—1), Tnog—1 + f(nar—1)],

+1n2k]7

n2k+1 + f(n2k+1)]
T

9

,q and Q(m) as in (5.3)). By (5.1]) and Lemma we get that

O (5.13)
: 1+a 1+a
lim inf log p(Byy s+ ) TR+ (1= +52) he(py) (5.14)
k—w —(ngg—1 + f(nog—1))log N (14 a)log N ’
. 1 «a 1+o
hmlnf logM(Bn2k71 (l)) _ ;h(ﬂ_) + ;hr(g—) + (1 + ) h (pl) (5 15)
k- —no_1log N log N ’ ’
lim inf log 1(Brny_, (1)) — HTah(B*) * (1 1+a) h(p1) (r—1- O‘)hr(ﬂz) (5.16)
k—w  —Tnog_1log N Tlog N ’ '
lim inf log'u(BT(n% 1+ f(nag— 1))(i)) _ HTah(Bf) + (1 1+a) h(pl) (1 1)hr(]32) + (17— l)ahr(g) (5.17)
k—oo —T(ngg—1 + f(n2x—1)) log N 7(1+ a)log N 7 A
lim inf 10g #(Brnyy_y + 1 (nas—) (1)) — HTah(B—) + (1 1+a) h’<p1) (7 1)h'r(22) (5.18)
k=0 —(Tngg—1 + f(nak—1))log N (1 + a)log N ’ :
lim inf IOgu(BT(Tan 1+ f(n2k— 1))(i)) _ HTah(Bf) + (1 1+a) h(pl) (T 1)hr(ﬂ2) + (7 =1)(7+ a)h,,;gﬁg)?)
k—oo —7(Tngg—1 + f(n2k—1)) log N 7(7 + ) log N N
log u(B, |
lim in fw = dimp_, (5.20)
-0 —N2k 10 -
o dogu(Baey () h(p,)+ XI5 e = DAG™) + 7 (= 1k ()
lim inf = (5.21)
k—oo  —TMngilog N 7™ log N
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Now, we show that (5.15) and (5.16) cannot attain Dy (p , PPy P 0). A simple algebraic calcula-
tion shows that

H2h(p ) + (1= 22 help) _ thip) + $help) + (1= %) hn(p))

< . 5.22
+ a)lo 0
(14 a)log N log N (5:22)
On the other hand, if
Heh(p_ ) + (1= H2) h(p,) + (1 = 1= a)h(p,) _
Tlog N
[ ) + (- ) hlpy) + (7 - Dhe(py) HEh(p ) + (1 - 52 b)) (5.23)
(T + a)log N ’ (1+a)logN '
then
1+ a, l1+a L L
S )+ (1) ) < (14 )iy,
Thus,
Sehip ) + (1= 52) hp) + (r = 1= a)hr(p,)  F2hip ) + (1 - 52) hip))
Tlog N (1+a)logN ’
and by (5.23) we have h(p,) < h,(p,), which is a contradiction. Hence,
Heh(p ) + (1= 52) h(p,) + (1 = 1= a)h(p,)
Tlog N -
in Heh(p ) + (1= %) hip) + (1= Dhe(p,) F2h(p_) + (1= £2) he(p,) (5.24)
(1 + a)log N ’ (14 a)log N )

By Lemma the inequalities ((5.22)), (5.24]) with the equations ([5.13))-(5.21]), and (5.12)) imply that

dimg 7La(f, {jk}) = dimy I’ > i)a(g_,gl,gg,&,()) — O(1/q). Since ¢ = 1 was arbitrary, the proof
is complete. O

Proposition 5.2. Let f be a function defined in (2.2)) and let {j, = ((agk), bgk)), (a;k), bék)), .)}isa
: 1 f(") _ o
sequence on % such that lim,_, A=) Zk:f(n)/T log Ta;(cn) = H. Then, for any PP Py P, € T

dimpy 71—FB(J(‘? {.]k}> = Ba(ﬂ_v?vﬂyﬂ_w H)

Proof. Let g > 1 be arbitrary large but fixed integer and let {ns} be a sequence of integers numbers

such that (5.1]) and (5.2)) hold. Let I'" be the set for which
I'={ieX:0"* i€ By, ,)(ny_,) forall k>1}.
Clearly, IV < T'p(f, {jk}). Just like in the proof of Proposition we divide the proof into two cases.

Case I: a > 7 — 1. Observe, that in this case m(«,7) = 1 and M (a, 7) = 0, thus p, does not play
any role.
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Let pu = 1_[20:1 n¢, be a measure supported on I, where 7, a probability measure on @ such that

f(n2k—1)]

T )

5(j”2k,1)éfn2k_l+17 lf E € (N2k—1,N2k—1 +

/5_”%71_“”%71) ; | flrok—1)
)5, T, ifle (ngg1 + snok—1 + f(nar-1)],
=1 Py if £ € (nogp_1 + f(n2k 1), Tn2k—1 + f(nak-1)],
(
(
(

if £ € (tnop_1 + f(n2k 1)s M2k

I3 |

+7
(m) if £€ (T™ng, 7™ ngk],

p
P if € € (T9n9k, noky1],

Wherem=0,...,q,g(m) = (1—%)Q++%Q_ and

5a:a .
(Q’)j-C = (Tk> , where j = ((a1,b1), (az,b2),...).
ag (a,b)e@

It is easy to see by Lemma and (b.1)) that equations (5.4}, (5.5), (5.6, (5.8]), (5.10) and (5.11))

hold for the measure p. The only the differences occur at the following positions

log u(B i L ifr(r—1) < o
lim inf B, e @) )T Tog N o (5.25)
k=0 (ngy_y + {021y 10g N SEh(p ) + =5he(p ) ifr(r—1)>a
( )logN ’ ’
k—oo —T(ngg—1 + f(n2k 1)) log N 7'(1 + a)log N
i inf 28 P s @) @) F (77 DRy (7 ¥ ) = Db, + o = LD
k—oo —7(Tngk—1 + f(nak—1)) log N (T 4+ a)log N

For the comfortability of the reader, we give the details for (5.26)). Similarly to the proof of equation

(4.4), by Lemma we get

108 11(Br(nyy i+ f(noe—1)) (1)

lim inf =
k—00 —T(ngk 1+ f(TLQk 1)) logN
hp.) + (7= Dhepy) + ol = Dhe(p,) | Fe1)(1 - 1/7) Ve VG, [0, ) log T,
11m 11
7(1+ a)log N k—00 T(nok—1 + f(nok—1))log N

But by the assumption on {jx} and (2.2,

o (k1) (1 = 1/7) Ses Valinae [Jns ") ) 10g T _a(l-17)H
et T(nan_1 + f(nap_1)) log N T (1t a)logN’

h
It is easy to see that the right hand side of ([5.25)) is greater than moi)% in both cases. Thus,

one can finish the proof like at the end of the proof of Case I of Proposition
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Case II: a« <7 —1. Let pu = Hzil n¢, be a measure supported on IV, where 7, a probability
measure on (Q such that

1+ f(nog—1)

b, ( ;n2k71]7
a1 )emge e L€ (n2kog magoy 4+ T02=)],
f(nog—1)
f—troy g — 1 2k—1)
Ne = (7/)J'n2::27k1 1 . ’ ifle (an_ M y N2k—1 + f(an—l)]a
Py if £ € (nog—1 + f(n2k 1), Tnok—1 + f(nog—1)],
P, if £ € (Tnak—1 + f(nok—1), nak]
Q(m), if £e (T™ngy, 7™ ng],
P if £ € (T99%, nok+1],

Wheremz(),...,l/e,g(m) = <1_%)B++%Q, and

5a:a .
(B’)f;C = ( T ’“) , where j = ((a1,b1), (az,b2),...).
ak (a,b)eQ

By Lemmal4.2] one can prove by similar argument that equations (5.13), (5.14), (5.15)), (5.16), (5.18),
(5.20) and (j5.25) hold. Moreover,

lim inf log'u(BT(an 1+ (nog— 1))(i)) _
k—0o0 —T(ngk 1+ f(ngk 1)) logN
Hh(p )+ (1= =2) h(p)) + (7 = Dhr(py) + a(r = Dhe(p, ) + (1 = 1/7)H

7(1 + a)log N (5.28)
lim inf logﬂ(BT(Tnzk 1+f(nog— 1))(i)) _
k—ow —T7(Tngg—1 + f(nog—1))log N
Hh(p )+ (1= E2) h(p)) + (1 = Dh(py) + (7 + a)(T = Dhe(p,) + (1 = 1/1)H (5.29)

7(T + o) log N

R(p
Since the right hand side of (5.25)) is greater than ﬁ in both cases, by (5.22)) and ( -
and Lemma [£.3] the proof is complete.

6. UPPER BOUNDS

Let p = (2—721722’B+) € @j\x/’[H. For the tuple p € 0%, let Ay(p) ={ie{l,...,6} : d¥(p,H) =
Do(p, H)}. We decompose the proof of the upper bound into several cases according to wether
a =7 — 1 or not and to the maximal elements of A,(p). We note that we will handle the shrinking
targets in case of balls and cylinders together.

Let us note here that we slightly abuse the notations in the upcoming lemmas. We denote the
maximizing set and the maximizing vectors for shrinking sequence of cylinders and for shrinking
sequence of approximate balls in the same way, but in general, they might be strictly different.

6.1. Case a > 7 — 1. We note that in this case Py does not play any role. Moreover, observe that

h
dimp > (14_2?)_1()%]\[ = d5(p) (6.1)

for every p_ with hr(p_) € [hr(pp), he(p,)]- Thus, p_ must be equal to p,, for (p_,p,.p,,p ) € @%H.



SHRINKING TARGETS ON BEDFORD-MCMULLEN CARPETS 21

Lemma 6.1. Let p € O} " be such that max Ay(p) = 2. Then
log D

dimy wTc(f, §u}) < dimar 75 (F k) € TS iosw

= Ba(p)

for every sequence of {ji}.

Proof. Observe that for every sequence of {ji}, Do (f, {jx}) € I'ns(f,{jx}) by definition. It is easy to
see that

By (n) € | Bus ) in)-
[2]=n
Thus, by Lemma [4.§]

0

Hiy—e+s0n (TTB(f, {Jk})) < Z Dr N ),
n=r

Then, for arbitrary s > d§(p) = mﬁiﬁgl\,, we have H*(nT'g(f,{jr})) < oo, which implies the

statement. (]
Lemma 6.2. Let p € ©5" be such that max An(p) = 3. Then
dimp 7lo(f, {jr}) < dimg 7Tp(f, {jr}) < d3(p) = Pa(p)

for every sequence of {ji}.

Proof. If max A,(p) = 3 then we may assume that Py = Pp . Indeed, if Py # Pp then we can take ¢
sufﬁmently small and p;, € T such that hy(p,) = (1 —¢)h, (p2) +eh(pp) and h(p2) Y(hr(p,))- Let
P’ = (py.p:Pyp,) € @ then d§(p’) > d3(p ) ds(p’) = d§(p) and d§(p’) < d;(p’) for j = 4,...,6.
This, implies that either if d3(p) = d§(p) and p, # p,, then we can choose another p’ € @EH such
that max A(p’) = 2 (and apply Lemma or if d3(p) > d3(p) then p, = p,.
So, without loss of generality, we may assume that
logD + (1 —1)log R
Dy, ds
(p) = d5(p) = (T+a)log N

Trivially,

Uﬁn(Bf(n) (n)) = U Brn+f(n) @]nq(n)j)
[o|=n,[3|=(7—1)n
Hence, by Lemma

HN (TT'Ff(?"))(TrPB(f {in}))) Z DR N—s(Tntf(n ))

n=r
which implies the statement by taking arbitrary s > %. O
Lemma 6.3. Letp € @a be such that max A, (p) = 4. Then

dimpg 7Le(f, {ik}) < di‘( 0) = Da(p,0)

for every sequence {ji}. Moreover, if {ji, = ((ag ), bgk)), (ag ), bgk)) ...)} is a sequence on ¥ such that

. f(n)
lim ——————— logT () = H
n—» f(n)(1—1/7) k_%w %

then
dimpy WFB(f? {Jk}) < dil(va) = Da(va)'
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Proof. Fix p = (p_ RV RY ) e O} A such that max Ay (p) = 4. Similarly to the beginning of
Lemma either we can choose p # p’ € @%H such that max A(p’) = 2 (and apply Lemma or
Py =D, =DPp So without loss of generality, we may assume that
logD+ (1+a)(t—1)logR+ a(l —1/7)*
Du(p.e) ~ 0ED = (Lt a)(r = DIog A+ all = 1/r)s
7(1+ a)log N

where = is 0 in case of cylinders or H in case of balls.

Obviously,

J_H(Cf(n)(.n» < U B‘r(n+f(n))(ijk‘{(n)j)
[z]l=n,|7|=(T—1)(n+f(n))
and
U—”(Bf(n)(.n)) - U Brn+ f(n) (Z‘]k‘f( v ).
[z]l=n,7|=(T—1)(n+ f(n))
[l=f(n)(1=1/7):00(R)=TIG () )
Then by Lemma

0
H?\[—T(r+f(r)) (WFC(f,jk)) < Z DnR(T—]-)(77«4‘f(n))]\]'—57’(’rlf't‘f(n))7
n=r
and by the assumption on the sequence {ji} for arbitrary € > 0 taking sufficiently large r

o0
Hiy i s (TTB (1 d1)) < Z D RE—D(n+f(n) o f(n)(1=1/7)(H+e) pr—s7(n+f(n))

n=r

Since ¢ > 0 was arbitrary, by taking s > D, (p, *) + Ce (with some proper choice of C'), the statement

follows. O
Lemma 6.4. Let p € O} " be such that max Aq(p) = 5. Then
dimpg 7Co(f, {Jk}) d?( ) Dy (p,0)
for every sequence {ji}. Moreover, if {ji, = (( ,bgk)), ( , ) ...)} is a sequence on ¥ such that
1 f(n)
nh_r)%o m k:Z log Ta,k" =H

then
dimg 7Lp(f, {jr}) < d5(p, H) = Da(p, H).

Proof. Again, we may assume without loss of generality that P, =DPp Indeed, if p L # PR then by
Lemma one can take ¢ > 0 sufficiently small, ]3I+ =(1- €)Q+ +epp, and p = (Q_,BI,QTQJr) such
that d;(p ’) di(p) for i = 2,3,4; do‘(p, %) < dg(p/,*) < d6( < d6( ). Thus, either there exists
p € @?\‘/’[ such that max A(p’) < 4 (and apply Lemma Lemma or Lemma orp. =pp
So without loss of generality, we assume that
log D+ (7 — Dh(p,) + (r — 1)(7 + a) log R + a(1 — 1/7)«

7(T + a)log N ’

Da(p, *) = d5(p, %) =

where * is 0 in case of cylinders or H in case of balls.

If d§(p) > d2(p,*), d{(p,*) > d¢(p,*) and p, # p,, then by Lemma one could take £ > 0
sufﬁciently small, pl, € Ty such that h.(p)) = (1 —€)h.(p,) + eh(p,,) and h(p,) = ¥(h(p,)) and
P’ = (pyp,Pyp,) € © such that h(p,) < h(p)), hr(py) > he(py), d5(p) > d5(p') > d5(p’,*) >
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dg(p, *), d}(p,*) > d$(p’, *) > dg(p’, *) > d¢(p, *) and d(p) = d$(p’). Thus, either we can reduce
to the case max A(p’) < 2 or

if p, # p,, then either d§(p) = d5(p, *) or dj (p, *) = d5 (P, *). (6.2)
Let € > 0 be arbitrary but fixed. Let
Vi, = {a e QU= h(7) > h(gz)} (6.3)
Vo = {16 Q" 0(3) < hip,)} . (6.4)
We give two covers for 07" (Cy(,)(jn)) and o~ (B (jn))- Since Vo1, U Vo, = Q1" we have
T(Cpmn)) € Brot ) el ™) Br (et ) (el " 3h)
g fm)Un)) = m+f)\Wkl1 7(n+f(n))\ Wk )
m:”J‘EV—l,n H:TLJGVo,n
h|=(r=1)(n+f(n))
and
(i s c B >3 f(”)fh B 73 f(n)fh
o " (Cyny(in)) = U et @kl 70) | U (et ) Wkl TR)
| ‘ n,jeV_1 n | | ]EVDn
|hl=(7=1)f(n) |h|=(7=1)(rn+f(n))
Similarly,
J_n(Bf(n)<n)) = ( U Brn-i-f(n)(ljk{(n)J)) U U BT(Tn+f(n (7’-]]6’1 R / )
[7]=n,7€V_1n [7]=n,7€ Vo, n,|h|=(T—1) (Tn+f(n))
17 |=£(n)(1=1/7):0F)=T1GI ) )
and
07" (Byny(in)) € U Brwsson @l | U B rns 5oy @kl { " 77 70)
[1]=n,3€V_1,n [2|=n,7€Vo,n,|h|l=(7—1) (Tn+f(n))
Ihl=(r=1) () 7= £ () A—1/7):10F)=11GIET) )

Applying Lemma [£.6] and Lemma [4.7] we get for sufficently large n that

$I(Vo10) < L(p, # pp) - €7 D229, (6.5)
ﬁ‘/On < 6n(771)(h(g2)+8). (66)
Thus, by Lemma ,
0
’HN ” ﬂ-FC Z ( £ pD) . Dne(T—l)nhr(Bz)—s(Tn-l—f(n))logN+

DnR(TTL+f(TL))(T—1)e(T—l)nh(]zz)—ST(Tn-‘rf(TL))lOg N) _

00]
D (1@2 # p )N~ @)= N—T(m+f<n>>(dg<p,o>—s>)

n=r



24 BALAZS BARANY AND MICHAL RAMS

and

a0
Hy - (xTe(f) < ). e ( , # pp) - DPRIMT= D (rmhnin(py)=sr(nd fin)) log Ny

DnR(Tn+f(TL))(Tfl)e(T—l)TLh(B2)—ST(Tn+f(n)) log N)

a0
S eCen (1@2 4 p YN"TOH )R- 4 N—T(m+f<n>><d§<p,o>—s>)

n=r

Similarly, by the assumption on {ji}

e}
Hivr (7T s(f, Gk)) < D e (1(82 + p )N~ @)= N—T(m+f(n))(d?(p,H)—S)) ’

n=r

and
o0

Moo (7T 5(f, kD) Z ( # p )N T ) @0=5) N—T(Tn+f(n))(d?(p»H)—S))’

where C'is a constant independent of n. Thus, by taking s > D, (p, *) + C’e, we get

H(7Lo(f, {ie}), H2 (7L (f, {ik})) <
which implies the assertion by the arbitrariness of e. ([l
Lemma 6.5. Let p € O} " be such that max Ay(p) = 6. Then

dimg 7l (f, {jr}) < dimp, = Da(p,0)

for every sequence {ji}. Moreover, if {ji, = ((agk), bg )), (agk), bék)), ...)} is a sequence on ¥ such that

1 f(n)
lim ——— logT () = H
v P

then
dimg 7T p(/ k) < dimp, = Da(p, H).

Proof. By Lemma dg(p,*) = ds(p). Moreover, by similar argument at the beginning of

Lemma [6.4]
if dj (p,*) > dg(p) then either d5(p) = dg(p) or p, = p,, (6.7)

Let € > 0 be arbitrary and let ¢ > 1 be arbitrary integer but fixed. Let V} , be as defined in
and (| . ) for Kk = —1,0. Now, we define a sequence of probability vectors Bgr)' Precisely, let

3>

k k
(k) _ M _r (k) (k)y _ (k) (k)y _ ~(k)
L= qBR+ <1 q> P, and let p\*/ such that h,ﬂ(&r ) = h, ( ) and h(gr ) = 11}(11,,(&r )), (6.8)

Vi = {5 e SEE-DERLFm) ; p GTEHIO) kDY g

Th=1(rn+f(n)) +

,Tj ™ n y — .
bl TN > B @) for 1< < k1. (6.9)



SHRINKING TARGETS ON BEDFORD-MCMULLEN CARPETS 25

g="f(n+m T (f(n) + ) 2 (f(n) + ) 7 (f(n) + ™)
A+t |7 E ; E
M bt(ny+nea E E E
n @m f(ny+n
FIGURE 5. Visualization of the cover Vj , defined in .
g=1t(f(n)+n) 2 (f(n) + ) 2 (f(n) + 1) (F(n) + 1) T¢
? L 2k B L3 2% Bl ;’ . * HARHHAL A R HH A II{I}—HI*};
M

FIGURE 6. Visualization of the cover Z, ,, defined in (/6.10)).

Moreover, let

_ ~_1)(n n _ itk (n n —
Zpom = {ze SCE D) @7 <y (pED) and

_Tj n n ) — .
B0 ) > B ) for 1< < k=1, (6.10)

For a visualization of the covers Vj ,, and Z ,, see Figure [p| and Figure @
It is easy to see that

q
o " (Crmny(in)) < U By s sy 1kl "™7) Uity U BTk(Tn—i-f(n))(ij’{(n)jh) ;

F=1 [i]=n.7eVo.n

jEV 1n hEViem
and
! f(n)
“(Crny(n)) U U Brstur s @kl ™2)-
k=1 i ,]EZ;C’”
Similarly
_n(Bf(n)(jn)) = U BTn+f(n)(z.]k|{(n)j) U
|i|=n,jEV71,n
! f(n)
U U BTk(T’n-‘rf (Z.]k| _/_h) ) (611)
k=1 [z]=n,7€Vo,n,h€ Vi p,
7 |=F () A=1/7)I0F)=T1GIE )
and
! F(n)/r
Bf(n Jn U U BT kE(n+f(n (Z.]k‘ h])
k=1 |i|=n,j€Zk)n

[hl=F(n)(1=1/7):TL(R) =TIl ) _ )
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By Lemma 4.8

0

H3y— (7T (f, (i) Z (D”.ﬁHV_Ln. Ns(rnfn) |

q

Z D" . ﬁVO,n . ﬁVk,nh ~I(rn+f(n)) ﬁHV n’Tk Z’é:fi;)() x N—STk(Tn"rf(n))) 7 (612)
k=1

and

n=r

0 q

Hy--(wCe(f, ) < ) (Z D"tz O iz, L) N—ST’“(nJrf(n)))’
k=1

(6.13)

where
V¥ ={ze Q" :7=7" for some 7€ V}.
By applying Lemma [4.6] and Lemma [£.7] we get that for sufficiently large n

Wi |'1rk_1(7n+f(n ATV | len+f(n)) < (Tn+f(n))< kol (7 1)(h(3$*1))+a)+7k*1(7—1)(hr(g§f“*”)+a))
n Bonlokt (e f () S ’

(6.14)
{Zl] OO 17, ) < (NI D0 e )
(6.15)

By the continuity of h,, i.e. |hr(ggf)) - h,@f‘”)ﬂ < O(1/q), simple algebraic manipulations show
that

k—1
D = DREYY) + 7 = DR, (V) =
j=1

2( = DREY ) + 7 = D200 0?) — b (Y I)) + (7= Dhe () <

Z (r—1 dlmp( )logN—l—(T—l)h( )—I—O(l/q)(r—l)( o1«

(Tk—T)dlmp logN + (1 — 1)h.(p )+O(1/q)(7‘—1)( 1 1), (6.16)

where in the last inequality we used that h,(p,) < hr(p,) < hr (QS’_I“)) and therefore dimp > dim QT)
by the concavity of dimension. Thus,

o0
Hir (7T (f, {Gi})) Z ( 4 pp) - el (PIHCema)(rnt f(m) log N
eT(Tn+f( n))log N(dg (p,0)— Z (de(p)—s+C"(e+0(1/q)))T k(‘rn-‘rf(n))logN) _

D18
VR
=

#p,)- (45 (P)+C"e—s) (et f(n)) log Ny 2 e(da(p)s+C’(e+O(1/q)))T‘“(m+f(n))logN> . (6.17)
k=1

3
Il
L
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and
o q
Vo (mTo(f, k) < D) (Dne(7—1>(n+f(n>>hr<p+>—Td6<p) BN N elds(P)ms+ ' (e O/ (et S () log N ) =

n=r k=1

- q

Z (NT(dg(pJpvp P, 0)— Z —s+C'( €+O(1/Q)))Tk("'”+f("))lOgN> . (618)

n=r k=1

Similarly,

Hiyer (1D5(f. {in})) <

o q
Z (11(])2 #p,)- (8 (p)+C'e—=s)(tn+f(n))log N 2 e(d6(p)—S+C'(€+O(1/Q)))T’“(Tn+f(n))10gN) . (6.19)

n=r k=1
and
N (TLCB(f, {in})) <
i (NT(dz(P_7P17P+7P+7H)—d6(P))("+f(”)) ) Zq: N(de(P)—S+C’(5+O(1/q)))7k(n+f(n))) . (6.20)
n=r k=1

By Lemma 1} if df(p) = ds(p) then p, = P, and therefore d (p ,pl,p+,p+,H) = dg(p). By .,
if df(p) > de(p) and p, # p,, then d3(p) = de(p). Then by choosing s > dgs(p) + C'(e + O(1/q)), W

get H¥(7Ta(f,{in})), HS(Wrc(f, {jx})) < oo. Since € > 0 and ¢ > 1 were arbitrary, the statement
follows. O

6.2. Case a <71 — 1.
Lemma 6.6. Let p € @a be such that max A,(p) = 1. Then
dimp 7T (f, {jk}) < dimg 70(f, {jx}) < dimp, = Da(p, *)
for every sequence of {ji}.
The proof is straightforward
Lemma 6.7. Let p € O} A be such that max Ao (p) = 2. Then
dimpg 7Cc(f, {jk}) < dimg 7Tp(f, jr) < d5(p) = Da(p, *)

for every sequence of {ji}.

Proof. If P, # Pp and max A, (p) = 2 then for sufficiently small € > 0 one can take p and p’
(}3_,]3’1,@2,]3 ) such that h, (pl) eh, (QR) (1 —¢)h, (131) and h(gl) W(hy (]31)) such that dy(p )
di(p’) and d$(p) < d§(p’) < d;(p’) < d;j(p) for all j > 3. Thus, either there is p’ € @M such that
max A(p’) <1 (and we apply Lemma orp, =pp.

On the other hand, if p # p, and di(p) > d5(p) then one can take p’ and p’ = (B’_,Bl,BQ,BJr)
such that h(p' ) = (1— e)h(p_) + eh(p,). he(p') = p(h(p ), di(p) > di(p') > d5(p') > d3(p) and
ds(p’) < d;(p’) for j = 3 for sufficiently small ¢ > 0. But this contradicts to the assumption that
pe @%’IH. Thus,

ifp # Pp then di(p) = d5(p). (6.21)

So without loss of generality, we assume

mh(p_) + (1 —m)log R

Da(p, ) = d3(p) = 1T a)logN ,




28 BALAZS BARANY AND MICHAL RAMS

a8z
R B B T - - - LI B SEEEr RHHA R

M |bibs

B ]

et ERLTEREAT TRV TEUL

=
=
>
+
3 L B 3
I
>
=5
3
3
7
>
=
=
+
=3

f(n)+n
T T

-
[~]

FIGURE 7. The backward cover Wj, ,, defined in (6.23).

where m = (1 + a)/7.
Let ¢ > 1 be arbitrary but fixed integer and let ¢ > 0. We give a cover for 0" (B, (jn)). Let us
define the following subsets of

pM = kp 4 (1 - E) p_and let p® such that h(p®)) = A(EW) and h, (p®) = o(h(H))), (6.22)
Wi {z €Q": h(7 Zi;gzgggjﬁ) < h(p(j_l)) forq>j>k+1andh(z |EnI§EZ ?THI) > h p(k Dy %23
W()’n = {1 eQ": h(7 Zi%z;;?:;l) < h(B(_Jfl)) forall j =1,... ,q} . (6.24)

For a visualisation of the cover defined in ([6.23]), see Figurelﬂ It is easy to see that WO,RUU%:l Wi =
Q". Thus,

q

o "BrmGa)) = | U U But g (i) U U Bussm Gin)-

k=17eWj €Wo,n

Let W, be the number of disjoint balls in (e, = Bntse (k). By Lemma Lemma and
k) 1 T

Lemma [4.8] we have that for £ > 1 and for sufficiently large n

) (n+ £ () (r—1)(h(pY V) 4e) <n+f(n>><r—1>(hr(gg“‘”ne)
W, <1p_ #p,)- DOHfm)/r1H X T R
n r_

i

¢ I E-)0EY )4

Wén < D(”+f("))/"’q+l . e&g=1 —FTT

nntS)

By using the continuity of the entropy, we get |h(Q(j)) - h(B(j_l))| < O(1/q) for every j. Thus,

4 (n+ f(n)(r = 1)(A(pVY) +¢)

— <
Z TI+1 =

j=k+1
. (G-1) n+ fin ()
<< + f()(h(pV™ V) +¢)  (n+ f( ))(h(p)+6)>+no<1/q>=

2

j=kt1 77 A
- I @)+ I ) 4k ) (e + 001 /a)).

On the other hand, since h,(p,) < hy(p_) < hr(p,;) we get that dimp, < dimp

< dimp 4 and by
convexity of the dimension, dim B(k) <dimp forall k=0,...,q. Thus,

n+f(n) im
Wi, <lp_ #py)-N -+ dimp_ 2(n+f(n))(e+0(1/a)) (6.25)
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Moreover, we get for k = 0 similarly
Wé ) - en+£(n) h(g7)+(n_n+£(n)> log R . 62(”+f(”))(5+o(1/’1)).

Thus,

n=r

k=1
n+f(n)h (n n+f(n)>logR s(n+f(n))log N ) 62(n+f(n))(5+o(1/q))> _

< ! @) (dimp —s
va 0} (7T (f,{ir})) 2( p_#py) DN (dimp_—s)  2(n+f(n)(e+O(1/q)) 4

0

q
Z 2+ () (c+0(1/a) (ﬂ(p pp)- Y N @@ | N—(n+f(n))(d%(p)—8)>
I |

Hence, by (6.21)) and by choosing s > D, (p) + 2(¢ + O(1/q)), we get
WL (L 3) = i Moo (P (1 30) < 0
Since € > 0 and ¢ > 1 were arbitrary, the statement of the lemma follows. O
Lemma 6.8. Let p € O} " be such that max A (p) = 3. Then
dimp 7T (f, {jk}) < dimg 7Lp(f, {ix}) < d5(p) = Da(p, *)
for every sequence of {ji}.

Proof. By similar argument as at the beginning of Lemma one can show that either p, = Pr
or there exists p’ € @?\‘/’[H such that max A(p’) < 2 (and apply Lemma and Lemma . Thus,
without loss of generality, we assume that
mh(p_) + (1 — m)h(gl) +(r—1)logR

(T 4+ ) log N '

d3(p) =
On the other hand, similarly to the beginning of Lemma
if p, # p,, then d3(p) = d5(p) and if p_ # p,, then di(p) = d5(p). (6.26)

Let € > 0 and ¢ > 1 be arbitrary, and let W}, ,, be as defined in (6.23) for £k = 1,...,q. Moreover,
let

- n —In n n))/m’ i— .
W—l,n = {Z € Q : h’(Z’('nA»f(n))/T) ~ h<p1) a'nd h( ‘E i;gn§;§7]+1> < h(g(_j 1)) for all ] = 1’ e 7q}7

(6.27)
Wou = {1€ Q"+ il suysr) > hlpy) and AL L) < h(pU—Y) forall j = 1,....q
(6.28)
Again, | J{__; Wi = Q™ and thus
q
o (B (n)) S U U B (%n) U
k=1 iEWk’n T
U Bn+f(n) (ijn) U U BTn+f(n) @]nﬁ(n)j)

€EWo.n EW_1pn,[7l=(7=1)n
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Denote by W/ . the number of disjoint balls in (J; W, Bn+f(n) (7jx) and denote W, the number of

disjoint balls in (| = (r—1)n Brnt f(n) (Z]k\{ 7). By Lemma Lemma 4.7} and Lemma

we have that for £ > 1 and for sufficiently large n
n+f(n) _ntf(n)
Wi <l(p, #py) et et (=) hnie) | oneroo) (6.29)
and

< P (1)) coesotwa 630

!
W2,

where C' > 0 is a constant independent of n,e,q. Then by using the last two inequalities and (6.25)),
we have

- n+f(n) dim s
H_rasen (TUB(S k) <)) ( n(e+0(1/4)) ( (0 #p,) DN (dimp_—s) _
= k=1

2O ()4 (0= )y (p, ) —s(n+f (n)) log N

L(p, #p,) ¢ +

ewh@’wr (nf%(n))h(gl)Jrn(Tfl) log R—s(tn+f(n)) log N> )

By using this and (6.26]), for any s > D(p, *) + C'(e + O(1/q))

H (rTp(f, {ix})) < ©
The lemma follows by the fact that €, ¢ were arbitrary. ]

Lemma 6.9. Let p € O} " be such that max Ao (p) = 4. Then
dimp 7lc(f, {jx}) < di(p,0) = Da(p,0)

for every sequence {ji.}. Moreover, if {ji = a(k),b( ) , a(k),b(k) ,...)} is a sequence on ¥ such that
1% 2+ 09
1 fi)
lim ———— logT () = H
w1 - 1/r) 8

then
dlmH WFB(fajk) < dZé(va) = Da(va)'

Proof. By the same argument as in Lemma @ we may assume that p, = p = p, and thus,

mh(p_) + (1 —m)h(p,) + (1 + a)(r —1)log R+ (1 — 1/7)*

di(p.*) = 7(1 + o) log N
Moreover, similarly to Lemma [6.8]
p_ # p,, implies di(p) = df(p, *) and p, # p,, implies d3 (p) = df(p, *). (6.31)
Let 5 > 0 and ¢ > 1 be arbitrary, and let W}, be as defined in (6.23), (6.27) and (6.28) for
k= —1,...,q. Thus, similarly to the previous lemma,

7" Cramn) € | U U Bassen @) U

k=1 iEWk’n

U Busran i) | U Byt o @l ™7) |,

ieWO,n ivel,n,ljl:(7—_1)(n+f(n))
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and

o "(By (U U ntf(n) (ZJk:)) U
k=1€Wg n

U BursmGin) |U U By s 5(my @nl1 ™7 77)

EWo,n W1 |7 =(r—1) (0t f(n))
B=F () (1=1/7) TT(Gin . =T1G)

Thus, by Lemma (6.25)), (6.29), (6.30)) and choosing n sufficiently large,

= g n+f(n) _s
k=1

]l( #pD) N (+f(n)(d3 (p)—s) _’_N(dff(p,o)fs)T(nJrf(n)))) .

and

18

H g (PUB(f k) <
N 79

Cn(e+0(1/q)) § ”+f<" )—s)
e p ;épD Z +

k=1
1(p, # pp) - OGR4 V@ @i-r(ss o))
Hence, by (6.31]) for any s > D, (p) + C’'(e + O(1/q))

H (7T a(f, {jk})), H* (7T (f)) < oo almost surely.

Again, since €, ¢ were arbitrary, the statement follows. O

n=r

Lemma 6.10. Let p € OF; " be such that max Aq(p) = 5. Then

dimpy WFC(f? {Jk}) < da(pv 0) = Da(pv 0)

for every sequence {ji}. Moreover, if {ji = ((agk), bg )), (agk), bgk)), ... )} is a sequence on ¥ such that

1 fn)

lim —————— logT ) = H
B - 1m, 2 T

then
dlmH WFB(fvjk) < d?(pv H) = Doz(pv H)
Proof. Similarly to Lemma we can assume that p, = p, and hence

mh(p_) + (1 —=m)h(p,) + (1 = Dh(p,) + (1 + a)(7 — 1) log R + a(1 — 1/7)=
7(T + a)log N

dz (p, *) =

and
" B mh(p_) + (1 —=m)h(p,) + (1 — Dhe(p,) + a(r — 1) log R + a1 — 1/7)=
i(p,x) = 7(1 + a)log N ’

Ifp, #p, d3(p) > dg(p,*) and d§(p,*) > dZ(p,*) then we can choose ¢ > 0 sufficiently small,
P, € Ty and p' = (p_,p,,p,,P ) € © such that h(p)) = (1 —€)h(p,) + ch(py), d5(p) > d5(p’) >
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dg(p') > d¢(p), di(p) > d3(p’) > dZ(p’) > d¢(p) and d;(p) = d;(p’) for i = 1,2. Thus, either there
exists p’ € @‘;&H such that max A(p’) < 2 and we can apply Lemma and Lemma or

p, # p,, implies either d5(p) = d5(p, *) or dj(p, *) = d5 (P, *). (6.32)

D

Moreover, similarly to Lemma [6.8]

if p, # pp, then ds(p) = dg(p,*) and if p_ # Py then di(p) = dg (p, *). (6.33)

Let ¢ > 0 and ¢ > 1 be arbitrary, and let Wy, be as defined in (6.23), (6.27) and (6.28)) for
-) and 64

k= —1,...,q. Moreover, let V_;, and Vj, be the same as defined in (|
We will introduce two different covers for the sets o™ (C () (J n)) jn)) according to

that d; = d2 for which ¢ = 3,4. By using (6.23), (6.27), (6.28), (6.3), (6 , We get the following

covers

L (er U U n+f(n)(ZJn) Ul U BurrmGin) |
k=11€Wg

iGWoyn

12e

U Bm+f(n) @in‘{(n)j) U U BT(Tn+f(n) (2n ’{(n)ﬁ/) (6.34)

EW_1,n,0€V_1,n €W_1n,7€Vo,n
[7'1=(r=1)(mn+f(n))

and

k=11€Wy p, T €Wo.n
U Byt () @nl]"™7) U U By (rns 1) @nl{™77) | (6.35)
iew—l,nyjev—l,n iew—l,njev(),n
|hl=(T=1)f(n) [7'|=(r=1)(Tn+f(n))

Similarly,

112e Wk n E€EWo.n
U BTn+f(n) (ijn|{(n)j) U U BT(Tn-&-f(n))(ijn‘{( T .7]/]/,) )
EW_1,n,0€V_1n EW_1,1,7€Von

[77|=(7—1)(tn+f(n))
[7l=f(n)(1— 1/T)aH(jn|?(n)/T):H(j)

(6.36)
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and
q
o " (By U U Bosrwn Gin) U | U Busron@in) |
k=1 Wk n k EeVVO,'n
U BT(n-i-f(n)) (i]n |{(n)jh) U U BT(Tn+f(n)) (ijnHC(n)/Tﬁ,j”)
iewfl,nyjevfl,n €eWw_ 1, nsJ EVO n
[hl=(T—1)f(n) [7’|=(r=1)(tn+ f(n))

\7\=f(")(1 1/7), H(Jn|f(n)/-r)=n(j)
(6.37)

By using Lemma (6.25), (6.29), (6.30)), (6.5]), and choosing r sufficiently large, we get
that cover (6.34)) implies that

S 9 ) (g (p)—s
H;,i(;r)(ﬂfc(f, {je}) < Z (eCn(6+O(1/Q)) (Il(p_ #p,)- Z NE @P)=s)
’ =T k=1

Up, #p,) - NBO-0HE) L 1(p 2 p ). NEB@-)mti@) 4 N(dg(p,m—sw(mf(n)))) _

and cover (|6.35)) implies that

S L ntim) B
’va H.f(r) (WPC 7/, {.]k} Z ( Cn(e+0(1/q)) (ﬂ(p_ ;égD) . Z N oF (d1(p) s)+

I(p, #p,)  NE@=IEOHO) L q(p 2 p ). NERO=)T0T0) o N(d?(p,m—sw(mf(n)))) ,

Similarly, (6.36]) implies that

< L ntim) .
va 'r+f(r) (7TFB f’ {.]k‘} Z ( €+O(1/q (:ﬂ_(p 4 BD) . Z N~ -k (dl(p) )+
n=r k:l

L(p, # pp) - NEE 10D 4 1(p, % p ). NEE Dm0 . N @I w)))

and (6.37) implies that

N & ) (g (o)
H;_M(WI‘B(JC’ {ir}) < Z (ecn(€+0(1/q)) (ﬂ(p_ + 2D> . Z N o (di(p) )+
™ n=r he1

L(p, # p,) - NE@®=EH0D) Ly (p 2 p ). N R =7t fm) N(dg<p,H>—s>T<m+f<n>))) '

By (6.32)) and ([6.33]), one can finish the proof analogously to the end of the proof of Lemma O

Lemma 6.11. Let p € OF; " be such that max A (p) = 6. Then
dimp 7T (f, {ik}) < ds(P) = Pa(p,0)
for every sequence {ji}. Moreover, if {ji = ((agk), bgk)), (agk), bgk)), ...)} is a sequence on ¥ such that

1 fn)
lim —— logT () = H
=1, & T
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then
dimg mT's(f,ji) < ds(p) = Do(p, H).

Proof. Let ¢ > 0 and ¢ > 1 be arbitrary, and let Wkn be as defined in (6.23), (6.27)) and (6.28) for
k=-1,...,q, let V},, be as defined in , and ) for k = —1,...,q, and let Zj, be as
defined in fork=1,...,q

By Lemma dg(p,*) = ds(p). Moreover, by similar arguments like in the beginning of the
proof of Lemma and of Lemma

if p, # p,, then d3(p) = ds(p) and if p_ # p,, then di(p) = ds(p), (6.38)
if dj (p, *) > ds(p) then either p, = p  or d5(p) = d¢(p)- (6.39)

Now, if d§(p) > d5(p) = de(p) and p, # p,, then by taking p;, (and p’ = (p_, p,,p},p,)) such that
pl, is sufficiently close to p,, h(p}) > h(p,), hr(p,) > hr(p,) and d3(p’) > d5(p’) > ds(P') = ds(p)-
But this contradicts to Lemma thus either d§(p) = de(p) or p, = p,. Similarly, either
d3(p) = d¢(p) or p, = p,, and either di(p) = ds(p) or p_ = p,, hold.

By using (6.23), (6.27), (6.28), (6.3), (6.4), and (6.10), we get the following covers for
o (Cmy(n))

U_n(cf(n)(jn))g U U n+fk(n)(ijn) U U Bn+f(n)(ijn) U
k=11€Wy n

5€W0,n

12e

q+1

U B‘rn+f(n) (i.]n’{( U U U BT frn+f(n (ZJn‘f ]h)

ivel,nJevfl,n =1€eW_ nv]EVO n
heVz n

O'in(cf(n)(.n))g U U BLIC(M(ijn) U U Bn+f(n)(ijn) U

k=1 5€Wk7n T €Wo,n

q+1

U U BTf(n+f(n))(fjn|{(n)7)
(=1 EGW,LR
jezk,n

Analogously,

U Byt oy (T ™7) Uiy U Brtrns sy a1 777 H) |

iewfl,nyjevfl,n =1 iewfl,n:jlevo,n»hevl,n
[71=f(n)(1=1/7),11(jn ‘;}<n)/7_):ﬂ(j)
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and
q
o "(By U U 30 (%jn) U U By () (T3n) U

k=1 Wk n EGW(),»,I
q+1 )/
U U BT L(n+f(n (ZJTl‘l T]h) )
/=1 iEW—l,nyﬁEZg’n

[71=f(n)(1=1/7),11(jn ‘?(n)/T):H(j)

By (6.25), (6-29), (6.30), (6.5)), (6.6)), (6.14), (6.16) and choosing n sufficiently large,

o0

2 n+f 2t ) (dimp —
va () (7L (f.dk)) Z ( n(e+O(l/a) ( (p_ #PD Z N o @memo)y
k=1

n+f(n) i) _
Ap, #p,) e h(gi)-&-(n ! >hT(£1) s(nf(m) log N __

%(")h(g_)-&- (n—%)h(gl)+(T—l)nh,«(QQ)—s(Tn+f(n)) log N) >

L(p, #p,) € +

e%h(&wr (n="EE Y () )+ (r—1)nh(p,)+(rn+ £ () (=D (p,.)

q
(rtnt+f(n))((7¢=7)dimp  log N+O(1/q)(t—1) (¢ 1 =1)+(7¢=1)e—s7¢ log N)
o . <
/=1

3 [ onero(/a) B P (4 (p)—s)
N Lp_ #p,) YN - +

n=r k=1
L(p, #p,) - N5 (P)=s)(n+f(n)) L(p, #p,) - N5 (@)=s)(Tn+f(n))

q
N (@5 (P.0)=ds(p))T(Tn+f(n)) , Z NT‘(TnJrf(n))(de(p)—S))) 7
{=1

and

- 4 n+f(n) s
va risr) (7T (f,ir)) Z ( 5+O(1/Q))< (. ¢pD Z (di(p)=s) |

L(p, #p,) . N@S@)=s)(nt+f(n) ¢ (G @e_pyp,p, 0)=ds(p))T(n+f(n)) 2 Nrf(n+f(n))(d6(p)_s)>> '
- =1

Moreover, similarly

- n+f(n) s
%j\[ 'r+f(r) (7TFB f?.]k: Z ( n(e+0(1/q)) ( (p # pD Z N -k (d1(p) )+
k=1

]l(pl + pD) . N( 5 (p)—s)(n+f(n)) + ]1(172 + pD) . N(dg(p)_s)(Tn+f(n))+

n=r

q
N (@5 (p,H)—ds(p))T(Tn+f(n)) 2 NTZ(TnJrf(n))(dG(P)S))) ’
{=1

35
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and

0

9 ntfn) s
va ey (TPe(£,3)) Z ( n(e+0( Uq”( p_#p,) Z ok (dp)=s)

q
L(p, #pp) - N@®)=s)(ntf(n)  n(di@_ppp p H)=ds(p))T(n+f(n)) Z NTe(nJrf(n))(dﬁ(p)s))) '
=1

By (6.38) and (6.39), taking s > dimp_  + C'(O(1/q) + €) we get
HS(WFB(fvjk))7 HS(WFC(fuik)) <0

which implies the lemma since ¢, ¢ were arbitrary. (I

7. REMAINING PROOFS

Proof of Theorem [2.1] and Theorem[2.4. The lower bound in Theorem [2.1] follows by Proposition .
and the lower bound in Theorem [2.2] follows by Proposition

The upper bounds in Theorem and in Theorem follows by the combinations of lemmas,
stated in Section [Gl O

Proof of Theorem [I.1] Tt is easy to see that for every sequence z,, € A there exists a sequence in
Jjn € X such that 7(j,) = z,, and W(Cf(n)('n)) = Py(n)(z,,). Thus, by 1'

{ye A:T"y e Prny(z,) Lo } =7w{ie L :m(c"i) e m(Cppy(n)) i0. }.
But there exists at most 9 distinct sequences J%) for k=1,...,9 such that

{ieX: 0" e Cppy(n) i0. } = {ieX:m(0"i) € n(Cpn)(in)) i-0. }

9
gkLJ{EE O'IGCf()((k)) }
=1

Then the statement follows by Theorem O

Proof of Theorem[1.3. Let f(n) := —igg%n)' Thus, lim,, 4 f(n)/n = «a.

Let p be s T-inv. ergodic measure. Then there exists a v, o-inv. ergodic measure such that
p=wvom . Hence, §log T\ nyp1dp(z,y) = §log Ty, dv(i) =: H.

Moreover, for the sequence of random variables z,, with identical distribution p, there exists a
sequence of random variables j, € ¥ identically distributed with measure v such that 7(j,) = z,,.
By ergodicity and Lemma

1 f(n)
lim —— logT () = H
e P

for a.e. {jn}, where j, = ((agn),bgn)), (agn),bén)), ).
For every ¢ = 1,...,Q?, let jg) be sequences in X such that j, and jgf) differs at most at the
positions f(n)/7 and f(n), and jﬁf) # jﬁf) if £ # ¢'. Thus, for every /¢

) )
lim s log T (ney = H
oo f(n)(1— 1/7) k—%w a"*
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dimy
= 3
© @
_S; o
= il =
= =| 8
Il == :
5 +|= :
M 3|+ DIM = d _ilog(D)+(r—1)Iog(R)
e gl =thh=—————
S | (a+ 1) log(N)
1 3 log(D)
S 2 DM=d,= ———+
! It (a+1)log(N)
S ~
Il 'I"J
=
5 = ‘ 3
-1

FiGURE 8. Graph of dimension of shrinking target set of parameters N = 3, M =
8,T1 = 5,T2 = 2,T3 =8 and H = 0.8.

almost surely, where j%) = ((agn,£)7 bgn’z)), (agn’é), bén’e)), ...). On the other hand,

QQ
Bf(n)(jn) € 7' B(zy,, r(n) < | Bf(n)(GY).
/=1

Therefore,

m{ie X :0" € By (jn) i.0.} = {y€ A: T"y € B(z,,r(n)) i.0.}
QQ
c U ™ {i eX:o'ie Bf(n)(jgf)) i.o.} .
/=1
One can finish the proof by applying Theorem O

8. EXAMPLES

In this section, we present some examples and facts on the dimension formula. If we assume that
R =4S > 2 and there exists a1 # ag € S such that T, # T,, (that is, the Hausdorff and box counting
dimension of the corresponding Bedford-McMullen carpet are not equal) then none of the dimension
functions d; can be omitted in the dimension formula. Under the same setup, we present examples
when « is relatively large, larger than 7 — 1, and D, = df = d§ = dg for the maximizing measures.
Also, we show that the result of Hill and Velani [I3, Theorem 2] for two dimensional tori follows by
Theorem [I.2] For the graph of the dimension of a quite typical system, see Figure [§]

8.1. Phase transitions for small a. . If « = Othenp = R Sl e where P_sDyPyi P, €
T are the probability vectors, for which the maximum attains in (2.5) (or (2.4)) and p, is the
probability measure defined in (4.13). Clearly, p  is in the open set I = {p: h,(p) <log R & h(p) <
log D}.
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Claim 1. For sufficiently small o > 0 and for every (]37,]31,@2,B+) € @?\‘/’[H,
BOC(B 7p17p27 ) dl( ) mln{dg(8_7£1>7dg(8_7£17£2)7d4a( 7p17p27 ) d5( 781722794’_)}

Proof. Let us argue by contradiction. Since h-(p_) < hr(p,) by Lemma if d; > min{d$,ds,ds,dg} =
Do with hy(p_) > he(p,) then by decreasing h.(p_), one could decrease the value di (strictly)
and (strictly) increase min{d§,d$,dJ,dg}, which contradicts to that the maximum was attained at
(B—’B1’£2’B+)' Thus, either p_ = p or Dy = di < min{d3,ds,df,dg}. Butifp = pp with
Do < di < min{d$,d3,dy,d2} then DIM( ) = min{dg,d3,dy} d"‘} < dy = dimp, < dimp, =
DIM(0), which contradicts to the fact that the function o — DIM( ) is contmuous at 0. Hence,
Do = di < min{d§,d§,d$,dg} for sufficiently small .

On the other hand, if D, = di < min{d5, d§, dy, dg} then by increasing h,(p ), di strictly increases

and min{d§, d, df, dg} strictly decreases. Thus, either p = p or Dy = di = min{dg,ds,df, dg}.
But by Lemma p_#p, for a > 0. ]

Claim 2. For sufficiently small o > 0 and for every (g_,gl,gz,&r) € @%H,
BO((Q 7p17p27 ) - dl( ) = d%(ﬂ_?}jl) = mln{dg(£_7£17£2>7d$( 7p17p27 ) d5( 7817]22724'_)}'

Proof. Let us argue again by contradiction. By Claimand Lemma if Dy = di = min{d§,d§,dg} <
d3 holds with h,(p_) < hr(p,) then by decreasing h,(p,) the value min{d§, df, d5} strictly increases,
d§ strictly decreases and d; does not change. But this contradicts to Claim [1} since then there would
be (p_ ,p’l,pz,p ) € Q such that Dy = di < min{dy,ds,df,d5}. Thus, either h,(p_) = hr(p,) or
Do = di = dy = min{d§,df,d5}. But if hy(p_) = hy(p,) then d§ < di, which contradicts again to
Claim [1I O

Claim 3. For sufficiently small o > 0 and for every (B—’Ql’QQ’QJr) € @?\‘/’[H,
Da(p_pyspysp,) = di(p_) = dy(p_,p,) = d5(p_,p;,pyop,) = min{d5(p_,p,,p,),di(p_,p;, Py 0, )}

Proof. Similarly to the proof of Claim [2| if Dy = di = d§ = min{d$,d}} < d¢ then by increasing
hr(&), dg decreases, min{dg,d}} increases and dj,d$ does not change. Thus, it contradicts to
Claim since there would be a vector (Qi,gl,g’z,&r) € Q such that D, = dy = d§ < min{d§, d$, dg}.

U

Claim 4. For sufficiently small o > 0 and for every (}37,@1,@2,&) € @?\‘/’[H,
BDalp_.pyspyp,) = di(p_) =d3(p_.p)) =ds(p,) =
d5(p_spys Py p,) = min{ds(p_,p . p,). di(p_,p,, Py, 0. )}
Proof. Again, if dg > Dy = di = d§ = df = min{d$,dJ} with hr(gr) < log R then by increasing

. (p ) the values D, = d; = df does not change, df increases and min{d§,d{} either increases or
does not change. Thus one may find (p_,p,,p,.,p’ ') € Q(a) such that min{dg, ds} > Do = d1 = d3,
which contradicts to Claim Bl O

Claim 5. For every o > 0 sufficiently small and (Q_,gl,g2,2+) € @%’H, if H = ming logT, then
ds > dg and if H = max,logTy then df > dS.
Proof. Simple algebraic manipulations show that
H h(p, )
+ > dg.
TlogN  log N

dy > d if and only if
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If a=0thenp =p, =Py =P, =Dy and

H h(p, )
TlogN  logN

> dj if and only if h(p,) — he(p,) = H.

Since h(p,) — hr(p,;) > ming log Ty, by choosing « sufficiently small and H = min, log T, we get that
d} > d5. On the other hand, h(]gd) — hy (Qd) < maxglogT,. Thus, for H = max,log T, choosing «
sufficiently small, we get d < df. O

We have proven the following proposition.

Proposition 8.1. Let M > N = 2, R =4S > 2 and let us assume that there exists a1 # as € S such

that Ty, # Ty,. Let r(n) be such that lim, 7711‘1)(%;](\;0 = a > 0 sufficiently small. Then there exist

w1, po ergodic, T-invariant measures with suppp = A and H; = {log TleJHdui(x, y) such that

dimp{y € A: T"y € B(z(),r(n)) infinitely often} =  max _ Dalp_,p,,p,p, Hi) =
< - 8_781782,E+ET4 Y P lPor

di(p_) = d3(p_.p,) = d3(p_.p;>p,y) = d5(p_,p;,pys . H1) = ds(p, ),

and

dimpg{ye A:T"y € B(&SL?), r(n)) infinitely often} = max Bulp o .
7 7 E77E17E278+€T4 L o R ) R R

di(p_) =d5(p_,p,) = di(p_,p,:py,p . H2) = d5(p_,p,,p,sp.  Ha2) = ds(p_ ),
(i)

where zy,” are identically distributed sequences with measures ;.

8.2. Phase transition for relatively large «. Now, let us consider the case when the shrinking
target sequence is a sequence of cylinders (in particular H = 0). Let us choose M > N > 2,
D > R > 2 and T, for a € S parameters such that

log M Rlog D

< . 8.1
logN ~ RlogR+,,.glogT, (8.1)
For example, N =4, M = 5,11 = 5,15 = T3 = Ty = 1 satisfies this property.
Let a be such that it satisfies the following inequalities
log D Rlog D
o8 o8 —1>a>7-1 (8.2)

—1>
log R Rlog R+, .qlogT,
Thus, p, does not play any role and by (6.1), p = p,. In particular,

DIM(a) — max (min {( logD  logD+ (1+a)(r— 1)hr(p+)7dimp+}> |

peTy, 1+ a)log N’ 7(1+ a)log N

It is easy to see by (8.2),

log D N log D + (1 + a)(r — 1)hr(p,)
(14 a)log N 7(1+ a)log N

for every p, € Ty, and
logD+ (1+a)(t—1)logR
7(1 + a)log N

> dimQR,
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where p, is defined in (4.13]). Hence, by Lemma and by taking any h”(£+) < log R, dim p, >
dim Pr and dj decreases. Thus, the maximum cannot be achieved at p R and if P, is a prob. vector,
where the maximum is achieved at, then

logD+ (1 + a)(t—1)h(p)
DIM(a) = . — di .
(a) 7(14 a)log N ey

In particular, by Lemma dy(ppPpip, 0. ) = d5(py, 2y, 5 p,) = ds(p,) = Da.

8.3. Dimension value for large «a. Next, we show that regardless of the choice of the holes (balls
or cylinders) and regardless of the center points, the dimension is depending only on D, N and « for
large choice of a.

Claim 6. For every choice of D, R, {T,}ses, N and M, there exists A > 0 such that for every a > A

DIM(«) = dimp{y € A : T"y € Py (zn) infinitely often} =

log D
dimg{y € A : T"y € B(z,,,r(n)) infinitely often} = %,
where x,, is an arbitrary sequence of points in A and f(n) and r(n) are chosen such that lim,_,q, _:?fgrj(\?) =
lim,, fn) _ Q.

n
Proof. We may assume that A > 7 — 1. It is easy to see that

log D + (1 — 1)h,(p,,) (r—1)h(p,)+(1—1/7)H
Tlog N = TliOgN }>0

d4a(BD7BD7£27B+) = min {

and

logD + (1 — l)h(QR) +7(1 — 1>h7“(BD) (1t — 1)hT(QD) + (1 - 1/7’)H} =0

dg = mi )
5(BD’BD’B2’B+) m1n{ 72log N Tlog N
for every Py, and « € [0,00). On the other hand,

logD + (1 —1)log R
(T + a)log N

dg(BD’BD’B2)< \Oasa—»oo.

and
log D
(1+ a)logN

Thus, there exists a > 0 such that for every a > a

Ay(p) =max{ie {1,...,6} : di(p) = Da(p)} < 3.

d3(p,) = N0Oasa— o

But similarly to the beginning of the proof of Lemma [6.2
log D logD—l—(T—l)logR}

DIM = mi
(@) mm{(1+a)logN’ (T + a)log N

logD log D log D+(7—1)log R . o 1 logD .
For a > osk L (Ta)iogN < — (rra)logN By choosing A = max{7—1, osk — L a}, the assertion

follows. O
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8.4. Example of Hill and Velani. Finally, we show that the result of Hill and Velani [13, The-
orem 2] is a consequence of Theorem for the 2-dimensional tori case.

Claim 7. Let T = (Nz mod 1, My mod 1) with M > N > 2 integers as in (1.2). Then
T+1 27 }

. 2 . qm ; — ]
dimpy {ge [0,1]%: T™(z) € By(n)(y,,) z.o.} —mln{a+ TR

—logr(n)
nlog N

Proof. In this case D = NM, R = N and T, = M for every a = 1,..., N. Thus, by (4.13),

1
pR_pD_pw_<NM)m@w'

We may apply Theorem in this case for arbitrary sequence, since a — logT, is constant. Denote
this measure by Py Hence,

where T = log M /log N, lim,,_,« =a and y is an arbitrary sequence in [0,1]2.

dimpy {g e[0,1]*: T"(x) € B, (y,) i.o.} = Da(py Py Py Pyyr log M) =

, T+1 27 201 —20+27 272 + 207 — 20
min < 2, , , , ,2
l+a' 7+« (1 + ) (T + @)

But simple algebraic manipulations show that

21 272 4+ 2aT1 — 2 2T 2 — 2o + 27 T+ 1
, > an >
T+« (T + @) T+« T(1+ «) 1+«

2>

for any @ > 0 and 7 > 1. This proves the lower bound. For the upper bound, observe that for any
probability vector p, h,(p) <log N = h(p,;) and h(p) <log(NM) = h(p,,). Hence,

Da(p_,p,: Py P 10g M) < Da(p;s Py o Py log M)

for every (pi,pl,p2,p+), which proves the upper bound. ([
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