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Abstract

In a graph G, a geodesic between two vertices x and y is a shortest path connecting x
to y. A subset S of the vertices of G is in general position if no vertex of S lies on any
geodesic between two other vertices of S. The size of a largest set of vertices in general
position is the general position number that we denote by gp(G). Recently, Ghorbani et
al, proved that for any k if n > k3 — k? + 2k — 2, then gp(Kn, k) = (2:}), where Kny,
denotes the Kneser graph. We improve on their result and show that the same conclusion
holds for n > 2.5k — 0.5 and this bound is best possible. Our main tools are a result on
cross-intersecting families and a slight generalization of Bollobas’s inequality on intersecting
set pair systems.

1 Introduction

A recently studied extremal problem [4] [6] 12] in graph theory is the following: in a graph G,
a geodesic between two vertices x and y is a shortest path connecting = to y. We say that a
subset S of the vertices of G is in general position if no vertex of S lies on any geodesic between
two other vertices of S. The size of a largest set of vertices in general position is the general
position number which we denote by gp(G). Our graph of interest in this paper is the Kneser
graph Kn,j whose vertex is ([Z]), the set of all k-element subsets of the set [n] = {1,2,...,n}
and two k-subsets S and T are joined by an edge if and only if SNT = (). Ghorbani et al
[10] determined gp(Kmn,2) and gp(Kn,s) for all n and showed that for any fixed k if n is large

enough, then gp(Kn, ;) = (;~]) holds.

Theorem 1.1 ([10]). Let n,k > 2 be integers with n > 3k — 1. If for all t, where 2 <t < k, the

inequality k' (777) +t < (17}) holds, then gp(Kn,z) = (37).
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For fixed k and ¢t = 2 the above inequality is satisfied when n > k3 — k? + 2k — 1 holds. We
improve on this and the main result of this note is the following.

Theorem 1.2. Ifn, k > 4 are integers with n > 2k+1, then gp(Kn, i) < (Zj) holds. Moreover,
if n > 2.5k — 0.5, then we have gp(Kn,y) = (Zj), while if 2k +1 < n < 2.5k — 0.5, then
gp(Kny, i) < (Zj) holds.

The proof of Theorem [T uses the following general result of Anand et al [2] that characterizes
vertex subsets in general position.

Theorem 1.3 ([2]). If G is a connected graph, then a subset S of the vertices of G is in general
position if and only if all the components S, S, ..., Sy of G[S] are cliques in G and

o forany 1 <i < j < h ands;,s; €S, sj,s; €S; we have d(s;, s;) = d(si, sj) =: d(5;, Sj)
(where d(z,y) denotes the distance of x and y in G),

o d(S;,5;) #d(S;,S1) +d(S,,S;) for any 1 <i,5,1 < h.

In the Kneser graph a clique corresponds to a family F C ([Z]) of pairwise disjoint sets and as
there is no edge between different components, it follows that if Fi, Fs, ..., Fy correspond to the
components of G[S], then for any F; € F; and F; € F; with i # j we have F; N F; # (). Families
with this property are called cross-intersecting. So the upper bound in Theorem will follow
from the next result unless n = 2k 4+ 1 in which case we will need some further reasonings.

Theorem 1.4. Let n > 2k + 2, k > 4 and let F1, Fo, ..., Fp, C (")) such that
e FiNF; =0 foralll <i<j<h,
e F,NFE! =10 for all pairs of distinct sets F;, F} € F; for any i =1,2,...,h,
o F,NF; 40 forany 1 <i<j<jandanyF;, € F;, F; € F;

hold. Then we have Z?Zl 1Fl < (7))

Note that the first condition cannot be omitted as otherwise we could repeat some families
that consist of a single set.

The remainder of the paper is organized as follows: Section 2 contains the proof of Theorem
[L4l and in Section 3 we list some open problems along with some remarks.



2 Proofs

Proof of Theoren{l.j. Let Fy, Fo,...,Fn C (") satisfy the conditions of the theorem. As the
F;’s are families of pairwise disjomt sets, each of them are of size at most n/k and we may
assume that |F| < |F| < - < |Ful =t < n/k. Ift = 1, then F = UL, F, form an
intersecting family and therefore by the celebrated theorem of Erdés, Ko and Rado [5] we have

h n—
Zz 1 |f| - h < ( 1)

Suppose next that ¢t > 2 holds. Then we claim h < (k 1) — (" k- 1) + 1. Indeed, let us fix
one set F; from each F; fori=1,2,...,h—1 and two sets F},, F] € ]:h Then if

o MR 2 then h—1< (15) < () - (1)),

e N/Z'F; consists of a single element z, then either F, or F} cannot contain x and as all Fj’s

meet both F}, and F} we must have h — 1 < (k 1) — (”;ﬁ;l),

ﬂ?_llF = (), then {F|, Fs, ..., F},_1, F},} is intersecting with no common elements, so by a
result of Hilton and Milner [11] we obtain h < (121) — (" F") + 1.

Let m; denote the number of j’s such that |F;| > i holds. Then clearly we have

h

SIF =t o< (1) "

=1 Jj=2

To bound my we apply Bollobas’s famous inequality [3] that states that if {(Al, Bl)}Z | are
pairs of disjoint sets such that for any 1 <i # j <1 we have A;NB; # 0, then Z W <1

i

holds. For any 1 < i < my we can pick two sets F}, G; € Fp_m,+i- Then we can define 2ms
pairs {(Aj,Bj)}Qm2 such that for 1 < j < my we have A; = F;,B; = G; and Ay,,,—j =
Gj, Bom,—; = F;. As the F;’s are cross-intersecting families of disjoint sets, therefore the pairs
{(4;, B, )}2m2 satlsfy the conditions of Bollobas’s inequality and we obtain 222 < 1 and thus

- (%)

me < 5(2:) = (2::11). Putting together (Il) and the bounds on h and my we obtain

zh:|f|< n—1 n—k—1 +1+n—k3 % —1
L=\ k-1 k—1 E \k—1)

Therefore it is enough to prove ("_k_l) > "T’k (Qk_l). Observe that

k—1 k—1
(1) n-k _n-kt1 =HEG)
(M) n—2k+17 n—k mE ()



therefore if ("Oljf 1) > nonk (2::11) holds for some ng, then (";ﬁ;l) > "T_k (% 1) holds for n > ny.

Putting ng = 3k + 2 the above inequality is equivalent to

k—2 k—2
E]J@k+1—14) > @k+2) []2k—1—4)
=0 =0

which simpifies to
k(2k + 1)2k > 2k +2)(k+ 2)(k+ 1).

This holds for £ > 5 and a similar calculation shows that if k = 4, then the desired inequality
holds if n > 17 = 4k + 1.

In all missing cases, except for £ = 4, n = 16, we have n < 4k, therefore we have m; = 0 for
all 7 > 4. So for the remaining pairs n and k, we need to strengthen our bound on my + ms .
We will need the following lemma, a slight generalization of Bollobés’s result.

Lemma 2.1. Let {A4;, B;}-, and {A;, B;,C; }j —oy1 e pairs and triples of pairwise disjoint sets
such that for any 1 <i < j < a+  we have X; NY; # 0 where X and Y can be any of A, B
and C'. Then the following inequality holds:

X 2 2 2
+ E + — — <1
Z (lA \+|B \ \Aaﬂlﬂcaﬂl) (\BaHHlCaH\) (\AaHHlBaHHlCaH\) (\AaHHlBaﬂlHCaﬂ\) -
=1 |Ail | A+l |Bat ] [ Ao+l | Bt

Proof. Let us define M to be |J;_, (4;UB; )UU] (AatjUBL4;UC,4;) and let us write | M| =

Just as before, let us introduce a family {SZ,T}Q(O‘W of disjoint pairs as S; = A;,T; = B; and
Sota+p)—j = Bji Toayp)—; = Aj for all 1 < 4,5 < a+ . We count the pairs (m, j) such that 7
is a permutation of the elements of M and 1 < j < 2(a+ ) with all elements of S; preceding
all elements of T in 7 that is max{7""!(s) : s € S;} < min{x~'(¢) : t € T;}. We denote this by
S; <, Tj. For every fixed j there exist exactly |S;|!|T;|!(m — |S;| — |1—}|)!(|Sj‘T|Tj‘) permutations
7 with S; <, Tj. On the other hand for any fixed 7 there exists at most one j with S; <, Tj.
Indeed, if ¢ # j,2(a+ ) — j, then both S; and T; meet both S; and 7}, while clearly if S; <, 7’
then Syyp)—j = 1j £» S; = Toa4p)—j- These observations would yield Bollobds’s original
inequality, but we haven’t used the existence of the C}’s. Observe that if A; <, C;, C; <, A;,
B; <. C; or C; <, Bj, then again by the cross-intersecting property (7,7) can be a pair counted
only if i = j or i = 2(a+ ) — j and at least one of A; <, B;UC;, B;UC; <, A;, C;UB; <, A;,
C; U A; <, B; holds. Counting j and 2(« + ) — j cases together this yields

a+

m
Qmmewm—myq3m< )gm
; Y ’ 74 + 1B

a+

m m
- A NG (m A~—Cw< )+BiCim—Cw—B!( ”
E [I 51t (m — A;] = C51) A+ O] |B;|1|Cj]!(m — [Cy] — | By]) )+ 1B
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B

m
+ 2Aa-!Ba»+Ca»!m—Aa-—Ba'—Ca'!( )
2 2l Bl + [CasiDHom = Wil = 1Bassl = CoriD\ |4 15 4 0y

j=1
: m
3 2B Al + 1Cassm = Loy = |Bass] = 1Ca! )
jzl +J +J +J +7 +7 +7 |Aoz+j| + |Ba+j| + |Ca+j|
Dividing by m! and rearranging yields the statement of the lemma. O

We apply Lemma 2.1] to the families Fj,_pp41,- - -, Fp with = mg and o = my — mg3. As all
sets in the F;’s are of size k we obtain

2(mg —m3) 6mg  6mg
5 + N 73 < 1. 2
GGG )

As (‘%) > 3(%) for k > 3, the left hand side of the above equation is greater than 2mg —ms) 4 dms

G )

. Therefore we obtain msy + ms < = (2:) = (2::11). So for n < 4k we have the bound

h
n—1 n—k—1 2k -1
> Rl < < — :
\E|_h+m2+m3_(k_1) < P )+1+<k—1) (3)

i=1

2(ma+m3)

(%)

Suppose first that n > 3k holds. Plugging into (B]) we obtain the upper bound (Zj) + 1. To get
rid of the extra 1, we need to use the uniqueness part of the Hilton-Milner theorem [I1] that we
used to get our bound on h. It states that if & > 4 and an intersecting family F C ([Z]) with

NperF = 0 has size (}_]) — ("kk ") ++ 1, then there exists x € [n] and x ¢ G C [n] such that
F={G}U{F:x € F,FNG # 0}. Observe that for any H # G with o ¢ H there exist lots of
sets F' € F that are disjoint with H, so only sets H' that contain z can be added to the F;’s. But
as all F;’s consist of pairwise disjoint sets, such an H’ can only be added to the F; containing G.
Also, at most one such set can be added as again this F; consists of pairwise disjoint sets. We

obtained that if ¢ > 2 and h = (k 1) (" e 1)+1 thenz v <( ) (n " 1)+2< (n71)~

Next, we assume that 2k +2 < n < 3k Then we have t < 2 and therefore the fakmhy
F':= Ul F; has the property that for any F' € F’ there exists at most one other G' € F’ that is
disjoint with F'. Such families are called (< 1)-almost intersecting and Gerbner et al. [§] proved
that whenever 2k 4+ 2 < n holds, then any (< 1)-almost intersecting family G C ( ) has size at

most (Zfi )

Finally, if n = 16, k = 4, then we need to bound h + ms + mz + my < h + mgy + 2m3 <
h 4+ 2ms + 3ms. As (3:) = (142) > 6(8) = (%) @) implies 2my + 3mg < (i). Using the
Hilton-Milner bound h < (Zj) - (mr . 1) + 1 and plugging in n = 16, we obtain ZZ Fl <

h + 2msy 4+ 3mg < (Zj) — (131) + 1+ (4) (Z_i) This concludes the proof. O



Proof of Theorem[L.2. Theorem [L.4 shows that Kn,; < (Zj) holds if n > 2k + 2. Observe that
diam(Kn, ;) < 3 if and only if n > 2.5k — 0.5. Also, Theorem [[.3] yields that if the diameter
of a graph G is at most 3, then any independent set in GG is in general position. The largest
independent sets in Kn,, ; correspond to stars, i.e. families S, = {H € ([Z}) :x € H} for some
z € [n]. Therefore, gp(Kn, ;) > (;~;) holds provided n > 2.5k — 0.5.

If 2k +2 < n < 2.5k — 0.5, then the upper bound of Theorem [L.4] is based on the result of
Gerbner et al [8] on (< 1)-almost intersecting families. Their result also states that the only
(< 1)-almost intersecting families of size (Zj) are stars. But if n < 2.5k — 0.5, then {H €
([Z}) : 1 € H} is not in general position as shown by the following example: let n = 2k + M with
1< M <05k=0.5and Fy = k], F5 ={1,2,..., k=M —1}U{k+1,k+2,... k+M+1}. We claim
that dgp,, , (F1, F5) > 4. Indeed, as C' := [n]\ (F1UFy) is of size k—1, we have dg,, , (F1, F2) > 3.
Suppose G1, Gy are k-subsets of [n] with F; NGy = G1 NGy = 0. Let us define ¢ = |G1 N Fy|.
As Gy is disjoint with Fy, so with F; N Fy, we have £ < M + 1. Therefore |[CNGy| > k— M —1
must hold. As G5 is disjoint with G, we obtain |C' N Gs| < M, but as |F; \ F»] = M + 1 and
2M + 1 < k, G must meet Fy, so indeed dgy,, , (F1, F2) > 4 holds. On the other hand, for any
x € Fy\ Fy and y,z € Fy \ Fy, the sets Fy,C U {z}, F5 \ {z} U{y}, C U {z}, F, form a path of
length 4, therefore a geodesic with 1 € Fy\ {z}U{z}. This shows that {H € ([Z}) :1 € H}isnot
in general position. Therefore if 2k +2 < n < 2.5k — 0.5 holds, then we have gp(Kn, ) < (Zj)

Finally, let us consider the case n = 2k 4+ 1. Again, vertices corresponding to sets of stars are
not in general position and all other independent sets have size smaller than (Zj) So suppose
F, F' are disjoint sets in a family F corresponding to vertices in general position. Then by
Theorem [L3] for any set G # F, F’ in F we must have d(G, F) = d(G, F'). Observe that in
Knogi1 we have d(H, H') = min{2(k — |[H N H'|),2|H N H'| + 1}.

Let us first assume that £ = 2] + 1 is odd. Then by the above, for any G € F we must have
|GNF| = |GNF'| =1 and the unique element x € [2k+1]\ (FUF’) must belong to G. Therefore,
with the notation of the proof of Theorem [[.4] we have ms = 1 and h < (Zj) — ("4“71) + 1 and

k—1
thus |7] < (i) = ("57) +2 < ()

Let us assume that k& = 2 is even. Then by the above, for any G # F, F’ in F we must have
|GNF| =|GNF'| =1and thus G C FUF". If we take one set from each disjoint pair, we obtain
a family G C ([2:]) such that any pairwise intersection is of the same size. By Fisher’s inequality,
we obtain that the number my of pairs is at most 2k. Moreover, as all sets of F are k-subsets of

[2K], we must have h < %(2:) Therefore, we need to show %(2:) + 2k < (,ikl) = (Qkk)kiﬂ which

is equivalent to % < (2:) This holds for £ > 4. O

3 Concluding remarks

First of all, it remains an open problem to determine gp(Kn,, ) for 2k +1 <n < 2.5k — 0.5.
Let us finish this short note with two remarks. First observe that an (< 1)-almost intersecting



family F C ([Z]) corresponds to a subset U of the vertices of Kn,, such that Kn, ;[U] does not
contain a path on three vertices. There have been recent developments [I], 9, [15] in the general
problem of finding the largest possible size of a subset U of the vertices of Kn,j such that
Kn, U] does not contain some fixed forbidden graph F. Note that independently of the host
graph G, if a subset S of the vertices of G is in general position, then G[S] cannot contain a
path on three vertices as an induced subgraph. Returning to the Kneser graph Kn, it would
be interesting to address the induced version of the vertex Turan problems mentioned above.

There have been lots of applications and generalizations of Bollobés’s inequality. Very re-
cently O’Neill and Verstraéte [13] obtained Bollobés type results for k-tuples. Their condition to
generalize disjoint pairs is completely different from the condition of Lemma 2.1l More impor-
tantly pairwise disjoint, cross-intersecting families were introduced by Rényi [14] as qualitatively
independent partitions if the extra condition that Upcx, F' = [n] holds for all 1 <1 < h is added,
and the uniformity condition |F| = k for all F' € U, F; is replaced by |F;| = d for all 1 < i < h.
Gargano, Kérner and Vaccaro proved [7] that for any fixed d > 2 as n tends to infinity the maxi-
mum number of qualitatively independent d-partitions is 2(G—o)n Based on their construction,
for any fixed d one can obtain 22=°(0)* many pairwise disjoint cross-intersecting d-tuples of k-sets
as k tends to infinity.
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