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THE ISODIAMETRIC PROBLEM ON THE SPHERE AND IN THE
HYPERBOLIC SPACE

KAROLY J. BOROCZKY, ADAM SAGMEISTER

1. INTRODUCTION

Let M™ be either the Euclidean space R", hyperbolic space H" or spherical space S™ for n > 2.
We write Vi to denote the n-dimensional volume (Lebesgue measure) on M", and d(x,y) to
denote the geodesic distance between z,y € M".

For a bounded set X C M", its diameter diam X is the supremum of the geodesic distances
dpn (z,y) for x,y € X. For D > 0 and n > 1, our goal is to determine the maximal volume of a
subset of M" of diameter at most D. For any z € M™ and r > 0, let

Bun(z,r) = {z € M d(z,2) < r}

be the n-dimensional ball centered at z where it is natural to assume r < 7 if M™ = S™. When it
is clear from the context what space we consider, we drop the subscript referring to the ambient
space. In order to speak about the volume of a ball of radius r, we fix a reference point zy € M"
where zy = o the origin if M" = R"™.

It is well-known, due to Bieberbach [4] in R? and P. Urysohn [§] in R™, that if X C R" is
measurable and bounded with diamX = D, then

(1) V(X) <V(B(o, D/2)),

and equality holds if and only if the closure of X is a ball of radius D/2.
We prove the following hyperbolic- and spherical analogues of .

Theorem 1.1. If D > 0 and X C H" is measurable and bounded with diamX < D, then
and equality holds if and only if the closure of X is a ball of radius D /2.

Theorem 1.2. If D € (0,7) and X C S™ is measurable with diamX < D, then
V(X) < V(B(20, D/2)),
and equality holds if and only if the closure of X is a ball of radius D /2.

On S?, Hernandez Cifre, Martinez Ferndndez [6] proved a stronger version of Theorem for
centrally symmetric sets of diameter less than 7/2.

The proofs of Theorem [1.1] and Theorem build strongly on ideas related to two-point sym-
metrization in the paper Aubrun, Fradelizi [1]. After reviewing the basic properties of spaces of
constant curvature in Secion [2, we consider the extremal sets in Section [3] and convex sets in Sec-
tion [4]from our point of view. The main tool of this paper, two-point symmetrization, is introduced
in Section [b| where we actually prove Theorem if D < 7 and Theorem (1.1} The reason why
the argument is reasonably simple (kind of a proof from Erdés’ Book) for Theorem [1.2if D < %
and for Theorem is that it is easy to show that the extremal sets are convex in these cases.
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However, if D > 7 in the spherical case, then a priori much less information is availabe on the
extremal sets, therefore a more technical argument is provided in Section [6]

2. SPACES OF CONSTANT CURVATURE

Let M™ be either R", H™ or S™. Our focus is on the spherical- and hyperbolic space, and
we assume that S™ is embedded into R"*! the standard way, and H" is embedded into R™*!
using the hyperboloid model. We write (-, -) to denote the standard scalar product in R"™!, write
2t ={z e R"™ : (z,e) =0} for 2 € R""\o and fix an e € R*"!. In particular, we have

S = {zeR": (z,7) =1}
H" = {v+te:xc€etandt>1andt* - (z,2) = 1}.
For H", we also consider the following symmetric bilinear form B on R*!: If x = x¢+te € R*H!
and y = yo + se € R"*! for xq,99 € e* and t,s € R, then
B(z,y) = ts — (o, Yo)-
In particular,
(2) B(z,x) =1 for x € H".
Again let M™ be either R", H" or S™ using the models as above for H" and S™. For z € M",
we define the tangent space T, as
T, = {zxeR": B(z,2) =0} if M" = H"
T. = ztif M»= 5"
T, = R"if M"=R".
We observe that T, is an n-dimensional real vector space equipped with the scalar product —B(-, )
if M™ = H", and with the scalar product (-,-) if M™ = S™ or M" = R".
Let us consider lines and (n— 1)-dimensional (totally geodesic) subspaces of M™. A line £ C M™

passing through a z € M" is given by a unit vector u € T; namely, —B(u,u) = 1 if M" = H",
and (u,u) =1 if M"™ = 5™ or M" = R", and the line ¢ is parameterized by
x = (cht)z+ (sht)u if M"=H"andteR
x = (cost)z + (sint)u if M"=S5"andt € |[—m 7|
r=z+tu if M"'=R"andteR
where dpyn(x,z) = |t|. In addition, the (n — 1)-dimensional subspace of M" passing through
z € M" and having normal vector v € T,\{o} is
{re H": B(x,v) =0} if M"=H"
{zres": (z,v)=0} if M"'=5"
{r eR": (z,v) =0} if M"=R"
We say that a non-empty compact set C C M" with C' # S™ is solid, if C is the closure of
intyC. For such a C, we say that © € dy»C' is strongly regular if there exists r > 0 and z € C

such that By (z,7) C C and & € Opn Bagn (2, 7). In this case, we set No(z) € T, to be an exterior
unit vector at x; namely,

—B(N¢(z), No(z)) = 1and z= (chr)x — (shr)Ng(z) if M™ = H"
(Ne(x),No(z)) = 1and z = (cosr)x — (sinr)Ne(x) if M™ = S"
(No(z), No(z)) = 1and z =z —rNg(z) if M™ =R"

Lemma 2.1. If C C M" is solid, then the strongly reqular boundary points are dense in OpmC.
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Proof. Let z € OpnC, and let ¢ > 0. As C is solid, we may choose an = € inty»C such that
dmn(z,2) < €/2. Let r > 0 be maximal with the property that By (z,7) C C, and hence
r < dmn(x,z) and there exists

(TR 8MnBMn(z,r) N O C.
Therefore y is a strongly regular boundary point, and the triangle inequality yields that da (y, 2) <
E. U

According to Vinberg [9], the “Standard Hypersurfaces” in either R™, H™ or S™ are as follows:

e Hyperplanes of the form {z € R": (x,p) =t} in R" for p € R"\o and t € R;

® OpnB(z,r)={z €R": (x — 2z, —2z) =r?} in R" for z € R" and r > 0;

e 0suB(z,r) = {x € S™ : (z,2) = cosr} in S™ for z € S™ and r € (0,7), hence for any
p € R"™\o and ¢ € R, the set {x € S™ : (z,p) = t} is either empty, a point, or the
boundary of a spherical ball;

e OynB(z,r) ={x € H": (x,z) = chr} in H" for r > 0 and z € H", hence for any t € R
and p € R"™\o with B(p,p) > 0, the set {x € H" : B(z,p) = t} is either empty, a point,
or the boundary of a hyperbolic ball;

e Hyperplanes of the form {x € H" : B(z,p) =0} in H" for p € R™\o with B(p, p) < 0;

e Hyperspheres of the form {x € H" : B(x,p) =t} in H" for t € R\0 and p € R™\o with
B(p,p) <0;

e Horospheres of the form {z € H" : B(x,p) = t} in H" for t € R\0 and p € R™\o with

B(p.p) = 0.
We note the following properties.

Lemma 2.2. If = is a standard hypersurface in M"™ where M" is either R™, H™ or S", then
M™\E has two connected components, the boundary of both components is =, and any of these
components is bounded if and only if the component is an open ball.

Corollary 2.3. If M" is either R", H" or S", and C C M", C # M" is a solid set whose
strongly regular boundary points are contained in a fized standard hypersurface, then C' is a ball.

Proof. Let = be standard hypersurface containing the strongly regular boundary points of C'. Since
= is closed and strongly regular boundary points are dense in dn»C according to Lemma [2.1], we
have

Next we prove
(4) aM'rLC - E

We suppose that there exists z € Z\dynC, and seek a contradiction. We consider some y €
(intpmC)\E, thus Lemma [2.2] yields that there exists a continuous curve v : [0, 1] — M™ such that
7(0) =y, y(1) = z and y(t) € = for t < 1. As z € C, there exists s = max{t : y(t) € C} < 1. It
follows that v(s) € (OmnC)\Z, contradicting (3)), and proving (4.

We deduce from that int = C' is the union of the components of M™\Z, and since C' # M",
int y»C' is one of the components of M"™\= by Lemma . As C' is bounded, we conclude that C

is a ball again by Lemma O
In the final part of this section, we assume that M" is either H™ or S™, and use the models in
R™! above. For k = 1,...,n — 1, the k-dimensional totally geodesic subspaces are of the form

L N M" where L is a linear (k + 1)-dimensional subspace of R"™! with L N1 M™ # (. Next, we
define 7 : R"*1\et — et + ¢ by
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It follows that the restriction of 7 to H™ is a diffeomorphism into the “open” n-ball {z € e+ + ¢ :
dgnt1(z,e) < 1}, and the restriction of 7 to intgnBgn(e, §) is a diffeomorphism into the affine
n-plane e* +e of R"*!. In addition, for any & = 1,...,n—1, 7 induces a natural bijection between
certain k-dimensional affine subspaces of e*+e and certain k-dimensional totally geodesic subspaces
of M™ not contained in et. In particular, if L is a (k + 1)-dimensional linear subspace of R"*!,
then

(5) m(LNH") = LnN(et+e) provided L N H™ # ()
(6) 0 (L N intgn Bgn (e, g)) = LnN(et+e) provided L ¢ e*.

3. D-MAXIMAL SETS

The main tool to obtain convex bodies with extremal properties is the Blaschke Selection The-
orem. First we impose a metric on non-empty compact subsets. Let M™ be either R", H" or S™.
For a non-empty compact set C' C M™ and z € M", we set dayn(z,C) = mingec dan(z, x). For
any non-empty compact set C, Cy C M", we define their Hausdorff distance

Srn (Cr, Cz) = max {max dpn (2, Ch), Hé%XdM"(ya 02)} :
yela

zeCl

The Hausdorff distance is a metric on the space of non-empty compact subsets in M"™. We say
that a sequence {C,,} of non-empty compact subsets of M" is bounded if there is a ball containing
every C,,. For non-empty compact sets C,,, C C M", we write C,,, — C' to denote if the sequence
{C)»} tends to C' in terms of the Hausdorff distance.

The following is well-known and we present the easy argument for the sake of completeness (see
Theorem 1.8.8 in R. Schneider [7] for the case when each set is convex).

Lemma 3.1. For non-empty compact sets C,,, C C M"™ where M" is either R", H" or S™, we
have C,, = C if and only if

(i): assuming x,, € C,, the sequence {x,,} is bounded and any accumulation point of {x.,}
lies in C;
(ii): for any y € C, there exist x,, € C,, for each m such that lim,, o T, = y.

Proof. First we assume that C,, — C. For (i), if z,,, € C,,, then let y,, € C be a point closest
to . Now lim,, o0 dpgn (T, Cry) = 0 yields that {z,,} is bounded and the sequences {z,,} and
{ym} have the same set of accumulation points, proving (i). For (ii), let y € C, and let z,, € C,,
be a point closest to y. We have lim,,, , z,, = y because lim,, ., dpn (y, Cyp) = 0.

Next we assume that (i) and (ii) hold for {C,,} and C. Let z,, € C,, be a point farthest from
C' and let y,, € C be a point farthest to C,,, and hence both {x,,} and {y,,} are bounded. We
choose subsequences {x,,} C {z,,} and {yn»} C {ym} such that

lim dapn (2, C) = limsup dyn (2., C) and  Um  dan (Y, Crrr ) = limsup d e (Y, Crn)-

m’—00 m—00 m”—00 m—00
We may also assume that lim,, o 2,y = x and lim,» o Y = y where x € C by (i) and y € C
by the compactness of C'. On the one hand, it follows that lim,, . dyg (2, C) = 0. On the other
hand, there exists z,, € C,, such that lim,, ,,, 2, = y by (ii), therefore lim,, o drtn(Ym, Crn) =0
as well. ([l

The space of non-empty compact subsets of M" is locally compact according to the Blaschke
Selection Theorem (see R. Schneider [7]).

Theorem 3.2 (Blaschke). If M" is either R™, H" or S™, then any bounded sequence of non-empty
compact subsets of M™ has a convergent subsequence.
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Let us consider convergent sequences of compact subsets of M™.

Lemma 3.3. Let M™ be either R", H™ or S™, and let the sequence {C,,} of non-empty compact
subsets of M™ tend to C.

(1): diampn C' = limy, oo diampgn G,
(ii): Ve (C) > limsup,, o Ve (Crn)

Proof. (i) follows from Lemma [3.1]
For (ii), it is sufficient to prove that for any e > 0, there exists M such that Vy(C),) <
Vmn (C) + € if m > M. Choose r > 0 such that the open set

U, = U nt pgn Bn (ZL’, T)

zeC
satisfies Vi (U,) < Vyn(C) + . Such an r exists as C' is compact. We choose M such that
Ipmn(C, C) < 7 if m > M, and hence C,, C U, if m > M. O

For D > 0 where D < 7 if M™ = S", we say that a compact set C' C M" is D-maximal if
diamp C' < D and

Ve (C) = sup{Vun(X) : X C€ M" compact and diamp X < D}.

Theorem 3.4. Let M"™ be either R™, H" or S™, and let D > 0 where D < 7 if M™ = S™.
(i): There ezists a D-mazximal set in M™.
(ii): For any D-maximal set C' in M™ and z € OpnC, there exists y € OpnC such that
dypn(z,y) = D.
Proof. Let {C,,} be a sequence of compact subsets of M™ with zy € C,,, diamp Cy,, < D and
lim Vi (Cr) = sup{Vu=(X) : X C M" compact and diampnX < D}.

m—00

According to the Blaschke Selection Theorem Theorem [3.2] we may asume that the sequence {C,, }
tends to a compact subset X C M™. Here X is a D-maximal set by Lemma [3.3]

Next let C' be any D-maximal set in M", and let z € Oy C. We suppose that
A = maxgec dpn(z,2) < D, and seek a contradiction. As z € dynC, there exists some y €
B (z, 5(D — A))\C, and hence Bu(y,r) N C = 0 for some r € (0,2(D — A)). Therefore
X = CUBmn(z,r) satisfies that Vi (X) > Ve (C) and diampagm X < D, which is a contradiction
verifying (ii). O

4. CONVEX SETS

Let M™ be either R", H™ or S™. For z,y € M™ where z # —y if M™ = 5", we write [z, y|pn
to denote the geodesic segment between = and y whose length is dyx(z,y). We call X € M"
convex if [z, y|pn C X for any x,y € X, and in addition we assume that X is contained in an
open hemisphere if M™ = S™. For Z C M" where we assume that Z is contained in an open
hemisphere if M™ = 5", the convex hull conv Z is the intersection of all convex sets containing
Z.

We observe that for a non-empty compact convex Z C M™, the conditions that Vi (Z) > 0,
int i Z # () and Z is solid are equivalent.

We deduce from and @ that if z,y € H" or x,y € intgnBgn(e, ), and M™ is either H"
or S", respectively, then 7([z, y|pn) = [7(2), 7(y)|rn+1; namely, the Euclidean segment in et + e.
Thus for a subset Z of either H™ or intgnBgn(e, 5), Z is convex on H" or S™, respectively, if and
only if 7(Z) C et + e is convex.

Since on the sphere, it is an important issue whether a set Z C S" is contained in an open
hemisphere, we note the following condition:
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Lemma 4.1. If diamg. X < arccos — for X C 8", then X is contained in an open hemisphere.

Proof. We may assume that X is Compact. Let Z = convgn+1 X, and hence Z is compact as well.
Let z € Z be the unique closest point of Z to o. It follows from the Charathéodory theorem applied
in R™™! that there exist y,..., 2,0 € X and ay, ..., a,10 € [0,1] satisfying a; + ... + a0 =1
and

a1+ ..ot Oy 2Ty = 2.

As diamgn X < arccos ?, we have (x;,x;) > n_—+11 for any i # j. We deduce from 2a;a; < of +af
that

n+2 n+2 2 2

20, a2 + a?
2 iQj i i\ _
() - (i) = (S) - (255) -

i=1 1<J 1<J

therefore X € Z C {z € R"™' : (x,z) > 0}. O

Lemma 4.2. [If either M" = H" andr >0, or M™ = S™ andr €

(0, %) then B (z,1) is conver
for any z € M™. In addition, if X C S™ convex, then X N Bgn(2,7%) is

convex.

Proof. For the case M" = H" and r > 0, or M" = S™ and r € (0, §), we may assume that z = e.
Thus 7(Buyn(z,7)) is a Euclidean ball in et + e, which in turn ylelds that B (e,r) is convex.

If X C S™is convex, then we may assume that X C intgnBgn(e,3). For HT = {z € R :
(z,z) > 0}, we have

T (X N Bgn (z, g)) =m(X)NH",
which is convex, and hence X N Bgn (2, 7) is convex as well. U
We remark that Bgn(z,7) is not convex if r € [J,7).

Lemma 4.3. Let M" be either R™, H™ or S™, and let X C M™ be compact, non-empty and satisfy
diam X < 7 in the case of M" = S". Then

(1): diampnconv i X = diampyn X;

(ii): Ve (convpan X) > Vi (X) if Ve (convpn X) > 0 and convpym X # X.

Proof. For (i), let diam X = D and let x1, x5 € convpymX. First, we consider the case when M"
is either R™ or H". Since X C B (1, D) and By (zy, D) is convex by Lemma we have
Ty € By (1, D). Therefore dan(xq,22) < D.

If M™ =S5", then Lemmayields that X C Bgn(z, R) for some z € S" and R € (0, 3). Since
X C Bgn(z1, D)N Bgn(z, R), which is convex by Lemma[4.2] we have x5 € Bgn(z1, D) N Bgn(z, R).
Therefore dgn(z1,25) < D, finally proving (i).

For (ii), we assume that V(Z) > 0 for Z = convym X and Z # X. As Z is convex, it follows
that the closure of intZ is Z Since X is compact and X # Z, there exists some z € (intZ)\X.
Therefore By (z,r) C (intZ)\ X for some r > 0, proving that V(Z) > V(X). O

Theorem [3.4] guarantees the existence of D-maximal sets, and Lemma [4.3] yields

Corollary 4.4. If M™ is either R", H" or S™, and D > 0 where D < % if M"™ = S", then any
D-mazimal set in M™ is convex.

Using the map , and @ in the spherical- and hyperbolic case, we deduce from Lemma

Lemma 4.5. If M" is either R, H" or S, K C M" is convex with int\(n K # () and z € Oy K,
then there exists a supporting hyperplane of M™ containing z and not intersecting intym K. In
addition, if z is a strongly reqular boundary point, then there exists a unique supporting hyperplane,
and its unit exterior normal is Ni(2).
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FIGURE 1.

In turn, we deduce the following statement, which will be important in identifying boundary
points of a two-point symmetrization.

Lemma 4.6. Let M" be either R™, H" or S", let K C M" be convezx with int\xn K # (0, and let

1) If [z, y]pmn Nintpm K # O, then LN K = [x,y|pmn for the line € passing through x and y.

(ii): If [x,ylpmn C OmnK, then there exists a supporting hyperplane 11 to K containing
['r7y]/\/l”

5. TWO-POINT SYMMETRIZATION

Let M™ be either R™, H" or S™, let H™ be a closed half space bounded by the (n—1)-dimensional
subspace H in M", and let X C M"™ be compact and non-empty. We write H~ to denote the
other closed half space of M™ determined by H and o5 (X) to denote the reflected image of X
through the (n — 1)-subspace H.

The two-point symmetrization 7x+(X) of X with respect to H' is a rearrangement of X by
replacing (H~ N X)\oy(X) by its reflected image through H where readily this reflected image is
disjoint from X. Naturally, interchanging the role of H* and H™ results in taking the reflected
image of 7y+(X) through H. Since this operation does not change any relevant property of the
new set, we simply use the notation 74 (X) (see Figure 1).

Lemma 5.1. Let M" be either R™, H™ or S™, let H" be a half space, and let X C M™ be compact
and non-empty such that diampym(X) < m if M™ = S™. Then ty(X) = T+ (X) is compact and
satisfies

(i): Te(X)NHT = (X Uoy(X))NHT;

(ii): Ty(X)NH = (X Nox(X))NH;

(ii1): Vaen (7 (X)) = Vigs (X);

(iv): diamye (75 (X)) < diampm (X).

Proof. Properties (i) and (ii) are just reformulations of the definition of two-point symmetrization,
and they directly yield (iii) and the compactness of 75 (X).

For (iv), let z,y € 7u(X). If either z,y € X or z,y € ox(X), then readily dym(x,y) <
diama (X). Otherwise, we may assume that © € X\og(X) and y € oy(X)\X, thus =z €
XN(H\H) and y € og(X)N (H"\H). It follows that oy(y) € X N (H \H), and hence
[, 05 (y)|mn intersects H in a unique z where x,05(y) € X implies that [z, o5 (y)|mn is well-
defined even if M™ = S™. Applying the triangle inequality to x, vy, z, we deduce that

d/\/l”(xa y) < d./\/l” (ZE, Z) + d/\/l" (Z> y) = dM"(xﬁ Z) + dM" (Z’ UH(Z/))
= dun(z,0u(y)) < diamue(X).
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O

Two-point symmetrization appeared first in V. Wolontis |10]. It is applied to prove the isoperi-
metric inequality in the spherical space by Y. Benyamini [2], and the spherical analogue of the
Blaschke-Santal6 inequality by Gao, Hug, Schneider [5].

The following statement was proved by Aubrun, Fradelizi [1] in the Euclidean- and spherical
case. Here we provide a somewhat more detailed version of the argument in [1]. Part of the reason
for more details is that in the case § < D < 7 of Theorem concerned about S™, we use many
ideas of the proof of Theorem on the one hand, however, many essential ingredients of the
argument for Theorem do not hold anymore.

Theorem 5.2. If M" is either H" or S™, and the compact, convex K C M™ with non-empty
interior satisfies that Ty (K) is convex for any (n — 1)-dimensional subspace H of M™, then K is

a ball.

Proof. Let the compact and convex K C M™ with non-empty interior satisfy that 7 (K) is convex
for any (n — 1)-dimensional subspace H of M".

First we prove that for any pair z,y € Opn K, © # y, of strongly regular points, writing H to
denote the perpendicular bisector (n — 1)-subspace of [z, y|pn, we have

(7) N (r) = ou(Nk(y)).
Let x € H*. To prove @, we verify that
(8) z € O (K)

by observing [z, y|pmn C 7y (K) and distinguishing two cases.

If [z,y]pmn C O K, then there exists a supporting (n — 1)-dimensional subspace II to K
containing [z, y] s according to Lemma It follows that II is a supporting (n — 1)-dimensional
subspace to oy K, and in turn to 74 (K), proving in this case.

On the other hand, if [z, y|pn Nintpm K # 0, then let £ C M™ be the one-dimensional subspace
of z and y, and hence { N K = [z,y|pm» by Lemma . As x € Ouynog(K), we deduce from
Lemma [5.1] (i) and (ii) that £ N7y (K) = [z, y]mn, and in turn (8) finally follows.

Since x € Ipn7y(K), there exists a supporting (n — 1)-dimensional subspace Z to 75 (K) at
z, and let 74(K) C Zf. We deduce from Lemma (i) that og(K), K C ET, thus og(E) is a
supporting (n — 1)-dimensional subspace to K at y with K C oy(Z"). As x and y are strongly
regular points, we conclude (7)) by Lemma .

In turn, we deduce from (7)) that for any pair z,y € duyn K, x # y, of strongly regular points,
there exists A(z,y) € R such that

(9) Ni(z) = Ni(y) = Mz, y)(z —y) € R™

Obviously, A(z,y) = Ay, z).
We fix a strongly regular point xy € Oy K. We claim that if z,y € Oy K are strongly regular
points different from xq, then

(10) Ao, ©) = Ao, y).

We distiguishing two cases. If xg,x,y are not contained in a one-dimensional subspace, then @
yields that

Nk (zg) — Ng(x) = Mxo,x)(zo — )
Ni(z) = Ne(y) = Az,y)(@ —y)
Nik(y) — Nk (xo) = Ay, 2o)(y — o)
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Adding up the three relations yields A(xg, z)(xo — x) + Mz, y)(z — y) + My, z0)(y — o) = 0. Since
any two of xy — z,2 — y,y — 7y are independent in R"™ we have \(zg,z) = Mz,y) = My, o),
and hence holds in this case.

On the other hand, if xg,z,y are contained in a one-dimensional subspace, then as strongly
regular points are dense in = K, there exists a strongly regular point z € dy» K not contained
in the one-dimensional subspace passing through xg, z,y. Applying the previous case first to the
triple @, z, z, then to the triple z,y, z, it follows that A(zo, z) = Az, 2) = A(zg, y), proving (10).

According to , there exists a common value A of A(zg,x) for all strongly regular points
r € Opn K. Setting p = Ng(19) — Arg € R"™!, we deduce from @D that

(11) Ng(z) = p+ Az for strongly regular point = € Oy K.

The rest of the argument is split between the hyperbolic- and spherical case.

Case 1 M™ = H"
We claim that

(12) p#o.
Otherwise Nk (zo) = Azo by (11]), and hence
—1 = B(Nk(z), Ng(x)) = N2B(z, z) = \?,
what is absurd, verifying .
If z € Oyn K is a strongly regular point, then N (z) € T, thus yields that 0 = B(Ng(z),x) =
B(p + Az, x), and hence B(p,x) = —A. As p # o, we deduce that each strongly regular point of

Opn K is contained in the standard hypersurface {z € H" : B(p,x) = —\A} (see the list before
Lemma , therefore Corollary yields that K is a ball.

Case 2 M" = §"
We again claim that

(13) p F# o.
Otherwise Nk (zo) = Azg by , and hence

1= <NK($0),NK(ZL’0)> = <NK(1’0),>\$0> = O,

what is absurd, verifying .

If z € Osn K is a strongly regular point, then Nk (z) € T}, thus yields that 0 = (Ng(x),z) =
(p+ Az, x), and hence (p,z) = —A. As p # o, we deduce that each strongly regular point of dgn K
is contained in the boundary {z € S™ : (p,z) = —A} of a fixed spherical ball (see the list before

Lemma , therefore Corollary yields that K is a spherical ball. OJ

Remark: In R", a similar argument works, but some changes have to be instituted. Instead of
1) we have N (z) = 05(Nk(y)) where H is the linear (n —1)-plane in R™ parallel to H, therefore
(9) still holds. Similarly as above, @D leads to (11). For the final part of the argument, we have
A # 0, because otherwise yields that Nk (z) = p for any strongly regular point € Jgrn K,
contradicting that the strongly regular points are dense in x € Orn K. As implies that if
x € Ogn K is a strongly regular point, then

A2 = (AINg(2), A Nk (2)) = A p + 2, A 'p + ),

and hence each strongly regular point of Ogn K is contained in the boundary {x € R" : (x +
A lp, x4+ A7p) = A2} of a fixed ball. Therefore Corollary [2.3| yields that K is a ball.
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Proof of Theorem when D < 7 and of Theorem E Let M™ = H", or let M" = 5"
and D < 7. Theorem [3.4] (i) yields the existence of D-maximal sets in M", and any D-maximal
set is convex according to Corollary

Let C' be any D-maximal set, and hence C is convex. We deduce from from Lemma that
for any (n — 1)-dimensional subspace H of M", 74(C) is D-maximal, thus convex, therefore The-
orem yields that C' is a ball. The maximality of V(C) implies that the radius of C' is D/2,
proving Theorem when D < 7/2 and also Theorem . 0]

Remark: In R"”, can proved in a similar way.

6. PROOF OF THEOREM u IFE<D<m

Let 5 < D < . We frequently drop the index “S™” in the formulas, say we simply write B(z,r),
V(X) and 0X for z € 8", X C S™ and r € (0, 7).
Let us recall from Section [3] that C' C S™ is D-maximal if

e (' is compact;
e diamg. C' < D;
e V(C)=sup{V(X): X C 5" compact and diamg. X < D}.

According to Theorem (i), there exist D-maximal sets in S™. We deduce from Lemma [5.1] that
if ' C 8™ is D-maximal, then

(14) 7 (C') is D-maximal for any (n — 1)-dimensional subspace H of S".

As D > 7, it is a priori not clear whether a D-maximal set is convex. However, Theorem

(ii) implies that for any D-maximal set C'in S™ and z € JC, there exists y € C' such that
(15) C C B(y,D) and z € 0B(y, D).

Lemma 6.1. If < D <7 and C is a D-mazximal set in S™, then there exists a solid D-maximal

set Cy C C.
Proof. Let X C C be the set of density points; namely,

B . V(CnB(zr)
X‘{ZEC'E& V(B(z 1) _1}’

thus readily int C' C X. It follows from Lebesgue’s Density Theorem that

V(X)=V(C).
In addition, if z € 9C, then yields that z ¢ X, and hence X = int C. We conclude that C
can be taken as the closure of X. O

The idea of the proof of Theorem when 7 < D < 7 is similar to the case D < 7; more
precisely, the idea is to prove that if 7 < D <7 and €' C S" is a solid D-maximal set, then there
exist p € R"! and X € R such that

(16) p+ Az € {N¢(z),—Ne(x)} for any strongly regular point x € 0C.

Thus from now on, the main goal is to understand properties of solid D-maximal sets. We use
two-point symmetrization again. The difficulty in the D > 7 case is that if z,y € C, x # y, are
strongly regular points of a solid D-maximal set C' in S™, and H is the perpendicular bisector of
[z, y|sn, then a priori x may lie in int 745 C.
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Lemma 6.2. Let § < D <7, and let C be a solid D-mazximal set in S™. If v,y € 0C, x # y, are
strongly regular points, then there exist \(x,y) € R and n(z,y) € {—1,1} such that

(17) N (@) = n(z,y)Nk(y) = Mz, y)(z —y) € R™"
where 1(y, ) = n(x,y) and Ay, z) = n(z, y)A(z,y).

Proof. 1t is equivalent to prove that

(18) Ne(x) = £ou(Ne(y))

where H is the perpendicular bisector (n — 1)-dimensional subspace of [z,y|sn. In turn, (18) is
equivalent proving that if we assume

(19) Ne(x) # —ou(Ne(y)),
then we have
(20) Ne(x) = on(Ne(y))-

Let z € HT. We deduce from and from the fact that x and y are strongly regular boundary
points that there exist r» > 0 and xg, 1, Yo, y1 € C such that

B(zg,7) C C C B(x1,D) where x € Bgn(xg,r) N 0Bgn(z1, D)
B(yo,r) € C C B(yi, D) where y € dBgn(yo,r) N dBsn(y1, D)
B(xg,r) N H = B(yo,m) N H = 0.
Readily, we have N¢(2) = Np(gon (%) = Np(,,p)(x) and Ne(y) = Npyor) () = Np,,0)(y)-
It follows from that 7yC is D-maximal as well. As x = ogy € 7y C and
tyC C B(x1, D) UogB(yi, D)
by Lemma [5.1] and yields that z is a boundary point of B(zy, D) U oy B(y;, D), we deduce

that © € dryC. We deduce from that 74C C B(z,D) and = € 0B(z, D) for some z € 74C.
Now z € B(xo,r) NogB(yo, ) N 0B(z, D) and

B(zg,r) C C C B(2,D) and oxB(yo,r) C C C B(z,D)
by Lemma , therefore B(zo,7) = ogB(yo,r). We conclude , and in turn ([18]), proving
Lemma [6.21 O
As a first step to prove , we consider certain specific triples of strongly regular points.

Lemma 6.3. Let § < D < m, and let C be a solid D-mazimal set in S™. If zo,z,y € 0C are
strongly reqular points not contained in a one-dimensional subspace of S™ such that n(zg,y) = 1
and n(zo, x) = n(y, x), then for A = Ay, xo) = AM(xo,y), we have A(xg,z) = X\ and

n(xo, z)Ne(x) — Az = Neo(xg) — Axo.
Proof. For n(zo,x) = n(y,z) =n, Lemma [6.2| implies that
Ne(z) =nNe(y) = A, y)(z —y)
Ne(zo) = nNe(x) = Mzo,x)(z0 — 7)
Ne(y) = No(xo) = Ay, zo)(y — o).

Since n € {—1, 1}, we replace the first equality by nN¢(x) — Ne(y) = nA(x,y)(x — y) and add up
these three relations, and hence we obtain

nA\(z,y) (@ — y) + Mzo, ¥)(z0 — ) + A(y, 2o) (y — 7o) = 0.
Since any two of zg—, z—vy, y—x¢ are independent in R"™! we have n\(x,y) = Mz, z) = My, x0)
where A(y,z9) = A\. We deduce that N¢(z) — nNe(x) = Mxo — ), proving Lemma [6.3] O
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Let us show that we have the setup in Lemma [6.3|if x and y are close enough strongly regular
boundary points.

Lemma 6.4. Let § < D < 7, and let C' be a solid D-mazimal set in S", and let g € OC be a
strongly regular point.

(1): If im0 Ym = X0 for y, € OC strongly reqular boundary points, then

lim N¢(ym) = No(zo) and  lim <Nc(x0), on)> — 0

m—00 m—r00 an+1 (ym7 i)

(ii): For any strongly regular point z € OC, z # xq, there exists o € (0, %) depending on x, z
and C' such that n(zo,y) = 1 and n(x, z) = n(y, z) if y € B(xo, 0)NOC is a strongly reqular
point with y # xg.

Proof. There exist some r € (0,5) and zy,2; € C such that B(z,r) C C C B(z,D) and 2 €
0B(zp,7) N 0B(z1, D) according to Theorem (ii).

For (i), there exist some w,, € C with C C B(wy,, D) and y,, € 0B(wy,, D), and we may
assume that B(wp,, D) tends to some B(w, D) for w € C. As B(zy,r) C B(w,D) and z, €
0B(zp,7) N 0B(w, D), we have w = z;. This yields that lim,, o No(ym) = Neo(zo). In addition,

lim,,, o0 <NC(:U0) ﬂ> = 0 follows from lim,, 00 Ym = o and y,,, € B(z1, D)\int B(zo, 7).

7 dpn+1(Ym,To
We prove (ii) by chn(tradi()ztion, and we assume that there exists a sequence of strongly regular
boundary points y,, € dC such that lim,,_.c ym = o, and
(a): either Ne(zo) + No(Ym) = Mo, Ym) (o — yim) for each m,
(b): or No(2) +n(z,20) No(Ym) = A2, Ym) (2 — ym) for each m.
If (a) holds, then readily |A(zo, Ym)| < 2/dgn+1(x0, Ym), thus (i) yields that

4 = lim (Ne(wo) + Ne(ym), Ne(2o) + Ne(ym)) = Tim [(Ne(zo) + No(ym), Ao, ym) (20 = ym))|

. o — Ym
< 2 lim ‘<NC($0)+NC(ym>’Wyy$o)>‘ -

what is absurd.

If (b) holds, then as z — zy and N¢(zg) € Ty, are independent, there exists some u € S"~! such
that (u,z — zo) = 0 and (u, No(x9)) > 0. We also observe that if m is large, then |A(z,ym)| <
3/dgn+1(z, z9).

We deduce from lim,, o No(ym) = Neo(zg) that

2(u, No(x0)) = lim_[(u, [No(2) +1(z, 20) No(xo)] = [Ne(z) = n(z, z0) No(x0)]) |
= T |(u, Az, 9m) (2 = ym) = Az, 20) (2 = 20))|
=l Aol - (= )] € s T [, (2 = )} =
what is again a contradiction, proving (ii). O

Now we choose the right strongly regular “base point” x.

Lemma 6.5. Let § < D <, and let C be a solid D-mazimal set in S™. There exists a strongly
reqular point xy € OC such that for any one-dimensional subspace  of S™ passing through xy and
any € € (0,%), one finds a strongly regular point y € 0C N (B(x0,€)\l).

Proof. First let n > 3, let xy € JC be any strongly regular point, and let ¢ € (0, 7). As C'is solid,
there exist

z € intB(xg,e) N[C\f] and y € intB(xg,e)\[C U L].
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Since int B(xzg, £)\{ is connected (this is the point where we use that n > 3), connecting y and z by
a continuous curve in int B(xzg, )\l implies that there exists a w € 9 C' N [int B(xg,e)\¢]. Tt follows
from the fact that strongly regular points in C' are dense that there exists a strongly regular point
w e dC N [intB(zg, )\

Next let n = 2. In this case, the argument is indirect. Since strongly regular points are dense on
the boundary, we suppose that for any strongly regular point w € 9C|, there exist a one-dimensional
subspace /,, pasing through w and an 7, € (0, §) such that

(21) 0C N B(w,ry) C Ly,
and seek a contradiction. As C' is solid, there exist
z € intB(w, ) N [C\ly] and y € intB(w, ,)\[C U £y].

For any =z € B(w,r,) N £y, the piecewise linear path [y, x]sn U [z, z]gn intersects OC, and the
intersection can be only x by . Therefore

(22) 0C N B(w, ry) = by N B(w, 1y,).

It also follows that one component of int B(w, 1)\, is part of intC' and the other component is
disjoint from C, and hence any z € ¢,, NintB(z,r,) is a strongly regular boundary point with

(23) N¢(z) = Ne(w) for each z € £, NintB(z,1,) and [, = {x € S": (z, No(w)) = 0}.

Let us choose a strongly regular point w € JC and an other strongly regular point v € 9C\/{,,.
It follows that ¢, # ¢,,. We deduce from Lemma (ii) and that there exists a y € [, N C
with y # w and n € {—1,1} such that

Ne(y) = Ne(w), n(y,w) =1 and 5 =n(v, w) = n(v,y).
On the one hand, we deduce from from N¢(y) = Ne(w) that A(w,y) = Ay, w) = 0 in Lemmal6.2]

therefore Lemma yields that nN¢(v) = Ne(w). However ¢, # £, and (23) imply Ng(v) #
+Neo(w) in R™L thus we have arrived at a contradiction, verifying Lemma [6.5] also if n = 2. [

Proof of Theorem when 7 <D <7: Let C' be any D-maximal set, and let Cy C C be
the solid D-maximal set provided by Lemmal6.1] According to Lemmal6.5] there exists a strongly
regular point xy € dC, such that for any one-dimensional subspace ¢ passing through z, and any
£ €(0,%), one finds a strongly regular point y € dC' N (B(zo,€)\L).

We deduce from Lemma (ii) that there exists 7 € (0,5) depending on z¢ and C' such that
n(xo,y) = 1 for any strongly regular point y € B(zg,7) N JC with y # xo. We claim that there
exist r € (0,7) and A € R such that

(24)  Axo,y) = My, o) = A and n(xg,y) = 1 holds for any y € B(xg,r) N OC with y # x.

Readily, n(zo,y) = 1 by r < 7. To have the right value of \(xg,y), first we fix a strongly regular
point yo € B(zo,7) N IC with yg # xo, and write ¢y to denote the one-dimensional subspace
spanned by xg and yy. Set
A = Ao, Yo)-

Lemma and Lemma (ii) applied to the triple o, y, yo imply the existence of an ry € (0, 7)
such that A(zg,y) = A holds for any strongly regular point y € dC N (B(zo,70)\lo). We fix such
a strongly regular point y; € 9C N (B(xg,7r0)\lo), and write ¢; to denote the one-dimensional
subspace spanned by xy and y;. In particular, ¢y # /.

Finally, applying Lemma and Lemma (ii) to the triple zg,y, y1, there exists r € (0,rg)
such that A(xg,y) = A holds for any strongly regular point y € 9C N (B(xg,7)\f1). Since either
y & Uy or y & {1 hold for any point y € dC N (B(zo,r)\zo), we conlcude (24)).
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Our next goal is to verify that p = Ng(xg) — Axg satisfies that if z € OC is a strongly regular
point, then

(25) p+ Az = n(zg, z)Neo(z)

where we set n(zg,x9) = 1. Writing ¢ to denote the one-dimensional subspace passing through
xo and x, the choice of xy and Lemma (ii) yield the existence of a strongly regular point
y € 0C N (B(xg,r)\¢) such that n(zg,y) = 1 and n(zg, x) = n(y,z). Therefore we conclude
by Lemma |6.3|

We again claim that

(26) p#o.
Otherwise Nk (zo) = Azg by , and hence

1 = (n(xo, ) Nk (x0), n(x0, 2) Ni (x0)) = (n(x0, 7) Nk (¥0), Ao) = 0,

what is absurd, verifying .

If z € OC is a strongly regular point, then N (z) € T, thus yields that 0 = (n(xg, ) Ne, (2), ) =
(p+ Az, z), and hence (p,z) = —A. As p # o, we deduce that each strongly regular point of 9Cj is
contained in the boundary {x € S™ : (p, ) = —A} of a fixed spherical ball, therefore Corollary
yields that Cj is a spherical ball. As Cjj has maximal volume among sets of diameter at most D,
it follows that the radius of Cy is D/2, say Cy = B(z, D/2).

Finally, we show that C' = B(z,D/2). To prove this, let z € S™\B(z,D/2), and let ¢ be the
(or a) one-dimensional subspace of S™ passing through x and z. As ¢ intersects B(z, D/2) in an
arc of length D, this arc contains a point y with dg.(x,y) > D. Therefore x ¢ C, completing the
proof of Theorem when D > /2. O
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