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Abstract. A novel 2+1+1 decomposition of space-time based on a nonorthogonal
double foliation is worked out and applied for the Hamiltonian description of general
relativity, recovering earlier results in the proper limit. The complexity of the formal-
ism allows for an unambiguous gauge-fixing of spherically symmetric, static black hole
perturbations in the effective field theory approach of scalar-tensor gravitational theo-
ries. This gauge choice is also the closest to the general relativistic Regge-Wheeler
gauge.
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1. INTRODUCTION

The 3+1 Arnowitt-Deser-Misner space + time decomposition has been widely
exploited in the Hamiltonian treatment of general relativity (Arnowitt et al., 1962),
in dealing with the Cauchy-problem and in numerical evolutions (Lehner, 2001). It
is also useful when considering cosmological perturbations (Gleyzes et al., 2013,
2015), as cosmological symmetries single out comoving time as a preferred coor-
dinate, also constant comoving time spatial hypersurfaces. Phase transitions along
these hypersurfaces can be described by suitable junction conditions (Lanczos, 1922;
Sen, 1924; Darmois, 1924; Israel, 1966) in terms of the induced metric and extrinsic
curvature (Padilla and Sivanesan, 2012; Nishi et al., 2014).

In generalisations of the second Randall-Sundrum brane-world scenario (Ran-
dall and Sundrum, 1999) another, temporal hypersurface (the brane) emerges as our
observable universe embedded in a five-dimensional bulk. The existence of the
very structure in our universe, all of its energy-momentum content in fact is con-
sequence of similar junction conditions imposed on the temporal hypersurface, more
precisely is due to a discontinuity of the extrinsic curvature of the brane (Maartens
and Koyama, 2010; Shiromizu et al., 2000; Gergely, 2003, 2008).

Combining the brane approach with the initial-value problem led to a 2+1+1
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decomposition of space-time. The original version of this formalism (Gergely and
Kovács, 2005; Kovács and Gergely, 2008) assumed orthogonal double foliations and
has been worked out as an s+ 1 + 1 decomposition, hence it can be equally applied
in general relativistic context. This is desirable, whenever the initial-value problem
is discussed in space-times with a preferred family of surfaces, e.g. provided by
spherical or cylindrical symmetry. Employing various 2 + 1 + 1 decompositions,
mostly in terms of kinematical quantities has a long history and has been applied
for discussing perturbations of space-times with various symmetries (Clarkson and
Barret, 2003; Clarkson, 2007).

The orthogonal double foliation formalism (Gergely and Kovács, 2005; Kovács
and Gergely, 2008) is simpler, but proved its limits in the context of black hole per-
turbations (Kase et al., 2014) in scalar-tensor gravitational theories. Such theories in-
clude both second order Horndeski theories (Horndeski, 1974; Deffayet et al., 2011)
and its beyond-Horndeski generalisations in which only the degrees of freedom prop-
agate driven by second-order evolutions (Gleyzes et al., 2013, 2015). Perpendicular-
ity consumed one important gauge degree of freedom, leaving the even sector of the
perturbations of spherically symmetric, static black holes ambiguous. Hence, only
the odd sector of perturbations has been tackled in this formalism (Kase et al., 2014).

In order to remedy this situation, we developed a new 2+1+1 decomposition
of the space-time B, allowing for nonorthogonal double foliation (Gergely et al.,
2019), succintly presented in Section 2.

We applied this formalism for generalising for nonorthogonal double foliation
the discussion i) of the orthogonally decomposed 2 + 1 + 1 Hamiltonian evolution
(Kovács and Gergely, 2008) in Section 3 and ii) of the gauge fixing for black hole
perturbations in scalar-tensor gravitational theories in Section 4. In the final section
we present our conclusions.

2. THE NONORTHOGONAL DOUBLE FOLIATION

Let a spatial hypersurface St being characterized by constant t, having the
(time-like) normal na and a temporal hypersurface Mχ characterized by constant
χ and (space-like) normal la (see Fig. 1). The intersection of the hypersurfaces gen-
erates the spatial surface Σtχ. The tangent space of its codimension 2 space-time is
spanned by any of the orthonormal bases (na,ma) and (ka, la).

The metric can also be 2 + 1 +1 decomposed in two equivalent fashions:

g̃ab = −nanb+mamb+gab , (1)

g̃ab = −kakb+ lalb+gab . (2)

Here g̃ab and gab are the metrics on B and induced on Σtχ, respectively.
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The evolutions along these coordinate lines are decomposed in both bases as(
∂

∂t

)a
= Nna+Na+Nma =

N

c
ka+Na , (3)(

∂

∂χ

)a
= Mma+Ma =M (−ska+ cla) +Ma . (4)

The coefficients N,M are the lapse functions of these evolutions, the 2-vectors
Na,Ma the shifts along Σtχ, while N is the third component of the shift vector
of (∂/∂t)a in the basis (na,ma). Note that the evolutions proceed along Mχ and St,
respectively. This is why there is no third component of the shift vector of (∂/∂χ)a in
the basis (na,ma), also there is no third component of the shift vector of (∂/∂t)a in
the basis (ka, la). The two bases are Lorentz-rotated with angle ψ = tanh−1 (N/N)
and s = sinhψ, c = coshψ.

Nonorthogonality appears in the third component N of the shift vector, also
generating the angle ψ of the Lorentzian rotation between the two bases adapted
to the two sets of hypersurfaces. In the orthogonal limit N vanishes and the two
bases coincide. The vorticity of the basis vectors ka and ma is also generated by N ,
disappearing with it. Being hypersurface-orthogonal, the basis vector na and la are
vorticity-free.

In the generic case the covariant derivatives of the basis vectors can be 2+1+1
decomposed in their own basis each as follows:

∇̃anb = Kab+ 2m(aKb) +mambK+nambL∗−naab , (5)

∇̃alb = Lab+ 2k(aLb) +kakbL+ lakbK∗+ labb , (6)

∇̃akb = K∗ab+ laK∗b + lbLa+ lalbK∗+kalbL−kaa∗b , (7)

∇̃amb = L∗ab+naL∗b +nbKa+nanbL∗+manbK+mab
∗
b . (8)

The quantities Kab, Lab, K∗ab and L∗ab represent the extrinsic curvatures (sec-
ond fundamental forms) of Σtχ for the respective orthonormal basis vectors. The
one-forms Kb, Lb and the scalars K, L represent normal fundamental forms and nor-
mal fundamental scalars for the hypersurface normals, respectively, while K∗b , L∗b ,
K∗ and L∗ are similarly defined quantities for the basis vectors with vorticities. The
2-dimensional nongravitational accelerations ab, a∗b of the time-like vectors are com-
plemented by similar quantities bb, b∗b for the space-like basis vectors.

Note the symmetry of the first two expressions (5)-(6) and its lack in the last
two decompositions (7)-(8), a feature related to the vorticity of the respective basis
vectors. The definition of all these embedding variables, as arising from the respec-
tive projections of Eqs. (5)-(6) are given in Tables 2 and 2. These quantities are not
independent (Gergely et al., 2019), their complicated interrelations being summa-
rized in Table 2.
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Fig. 1 – The 2 +1 + 1 decomposition of space-time represented by two nonorthogonal foliations, the
two sets of bases related by a Lorentzian rotation and the embedding variables for each basis vector.

Table 1

The embedding variables for the normal basis vectors. The vanishing of their

3-dimensional vorticities ω̂(n)
ab and ω̌(l)

ab is also emphasized

Kab = gcag
d
b ∇̃cnd Lab = gcag

d
b ∇̃cld

Ka = gcam
d∇̃cnd La =−gcakd∇̃cld

K=mdmc∇̃cnd L= kdkc∇̃cld
aa = gdan

c∇̃cnd ba = gdal
c∇̃cld

ω̂
(n)
ab = 0 ω̌

(l)
ab = 0

Table 2

The embedding variables for the complementary basis vectors

L∗
ab = gcag

d
b ∇̃cmd K∗

ab = gcag
d
b ∇̃ckd

L∗a =−gdanc∇̃cmd K∗
a = gdal

c∇̃ckd
L∗ = ndnc∇̃cmd K∗ = ldlc∇̃ckd
b∗a = gdam

c∇̃cmd a∗a = gdak
c∇̃ckd
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Table 3

The embedding variables for the complementary basis vectors ma and ka expressed as functions of

the embedding variables of the normals. The nonvanishing components of the 3-dimensional

vorticities ω̂(k)
ab and ω̌(m)

ab are also given.

K∗
ab = 1

c (Kab + sLab) L∗
ab = 1

c (Lab− sKab)

K∗
a =Ka + s

c (aa +ba) L∗a = La + s
c (aa +ba) =K∗

a +Daψ

K∗ = 1
c (K− sL) + 1

c2
(la− sna)∇̃aψ L∗ = 1

c (sK+L) + 1
c2

(sla +na)∇̃aψ

a∗a = aa + s
c (Ka−La) = aa− s

cDaψ b∗a = ba + s
c (La−Ka) = ba + s

cDaψ

ω̂
(k)
ab g

b
c = 0 ω̌

(m)
ab gbc = 0

ω̂
(k)
ab l

b = 1
2Daψ− s

2c (aa +ba) ω̌
(m)
ab nb = 1

2Daψ+ s
2c (aa +ba)

3. HAMILTONIAN EVOLUTION

The embedding variables can be expressed in terms of coordinate derivatives of
the metric components, either directly from their definition or by exploring identities
involving the algebra of the basis vectors (Gergely et al., 2019). As the set of the em-
bedding variables pertinent to the basis (na,ma) contains fewer elements containing
time derivatives than the other set, in particular L∗ab and L∗ are expressible with spa-
tial derivatives alone, it is more convenient to employ them in a dynamical analysis.
The respective 2+1+1 decomposition of the curvature scalar and metric determinant
allows for the decomposition (Gergely et al., 2018) of the Einstein-Hilbert action

SEH =

∫
dt

∫
dχ

∫
Σtχ

d2xLEH ,

LEH =
√
−g̃R̃ . (9)

As expected, the lapse and shift components {N,Na,N} turn out to be nondynami-
cal, while the momenta (Kovács and Gergely, 2008)

πab =
∂LEH

∂ġab
=
√
gM

[
Kab−gab (K+K)

]
, (10)

pa =
∂LEH

∂Ṁa
= 2
√
gKa , (11)

p =
∂LEH

∂Ṁ
=−2

√
gK (12)

can be employed in order to carry out the Legendre transformation, resulting in the
Liuville form, boundary terms and the gravitational Hamiltonian density

HG =NHG⊥+NaHGa +NHGN , (13)

with the Hamiltonian constraint HG⊥ and diffeomorphism constraints HGa , HGN ex-
pressed solely in terms of the canonical pairs

{(
gab,π

ab
)
,(Ma,pa) ,(M,p)

}
, as
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given by Eqs. (61)-(63) of Ref. Gergely et al. (2019).
Denoting the canonical coordinates by gA ≡ {gab,Ma,M} and canonical mo-

menta by πA ≡
{
πab,pa,p

}
, also by y=

{
y1,y2

}
the coordinates adapted to Σtχ, the

Poisson bracket of any two arbitrary functions f (χ,y)≡ f
(
χ,y;gA (χ,y) ,πB (χ,y)

)
and h(χ,y)≡ h

(
χ,y;gA (χ,y) ,πB (χ,y)

)
is defined as:

{
f (χ,y) ,h

(
χ′,y′

)}
=

∫
dχ′′

∫
dy′′

(
δf (χ,y)

δgC (χ′′,y′′)

δh(χ′,y′)

δπC (χ′′,y′′)

− δf (χ,y)

δπC (χ′′,y′′)

δh(χ′,y′)

δgC (χ′′,y′′)

)
. (14)

The canonical pairs obey{
gA (χ,y) ,gB

(
χ′,y′

)}
= 0 ,{

πA (χ,y) ,πB
(
χ′,y′

)}
= 0 ,{

gA (χ,y) ,πB
(
χ′,y′

)}
= δABδ

(
χ−χ′

)
δ
(
y−y′

)
. (15)

In order to derive the Hamiltonian equations of motion for the canonical vari-
ables we introduce the smeared Hamiltonian density

HG [N,Na,N ] = HG⊥ [N ] +HGa [Na] +HGN [N ] ,

HG⊥ [N ] =

∫
dχ

∫
dyN (χ,y)HG⊥ (χ,y) ,

HGa [Na] =

∫
dχ

∫
dyNa (χ,y)HGa (χ,y) ,

HGN [N ] =

∫
dχ

∫
dyN (χ,y)HGN (χ,y) . (16)

Then each canonical variable evolves as given by the Poisson bracket of the canoni-
cally conjugate variable with the smeared Hamiltonian density

ġA ≡
{
gA (χ,y) ,HG

}
=
δHG [N,Na,N ]

δπA (χ,y)
,

π̇A ≡
{
πA (χ,y) ,HG

}
=−δH

G [N,Na,N ]

δgA (χ,y)
. (17)

Their detailed form was presented in Eqs. (65) and (69)-(71) of Ref. Gergely et
al. (2019). Previously derived results (Kovács and Gergely, 2008) reemerge in the
orthogonal double foliation limit.
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4. GAUGE FIXING IN SCALAR-TENSOR THEORIES

In general relativity a convenient gauge fixing of spherically symmetric, static
black hole perturbations is achieved through the Regge-Wheeler gauge (Regge and
Wheeler, 1957). The even and odd perturbations conveniently decouple. In scalar-
tensor theories this feature is conserved. Spherically symetric, static black hole per-
turbations in Horndeski theories were discussed both for the odd (Kobayashi et al.,
2012) and even sectors (Kobayashi et al., 2014).

In an effective field theory approach, which includes both second order Horn-
deski theories (Horndeski, 1974; Deffayet et al., 2011) and its beyond-Horndeski
generalisations in which only the degrees of freedom propagate driven by second-
order evolutions (Gleyzes et al., 2013, 2015) a similar analysis has provided the
stability analysis of the perturbations of the odd sector (Kase et al., 2014). With
the new formalism based on the nonorthogonal double foliation the discussion of the
even sector also becomes possible, as follows.

In the Helmholtz-type decompositions of perturbations of the 2-vectorial and
2-tensorial metric variables (Kase et al., 2014):

δNa = D̄aP +EbaD̄bQ, (18)

δMa = D̄aV +EbaD̄bW , (19)

δgab = ḡabA+ D̄aD̄bB+
1

2

(
EcaD̄cD̄b+EcbD̄cD̄a

)
C (20)

the odd sector variables are C,Q,W . All the above mentioned approaches, including
ours achieve by a suitable gauge fixing Ĉ = 0, leaving the physical odd degrees of
freedom in Q̂, Ŵ (an overbar and a wide overhat representing the respective quantity
on the background and after the gauge transformation and fixing, respectively).

The even sector includes the above defined P,V,A,B, the perturbations of the
scalar metric variables δN,δN , δM together with the scalar field perturbation. The
latter is obviously absent in general relativity, where the Regge-Wheeler gauge gives,
exploring the three remaining gauge degrees of freedom B̂ = P̂ = V̂ = 0, with the
physical even degrees of freedom δ̂N, δ̂N , δ̂M, Â.

The apparition of the scalar field and its perturbation restricts the possibilities
in the choice of the metric functions. A way to fix the latter is B̂ = P̂ = Â = 0,
leaving δ̂N, δ̂N , δ̂M, V̂ , δ̂φ as the even physical degrees of freedom (Kobayashi
et al., 2014).

Alternatively, similarly to the unitary gauge of cosmology, on a spherically
symmetric and static background a radial unitary gauge δ̂φ = 0 can be chosen, such
that the scalar stays unaffected by the perturbation. In this case one metric perturba-
tion can be switched off as B̂ = 0, however the use of the orthogonal double foliation
formalism demanded to also fix δ̂N = 0 by wasting the last gauge degree of freedom
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(Kase et al., 2014). This resulted in the metric perturbation P̂ containing an arbitrary
time function, hampering the physical interpretation of the even sector perturbations.

Instead, by relaxing the orthogonality of the double foliation we could use the
last gauge degree of freedom for imposing P̂ = 0, leaving the physical even de-
grees of freedom as δ̂N, δ̂N , δ̂M, Â, V̂ (Gergely et al., 2019). The advantages
are obvious: 1) the ambiguity is removed, allowing for a physical interpretation of
perturbations, and 2) the conformal factor Â of the two-dimensional metric is kept
among the variables, while the scalar field variation removed. Hence this becomes
the gauge choice closest to the general relativistic Regge-Wheeler gauge. The scalar
degree of freedom survives in V̂ .

With this we have layed the foundations for the stability analysis of the even
sector perturbations of spherically symmetric, static black hole in generic scalar-
tensor theories in an effective field theory approach, which includes both second
order Horndeski theories and its generalisations in which only the degrees of freedom
propagate driven by second-order evolutions. For this purpose the action has to be
written in terms of the scalars formed from the metric and embedding variables and
variation carried out to the second order.

The first order variation give the equations of motion for the background. They
can be investigated in order to derive new spherically symmetric, static solutions of
the afore-mentioned generic scalar-tensor theories.

Morover, the second order variation of the action generates the dynamics of the
perturbations, which can be investigated even without the knowledge of the back-
ground solution. Separating into even and odd parts, fixing the gauge as described
above and expanding into spherical harmonics yields the required evolutions of the
even sector perturbations. These lengthy calculations will be addressed elsewhere.

5. CONCLUSION

We developed a new 2 + 1 + 1 decomposition of space-time based on a double
foliation, the leaves of the two sets being nonorthogonal. Nonorthogonality doubled
the set of embedding variables, however one set could be selected as more suitable
for dynamical analysis, containing a lower number of time derivatives. The main
applications of the new formalism up-to-date are A) a generalisation of the Hamilto-
nian analysis of general relativity developed earlier for orthogonal double foliation,
and B) a gauge fixing suitable for dealing with perturbations of spherically sym-
metric, static black holes in scalar-tensor gravity theories in an effective field theory
approach. These have already been worked out in detail (Gergely et al., 2019).

The new formalism opens up the possibility to discuss in a unified way both
the even and odd perturbations of spherically symmetric, static black holes in the
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effective field theory approach of scalar-tensor gravitational theories in the radial
unitary gauge, in the closest possible way to the successful Regge-Wheeler gauge of
general relativity.
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