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A B S T R A C T   

This paper is concerned with the experimental testing and the constitutive modelling of a thermoplastic 
microcellular polyethylene-terephthalate (MC-PET) foam on the temperature range of 21–210 �C in order to 
investigate the temperature-dependent performance of the applied parallel viscoelastic-viscoplastic material 
model. By means of carefully designed uniaxial mechanical tests in temperature chamber, the viscous, elastic and 
yielding behaviours of the investigated material are identified, which are then applied for selecting suitable 
viscoelastic-viscoplastic constitutive models. The material characterization process is conducted using finite- 
element-based fitting method, including also the analysis of the applied numerical optimization algorithm. 
The fitting results are used to analyse the parameter sensitivity and to propose closed-form analytical relations 
for the temperature dependency of the material parameters. Finally, the utilisation of the analytical temperature 
functions for speeding up the parameter-fitting process is also demonstrated.   

1. Introduction 

Thermoforming is one of the most widely applied manufacturing 
processes since the beginning of the polymer industry. Using this pro
cess, a great variety of products can be manufactured with moderate 
costs including extremely thin parts with complex geometries as well. 
During the process, the raw material sheet is heated up to the so-called 
forming temperature, where forming process is applied (e.g. using 
vacuum, compressed air or mechanical contact), which is followed by 
cooling to room temperature. The final geometry of the part is strongly 
dependent on the technological parameters of process e.g. temperature 
levels, rate of loading, holding times [1–3]. Due to the high sensitivity of 
the material behaviour on the technical parameters, the setting of proper 
production parameters is usually achieved after several tries, which 
might be very time-consuming and costly. However, the final shape may 
be adequately modelled using finite element (FE) simulation as it is 
discussed by Guzman-Maldonado et al. [4], which could also reduce the 
time and costs of production design. Additionally, such simulations can 
also be applied to assess the long-term behaviour of the thermoformed 
parts which is in high industrial demand due to the unreasonable 
amount of time required for the experimental investigations. 

In order to perform FE simulation of the forming process with 
adequate accuracy, the thermoplastic material should be characterized 

using accurate constitutive model including all relevant deformation 
behaviours occurring during the entire forming process. As several 
studies in the literature have revealed, the thermoplastic materials un
dergo large strains and deformations which show significant viscous, 
elastic and yielding characteristics with dominant temperature- 
dependent properties. Consequently, the constitutive model applied in 
FE simulations must be able to describe yielding properties with hard
ening, viscoelastic and elastic contributions. Nevertheless, the number 
of suitable models in the commercial finite element software (e.g. 
Abaqus [5], Ansys [6], MSC Marc [7]) is limited. Moreover, these 
models were mostly proposed for metals, not polymers. Therefore, the 
development of advanced material models for characterising the com
plex mechanical behaviours of thermoplastics is currently a highly 
investigated field of computational solid mechanics. 

In addition to the available models in FE software, a commercially 
available model family for solid polymers is the PolyUMod Library 
provided by Bergstr€om via Veryst Engineering [8]. This library includes 
the Three-Network Model (TNM) and the Parallel Network Model 
(PNM) proposed especially for modelling thermoplastics. These 
advanced models, however, contains high number of material parame
ters without including explicit temperature dependence. In addition, 
recent studies have also proposed viscoelastic and viscoplastic models 
for modelling temperature-dependent behaviour of various 
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thermoplastic materials (including PLA and PVA core-shell nano fibres, 
PMMA, PLA, PC and isotactic PP) using parallel and serial configurations 
of the well-known rheological models combined with nonlinear 
viscoelastic-viscoplastic elements [9–18]. Whereas, the novel constitu
tive model proposed for temperature-dependent structural relaxation by 
Das et al. [19] also includes multiple time-scales using statistical ho
mogenization. Additionally, several studies investigated the yielding 
behaviour of thermoplastics based on cyclic tests utilizing kinematic 
hardening approach [20–22]. 

In this study the mechanical characterisation of a microcellular- 
polyethylene-terephthalate (MC-PET) material is presented using par
allel viscoelastic-viscoplastic constitutive models. Microcellular foaming 
technology was invented at Massachusetts Institute of Technology (MIT) 
by Martini et al. and patented in 1982 [23]. Microcellular foam mate
rials show excellent insulation and diffuse reflection properties, which 
can be achieved by relatively low production prices [24–26]. One of the 
possible fields of application of the such foams is in lighting (e.g. as lamp 
shells), which are manufactured using thermoforming process at tem
peratures above 200 �C, for which the proper temperature-dependent 
modelling at all relevant temperature levels (as discussed above) is 
essential. However, there is a lack in the literature regarding the 
experimental and numerical investigations of such foam materials at 
wide temperature-regime, which was the main motivation of our work. 
Since the material behaviour changes significantly with increasing 
temperature, our goal was to apply a constitutive law such that char
acterize the material on the entire temperature domain with adequate 
accuracy. The proposed material model comprises of a Maxwell-type 
branch in parallel with an elastic-plastic model using isotropic hard
ening and associative flow rule with Mises yield function [26,27], while 
the nonlinear viscoelastic effect was modelled using strain- and 
time-hardening power-law creep models. This model-family is also 
commonly referred as two-layer viscoplastic model (TLVP) [5,28,29]. 
Additionally, the authors were also interested in the performance and 
the sensitivity of the proposed model, which is also discussed further in 
details. Moreover, in this contribution analytical functions are also 
proposed to describe the variation of viscous-elastic-plastic material 
parameters with temperature. 

This paper is organized as follows. The investigated material and the 
mechanical tests are presented in Section 2. In Section 3, the applied 
parallel viscoelastic-viscoplastic models are summarized, while Section 
4 presents the parameter strategy method and the performance of the 
material models. In Section 5 the analytical expressions for the 
temperature-dependent material parameters are proposed, while the 
benefits of such analytical functions are demonstrated via a case study. 
Finally, the conclusions are summarized in Section 6. 

2. Experiments 

2.1. MC-PET material 

The investigated material is a microcellular-polyethylene- 
terephthalate (MC-PET), which is currently under development. 
Compared to pure PET, the MC-PET material contains microcells 
which ensure excellent diffuse reflexion quantities. The foam is 
mainly used as lamp shells in different places, including extraor
dinary circumstances (e.g. extreme cold, high UV-radiation, etc …), 
thus there is significant need for an accurate material model 
describing the mechanical properties during the thermoforming 
process. The MC-PET foam is produced as sheets with thickness w ¼
0:94 ​ mm; from which standardised specimens (see Fig. 1/b) were 
cut. The microstructure of the foam consists of a thin PET skin-layer 
and a microcellular foam core, which is presented on the SEM 
image in Fig. 1/a. The skin-layer/foam core thickness ratio is 
approximately 1:5, while the size of the microcells is in the range of 
5 � 10 μm. Due to the foam core and the various deformation 
mechanisms of cellular structures [30], the mechanical properties 

of the MC-PET foam significantly differ from the behaviour of the 
matrix PET material (e.g. reduced density, improved impact ab
sorption, etc…). Therefore, during material modelling we could not 
rely on the constitutive models and characteristics of single PET 
material. 

2.2. Preliminary tests 

In order to get preliminary information about the temperature- 
dependent behaviour of the material, the raw material was tested 
using sweep DMA test (dynamic mechanical analysis) in order to 
investigate the viscoelastic and the temperature-dependent properties. 
The measured quantities are the storage modulus E’ representing the 
stored elastic energy and the loss modulus E’’ quantifying the energy 
dissipated as heat. The results of the DMA tests (see Fig. 2) shows that 
the mechanical properties significantly change at elevated tempera
tures. Based on the DMA curves, the glass-transition temperature Tg can 
be obtained using the inflection of the E’ðTÞ or the maxima of E’’ðTÞ, 
namely Tg ¼ 90 �C:

Beside the DMA tests, preliminary uniaxial tensile cyclic tests were 
also performed on the specimens in order to reveal and identify the 
deformation characteristics in the investigated temperature domain. 
The uniaxial tests were performed using Zwick Roell Z010 Testing 
System with Zwick Xforce P load-cell with maximal load capacity of 1 
kN. Additionally, for the temperature-dependent measurements an air- 

Fig. 1. The a) SEM image of microstructure of the investigated MC-PET foam 
and b) the specimen geometry for uniaxial tests with the markers for video 
extensometer. 

Fig. 2. The results of the DMA tests: the variation of the storage modulus E’ and 
the loss modulus E’’ against temperature. 
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feed-based Zwick heat chamber was applied, which ensures uniform 
temperature distribution in the chamber. Note, that after reaching the 
required temperature, the specimen was laying in the chamber for 2 min 
to ensure that the whole volume of the specimen is heated up. During the 
heating up period the speed of temperature changing was approximately 
12 K/min as it is provided in the heat chamber specification. The heat 
chamber and the applied specimen conditioning procedure ensure reli
able test results according to standards ISO 527-1, ASTM D618 and 
D638. The preliminary uniaxial cyclic tests consist of several loading- 
unloading cycles with increasing displacements in the temperature 
range of 21–210 �C, which is the usual regime of the thermoforming 
production process of this particular material in order to avoid the 
degradation of the microstructure which occurs at around 220–240 �C. 
From the measured force-displacement curves the engineering stress P 
and the engineering strain were computed from the measured force F 
and displacement value u as 

P¼
F
A0
​ and ​ εeng ¼

u
L0
; (1)  

Where A0 ¼ 12:24 ​ mm2 and L0 ¼ 50 ​ mm are the initial cross-section 
and the initial gauge length. The measured curves (data points) are 
illustrated in Fig. 3. The results show that at all temperatures the 

material behaviour shows stress relaxation properties and the perma
nent deformation after each cycle is also significant. 

2.3. Uniaxial tensile tests 

As the preliminary tests (DMA and cyclic) revealed, deformation of 
the MC-PET foam shows significant elastic, plastic and viscous proper
ties with significant temperature dependency. During the constitutive 
modelling, in order to reduce the computational time of the parameter 
fitting, the simplest test should be applied, which is also expected to 
involve both viscoelastic and viscoplastic properties. Therefore, uniaxial 
tensile tests have been performed using a single cycle with three loading 
steps, which is illustrated in Fig. 4: displacement-controlled uploading to 
umax with cross-head speed vc, then relaxation by holding the strain for 
tr ¼ 60 ​ s and finally displacement-controlled unloading with vc until 
zero load is reached, namelyF ¼ 0 ​ N. The test parameters are summa
rized in Table 1. 

As the DMA results indicated, the material behaviour significantly 
changes at around the glass transition temperature of 90 �C, therefore 
the investigated temperature values were not uniformly distributed in 
the regime of 21–210 �C as smaller temperature increments were 
applied around the glass transition temperature according to Ref. [31]. 
Consequently, the tests were performed at ten different temperature 
levels, namely 21 �C, 60 �C, 75 �C, 83 �C, 90 �C, 97 �C, 106 �C, 120 �C, 
160 �C and 210 �C. The measured engineering-stress against time curves 
and the stress-strain curves are summarized in Fig. 5, respectively. The 
results show that temperature has significant softening effect on the 
overall mechanical behaviour. Furthermore, it can also be stated that the 
above glass transition temperature, due to the microstructural changes, 
significantly different behaviour occurs while the permanent deforma
tion at the end of the cycle, which can be quantified by uP (as indicated 
in Fig. 4), also increases. 

3. Constitutive model 

The constitutive model proposed for the characterization of the 
investigated MC-PET material at all temperature levels is a particular 
parallel viscoelastic-viscoplastic model, that is commonly referred as 
two-layer viscoplastic model (TLVP) [5,32]. The TLVP model one of the 
simplest parallel viscoelastic-viscoplastic model, which is comprised of a 
Maxwell-type nonlinear viscoelastic branch and an elastic-plastic 
network, respectively [32]. Among parallel viscoelastic-viscoplastic 
models the TLVP model is beneficial thanks to its simple structure and 
the relatively small number of parameters, whereas it is also imple
mented in the commercial FE software Abaqus [5]. The 1D representa
tion of the TLVP model is depicted in Fig. 6. Due to the parallel 
configuration, the total stress can be expressed additively as 

σ¼ σV þ σP; (2)  

where σV denotes the stress acting on the viscoelastic branch, whereas σP 
on the elastic-plastic network [5]. 

3.1. Elastic behaviour 

The elastic behaviour of the material is modelled using linear 

Fig. 3. The measured engineering stress – engineering strain curves in case of 
cyclic uniaxial tensile tests at temperatures of 21 �C, 60 �C, 90 �C, 160 �C and 
210 �C. Fig. 4. The prescribed displacement during uniaxial test.  
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isotropic elasticity, which are represented by the elastic moduli EV and 
EP in the viscoelastic and the elastoplastic networks, respectively. 
Therefore, the total elastic modulus E can be expressed as 

E¼EP þ EV : (3)  

The ratio of EV and E is introduced as a new parameter f , the so-called 
fraction of elasticity (or elastic-ratio) for convenience as 

f ¼
EV

E
: (4) 

In addition, as we assumed isotropic behaviour the Poisson’s ratio in 
both networks are identical, namely ν ¼ νP ¼ νV . 

Moreover, due to the large strains and deformations that the material 
behaviour shows, the linear isotropic elastic behaviour is modelled using 
finite strain approach, namely by the so-called hypoelastic model using 
the formulation for solid elements in Abaqus/Standard [5]. 

3.2. Nonlinear creep laws 

In the proposed TLVP model, the nonlinear viscous behaviour is 
modelled through nonlinear creep laws which are also implemented in 
Abaqus [5]. Among several available creep laws, the so-called power-
law models are the most widely used models, thanks to their simplicity. 
The models only consider deviatoric creep, therefore the governing 
differential equations are expressed using the Mises equivalent stress q, 

defined as 

q¼
ffiffiffiffiffiffiffiffiffiffiffi
3
2

s : s
r

; (5)  

where s ¼ dev½σ� is the deviatoric stress tensor. In this study time- 
hardening and strain-hardening power-law models are investigated in 
detail. Note, that the time-hardening power-law model is mainly rec
ommended for slightly varying stress states, whereas the strain- 
hardening model can be applied also for varying stress states as well. 
Additionally, both models assume that the stresses are low [5]. The 
governing equation of the creep strain rate for the time-hardening 
power-law is expressed as 

_εcr
¼Aqntm; (6)  

while in case of strain-hardening power-law, the expression becomes 

_εcr
¼ðAqn½ðmþ 1Þεcr�

m
Þ

1
mþ1; (7) 

Table 1 
The uniaxial test parameters.  

upload time, t1  24.91 s 
maximal displacement, umax  150 mm 
relaxation time, t2 � t1  60 s 
crosshead speed, vc  2 mm/min  

Fig. 5. The measured uniaxial a) P � t and b) P � εeng curves and the corresponding c) 3D surface in the temperature domain of 21–210 �C.  

Fig. 6. The 1D representation of the two-layer viscoplastic model. 
Note, that the constitutive model was originally developed for polymers [28, 
29], however, it is applied for high-temperature deformation of metals as 
well [33–35]. 
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where A, n and m are parameters, while the equivalent creep strain is 
defined as 

εcr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
εcr : εcr

r

; ​ and ​ ​ _εcr
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3

_εcr
: _εcr

r

: (8)  

It should be noted, that for m ¼ 0 both models reduce to the Norton-Hoff 
creep law, which is defined as 

_εcr
¼Aqn: (9) 

Beside the power-law creep models, there also exist more complex 
nonlinear creep laws (e.g. Anand, Darveaux and Double power). In these 
models, however, the number of material parameters are also higher, 
which makes the parameter-fitting even more difficult and uncertain, 
thus in the following only the power law models are discussed. During 
the numerical solution of the TLVP model using FE in Abaqus the ac
curacy of creep integration was controlled by the so-called creep strain 
error tolerance, for which value of 0:00005 was prescribed. This error 
tolerance determines the time increment so that the creep strain incre
ment is smaller than the elastic strain increment [5]. 

3.3. Elastic-plastic model 

The elastic-plastic network was modelled using associative flow rule 
with Mises yield criterion, where the corresponding yield function is 
defined as 

Φðσ; σYÞ¼

ffiffiffiffiffiffiffiffiffiffiffi
3
2

s : s
r

� σYðεpÞ; (10)  

where σYðεpÞ represents the uniaxial yield stress, which depends on the 
accumulated plastic strain, namely 

εp¼

ffiffiffi
3
2

r Z t

0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
_εp

: _εp
p

dτ: (11) 

In our investigations, isotropic hardening rule was assumed. In order 
to obtain proper hardening curve, the cyclic tests were analysed in the 
true stress – true strain curve (see Fig. 7/a), where σ ¼ Pðεengþ1Þ and ε ¼
lnðεengþ1Þ using the volumetric incompressibility assumption. It should 
be noted that the elastic contribution in the strain involves volumetric 
strain, but it is negligible compared to the viscous and plastic strains. 
Furthermore, the end points of each load steps were also detected, 
namely the end point of uploading/unloading and each relaxation steps 
as indicated by dot markers in Fig. 7/a. 

In order to eliminate the viscoelastic-viscoplastic effects, it was 
assumed that the end points of each relaxation phase after uploading 
steps correspond to the long-term, pure elastic-plastic behaviour. 
Therefore, the hardening curve can be approximated by a polynomial on 
the σ � ε curves. Furthermore, the initial elastic modulus E was obtained 
as the initial slope of the true stress – true strain curve, which are listed 
in Table 2. 

The total strain is additively decomposed to elastic and plastic con
tributions as ε ¼ εeþ εp, the plastic strain values can be obtained (see 
Fig. 7/a) as 

εpðε; σÞ¼ ε � σ
E
: (12) 

Moreover, using the same steps, the fitted polynomial yield function 
against the true plastic strain can also be obtained, which defines the 
hardening curve. As the results in Fig. 7/b show, the hardening curves 
can be approximated with linear functions with good accuracy. Thus, in 
the proposed model linear isotropic hardening was applied, where the 
hardening rule is defined as 

σYðεpÞ¼ σY0 þ Hεp; (13)  

where σY0 is the initial yield stress and H the plastic hardening modulus. 

3.4. Summary of the model 

To summarize, the proposed model for the investigated MC-PET 
foam is a simple parallel viscoelastic-viscoplastic model (the two-layer 
viscoplastic model) with nonlinear (strain or time) hardening power- 
law model for creeping in combination with linear isotropic hardening 
yield properties. 

4. Parameter-fitting 

Having chosen the viscous and elastic-plastic elements of the TLVP 
model, the material parameters should be fitted to the uniaxial tests with 
uploading, relaxation and unloading phases as presented in Fig. 5. Ac
cording the generally applied parameter fitting strategy, the error be
tween the model prediction and the measurement data is minimized. In 
case of the TLVP model, however, the stress solution cannot be 
expressed analytically, thus a FE-based parameter-fitting method is 
applied in this report [32]. 

The proposed TLVP model contains altogether eight material pa
rameters. The elastic behaviour is characterized by the elastic modulus 
E; the Poisson’s ratio ν and the fraction of elasticity f . The nonlinear 
viscous elements contain the power-law exponent m and power-law 

Fig. 7. The a) method for estimation of long-term behaviour and hardening law 
at 21 �C and b) the linear hardening curves at all investigated temperatures. 

Table 2 
Estimation of the elastic modulus as the initial slope of 
the cyclic tests.  

Temperature [�C] E [MPa]  

21 369.78 
60 347.53 
90 130.94 
160 45.80 
210 38.42  
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coefficients A and n, whereas the yield function is characterized by the 
initial yield stress σY0 and plastic hardening modulus H. The parameters 
should also fulfil the following constraints to ensure physically admis
sible results, namely 

E;A; n;H; σY0 > 0; (14)  

0 < f < 1; (15)  

� 1 < m < 0: (16) 

As the fitting was performed using uniaxial tensile tests, the Pois
son’s ratio has negligible effect on the stress result. Therefore, for 
minimizing the parameters to be fitted, the Poisson’s ratio is considered 
to be constant ν ¼ 0:4 for all temperatures according to literature sug
gestions [27,32]. 

4.1. FE-based fitting method 

The FE-based parameter fitting procedure was performed on a single, 
eight-node brick element with reduced integration, which is shown in 
Fig. 8. Boundary condition of zero displacement was prescribed on plane 
1-2-3-4 in direction E1, on plane 3-4-7-8 in direction E2 and on plane 1- 
5-8-4 in direction in direction E3, whereas the displacement U1 was 
prescribed on plane 5-6-7-8 in direction E1 according to the simplified 
uniaxial measurement data presented previously. Consequently, the 
uniaxial tests are idealized with homogeneous deformation for 
simplicity. During the fitting process the FE simulation of the idealized 
uniaxial test was performed and the resultant engineering stress values 
were exported in each iteration step. 

The fitting process was defined to minimize the quality function, 
which can be calculated as the sum of squared differences (SSD) between 
the simulation results and the measured data as 

SSD¼
XN

i¼1

�
Pmeas

i � PFE� tmeas
i

��2
; (17)  

where Pmeas
i � tmeas

i are the measured stress-time value data pairs, PFE is 
the stress values obtained from FE simulation, while N stands for the 
number of data points. This parameter fitting method is extremely time 
consuming, since a single iteration step lasts 20–25 s using a CPU with 
3.1 GHz for the loading history used in the simulation. In order to reduce 
the fitting time, three numerical optimization algorithms were 
compared: Hooke-Jeeves (HJ), Downhill simplex (DS) and Adaptive 
Simulated Annealing (ASA). The DS method finds the local minima after 
simplex-operations based on function evaluations at the simplexes [36, 
37]. The HJ algorithm searches the optima by simultaneously performed 
optimization using several trial solutions in the parameter-space [38], 
whereas the strategy of ASA method is based on random search with 
adaptive parameter control using temperature schedules mimicking 
heat treatment of metals [39]. After several trial-runs the HJ method 
was found to perform the best with respect to optimization time. As the 

example on Fig. 9 shows the convergence of the elastic modulus at T ¼
120 �C required 532, 2017 and 4035 iteration steps for the HJ, DS and 
ASA algorithms, respectively. Note, that since the ASA method based on 
random search the convergence can only be declared after a given 
number of unsuccessful tries in order to guarantee that no better solution 
can be obtained. 

4.2. Fitting results: strain-hardening creeping 

In case of the applied TLVP model using strain-hardening power-law 
creep model, the fitted material parameters are listed in Table 3, 
whereas Fig. 10 shows the fitted engineering stress-time curves at all 
investigated temperature levels. 

Furthermore, the sensitivity of the model was also investigated using 
Monte-Carlo simulation, where a relative parameter error of δP ¼ �0 �
10% was introduced for each fitted parameter. After performing the FE 
simulation of the simplified uniaxial extension problem for each com
bination of parameters with errors of �1%;�2%� 5% ​ and ​ � 10%, the 
so-called uncertainty region could be introduced as the envelope of the 
resultant engineering stress – time curves (see the grey shaded areas in 
Fig. 10). The results show, that the TLVP model can characterize the 
viscous-elastic-plastic behaviour of the investigated MC-PET material 
with excellent accuracy. However, at elevated temperatures (tempera
tures above the glass-transition temperature of Tg ¼ 90 �C) the sensi
tivity of the model indicated by the uncertainty region, significantly 
increases. 

4.3. Fitting results: time-hardening creeping 

Similarly, the results in case of time-hardening power-law creep 
model can be summarized via the parameter table (see Table 4) and by 
the comparison of measured engineering stress-time curves with the 
model prediction using the fitted parameters in Fig. 11. In the latter case, 
the sensitivity of the model is quantified by the uncertainty-region ob
tained by Monte-Carlo simulations as introduced previously. 

As the results show, this model is also able to characterize the ma
terial behaviour with adequate accuracy at all temperature levels. In 
addition, the sensitivity analysis also shows similar results to the case of 
TLVP model with strain-hardening creep law. 

4.4. Comparison of the models 

The performance of the fitted models can also be analysed by the 
coefficient of determination R2 which is a widely used measure to 
demonstrate the accuracy of a fitting process: 

Fig. 8. The FE model for parameter fitting.  
Fig. 9. The comparison of numerical algorithms (HJ, DS, ASA) for the 
convergence of the elastic modulus at T ¼ 120�C. 
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R2¼ 1 �
PN

i¼1

�
Pmeas

i � Pfit
i

�2

PN
i¼1

�
Pmeas

i � P
�2 ; (18)  

where P is the mean of the experimental engineering stress values. The 
value of R2 should satisfy 0 < R2 � 1, where R2 ¼ 1 represents the 
perfect fit. This quantity, however, can give accurate result only if the 
curve is monotonously increasing, therefore for nonlinear curves 
another quantity, namely the standard error of regression ðSÞ is rec
ommended [40,41], where 

S¼
ffiffiffiffiffiffiffiffiffiffiffiffi
SSD

N � 2

r

: (19) 

The calculated values characterizing the goodness of the fitting are 
listed in Table 5. It should be noted that values of SSD and S are not 
normalized, therefore the temperature-dependent tendency can only be 
obtained from the variation of R2. According to Fig. 12 the accuracy of 
the model prediction slightly decreases at the highest temperatures. 
Although, the R2 values are always above 98.9%, which means that both 
models can be applied for characterizing the material with good accu
racy. The goodness of fitting also indicates that the strain-hardening 

Table 3 
The fitted material parameters of the investigated microcellular foam using strain-hardening power-law creep model.  

Temperature [�C] E 
[MPa]  

σY0 [MPa]  H [MPa]  A 
[-]  

n 
[-]  

m 
[-]  

f 
[-]  

21 685.08 4.099 29.51 0.000446 2.500 � 0.553 0.817 
60 566.25 2.213 29.78 0.000403 2.610 � 0.541 0.858 
75 520.06 1.325 29.37 0.000538 2.610 � 0.544 0.877 
83 448.29 0.558 31.22 0.000827 2.483 � 0.521 0.877 
90 384.41 0.000535 33.16 0.001009 2.497 � 0.522 0.876 
97 302.83 0.000200 36.60 0.003038 1.987 � 0.588 0.879 
106 267.59 0.000227 38.10 0.004941 1.833 � 0.623 0.882 
120 206.00 0.000098 37.08 0.010949 1.405 � 0.710 0.884 
160 135.81 0.000194 40.50 0.016870 1.486 � 0.761 0.880 
210 80.01 0.000050 36.05 0.035845 1.013 � 0.770 0.890  

Fig. 10. The comparison of the uniaxial measurement data and the fitted TLVP model using strain-hardening power-law creep model including the uncertainty 
region for at least 10% relative error for each parameter. 
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power law creep model shows better accuracy compared to the time- 
hardening one, nearly all temperatures, but especially at the highest 
ones. 

4.5. Parameter-sensitivity 

Beside the analysis of global sensitivity using uncertainty regions, the 
sensitivity of each parameter can also be obtained using Monte-Carlo 
simulation method again. This case, only a single parameter was per
turbed with δP relative parameter error of �1%;
�2%� 5% ​ and ​ � 10%, and the resulted curves was compared using 

standard error of regression as in Eq. (19). The resultant curves are 
presented in Figs. 13-14, from which the effect of each parameter can be 
obtained. As the results show, the parameter f (fraction of elasticity) has 
the largest effect on the global sensitivity. It should be emphasized that 
the initial yield stress decreases approximately to zero, therefore it has 
no effect on the global error above the glass transition temperature. In 
case of the viscous parameters, the error varies on the same scale for all 
three viscous parameters (A, n and m). Note, that in case of the time- 
hardening power-law at temperatures 106–210 �C the fitted value for 
the power law exponent m lays close to the boundary of the possible 
parameter range ( � 1 < m < 0), Consequently, the effect of positive 

Table 4 
The fitted material parameters of the investigated microcellular foam using time-hardening power-law creep model.  

Temperature [�C] E 
[MPa]  

σY0 [MPa]  H [MPa]  A 
[-]  

n 
[-]  

m 
[-]  

f 
[-]  

21 753.37 4.935 30.99 0.000528 3.389 � 0.837 0.814 
60 659.96 3.129 29.48 0.000410 3.600 � 0.797 0.843 
75 576.57 2.211 29.33 0.000725 3.513 � 0.831 0.867 
83 497.61 1.255 32.35 0.000825 3.500 � 0.795 0.881 
90 409.29 0.832 35.86 0.001476 3.403 � 0.847 0.887 
97 333.35 0.778 42.93 0.005257 3.036 � 0.938 0.895 
106 297.08 0.404 45.96 0.009743 2.866 � 0.936 0.894 
120 229.60 0.000383 46.98 0.035037 2.388 � 0.999 0.889 
160 168.22 0.000279 48.00 0.098019 2.295 � 0.993 0.890 
210 108.44 0.000051 43.23 0.309744 1.753 � 1.000 0.908  

Fig. 11. The comparison of the uniaxial measurement data and the fitted TLVP model using time-hardening power-law creep model including the uncertainty region 
for at least 10% relative error for each parameter. 
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relative errors (δP > 0) cannot be analysed. Thus, the error considered to 
be saturated, which is indicated in Fig. 13. 

5. Temperature-dependency of parameters 

The result of the parameter fitting provides information about the 
temperature-dependence of the material parameters. This can be uti
lized as a validation method of the fitting by comparing the variation of 
elastic modulus with the DMA results. As it was introduced previously in 
Ref. [27], long-term and instantaneous boundary models can be intro
duced for the TLVP model by substituting the nonlinear dashpot element 
with breakage and short-circuit, respectively. As it is discussed in Refs. 
[42,43], in case of long-term behaviour, which is defined as _ε→0, the 
dashpot element deforms without any stress merging, thus the dashpot 
can be substituted with a breakage (see Fig. 15). Moreover, when we 
assume instantaneous behaviour, namely _ε→∞, the viscous element 
becomes infinitely stiff, thus only the elastic element deforms in the 
viscoelastic branch. Consequently, both cases can be represented with 
pure elastic-plastic models. The corresponding material parameters in 
the elastic-plastic boundary models are summarized in Table 6. 

Using the previously introduced models, the long-term and instan
taneous elastic moduli can be obtained for all temperatures using both 

Table 5 
The fitted material parameters of the investigated microcellular foam using time-hardening power-law creep model.  

Temperature Sum of squared differences [MPa2] ðSSDÞ Coefficient of determination ðR2Þ[%]  Standard error of regression ðSÞ [MPa]  

Strain-hardening Time-hardening Strain-hardening Time-hardening Strain-hardening Time-hardening 

21 �C 12.94 10.18 99.78 99.83 0.0927 0.0823 
60 �C 7.23 14.71 99.84 99.67 0.0694 0.0991 
75 �C 6.13 12.51 99.83 99.67 0.0638 0.0912 
83 �C 6.91 14.33 99.81 99.61 0.0676 0.0973 
90 �C 5.47 15.47 99.84 99.57 0.0599 0.1008 
97 �C 4.12 20.92 99.88 99.43 0.0517 0.1163 
106 �C 4.71 12.02 99.86 99.67 0.0549 0.0877 
120 �C 3.22 8.25 99.87 99.68 0.0455 0.0728 
160 �C 4.76 16.94 99.78 99.21 0.0541 0.1021 
210 �C 2.84 7.39 99.61 98.94 0.0423 0.0681  

Fig. 12. Variation of R2 against temperature for strain- and time-hardening 
creep laws. 

Fig. 13. Sensitivity of the fitted parameters in case of TLVP model with strain-hardening creep.  
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creep models, respectively. If we compare the variation of these curve 
against the temperature with the DMA results (see Fig. 16), it can be 
clearly seen that the DMA measurement lays always in between the long- 
term and instantaneous responses, since the DMA measurement was 
performed with finite deformation speed. 

For the boundary models, the glass transition temperature was also 
determined as the inflection of the curves, which is in accordance with 
the standard ISO 6721-11. As a result of the numerical interpolation and 

derivation, the glass transition temperature was found to be Tstrain
g ¼

91:3�C and Ttime
g ¼ 87:7�C respectively. This means, that the parameter 

fitting and the DMA measurement are in excellent agreement. 

5.1. Analytical parameter-functions 

Beside the elastic modulus, all other material parameters, which 
characterize yielding and creeping, could also be analysed as function of 

Fig. 14. Sensitivity of the fitted parameters in case of TLVP model with time-hardening creep.  

Fig. 15. The introduction of the elastic-plastic boundary models for the TLVP model representing the long-term and instantaneous behaviour.  
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the temperature. The characteristics in Fig. 17 show clear tendencies 
only with moderate numerical noise. In the literature a possible solution 
to describe the temperature dependency of material parameters is by 
introducing closed-form functions, usually in polynomial form [14]. 
Although, it can also be seen, that in the neighbourhood of the glass 
transition temperature, there is a significant change in all parameter 
value. Consequently, it is preferable to include Tg as internal parameter 
in the analytical temperature-dependent parameter functions as applied 
in Refs. [31,44]. In our approach to finding suitable functions we tried 
several possibilities; the chosen functions have the form: 

EðTÞ¼E1 arctan
�
E2
�
T � Tg

��
þ E3; (20)  

σY0ðTÞ¼
�

Y2
�
T � Tg

�2
þ Y1

�
T � Tg

�
þ Y0 T � Tg

Y3
�
T � Tg

�
þ Y0 T > Tg

; (21)  

HðTÞ¼H1 arctan
�
H2
�
T � Tg

��
þ H3; (22)  

AðTÞ¼
�

A1
�
T � Tg

�
þ A0 T � Tg

A3
�
T � Tg

�2
þ A2

�
T � Tg

�
þ A0 T > Tg

; (23)  

nðTÞ¼ n1 arctan
�
n2
�
T � Tgþ n3

��
þ n4; (24)  

mðTÞ¼m1 arctan
�
m2
�
T � Tgþm3

��
þ m4; (25)  

f ðTÞ¼
�

f1
�
T � Tg

�
þ f0 T � Tg

f2
�
T � Tg

�
þ f0 T > Tg

: (26) 

As the functions show, the elastic modulus E, the hardening modulus 
H, the power-law coefficient n and exponent m show similar tendency 
according to the arctangent function. Whereas, the initial yield stress 
σY0, the power-law coefficient A and the fraction of elasticity f can be 
described using piecewise polynomials. The numerical values of the 
parameters in Eqs. 20–26 are listed in Table 7. The variation of material 
parameters shows great agreement with the change of material behav
iour of thermoplastics around the glass transition temperature as sum
marized in Ref. [8]. Above Tg large segmental motions are activated, and 
the polymer starts to behave more fluid-like, as indicated by increasing 
A and f parameters, while the elastic modulus and the initial yield stress 
significantly drops. 

5.2. Case study: improved fitting 

The previously introduced analytical functions not only express the 
relation of temperature and the parameter values, but also can be uti
lized for initializing the fitting. As it was discussed above, the FE-based 
parameter fitting procedure could be extremely time-consuming and 
furthermore also very sensitive to the initial parameter values. The 
proposed analytical functions contain only 2-4 parameters, therefore 
based on approximately 3 fitting (e.g. at room temperature, at Tg and at 
the maximum temperature), the analytical function parameters in Eqs. 
20–26 can be fitted. This approach was motivated by the model of 
Dupaix, where temperature-dependent shear modulus function is fitted 

Table 6 
Parameters of the elastic-plastic boundary models.   

Instantaneous  
ð _ε →∞Þ

Long-term  
ð _ε →0Þ

Elastic modulus Einst ¼ EP þ EV ¼ E  Elong ¼ EP ¼ ð1 � fÞE  
Initial yield stress σY0inst ¼ σY0ð1 � fÞ� 1  σY0inst ¼ σY0  

Hardening modulus Hinst ¼ ½fð1 � fÞEþH �ð1 � fÞ� 2  Hlong ¼ H   

Fig. 16. Comparison of the DMA results and the boundary models for the fitted 
strain- and time-hardening power-law TLVP models. 

Fig. 17. The temperature-dependency of material parameters and the fitted analytical functions for strain- and time-hardening power-law TLVP models.  
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to measurements below and above glass transition temperature [31,44]. 
After evaluating the function at all other temperature levels, this could 
give a possible guess for the initial parameters and ensures significantly 
faster fitting. This flowchart of this fitting algorithm is illustrated in 
Fig. 18. 

The benefit of this method is presented via a case study of elastic 
modulus fitting at 120 �C using TLVP with strain-hardening power-law. 
As we perform the fitting for 21 �C, 60 �C and 210 �C using the originally 
proposed method, the numerical values of E21 ¼ 753:37 ​ MPa; E60 ¼

659:96 ​ MPa and E210 ¼ 108:44 ​ MPa were received. After fitting the 
analytical function in Eq. (20) to these numerical data 

E*ðTÞ¼ 255:36 arctan½� 0:0356ðT � 90Þ� þ 450:89 (27)  

was received from which the initial value for the fitting at 120 �C 
becomes 

E*ð120Þ¼ 241:82 ​ MPa: (28) 

As Fig. 19 shows, the fitting process started with this value needs 
only 514 iteration steps, while the same fitting started from the room- 
temperature result of E21 ¼ 753:37 ​ MPa needed 1487 iterations. 
Therefore, the time needed to finalize fitting could be reduced to its third 
by properly chosen initial values based on the analytical parameter 
functions proposed above. 

6. Conclusions 

In this paper, a detailed mechanical characterization was presented 
for a microcellular polyethylene-terephthalate foam material using the 

two-layer viscoplastic model on the temperature domain which is rele
vant for thermoforming applications. 

The main contributions are: (i) the experimental observation of the 
material behaviour at the entire temperature domain; (ii) the proposal of 
a simple parallel viscoelastic-viscoplastic (or TLVP) model for charac
terizing the material behaviour on the whole temperature domain; (iii) 
the proposed FE-based parameter fitting strategy; (iv) the analytical 
functions for temperature-dependent material parameters. 

The experimental observations and the parameter and temperature 
sensitivity analyses lead to the following conclusions.  

� The temperature has significant effect on the material behaviour, 
especially above the glass transition temperature where the viscous 
properties become more dominant as indicated by the increasing 
values of parameter f . 

Table 7 
Parameters of the analytical temperature-dependent parameter functions.  

Parameter Strain-hardening Time-hardening Parameter Strain-hardening Time-hardening 

E1 [MPa]  223.7 236.2 A0 [-]  0.0013 0.0034  
E2 [MPa]  � 0.039 � 0.043 A1 [-]  0.000018 0.0000585  
E3 [MPa]  390.4 440.4 A2 [-]  0.000211 0.0000293  
Y0 [MPa]  0.1506 0.1403 A3 [-]  0 0.0000208  
Y1 [MPa]  � 0.0809 � 0.1372 n1 [-]  � 0.4895 � 0.5613  
Y2 [MPa]  � 0.000334 � 0.000988 n2 [-]  0.0943 0.0740  
Y3 [MPa]  � 0.000849 � 0.00165 n3 [-]  1.9418 2.7969  
H1 [MPa]  � 2.856 � 5.434 n4 [-]  � 11.909 � 17.621  
H2 [MPa]  � 0.239 � 0.983 m1 [-]  � 0.0794 � 0.0584  
H3 [MPa]  33.67 37.67 m2 [-]  0.1226 0.280  
f0 [-]  0.888 0.887 m3 [-]  � 0.646 � 0.898  
f1 [-]  0.00101 0.00113 m4 [-]  � 18.98 � 4.72  
f2 [-]  0.00066 0.0014      

Fig. 18. The flowchart of the fitting method utilizing the analytical parameter 
functions for initializing numerical parameter values. 

Fig. 19. The comparison of the parameter fitting at T ¼ 120 �C with strain- 
hardening TLVP model using initial values from original room-temperature 
fitting and novel analytical estimations. 
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� Similarly, the viscoplastic behaviour is changes significantly above 
Tg, since the initial yield stress drops down to zero.  
� The accuracy of strain- and time-hardening power-law creep models 

are close to each other, however at the highest temperatures the 
strain-hardening model is slightly stable and accurate. This behav
iour is confirmed by the sensitivity of material parameters at 
elevated temperatures.  
� Among the eight investigated parameters, the fraction of elasticity f 

is the most critical from the point of robustness, while the sensitivity 
of other parameters lays nearly in the same range.  
� The variation of material parameters against temperature shows 

either piecewise polynomial characteristic (parameters σY0;A; f), or 
smooth transition accordingly to arctangent function (parameters E;
H; n; m), including for both cases significant change at the glass 
transition temperature. 

Nevertheless, the most important conclusion is that the two-layer 
viscoplastic model with linear hardening and strain- or time- 
hardening power-law creep model can characterize the material 
behaviour at all temperatures with adequate accuracy. 

The result of this paper can further be used to perform FE simulation 
of thermoforming processes with the proposed temperature-dependent 
material parameters. The analytical functions enable us to improve the 
FE-based parameter-fitting for similar materials. Furthermore, the 
analysis also revealed some drawbacks of the model including the high 
sensitivity and decreased accuracy at high temperature levels. Thus, the 
obtained results will be utilized in the further development of 
viscoelastic-viscoplastic models (serial and parallel), which is an 
important step of future research work. 
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