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Abstract

Third-order Jacobsthal quaternions are first defined by [5]. In this study,
dual third-order Jacobsthal and dual third-order Jacobsthal-Lucas numbers
are defined. Furthermore, we work on these dual numbers and we obtain the
properties e.g. linear and quadratic identities, summation, norm, negative
dual third-order Jacobsthal identities, Binet formulas and relations of them.
We also define new vectors which are called dual third-order Jacobsthal vec-
tors and dual third-order Jacobsthal-Lucas vectors. We give properties of
these vectors to exert in geometry of dual space.

Keywords: Dual numbers, Jacobsthal numbers, Recurrences, Third-order Ja-
cobsthal numbers, Third-order Jacobsthal-Lucas numbers.
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1. Introduction
Dual numbers which have lots of applications to modelling plane joint, to screw
systems and to mechanics, were first invented by W. K. Clifford in 1873. The dual

numbers extend to the real numbers has the form d = a + €b, where ¢ is the dual
unit and €2 = 0, ¢ # 0. The set D = R[e] = {a+¢b : a,b € R} is called dual number
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58 G. Cerda-Morales

system and forms two dimensional commutative associative algebra over the real
numbers. The algebra of dual numbers is a ring with the following addition and
multiplication operations

(a1 +eby) & (az +eb2) = (a1 £+ az) +&(by & ba),

1.1
(a1 + Ebl) . (CLQ + Ebz) =ajaz + E(albz + agbg). ( )

The equality of two dual numbers d; = a1 + €b; and do = as + €bs is defined
as, di = d if and only if a; = ay and b; = by. The division of two dual numbers
provided as # 0 is given by

dy aq bras — aibs
—=—4e|l—5).
dy s ( a3 )

The conjugate of the dual number d = a +eb is d = a — €b.

Vectors are used to study the analytic geometry of space, where they give simple
ways to describe lines, planes, surfaces and curves in space. In this work we will
speak on vectors of dual space using third order Jacobsthal numbers.

Now, the set D3 = {@ + e , T e R3} is a module on the ring D which is
called D-Module and the members of D? are called dual vectors consisting of two
real vectors. Also a dual vector 7 =4+ 5? has another expression of the form

7 = (a1 +5b1,a2 +5b2,a3 +€b3) = (dl,dg,dg,),

?:

where dy, da, ds are dual numbers and @ = (a1, az,as), (b1, ba, b3).

The norm of the dual vector 7 is given by

HEH Tyl H%EIQ’ (1.2)

é
where ( = a1b1 + asbs + aszbs. Furthermore, 7 = d +¢eb is dual unit vector
_)
(c.g. HE}H —1) if and only if | @|| = 1 and (@, ) = 0.

The dual unit vectors are related with oriented lines, found by E. Study, which
is called Study mapping: The oriented lines in R? are in one-to-one correspondence
with the points of dual unit sphere in D3.

On the other hand, the Jacobsthal numbers have many interesting properties
and applications in many fields of science (see, e.g., [2]). The Jacobsthal numbers
J, are defined by the recurrence relation

Z,0)

Jo=0, J1 =1, Jyyo =JIp41+2J,, n>0. (1.3)

Another important sequence is the Jacobsthal-Lucas sequence. This sequence is
defined by the recurrence relation jo = 2, j1 = 1, jn+1 = jn + 2jn—1, 7 > 1 (see
[12]).

In [7] the Jacobsthal recurrence relation (1.3) is extended to higher order re-
currence relations and the basic list of identities provided by A. F. Horadam [12] is
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expanded and extended to several identities for some of the higher order cases. In
fact, third-order Jacobsthal numbers, {Jég)}nzo, and third-order Jacobsthal-Lucas
numbers, {j,(lg)}nzo, are defined by

IO =0, + I8 w20, g =0, P =0 =1, n>0, (14

and

G0 =8 4 i 4 2@ = i@ =1 5P =5 n>o0, (1.5)

respectively.

Some of the following properties given for third-order Jacobsthal numbers and
third-order Jacobsthal-Lucas numbers are used in this paper (for more details, see
[5-7]). Note that Egs. (1.9) and (1.12) have been corrected in this paper, since
they have been wrongly described in [7]:

I 45 =2,

G 370 = QJT(L )3, (1.6)
@) @ _ [ -2 n=1 (mod 3)
Inie — 4y { 1 n#1 (mod 3) ’ .7
2 n=0 (mod 3)
— 4 = n=1 (mod3) , (1.8)
n =2 (mod 3)
Jn+1 +J(3 = 3‘]7(3227 (1.9)
if n=0 (mod 3)
i@ - n 1 if n=1 (mod 3) |, (1.10)

if n=2 (mod 3)

(n +3J<3) 3) = 4n,

n (3) .
]53) { Jn+1 %f n # 0 (mod 3) (L.11)
P Jn+1 1 if n=0 (mod 3)

and

(jff))z —9 (J}f’)) — o t2®) (1.12)

Using standard techniques for solving recurrence relations, the auxiliary equa-
tion, and its roots are given by

s —1+1iv3 —1—-iV3

o —z 7$72:0;x1:2,x2:Tandx3: 2
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Note that the latter two are the complex conjugate cube roots of unity. Call
them 1 = wy and x9 = ws, respectively. Thus the Binet formulas can be written

as
o) — % gn (3+221“/§> Wy — (3_221“/§> Wy (1.13)
and
@ = g on (W) W 4 <3§“/§> W, (1.14)
respectively.

A variety of new results on Fibonacci-like quaternion and octonion numbers
can be found in several papers [4-6, 10, 11, 13, 14]. The origin of the topic of
number sequences in division algebra can be traced back to the works by Horadam
in [11] and by Iyer in [14]. Horadam [11] defined the quaternions with the classic
Fibonacci and Lucas number components as

QFn:Fn+Fn+1i+Fn+2j+Fn+3k

and
QLn = Ln + Ln+1i + Ln+2j + Ln+3k7

respectively, where F),, and L,, are the n-th classic Fibonacci and Lucas numbers,
respectively, and the author studied the properties of these quaternions. Several
interesting and useful extensions of many of the familiar quaternion numbers (such
as the Fibonacci and Lucas quaternions [1, 10, 11] have been considered by several
authors.

There has been an increasing interest on quaternions and octonions that play
an important role in various areas such as computer sciences, physics, differential
geometry, quantum physics, signal, color image processing and geostatics (for more,
see [3, 8, 15]). For example, in [5, 6] the author studied the third-order Jacobsthal
quaternions and give some interesting properties of this numbers.

In this paper, we give some properties and relations of dual third-order Ja-
cobsthal and dual third-order Jacobsthal-Lucas numbers. Then, we define dual
third-order Jacobsthal vectors and investigate geometric notions which are created
by using dual third-order Jacobsthal vectors.

2. Dual third-order Jacobsthal numbers

In this section, we define new kinds of sequences of dual number called as dual
third-order Jacobsthal numbers and dual third-order Jacobsthal-Lucas numbers.
We study some properties of these numbers. We obtain various results for these
classes of dual numbers included recurrence relations, summation formulas, Binet’s
formulas and generating functions.
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In [9], the authors introduced the so-called dual Fibonacci numbers, which are
a new class of dual numbers. They are defined by

FD, =F,+¢eF,11, (n>0) (2.1)

where F, is the n-th Fibonacci number, ¢2 = 0 and € # 0.

We now consider the usual third-order Jacobsthal and third-order Jacobsthal—-
Lucas numbers, and based on the definition (2.1) we give definitions of new kinds
of dual numbers, which we call the dual third-order Jacobsthal numbers and dual
third-order Jacobsthal-Lucas numbers. In this paper, we define the n-th dual
third-order Jacobsthal number and dual third-order Jacobsthal-Lucas number, re-
spectively, by the following recurrence relations

JD® = J® 11 n>0 (2.2)
and
iD= i+, n>0, (2.3)

where Jy (3) and j,(13) are the n-th third-order Jacobsthal number and third-order
Jacobsthal-Lucas number, respectively.
The equalities in (1.1) gives

. . 3
JD) £ D = (JP & ) + (152, 5 2). (24)
From the conjugate of a dual number, (2.2) and (2.3) an easy computation gives
3 3) 03 3
TDP = g~ s T = i i,

By some elementary calculations we find the following recurrence relations for
the dual third-order Jacobsthal and dual third-order Jacobsthal-Lucas numbers
from (2.2), (2.3), (2.4), (1.1), (1.4) and (1.5):

JDE) + DY +2JDP | = (1, + I + 2P ) + (I8, + TP+ 20)

n—1 "
'I(L-22 €J7(L423

= JD%, (2.5)

and similarly ]D(JZ2 = jD(B) + ngL) + 2]D ,form>1.
Now, we will state Binet’s formulas for the dual third-order Jacobsthal and dual
third-order Jacobsthal-Lucas numbers. Repeated use of (1.13) in (2.2) enables one
to write for o = 1+ 2¢, w1 = 1 +wie and wy = 1 4 woe
: 3
JDG) = J® 4 g

n
~ Lonir 3+2i\/§wn 33— 2i\/§wn
T 21 ! 21 2
B e 2N§wn+1 33— 2N§wn+1 (2.6)
7 21 ! 21 2

1 w1 34203 3-2iV3
B TR o S TR
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and similarly making use of (1.14) in (2.3) yields

. . (3
iD= + 5%,
:12n+3+3+2i\/§ 3—2iV3

- - wi' + - wy
1 2i —2i (2.7)
o Lonra 3E2VS Z\/gw{”rl 4 323 Z\/gw;”rl
7 7 7
1 3+ 2i1v3 3—2iv3
= ?Q2n+3 4 %[ﬂw? + %fﬂwg

The formulas in (2.6) and (2.7) are called as Binet’s formulas for the dual third-
order Jacobsthal and dual third-order Jacobsthal-Lucas numbers, respectively. The
recurrence relations for the n-th dual third-order Jacobsthal number are expressed
in the following theorem.

Theorem 2.1. For n,m > 0, we have the following identities:

IDE), + JDY), + D = 2" (1 + 2),
1-2¢ if n=0 (mod 3)
JD), —4JD® = —24¢ if n=1 (mod3) , (2.8)
1+e if n=2 (mod 3)

IDP DS, + T, IDE) + 2D IDS | = JDY),, + e g\ ins
2 2
(708) "+ (7DP) +4IDPIDP | = IDG), + eI (29)
where T\ = JD) + 2JD7(13_)1.
Proof. Consider (2.2) and (2.4) we can write
JDSJL + JDf’ll +JDY) = J7(13—22 + Jf(l?zzl +J3 + E(Jr(ﬁ?, + ijzz + Jffi)l)-
Using the identity Jﬁgz + Jr(i)l + I3 = 27+1 the above sum can be calculated as
ID), +IDJ) + DY = 2ntt 4 on e,
which can be simplified as JD£?2+JD£?1+JD£3) = 2"*1(142¢). Now, using (1.7)
and (2.2) we can write JD{*), — 47D =1 - 2¢ if n = 1(mod 3) and similarly in

the other cases, this proves (2.8). Now, from the definition of third order Jacobsthal
number, dual third order Jacobsthal number in Eq. (2.2), the equations

3) \2 2 3 3
(J2L) + (1) +aaPa2, = a5
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and JS TG+ (JP +20P,) 08 4203 73— g3 (see Waddill and Sacks

[16]), we get o

JDP DY+ (JDP | +27DP ) JDD 1+ 27D IDP |

= (']7(13) + 5‘]321)(']7(311 + 5‘]7(33-2)

+((I2) +20805) + (I + 20D D) (I +eJ))

+2(J3 4 eI IB) | 4 eg®)
= (DI + (I +20,)T9 + 270,03 ) (2.10)
L e(JPIE, 1 ( J<3>1 120,78 4 2g® o)
),

+ (I T+ (I + 20 )T 20 5P )

3 3 3
(']7(1-‘2771 JT(L-Izm-‘,-l) Jr(z—gm-&-l
_ (3) (3)
- ‘]Dn+m J7l+771+1

Finally, if we consider first n = n + 1 and m = n in above result (2.10), we obtain

(70

2
S+ (09) + DB DD, < IDE, + eI

n+1
which is the assertion (2.9) of theorem. O

The following theorem deals with two relations between the dual third-order
Jacobsthal and dual third-order Jacobsthal-Lucas numbers.

Theorem 2.2. Let n > 0 be integer. Then,

D), —3JD%), = 2;D®, (2.11)
D + D), =370, 012)

1—¢ 4 n=0 (mod 3)
iDP —JDP, =4 -1 if n=1 (mod3) , (2.13)
e 4f n=2 (mod 3)

2—-3¢ if n=0 (mod 3)
jD® —4JD® ={ —3+¢ if n=1 (mod3) . (2.14)
142 if n=2 (mod 3)
Proof. The following recurrence relation
(3 3 3 3 3 3
JD7(1+)3 - 3JD7(1+)3 =(J 7(1J23 3J’r(1+)3) + E(Jy(z+)4 3J7(1J24) (2.15)
can be readily written considering that JD( ) = J( ) 4 eJ(+ and jD ,([0’) +

Ej(_,zl Notice that ],(L ) J,(Lizg =25 from (1.6) (see [7]), whence it follows that
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(2.15) can be rewritten as jDiﬁg SJDn+3 = 27D from which the desired result
(2.11) of Theorem 2.2. In a similar way we can show the second equality. By using

the identity jy(, )+ jr(l+1 = 3J(Jr2 we have
JD + D =30 + 7).

which is the assertion (2.12) of theorem.
By using the identity j{* — Jfl?jzz =1 from (1.10) (see [7]) we have

G0 — DY)y = G = Iy) + G — ) =1 -

if n = 0(mod 3), the other identities are clear from equation (1.10). Finally, the
proof of Eq. (2.14) is similar to (2.13) by using (1.8). O

Now, we use the notation

n_ pon a if n=0 (mod 3)
Hy(a,b) = 291 = Bws b if n=1 (mod3) (2.16)
Wi @2 —(a+b) if n=2 (mod 3)

where A = b—awy and B = b— awy, in which w; and wy are the complex conjugate
cube roots of unity (i.e. wi = wj = 1). Furthermore, note that for all n > 0 we

have
Hyi2(a,b) = —H,11(a,b) — Hy(a,b),
where Hy(a,b) = a and Hi(a,b) =b.
From the Binet formulas (1.13), (1.14) and Eq. (2.16), we have

J,SS) = % (2"+1 n) and j (3) —

where V,, = H,(2,—3). Then, for m > n:

% (2" +3V,,),

3) (3) B i (2m+1 _ Vm)(2n+2 _ Vn+1)
Jm JnJrl JerIJ 49 ( _(2m+2 _ Vm+1)(2n+1 _ Vn)
B i _2m+1Vn+1 _ 2n+2Vm + 2m+2Vn + 2n+1Vm+1
o 49 +VmVn+1 - Vm+1Vn
1
== (2" MU — 2" U1 + Up— ) (2.17)

where U, 11 = %(2Vn — Vay1) = Hp41(0,1) and V,, = H, (2, —3). Furthermore, if
m=mn+1in Eq. (2.17), we obtain for n > 0,

3 3 1 n
T3, T8 — (Jf(lﬁl) =z 2"V (ny2) — 1), (2.18)
where V_,, = U,, — 2Up,42 = H,(2,1).

Using the above notation, the following theorem investigate a type of Cassini
identity for this numbers.
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Theorem 2.3. Forn > 0, the Cassini-like identity for dual third-order Jacobsthal
number J D,&g) s given by

2
(3) 3 (3)
JD®),ID® — (JDn+1)
1
= 2"V D_(pi2) + (=1 + (2" TV (142 + 1)), (2.19)

where V_y, = H,(2,1) and VD_, = V_p +V_(nq1y.

Proof. From Egs. (2.2) and (2.4), the identity (2.18) for third-order Jacobsthal
numbers and n = m + 2 in Eq. (2.17), we get

7D, — (108),)’
= (J7(322 +5J7(L:23) (J7(L3) + 5‘]1(1?-)21> - (‘]r(jzl + 5J1(322)2
= (8009 = (3807 e (9 = S I2)
(2 V)~ 1) + 5 (2 (Vo + 2V ) 4 1),

where Uy, — 4Up 11 = V_, +2V_(49) = H,(—4,5).
Furthermore, using VD_(,,12) = V_(n42) +€V_,, we obtain the next result

I, 0@ — (70 ) = L @rt1y — 1+ 2" e(Voyy + 2V (np2) +€)
n+2 n n+1 7 —(n+2) —n —(n+2)

1
= ? (2n+1VD_(n+2) + (71 + 5(2"+QV_(n+2) + 1))) .

we reach (2.19). O

Theorem 2.4. If JDng) s a dual third-order Jacobsthal number, then the limit of
consecutive quotients of this numbers is

p® FORC
e T e (2.20)
n—oo DL n—oo \ g8 4 5Jn+1

Proof. The limit of consecutive quotients of third order Jacosbthal numbers ap-
(3)

proaches to the radio J"g)l — 2 if n = oo (See [7]). From the previous limit,
J

Egs. (2.2) and (2.18), we have

2
O v (4000 - (220)°)

i Jr(zizl + 5‘]7(322 o
1m ﬁ = lim 3
n—o00 Jn + EJnJrl n—00 (J7(13))

(2.21)

)
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where V_,, = H,(2,1). In last equality of (2.21), by using V_,, = H,(2,1) (see
Eq. (2.16)), lim, 0 e =1 and

(3) (3) (3) (3)
lim (Jn+2 — 2J"+1> = lim (Jn+2 — 4Jn+1> =0,

n—00 n—00 J7(L3) 7(5’)

we find zero for the second limit. Thus, the result (2.20) is true. O

3. Dual third-order Jacobsthal vectors

— —
A dual vector in D? is given by 7 =d +¢eb where 7, b € R3. Now, we will give
dual third-order Jacobsthal vectors and geometric properties of them.
A dual third-order Jacobsthal vector is defined by

<33 733 +5J(3>1, n>0, (3.1)

—_—
where E = (J,SS),JEL)UJSF)Q) and Jr(i)l = (Jr(i)l,Jr(i)Q,JSgg) are real vectors
in R3 with n-th third-order Jacobsthal number Jq(bg).

The dual third-order Jacobsthal vector J DS’ is also can be expressed as

ID = (40, 9D, ID,)

where J DS’) is the n-th dual third-order Jacobsthal number. For example, the first
three dual third-order Jacobsthal vectors can be given easily as

<
w

(=)

Dy’ =(g,1+¢,142¢),

<

D = (1+4¢,1+2¢2+5¢),

|

JDs” = (1+2¢,2+ 5¢,54 9¢).

&)

Let J Dg and JDﬁ,f% be two dual third-order Jacobsthal vectors and A € R[e]
be a dual number. Then the product of the dual third-order Jacobsthal vector and
the scalar A is given by

—
A TDE = 3 4 )

Furthermore JD (33 = JDY; & it and only if JD) = JDS, JD®) = JD® |
and JDY), = JD53)+27 where JDY) = J&) 4278
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Theorem 3.1. The dual third-order Jacobsthal vector JD,(E’% is a dual unit vector
if and only if

3.22nHD) _ont2p — 5 and 3- 223 — "N (U, — Uy,yo) =1, (3.2)
where U,, = H,(0,1).

Proof. By using the definitions of third-order Jacobsthal numbers, Eq. (3.1) and
the identities V,,Vy,11 + Vir1Vito + ViioViis = =7 and V2 + V2 i1+ V712+2 =14
(see Eq. (2.16)) we get the following statements

7] = ()" ()" (22

1 n 2 " 2 " 2
= 25 (@ = V) 4 (2772 = V) + (27 = Vo))
1

- = (21 Q2D omA2(Y 4 9V AV, ) 14)
1

— = (3 L Q2ntD) _gnt2y 4 2)

~

and

IO IS 472 g8, 4+ 58,

— i (2n+1 - Vn)(2n+2 - Vn-i-l) + (2n+2 - Vn+1)(2n+3 - Vn+2)
T 49 +(273 = Vi) (2" = Vigs)
1 [ 21223 274V, 3 + 10V, 40 + 5Vii1 + 2Vi)
T Vo Vas1 + Vg1 Vigo + Vg2 Vg
1
= (3.22743 _ 2t LU, — Upyn) — 1),
where TU,, = 3V42 + Vig1, Vo + 5Viyo = Uy — Upye and U, = H,(0,1).

JD{ *T(ng =1 and <7,J,(j21> =0 (see
O

Eq. (1.2)) and above calculations, we easily reach the result (3.2).

Using that = 1 if and only if

- — — —
Now, if di = 671 +eb; and dy = @ + eby are two dual vectors, then the dot
product and cross product of them are given respectively by

<d_1>, d_§> (@,a3) +¢ (<a_{ b_2>> + <b_1> £>) :

(3.3)
zde:Hx@+e(ng+ax£).

(For more details, see [9]).

Theorem 3.2. Let JDS?S and JD,(;?j be two dual third-order Jacobsthal vectors.
The dot product of these two vectors is given by

. on+m+2 _ 9n+1
<J—§D;3 ,J—;Dg, > _ % ( 3-2 (14 4e) — 2"*Y(UD,,, + 2¢U,,) ) (3.4)

—2m+L(UD,, + eU,) + Wy_m(1 —¢)
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where U, = H,(0,1), W,, = H,(2,—1) a n=Un +eUnq1.

—; —; —>
Proof. If JD ﬁ + EJ(3 and JD§ = ﬁ +eJ )1 are two dual vectors,
then the dot product of them are given respectlvely by

(8.7 () o ()« (L)

n+1r“m
3 3 3 3 3
J?S )Jr(r?) J7(1+)1J7(n+) 1 J7EL+)2J7(n+) 2

+e ( Jéi;{ﬂéﬁ J’% J% + b J(j?)o )
+Jn+1']m + Jn+2‘]m+1 + J Jm+2

By using the definition of third-order Jacobsthal number (1.13), the equations
(2.16) and (3.1), we have

TV I + J(g) g -)1-1 + J7(l:22‘]7(r::)-)&-2
1 ( (27 = Vo) (2™ = Vi) + (2712 = Vig) (2772 = Vi) )
- ZQ + (2n+3 _ Vn+2) (2m+3 _ m+2)
1 21 . 2ntmE2 _ontl(V o 4 2V, g + 4Viio)
49 ( —2mH NV, + 2V, i1 + 4Vig2) + ViV + Va1 Vina1 + Vas2Vinga )

— 1 (3 A 2n+m+2 _ 2'7L+1Um _ 2m+1Un 4 Wn—m) ,

EN|

where V,, 41 + 3V,00 =7U,, and W,, = H,(2,—1) = w} + w¥. Then,
3 3 1
<JD§L3 ,JD$ > == (3. 2mtmt2 _ontly,, — 2", + Wisyn)

+ ; (3 ’ 2n+m+4 + 2TL_i_lVV’n’H»l + 2m+1Wn+1 - anm)

_ 13 2m (1 4 de) — 2PN (Uy, — eWing)
7 =2t (U, — eWpi1) + Wy (1l —€) ’

with Un+1 + 2Un = —Wn+1, Wn + Wn+2 = —Wn+1 and UDn = Un + EUn+1, we
easily reach the result (3.4). O

Theorem 3.3. Forn,m > 0. Let JD® and JD be two dual third-order Jacob-

sthal vectors. The cross product of JD,@ and JD;,?{5 is given by

—3 —3 2" (Z Dt + 26 Zmy1) — 2" (Z D + 26 Z541)
+Unfm(1_€)(7‘+]+k) 7

where Z, = 2Up 11+ Wyi1j+ Unk, U, = H,(0,1), W,, = H,(2,-1), i= (1,0,0),
7=1(0,1,0), k= (0,0,1) and ZD,, = Z,, + €Zp41.
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Proof. From the equations (3.1) and (3.3), we get

TDB % DB = &) 58 4 . <J_3 < IO g ﬁ) : (3.5)

m n m—+1 n+1 X

First, let us compute Jy m , if we use the properties of determinant to calculate
the cross product of two vectors, the equality

SN A A (G 7( 2,1 — 27T U 4 Up )

(see (2.17)), U,, = H,(0,1) and simplify the statements, we find that

ﬁxﬁ: 7;3) Jv(;%r)1 k2
I I 753’52
| B | e

1(2n+2Um+2 - 2m+2Un+2 + Unfm)
_j<_2n+1Wm+2 + 2m+1Wn+2 - Unfm)
+k(2n+1Um+1 - 2m+1Un+l + Un—m)

=

1
= = (27 21 = 2" 2 + U154 ) )

where Z,, = 2Up 411 + Wy + Uk, U, = H,(0,1), W,, = H,(2,-1), i = (1,0,0),
j=1(0,1,0) and k = (0,0,1). Putting the equation (3.6) in (3.5), and using the

definition of third-order Jacobsthal numbers, we obtain the result as

3 3 ( 2" Z i = 2" 2+ Ui+ + k) )

‘“\1\

+ £ ( 2n+1Zm+2 - 2m+2Zn+1 + Un—m—l(i +j + k) )

+2n+22m+1 - 2m+IZn+2 + Un—m-l—l(i +j + k)

1 ( 2" ZDpyr + 26 Zypir) — 2" (ZDng1 + 2621 11)
7 +Un-m(1—2)(i+j+k) ’

EN|

where ZD,,, = Z,, + €Zp41. O
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