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Abstract. The main objective of this article is to obtain some new estimates related to Hermite-
Hadamard-like integral inequalities essentially using the class of h-convex functions. For this
we first derive a new integral identity which will serve as an auxiliary result for obtaining the
main results of the article. Several new and known special cases are also discussed. In the last
some applications to means of real numbers are also discussed in detail which elaborates the
significance of the obtained results.
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1. INTRODUCTION AND PRELIMINARIES

Convexity due to its numerous applications has attracted considerable number of
researchers. As a result several new generalizations of classical convexity have been
obtained in the literature. For example, see [2, 3, 8, 9, 11, 12]. Among these new
generalizations h-convexity which is due to Varosanec [14] is one of the most charm-
ing generalization of classical convexity. It not only unifies the classical convexity
but also some of other its generalizations, such as it generalizes Breckner type of
s-convexity [1], Godunova-Levin type of s-convexity [4], P type of functions [7], Q
type of functions [10] and tgs-convex functions [13].
The class of h-convex functions reads as:

Definition 1. Let h : (0,1)→ R be a real function. We say that f : I → R is an
h-convex function, if

f (tx+(1− t)y)≤ h(t) f (x)+h(1− t) f (y),∀x,y ∈ I, t ∈ (0,1).

Now one can easily observe that for different suitable choices of the function h(.),
we have different classes of convex functions. For details, see [14]. Another fascin-
ating aspect of theory of convexity is its close link with theory of inequalities. Many
inequalities are direct consequences of the applications of classical convexity. A res-
ult in this regard, which is due to Hermite and Hadamard and is commonly known as
Hermite-Hadamard’s integral inequality. It reads as:
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Theorem 1. Let f : I = [a,b]⊂ R→ R be a convex function. If f ∈ L[a,b], then

f
(

a+b
2

)
≤ 1

b−a

b∫
a

f (x)dx≤ f (a)+ f (b)
2

.

This result through its simplicity yet having a number applications has attracted
several researchers from all over the world. Consequently many new generalizations
of this result have been derived in the literature. For more information, see [5, 6, 11,
12, 15].

The main objective of this article is obtain some new refinements of Hermite-
Hadamard’s integral inequality. For this we derive a new integral identity for differ-
entiable functions. This identity will serve as an auxiliary result for obtaining main
results of the article. We also discuss several new special cases in detail. In the last
we present applications of some of the proposed results to means of real numbers.

2. AUXILIARY RESULT

In this section, we derive new integral identity which will play significant role in
obtaining main results of the article. Before we move further, for simplicity, we let

Ω1 =
n

n+1
a+

1
n+1

b and Ω2 =
1

n+1
a+

n
n+1

b.

Lemma 1. Let f : I→ R be differentiable function on Io , a,b ∈ I with a < b. If
f ′ ∈ L1[a,b],0≤ λ,µ≤ 1 and n ∈ N∗, then we have

φ(n;λ,µ;a,b)− 1
b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]

=
b−a

(n+1)2 ×
∫ 1

0

[
(1−λ− t) f ′

(
n+ t
n+1

a+
1− t
n+1

b
)
+(µ− t) f ′

(
t

n+1
a+

n+1− t
n+1

b
)]

dt,

where

φ(n;λ,µ;a,b)

=
1

n+1

[
λ f (a)+(1−λ) f

(
n

n+1
a+

1
n+1

b
)
+(1−µ) f

(
1

n+1
a+

n
n+1

b
)
+µ f (b)

]
.

Proof. Take

I =
b−a

(n+1)2

∫ 1

0

[
(1−λ− t) f ′

(
n+ t
n+1

a+
1− t
n+1

b
)
+(µ− t) f ′

(
t

n+1
a+

n+1− t
n+1

b
)]

dt

=
b−a

(n+1)2 (I1 + I2) . (2.1)

Now

I1 =
∫ 1

0
(1−λ− t) f ′

(
n+ t
n+1

a+
1− t
n+1

b
)

dt
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=
n+1
b−a

[
λ f (a)+(1−λ) f

(
n

n+1
a+

1
n+1

b
)
−

∫ 1

0
f
(

n+ t
n+1

a+
1− t
n+1

b
)

dt
]
.

Putting x = n+t
n+1 a+ 1−t

n+1 b in the above equality, we have

I1 =
n+1
b−a

[
λ f (a)+(1−λ) f

(
n

n+1
a+

1
n+1

b
)
− n+1

b−a

∫
Ω1

a
f (x)dx

]
, (2.2)

and

I2 =
∫ 1

0
(µ− t) f ′

(
t

n+1
a+

n+1− t
n+1

b
)

dt

=
n+1
b−a

[
(1−µ) f

(
1

n+1
a+

n
n+1

b
)
+µ f (b) −

∫ 1

0
f
(

t
n+1

a+
n+1− t

n+1
b
)]

dt.

Using x = t
n+1 a+ n+1−t

n+1 b in above equality, we have

I2 =
n+1
b−a

[
(1−µ) f

(
1

n+1
a+

n
n+1

b
)
+µ f (b)− n+1

b−a

∫ b

Ω2

f (x)dx
]
. (2.3)

Utilizing the values of I1 and I2 from (2.2) and (2.3) in (2.1), we have

I =
b−a

(n+1)2
n+1
b−a

[
λ f (a)+(1−λ) f

(
n

n+1
a+

1
n+1

b
)

−n+1
b−a

∫
Ω1

a
f (x)dx+(1−µ) f

(
1

n+1
a+

n
n+1

b
)
+µ f (b)− n+1

b−a

∫ b

Ω2

f (x)dx
]

=
1

n+1

[
λ f (a)+(1−λ) f

(
n

n+1
a+

1
n+1

b
)
+(1−µ) f

(
1

n+1
a+

n
n+1

b
)
+µ f (b)

]
− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

1
n+1 a+ n

n+1 b
f (x)dx

]
.

This implies

φ(n;λ,µ;a,b)− 1
b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]

=
b−a

(n+1)2

∫ 1

0

[
(1−λ− t) f ′

(
n+ t
n+1

a+
1− t
n+1

b
)
+(µ− t) f ′

(
t

n+1
a+

n+1− t
n+1

b
)]

dt,

where

φ(n;λ,µ;a,b)

=
1

n+1

[
λ f (a)+(1−λ) f

(
n

n+1
a+

1
n+1

b
)
+(1−µ) f

(
1

n+1
a+

n
n+1

b
)
+µ f (b)

]
.

This completes the proof. �
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3. RESULTS AND DISCUSSIONS

In this section, we derive our main results.

Theorem 2. Let f : I→ R be differentiable function on Io , a,b ∈ I with a < b. If
| f ′| is h-convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

[
α(t)

∣∣ f ′(a)∣∣+β(t)
∣∣ f ′(b)∣∣] ,

where

α(t) =
∫ 1

0

[
(1−λ− t)h

(
n+ t
n+1

)
+(µ− t)

(
t

n+1

)]
dt,

and

β(t) =
∫ 1

0

[
(1−λ− t)h

(
1− t
n+1

)
+(µ− t)

(
n+1− t

n+1

)]
dt.

Proof. Using Lemma 1, we have∣∣∣∣φ(n;λ,µ;a,b)− 1
b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

=

∣∣∣∣ b−a
(n+1)2

∫ 1

0

[
(1−λ− t) f ′

(
n+ t
n+1

a+
1− t
n+1

b
)

+(µ− t) f ′
(

t
n+1

a+
n+1− t

n+1
b
)]

dt
∣∣∣∣ .

Take

I =
∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

∫ 1

0

[
|1−λ− t|

∣∣∣∣ f ′( n+ t
n+1

a+
1− t
n+1

b
)∣∣∣∣+ |µ− t|

∣∣∣∣ f ′( t
n+1

a+
n+1− t

n+1
b
)∣∣∣∣]dt.

Since | f ′| is an h-convex function, we have

I ≤ b−a
(n+1)2

∫ 1

0

[
|1−λ− t|

{
h
(

n+ t
n+1

)
| f ′(a)|+h

(
1− t
n+1

)
| f ′(b)|

}
+|µ− t|

{
h
(

t
n+1

)
| f ′(a)|+h

(
n+1− t

n+1

)
| f ′(b)|

}]
dt

=
b−a

(n+1)2

∫ 1

0

[{
|1−λ− t|h

(
n+ t
n+1

)
+ |µ− t|h

(
t

n+1

)}
| f ′(a)|

+

{
|1−λ− t|h

(
1− t
n+1

)
+ |µ− t|h

(
n+1− t

n+1

)}
| f ′(b)|

]
dt.∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣
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≤ b−a
(n+1)2

[
α(t)

∣∣ f ′(a)∣∣+β(t)
∣∣ f ′(b)∣∣] , (3.1)

where

α(t) =
∫ 1

0

[
|1−λ− t|h

(
n+ t
n+1

)
+ |µ− t|h

(
t

n+1

)]
dt, (3.2)

and

β(t) =
∫ 1

0

[
|1−λ− t|h

(
1− t
n+1

)
+ |µ− t|h

(
n+1− t

n+1

)]
dt. (3.3)

This completes the proof. �

Now we will discuss some special cases of the Theorem 2.

(i) When h(t) = 1

Corollary 1. Let f : I→R be differentiable function on Io , a,b ∈ I with a < b. If
| f ′| is P-function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

[(
λ

2 +µ2)− (λ+µ)+1
](
| f ′(a)|+ | f ′(b)|

)
.

(ii) When h(t) = t

Corollary 2. Let f : I→R be differentiable function on Io , a,b ∈ I with a < b. If
| f ′| is classical convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
6(n+1)3 ×

[{
3(1+n)−3(1+2n)λ−3µ+6(1+n)λ2−2

(
λ

3−µ3)} | f ′(a)|
+
{

3(1+n)−3(1+2n)µ−3λ+6(1+n)µ2−2
(
µ3−λ

3)} | f ′(b)|] .
(iii) When h(t) = ts

Corollary 3. Let f : I→R be differentiable function on Io , a,b ∈ I with a < b. If
| f ′| is Breckner type of s-convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)s+2(s+1)(s+2)

×
[{
(s+2)(λ−1)ns+1 +2(1−λ+n)s+2

+ (s+2)(n+1)s+1
λ−ns+2− (n+1)s+2 +2µs+2 +(s+2)(1−µ)−1

}
| f ′(a)|q
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+
{

2λ
s+2 +(s+2)(1−λ)−1+(s+2)(µ−1)ns+1 +2(1−µ+n)s+2

+ (s+2)(n+1)s+1µ−ns+2− (n+1)s+2} | f ′(b)|q] .
(iv) When h(t) = t−s

Corollary 4. Let f : I→R be differentiable function on Io , a,b ∈ I with a < b. If
| f ′| is Godunova-Levin-Dragomir type of s-convex function, 0≤ λ,µ≤ 1 and n ∈N∗,
then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(1− s)(2− s)(n+1)2−s ×

[{
(2− s)(λ−1)n1−s +2(1−λ+n)2−s

+ (2− s)(n+1)1−s
λ−n2−s− (n+1)2−s +2µ2−s +(2− s)(1−µ)−1

}∣∣ f ′(a)∣∣
+
{

2λ
2−s +(2− s)(1−λ)−1 +(2− s)(µ−1)n1−s +2(1−µ+n)2−s

+ (2− s)(n+1)1−sµ−n2−s− (n+1)2−s}∣∣ f ′(b)∣∣] .
(v) When h(t) = t(1− t)

Corollary 5. Let f : I→ R be differentiable function on Io, a,b ∈ I with a < b. If
| f ′| is tgs-convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤
[
(b−a)(| f ′(a)|+ | f ′(a)|)

12(n+1)4

]
×
[
2(1+3n)(µ−λ)+4(1+n)

(
µ3 +λ

3)−2
(
µ4 +λ

4)] .
Theorem 3. Let f : I→ R be differentiable function on Io, a,b ∈ I with a < b. If

| f ′|q is h-convex function, 0 ≤ λ,µ ≤ 1 and n ∈ N∗, then for 1
p +

1
q = 1, q > 1, we

have∣∣∣∣φ(n;λ,µ;a,b)− 1
b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

(
1

p+1

) 1
p
[(

λ
p+1 +(1−λ)p+1) 1

p K1 +
(
µp+1 +(1−µ)p+1) 1

p K2

]
,

where

K1 =

(
| f ′(a)|q

∫ 1

0
h
(

n+ t
n+1

)
dt + | f ′(b)|q

∫ 1

0
h
(

1− t
n+1

)
dt
) 1

q

,

and

K2 =

(
| f ′(a)|q

∫ 1

0
h
(

t
n+1

)
dt + | f ′(b)|q

∫ 1

0
h
(

n+1− t
n+1

)
dt
) 1

q

.
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Proof. Using Lemma 1, we have∣∣∣∣φ(n;λ,µ;a,b)− 1
b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

=

∣∣∣∣ b−a
(n+1)2

∫ 1

0

[
(1−λ− t) f ′

(
n+ t
n+1

a+
1− t
n+1

b
)

+(µ− t) f ′
(

t
n+1

a+
n+1− t

n+1
b
)]

dt
∣∣∣∣ .

Now using the property of modulus, we have∣∣∣∣φ(n;λ,µ;a,b)− 1
b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

[∫ 1

0
|1−λ− t|

∣∣∣∣ f ′( n+ t
n+1

a+
1− t
n+1

b
)∣∣∣∣dt

+
∫ 1

0
|µ− t|

∣∣∣∣ f ′( t
n+1

a+
n+1− t

n+1
b
)∣∣∣∣dt

]
=

b−a
(n+1)2 [I1 + I2] . (3.4)

Using Hölder’s inequality, we have∫ 1

0
|1−λ− t|

∣∣∣∣ f ′( n+ t
n+1

a+
1− t
n+1

b
)∣∣∣∣dt

≤
(∫ 1

0
|1−λ− t|p dt

) 1
p
(∫ 1

0

∣∣∣∣ f ′( n+ t
n+1

a+
1− t
n+1

b
)∣∣∣∣q dt

) 1
q

, (3.5)

where 1
p +

1
q = 1. ∫ 1

0
|1−λ− t|p dt =

(1−λ)p+1 +(λ)p+1

p+1
. (3.6)

Since | f ′|q is h-convex, then∫ 1

0

∣∣∣∣ f ′( n+ t
n+1

a+
1− t
n+1

b
)∣∣∣∣q dt

≤
∫ 1

0
h
(

n+ t
n+1

)∣∣ f ′(a)∣∣q dt +
∫ 1

0
h
(

1− t
n+1

)∣∣ f ′(b)∣∣q dt. (3.7)

Using (3.6) and (3.7) in (3.5), we have∫ 1

0
|1−λ− t|

∣∣∣∣ f ′( n+ t
n+1

a+
1− t
n+1

b
)∣∣∣∣dt

≤
(
(1−λ)p+1 +(λ)p+1

p+1

) 1
p
(∫ 1

0
h
(

n+ t
n+1

)∣∣ f ′(a)∣∣q dt +
∫ 1

0
h
(

1− t
n+1

)∣∣ f ′(b)∣∣q dt
) 1

q

.

(3.8)
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Now ∫ 1

0
|µ− t|

∣∣∣∣ f ′( t
n+1

a+
n+1− t

n+1
b
)∣∣∣∣dt

Using Hölder’s inequality, we have∫ 1

0
|µ− t|

∣∣∣∣ f ′( t
n+1

a+
n+1− t

n+1
b
)∣∣∣∣dt

≤
(∫ 1

0
|µ− t|p dt

) 1
p
(∫ 1

0

∣∣∣∣ f ′( t
n+1

a+
n+1− t

n+1
b
)∣∣∣∣q dt

) 1
q

, (3.9)

where 1
p +

1
q = 1. ∫ 1

0
|µ− t|p dt =

(1−µ)p+1 +(µ)p+1

p+1
. (3.10)

Since | f ′|q is h-convex, then∫ 1

0

∣∣∣∣ f ′( t
n+1

a+
n+1− t

n+1
b
)∣∣∣∣q dt

≤
∫ 1

0
h
(

t
n+1

)∣∣ f ′(a)∣∣q dt +
∫ 1

0
h
(

n+1− t
n+1

)∣∣ f ′(b)∣∣q dt. (3.11)

Using (3.10) and (3.11) in (3.9), we have∫ 1

0
|µ− t|

∣∣∣∣ f ′( t
n+1

a+
n+1− t

n+1
b
)∣∣∣∣dt

≤
(
(1−µ)p+1 +(µ)p+1

p+1

) 1
p
(∫ 1

0
h
(

t
n+1

)∣∣ f ′(a)∣∣q dt +
∫ 1

0
h
(

n+1− t
n+1

)∣∣ f ′(b)∣∣q dt
) 1

q

.

(3.12)

Now using (3.8) and (3.12) in (3.4), we have∣∣∣∣φ(n;λ,µ;a,b)− 1
b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

[(
λp+1 +(1−λ)p+1

p+1

) 1
p

K1 +

(
µp+1 +(1−µ)p+1

p+1

) 1
p

K2

]
, (3.13)

where

K1 =

(∫ 1

0
h
(

n+ t
n+1

)∣∣ f ′(a)∣∣q dt +
∫ 1

0
h
(

1− t
n+1

)∣∣ f ′(b)∣∣q dt
) 1

q

,

and

K2 =

(∫ 1

0
h
(

t
n+1

)∣∣ f ′(a)∣∣q dt +
∫ 1

0
h
(

n+1− t
n+1

)∣∣ f ′(b)∣∣q dt
) 1

q

.
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This completes the proof. �

Now we will discuss some special cases of Theorem 3

(i) When h(t) = 1

Corollary 6. Let f : I→R be differentiable function on Io , a,b ∈ I with a < b. If
| f ′|q is P-function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

(λp+1 +(1−λ)p+1

p+1

) 1
p

+

(
µp+1 +(1−µ)p+1

p+1

) 1
p

× (| f ′(a)|q + | f ′(b)|q) 1
q .

(ii) When h(t) = t

Corollary 7. Let f : I→R be differentiable function on Io , a,b ∈ I with a < b. If
| f ′|q is classical convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

[(
λp+1 +(1−λ)p+1

p+1

) 1
p
(
(2n+1)| f ′(a)|q + | f ′(b)|q

2(n+1)

) 1
q

+

(
µp+1 +(1−µ)p+1

p+1

) 1
p
(
| f ′(a)|q +(2n+1)| f ′(b)|q

2(n+1)

) 1
q
]
.

(iii) When h(t) = ts

Corollary 8. Let f : I→R be differentiable function on Io , a,b ∈ I with a < b. If
| f ′|q is Breckner type of s-convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

(λp+1 +(1−λ)p+1

p+1

) 1
p
((

(n+1)1+s−n1+s
)
| f ′(a)|q + | f ′(b)|q

(1+ s)(n+1)s

) 1
q

+

(
µp+1 +(1−µ)p+1

p+1

) 1
p
(
| f ′(a)|q +

(
(n+1)1+s−n1+s

)
| f ′(b)|q

(1+ s)(n+1)s

) 1
q
 .

(iv) When h(t) = t−s
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Corollary 9. Let f : I→R be differentiable function on Io , a,b ∈ I with a < b. If
| f ′|q is Godunova-Levin-Dragomir type of s-convex function, 0≤ λ,µ≤ 1 and n∈N∗,
then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

(λp+1 +(1−λ)p+1

p+1

) 1
p
((

(n+1)1−s−n1−s
)
| f ′(a)|q + | f ′(b)|q

(1− s)(n+1)−s

) 1
q

+

(
µp+1 +(1−µ)p+1

p+1

) 1
p
(
| f ′(a)|q +

(
(n+1)1−s−n1−s

)
| f ′(b)|q

(1− s)(n+1)−s

) 1
q
 .

(v) When h(t) = t(1− t)

Corollary 10. Let f : I→ R be differentiable function on Io , a,b ∈ I with a < b.
If | f ′|q is tgs-convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

[(
λp+1 +(1−λ)p+1

p+1

) 1
p

+

(
µp+1 +(1−µ)p+1

p+1

) 1
p
]

×
[
(3n+1)(| f ′(a)|q + | f ′(b)|q)

6(n+1)2

] 1
q

.

Theorem 4. Let f : I→ R be differentiable function on Io , a,b ∈ I with a < b. If
| f ′|q is h-convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

[(
1
2
−λ+λ

2
)1− 1

q

K1
1
q +

(
1
2
−µ+µ2

)1− 1
q

K2
1
q

]
,

where

K∗1 =
∫ 1

0
|1−λ− t|

(
h
(

n+ t
n+1

)
| f ′(a)|q +h

(
1− t
n+1

)
| f ′(b)|q

)
dt,

and

K∗2 =
∫ 1

0
|µ− t|

(
h
(

t
n+1

)
| f ′(a)|q +h

(
n+1− t

n+1

)
| f ′(b)|q

)
dt.

Proof. Using Lemma 1, we have∣∣∣∣φ(n;λ,µ;a,b)− 1
b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣
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=

∣∣∣∣ b−a
(n+1)2

∫ 1

0

[
(1−λ− t) f ′

(
n+ t
n+1

a+
1− t
n+1

b
)

+(µ− t) f ′
(

t
n+1

a+
n+1− t

n+1
b
)]

dt
∣∣∣∣ .

Now using the property of modulus, we have∣∣∣∣φ(n;λ,µ;a,b)− 1
b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

[∫ 1

0
|1−λ− t|

∣∣∣∣ f ′( n+ t
n+1

a+
1− t
n+1

b
)∣∣∣∣dt

+
∫ 1

0
|µ− t|

∣∣∣∣ f ′( t
n+1

a+
n+1− t

n+1
b
)∣∣∣∣dt

]
. (3.14)

Using Hölder’s integral inequality and h-convexity, we have∫ 1

0
|1−λ− t|

∣∣∣∣ f ′( n+ t
n+1

a+
1− t
n+1

b
)∣∣∣∣dt

≤
(∫ 1

0
|1−λ− t|dt

)1− 1
q

×
(∫ 1

0
|1−λ− t|

(
h
(

n+ t
n+1

)
| f ′(a)|q +h

(
1− t
n+1

)
| f ′(b)|q

)
dt
) 1

q

=

(
1
2
−λ+λ

2
)1− 1

q

K∗1
1
q .

Now∫ 1

0
|µ− t|

∣∣∣∣ f ′( t
n+1

a+
n+1− t

n+1
b
)∣∣∣∣dt

≤
(∫ 1

0
|µ− t|dt

)1− 1
q

×
(∫ 1

0
|µ− t|

(
h
(

t
n+1

)
| f ′(a)|q +h

(
n+1− t

n+1

)
| f ′(b)|q

)
dt
) 1

q

=

(
1
2
−µ+µ2

)1− 1
q

K∗2
1
q .

Using above two inequalities in (3.14), we have∣∣∣∣φ(n;λ,µ;a,b)− 1
b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

[(
1
2
−λ+λ

2
)1− 1

q

K1
1
q +

(
1
2
−µ+µ2

)1− 1
q

K2
1
q

]
, (3.15)

where

K1 =
∫ 1

0
|1−λ− t|

(
h
(

n+ t
n+1

)
| f ′(a)|q +h

(
1− t
n+1

)
| f ′(b)|q

)
dt,
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and

K2 =
∫ 1

0
|µ− t|

(
h
(

t
n+1

)
| f ′(a)|q +h

(
n+1− t

n+1

)
| f ′(b)|q

)
dt.

This completes the proof. �

Now we will discuss some cases of Theorem 4.

(i) When h(t) = 1

Corollary 11. Let f : I→ R be differentiable function on Io , a,b ∈ I with a < b.
If | f ′|q is P-convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

(
λ

2 +µ2− (λ+µ)+1
)(
| f ′(a)|q + | f ′(b)|q

) 1
q .

(ii) When h(t) = t

Corollary 12. Let f : I→ R be differentiable function on Io , a,b ∈ I with a < b.
If | f ′|q is classical convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

[(
1
2
−λ+λ

2
)1− 1

q
{
| f ′(a)|q

6(n+1)
((3n+1)− (6n+3)λ

+6(n+1)λ2−2λ
3)+ | f ′(b)|q

6(n+1)
(
2−3λ+2λ

3)} 1
q

+

(
1
2
−µ+µ2

)1− 1
q
{
| f ′(a)|q

6(n+1)
(
2−3µ+2µ3)

+
| f ′(b)|q

6(n+1)
(
(3n+1)− (6n+3)µ+6(n+1)µ2−2µ3)} 1

q
]
.

(iii) When h(t) = ts

Corollary 13. Let f : I→ R be differentiable function on Io, a,b ∈ I with a < b.
If | f ′|q is Breckner type of s-convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2 ×

[(
1
2
−λ+λ

2
)1− 1

q
{
| f ′(a)|q

(n+1)s

(
(s+2)(λ−1)ns+1 +2(1−λ+n)s+2

(s+1)(s+2)

)
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+
(s+2)(n+1)s+1λ−ns+2− (n+1)s+2

(s+1)(s+2)

)
+
| f ′(b)|q

(n+1)s

(
2λs+2 +(s+2)(1−λ)−1

(s+1)(s+2)

)} 1
q

+

(
1
2
−µ+µ2

)1− 1
q
{
| f ′(a)|q

(n+1)s

(
2µs+2 +(s+2)(1−µ)−1

(s+1)(s+2)

)
+
| f ′(b)|q

(n+1)s

(
(s+2)(µ−1)ns+1 +(1−µ+n)s+2

(s+1)(s+2)

+
(s+2)(n+1)s+1µ−ns+2− (n+1)s+2

(s+1)(s+2)

)} 1
q

 .
(iv) When h(t) = t−s

Corollary 14. Let f : I→R be differentiable function on Io, a,b ∈ I with a < b. If
| f ′|q is Godunova-Levin-Dragomir type of s-convex function, 0≤ λ,µ≤ 1 and n∈N∗,
then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2 ×

[(
1
2
−λ+λ

2
)1− 1

q
{
| f ′(a)|q

(n+1)−s

(
(2− s)(λ−1)n1−s +2(1−λ+n)2−s

(1− s)(2− s)

)

+
(2− s)(n+1)1−sλ−n2−s− (n+1)2−s

(1− s)(2− s)

)
+
| f ′(b)|q

(n+1)−s

(
2λ2−s +(2− s)(1−λ)−1

(1− s)(2− s)

)} 1
q

+

(
1
2
−µ+µ2

)1− 1
q
{
| f ′(a)|q

(n+1)−s

(
2µ2−s +(2− s)(1−µ)−1

(1− s)(2− s)

)
+
| f ′(b)|q

(n+1)−s

(
(2− s)(µ−1)n1−s +(1−µ+n)2−s

(1− s)(2− s)

+
(2− s)(n+1)1−sµ−n2−s− (n+1)2−s

(1− s)(2− s)

)} 1
q

 .
(v) When h(t) = t(1− t)

Corollary 15. Let f : I→ R be differentiable function on Io , a,b ∈ I with a < b.
If | f ′|q is tgs-convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2

(
| f ′(a)|q + | f ′(b)|q

(n+1)2

) 1
q
[(

1
2
−λ+λ

2
)1− 1

q

(
(1−λ)2 (1+4n+2nλ−λ2

)
6

+
6nλ+2λ−4n−1

12

) 1
q



606 M. U. AWAN, M. A. NOOR, F. SAFDAR, A. ISLAM, M. V. MIHAI, AND K. I. NOOR

+

(
1
2
−µ+µ2

)1− 1
q
(

µ3 (2+2n−µ)
6

+
6nµ+2µ−4n−1

12

) 1
q
]
.

Theorem 5. Let f : I→ R be differentiable function on Io , a,b ∈ I with a < b. If
| f ′|q is h-convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then for q > 1, we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣≤ b−a

(n+1)2 [J1 + J2] ,

where

J1 =

[
1

n+1

∫ 1

0
|1−λ− t|q

{
h(n+ t)| f ′(a)|q +h(1− t)| f ′(b)|q

}
dt
] 1

q

,

and

J2 =

[
1

n+1

∫ 1

0
|µ− t|q

{
h(t)| f ′(a)|q +h(n+1− t)| f ′(b)|q

}
dt
] 1

q

.

Proof. By h-convexity of | f ′(x)|q on [a,b], Lemma 1, and Hölder’s integral in-
equality, we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)2 ×

[(∫ 1

0
dt
)1− 1

q
{

1
n+1

∫ 1

0
|1−λ− t|q

(
h(n+ t)| f ′(a)|q +h(1− t)| f ′(b)|q

)
dt
} 1

q +

(∫ 1

0
dt
)1− 1

q

{
1

n+1

∫ 1

0
|µ− t|q

(
h(t)| f ′(a)|q +h(n+1− t)| f ′(b)|q

)
dt
} 1

q
]

=
b−a

(n+1)2 [J1 + J2] .

This completes the proof. �

Now we will discuss special cases of Theorem 5.

(i) When h(t) = 1

Corollary 16. Let f : I→ R be differentiable function on Io , a,b ∈ I with a < b.
If | f ′|q is P-function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣
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≤ (b−a)(| f ′(a)|q + | f ′(b)|q)
1
q

(n+1)3

[(
(1−λ)q+1 +λq+1

q+1

) 1
q

+

(
(1−µ)q+1 +µq+1

q+1

) 1
q
]
.

(ii) When h(t) = t

Corollary 17. Let f : I→ R be differentiable function on Io , a,b ∈ I with a < b.
If | f ′|q is classical convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
(n+1)3

[
1

(q+1)(q+2)

] 1
q

×
[{
| f ′(a)|q

(
(nq+2n+1−λ)(1−λ)q+1

+((n+1)q+2(n+1)−λ)λq+1)+| f ′(b)|q ((q+1+λ)(1−λ)q+1 +λ
q+2)} 1

q

+
{
| f ′(a)|q

(
µq+2 +(q+1+µ)(1−µ)q+1)

+| f ′(b)|q
(
((n+1)q+2(n+1)−µ)µq+1 +(nq+2n+1−µ)(1−µ)q+1)} 1

q

]
.

Letting λ = µ = 1
2 in Corollary 17, we have

φ

(
n;

1
2
,
1
2

a,b
)
=

1
n+1

[
f (a)+ f (b)

2
+

1
2

{
f
(

n
n+1

a+
1

n+1
b
)

+ f
(

1
n+1

a+
n

n+1
b
)}]

.

Corollary 18. Let f : I→ R be differentiable function on Io, a,b ∈ I with a < b.
If | f ′|q is convex function, q≥ 1, λ = µ = 1

2 and n ∈ N∗, then we have∣∣∣∣φ(n;
1
2
,
1
2

a,b
)
− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
2(n+1)3

[
1

4(q+1)(q+2)

] 1
q

×
[{
| f ′(a)|q ((2nq+4n+1)+(2(n+1)q+4n+3))+ | f ′(b)|q ((2q+3)+1)

} 1
q

+
{
| f ′(a)|q (1+(2q+3))+ | f ′(b)|q ((2(n+1)q+4n+3)+(2nq+4n+1))

} 1
q
]
.

Corollary 19. Let f : I→ R be differentiable function on Io, a,b ∈ I with a < b.
If | f ′|q is convex function, q≥ 1, λ = µ = 1

2 and n ∈ N∗ and

f (a)+ f (b)
2

= f
(

a+b
2

)
,
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then∣∣∣∣φ(n;
1
2
,
1
2

a,b
)
− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤ b−a
2(n+1)3

[
1

4(q+1)(q+2)

] 1
q

×
{[

(2nq+4n+1)| f ′(a)|q +(2q+3)| f ′(b)|q
] 1

q

+
[
(2(n+1)q+4n+3)| f ′(a)|q + | f ′(b)|q

] 1
q

+
[
| f ′(a)|q +(2(n+1)q+4n+3)| f ′(b)|q

] 1
q

+
[
(2q+3)| f ′(a)|q +(2nq+4n+1)| f ′(b)|q

] 1
q
}
.

(iii) When h(t) = ts

Corollary 20. Let f : I→ R be differentiable function on Io , a,b ∈ I with a < b.
If | f ′|q is Breckner type of s-convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣≤ b−a

(n+1)2 [T1 +T2] .

where

T1 =

[
1

n+1

∫ 1

0
|1−λ− t|q

{
(n+ t)s| f ′(a)|q +(1− t)s| f ′(b)|q

}
dt
] 1

q

,

and

T2 =

[
1

n+1

∫ 1

0
|µ− t|q

{
ts| f ′(a)|q +(n+1− t)s| f ′(b)|q

}
dt
] 1

q

.

(iv) When h(t) = t−s

Corollary 21. Let f : I→R be differentiable function on Io , a,b∈ I with a < b. If
| f ′|q is Godunova-Levin-Dragomir type of s-convex function, 0≤ λ,µ≤ 1 and n∈N∗,
then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣≤ b−a

(n+1)2 [T
∗

1 +T ∗2 ] ,

where

T ∗1 =

[
1

n+1

∫ 1

0
|1−λ− t|q

{
(n+ t)−s| f ′(a)|q +(1− t)−s| f ′(b)|q

}
dt
] 1

q

,

and

T ∗2 =

[∫ 1

0
|µ− t|q

{
t−s| f ′(a)|q +(n+1− t)−s| f ′(b)|q

}
dt
] 1

q

.

(v) When h(t) = t(1− t)
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Corollary 22. Let f : I→ R be differentiable function on Io , a,b ∈ I with a < b.
If | f ′|q is tgs-convex function, 0≤ λ,µ≤ 1 and n ∈ N∗, then we have∣∣∣∣φ(n;λ,µ;a,b)− 1

b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

≤
(

b−a
(n+1)3

)(
1

(q+1)(q+2)(q+3)

) 1
q

[
| f ′(a)|q ×

{
(1−λ)q+1 [n(1−n)(q+2)(q+3)+(1−2n)(1−λ)(q+3)−2(1−λ)2]

−(−λ)q+1 [n(1+n)(q+2)(q+3)− (1+2n)(q+3)λ+2λ
2]}

+ | f ′(b)|q×
{
(1−λ)q+2 [q+3−2(1−λ)−2(1−λ)2] −(−λ)q+2 [2λ− (q+3)]

}] 1
q

+
[
| f ′(a)|q ×

{
µq+2 [(q+3)−2µ](q+1)− (µ−1)q+2 [(q+3)+2(µ−1)]

}
+ | f ′(b)|q×

{
(µ)q+1 [−n(1+n)(q+2)(q+3)+(1+2n)(q+3)µ−2µ2]

− (µ−1)q+1 [n(n−1)(q+2)(q+3)(µ−1)q+1]
−(µ−1)q+1 [(1−2n)(q+3)(µ−1)+2(µ−1)2]}] 1

q .

4. APPLICATIONS

For a > 0, b > 0 and 0≤ ω < ∞, define

A(a,b) =
a+b

2
, G(a,b) =

√
ab, H(a,b) =

2ab
a+b

.

L(a,b) =


[

bs+1−as+1

(s+1)(b−a)

]
, a 6= b

a, a = b,

I(a,b) =


1
e

(
bb

aa

) 1
b−a

, a 6= b

a, a = b,

Hω,s(a,b) =


[

as +(ab)s/2ω+bs

ω+2

]
, s 6= 0

√
ab, s = 0.

These means of two positive number a and b are, respectively, called the arithmetic,
harmonic, generalized logarithmic, identric, and Heronion means respectively. Now
applying Corollary 17 to f (x) = xs for s 6= 0 and x > 0 leads to the following inequal-
ity for means.



610 M. U. AWAN, M. A. NOOR, F. SAFDAR, A. ISLAM, M. V. MIHAI, AND K. I. NOOR

Theorem 6. Let a,b > 0,q≥ 1, either s > 1 and (s−1)q≥ 1 or s < 0, then∣∣∣∣∣∣
A(as,bs)+A

(( 1
n+1 a+ n

n+1 b
)s
,
( n

n+1 a+ 1
n+1 b

)s
)

n+1

+

(
n−1
n+1

)
Ls
(

1
n+1

a+
n

n+1
b,

n
n+1

a+
1

n+1
b
)
−Ls(a,b)

∣∣∣∣
≤ b−a

2(n+1)3 |s|
q
[

1
4(q+1)(q+2)

] 1
q

×
{[

(2nq+4n+1)a(s−1)q +(2q+3)b(s−1)q
] 1

q

+
[
(2(n+1)q+4n+3)a(s−1)q +b(s−1)q

] 1
q

+
[
a(s−1)q +(2(n+1)q+4n+3)b(s−1)q

] 1
q

+
[
(2q+3)a(s−1)q +(2nq+4n+1)b(s−1)q

] 1
q
}
.

Taking f (x) = lnx for x > 0 in Corollary 17 results in the following inequalities
for means.

Theorem 7. Let a,b > 0 and q≥ 1, we get∣∣∣∣∣ lnG(a,b)+ lnG
( 1

n+1 a+ n
n+1 b, n

n+1 a+ 1
n+1 b

)
n+1

+
n−1
n+1

ln I
(

1
n+1

a+
n

n+1
b,

n
n+1

a+
1

n+1
b
)
− ln I(a,b)

∣∣∣∣
≤ b−a

2(n+1)3 |s|
q
[

1
4(q+1)(q+2)

] 1
q

×

{[
2nq+4n+1

aq +
2q+3

bq

] 1
q

+

[
2(n+1)q+4n+3

aq +
1
bq

] 1
q

+

[
1
aq +

2(n+1)q+4n+3
bq

] 1
q

+

[
2q+3

aq +
2nq+4n+1

bq

] 1
q
}
.

Theorem 8. For b > a > 0, w≥ 0, and s≥ 4 or 0 6= s < 1, one has∣∣∣∣∣ 1
n+1

[
Hs

w,s(a,b)
H(as,bs)

+
1
2

{
Hs

w,s

(
n

n+1
a
b
+

1
n+1

b
a
,1
)
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+Hs
w,s

(
1

n+1
a
b
+

n
n+1

b
a
,1
)}]

−Hs
w,s

(
L
(
a2,b2

)
G2(a,b)

)

−
(

1−n
1+n

)
Hs

w,s

(
L
( 1

n+1 a2 + n
n+1 b2, 1

n+1 a2 + 1
n+1 b2

)
G2(a,b)

)∣∣∣∣∣
≤ (b−a)|s|

(n+1)2

[
A(a,b)A

(
a2(s−1),b2(s−1)

)
(w+2)G2s(a,b)

+
A(a,b)A

(
as−2,bs−2

)
(w+2)Gs(a,b)

]
.

Proof. Let f (x) = xs+wxs/2+1
w+2 for s /∈ (1,4) and x > 0, then

f ′(x) =
s

w+2

(
xs−1 +

w
2

xs/2−1
)
,∫

f (x)dx =
1

w+2

(
xs+1

s+1
+

wxs/2+1

s/2+1
+ x

)
.

Now

1
b
a −

a
b

[∫ n
n+1

a
b+

1
n+1

b
a

a
b

f (x)dx+
∫ b

a

1
n+1

a
b+

n
n+1

b
a

f (x)dx

]

=

( n
n+1 a2 + 1

n+1 b2
)s+1−

( n
n+1 a2 + 1

n+1 b2
)s+1

(w+2)(s+1)(b2−a2)(ab)s

+w

( n
n+1 a2 + 1

n+1 b2
) s

2+1−
( n

n+1 a2 + 1
n+1 b2

) s
2+1

(w+2)( s
2 +1)(b2−a2)(ab)

s
2

+
1

w+2
+

(
b2
)s+1−

(
a2
)s+1

(w+2)(s+1)(b2−a2)(ab)s

+w

(
b2
) s

2 −
(
a2
) s

2

(w+2)( s
2 +1)(b2−a2)(ab)

s
2
+

1
w+2

=

(
1−n
1+n

)
Hs

w,s

(
L
( 1

n+1 a2 + n
n+1 b2, 1

n+1 a2 + 1
n+1 b2

)
G2(a,b)

)
+Hs

w,s

(
L
(
a2,b2

)
G2(a,b)

)
,

and

φ

(
n;

1
2
,
1
2
,a,b

)
=

1
n+1

[
f (a)+ f (b)

2
+

1
2

{
f
(

n
n+1

a+
1

n+1
b
)

+ f
(

1
n+1

a+
n

n+1
b
)}]

=
1

n+1

[(a
b

)s
+w

(a
b

)s/2
+1

2(w+2)
+

(b
a

)s
+w

(b
a

)s/2
+1

2(w+2)
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+
1

2(w+2)

{(
n

n+1
a
b
+

1
n+1

b
a

)s

+w
(

n
n+1

a
b
+

1
n+1

b
a

)s/2

+1

+

(
1

n+1
a
b
+

n
n+1

b
a

)s

+w
(

1
n+1

a
b
+

n
n+1

b
a

)s/2

+1

}]

=
1

n+1

[
Hs

w,s(a,b)
H(as,bs)

+
1
2

{
Hs

w,s

(
n

n+1
a
b
+

1
n+1

b
a
,1
)

+Hs
w,s

(
1

n+1
a
b
+

n
n+1

b
a
,1
)}]

.

In virtue of Corollary 19, it follows that∣∣∣∣φ(n;λ,µ,a,b)− 1
b−a

[∫
Ω1

a
f (x)dx+

∫ b

Ω2

f (x)dx
]∣∣∣∣

=

∣∣∣∣ 1
n+1

[
Hs

w,s(a,b)
H(as,bs)

+
1
2

{
Hs

w,s

(
n

n+1
a
b
+

1
n+1

b
a
,1
)

+Hs
w,s

(
1

n+1
a
b
+

n
n+1

b
a
,1
)}]

−Hs
w,s

(
L
(
a2,b2

)
G2(a,b)

)

−
(

1−n
1+n

)
Hs

w,s

(
L
( 1

n+1 a2 + n
n+1 b2, 1

n+1 a2 + 1
n+1 b2

)
G2(a,b)

)∣∣∣∣∣ .
On the other hand, we have

b
a −

a
b

4(n+1)2

[∣∣∣ f ′(a
b

)∣∣∣+ ∣∣∣∣ f ′(b
a

)∣∣∣∣]
=

b2−a2

4(n+1)2ab

(
|s|

w+2

){[(
b
a

)s−1

+
(a

b

)s−1
]
+

w
2

[(
b
a

)s/2−1

+
(a

b

)s/2−1
]}

=
(b−a)|s|
(n+1)2

[
A(a,b)A

(
a2(s−1),b2(s−1)

)
(w+2)G2s(a,b)

+
A(a,b)A

(
as−2,bs−2

)
(w+2)Gs(a,b)

]
.

This completes the proof. �

5. CONCLUSION

In this article, we have derived a new auxiliary result. With the help of this result
we obtained several new Hermite-Hadamard type of integral inequalities. Numerous
new special cases which can be deduced from our main results are also discussed
in detail. At the last we have discussed applications of our results to means of real
numbers. It is expected that the ideas and techniques of this paper may stimulate
further research in the field.
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