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Abstract. In this paper the author investigates the global boundedness in Banach L” spaces of
rough semiclassical Fourier integral operators defined by generalized rough Hormander class
amplitudes and rough class phase functions which behave in the spatial variable like L? functions.
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1. INTRODUCTION

A Fourier integral operator or FIO in short is a singular operator defined by

(o) () = )" | 9 (x,8)F(€)dE, f € G (RY),

where a(x,&) and ¢ (x,&) are smooth functions called respectively the amplitude and
the phase function.

The study of the theory of FIOs has a long history, many efforts have been made to
study the regularity of these operators in functional spaces and there is a large body
of results concerning the regularity like in [8] and [5] where some results of local ?
boundedness have been obtained for Fourier integral operators associated to smooth
amplitudes a (x,§) € S’ and phase functions ¢ (x,§) € C* (R" x R"\ {0}), those are
non degenerate and positively homogeneous of degree 1 in the frequency variable
€. These results of local boundedness have been generalized in L? for 1 < p < oo
by Seeger-Sogge-Stein [15], Gala-Liu-Ragusa [6], Khelouki-Ikassoulene [10] and
Ragusa [12].

Since 1970s, motivated by applications in microlocal analysis and hyperbolic par-
tial differential equations, many authors extended local L? boundedness results to
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global L? (R") regularity. The first result has been given in Asada-Fujiwara [2] con-
sidering Fourier integral operators associated to amplitudes in 5870 and inhomogen-
eous phase functions. This result was extended to a general class of amplitudes in
S’;ﬁ 5 satisfying some conditions, see [11]. For the global L” boundedness, Cordiro,
Nicola and Rodino have considered Fourier integral operators with amplitudes in ST',),
see [3]. Another result of global L” boundedness of Fourier integral operators, due to
Coriasco and Ruzhanky [4], was to consider their amplitudes in some subspaces of
Sto
1In the semiclassical case an A-Fourier integral operator has the following form

(11 (a,0) £) () = (2mn) ™" [ el () FE)dE, £ € S(RY),

n

where h € ]0,hp] is a semiclassical parameter and S denotes the Schwartz space.
These operators appear naturally in the expression of the solution of the semiclas-
sical hyperbolic partial differential equations, and when expressing the C* -solution
of the associated Cauchy’s problem. Comparatively with the study of FIOs, there has
been a smaller amount of activity for 4-FIOs concerning the investigation of the cor-
responding L? boundedness properties. Some results of L? boundedness and L? com-
pactness are obtained for & -Fourier integral operators with amplitudes introduced
by Hormander and non degenerate and homogeneous phase functions, see [7] and
[16] . Recently we have establish in our paper [!] the L” boundedness for s-Fourier
integral operators with rough amplitudes in the class L7SJ introduced by [14] and
non degenerate and homogeneous phase functions in ®>. We have obtained results of
boundedness of these operators from L7 into L, where the numbers g, r satisfy some
relations with the others parameters p, n, m, p.

Motivated by the lack of L? boundedness results for 4-FIOs in the literature of
semiclassical analysis, the aim of this wok is to extend the aforementioned results
for a general class of 4-FIOs. Our investigation is to study rough A-Fourier integral
operators associated to amplitudes in the class L* S and phase functions in the class
L>®* as introduced in [9].

To summarize the paper is organized as follows. In the second section we in-
troduce some definitions and notations of a general class of amplitudes and phase
functions associated to the class of 4-FIOs treated in this paper. Tools and prelimin-
ary lemmas are mentioned in the third section. The last section is devoted to establish
the results of the boundedness of this class of 4-FIOs.

2. ROUGH AMPLITUDES AND PHASE FUNCTIONS

In this section we define the classes of linear amplitudes and the class of phase
functions with rough spatial behaviour that appear in the definition of operators
treated here. But at first we recall some definitions and notations of classical amp-
litudes and phase functions introduced by Hérmander [8].
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1
2

For the sake of simplicity we use the notation (&) for (1 + |E_,|2)

Definition 1. Let m € R, 0 < p,d < 1. We denote S;)” 5 the class of all functions
a(x,&) € C= (R" x R") such that

Vo, B e N : sup (E,)ﬂnﬂ\al_s\ﬁ\
EcRn

a¢aba (x,g)] < oo,

Notation 1. We denote by ®*, k € N, the space of real valued functions @ (x,§) €
C= (R" x R™\ {0}), such that ¢ (x,&) is positively homogeneous of degree 1 in the
frequency variable &, and satisfies the following condition:

Vo, B € N, with |af 4B > k, 3Cqp > 0

sup (g7 ogale (v.8)| < Cap.

(x,&)eR"xR"\ {0}

Definition 2. A real valued phase @ (x,&) € C? (R" x R™\ {0}) satisfies the Strong

Non-Degeneracy condition or the SND condition for short, if there exists a constant
¢ > 0 such that

%0 (x,§)

— > n n .
35,08 | = cforall (x,&) € R" x R"\ {0}

’ det

Example 1. The function ¢ (x,§) = (x,&) is in ®? and satisfies the strong non-
degenerate condition. A Fourier integral operator with such phase function is called
pseudodifferential operator.

Now we introduce the definitions and conditions of rough amplitudes and phase
functions which we will use for our study of the L?” boundedness for 4-Fourier integral
operators associated to these amplitudes and phase functions.

Definition 3. Letm € R and 0 < p < 1. We denote by L*S}}, the space of functions
a(x,&), x,& € R" such that a(x,&) is measurable in x € R" a(x,§) € C* (Rg) a.e.
x € R", and for each multi-index ., there exists a constant Cy, such that

28000 < Col&m e

Remark 1. It is clear that Sg’a C L“Sg’ forallme Rand 0 <p,5 < 1.

Notation 2. Let k € N, we denote by L*®* the space of real valued functions
¢ (x,&) such that ¢ (x,&) is smooth and homogeneous of degree 1 in the frequency
variable &, ¢ (x,&) is measurable in x € R” and satisfies the following condition:

Vo€ N" with o] >k, 3Cy > 0 :

<C(x-

—1+|al
td o

sup

30(.8)
EeR™M\{0}
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Example 2. For each f € L (R") the phase function ¢ (x,&) = f (x)|&| + (x,&)
belongs to the class L>®?.

Instead of the non-degeneracy condition in case of smooth phase function, we
need in our case to an analogous condition which we will call rough non-degeneracy
condition.

Definition 4 (The rough non-degeneracy condition). We say that a real valued
phase ¢ satisfies the Rough Non-Degeneracy condition, if it is C' on R™\ {0} in the
frequency variable &, bounded measurable in the spatial variable x, and there exists a
constant ¢ > 0 such that

|0£0 (x,&) — 00 (1,&)| > c[x—y], forall x,y € R" and & € R"\ {0} .

The aim of this work is to obtain some results of L” boundedness for % -Fourier
integral operators of the form

(1n(a,) ) () = @) " [ el*9a(x8) F (), @.1)

where a € LS, ¢ € L>®* and  €]0, 1] is a parameter. Here
F©= [ etirman
Rn

3. PRELIMINARY TOOLS

For our study we collect here the main tools in proving our boundedness results of

boundedness of #-FIOs. First we need Seeger-Sogge-Stein partition of unity.
Foreach s €]0,1] let {€"}, _, . a finite collection of unit vectors of "~ satisfying
D \év—&“ >h2ifv AV,

2) VE € S" 1, FEY so that |E — EY| < s2.
Foranyv € {1,...,N} let IV the cone defined by

3 SS%}-

FV: {&eRn @—gv
In order to cover the annulus {&,% <|gl < 2} , we need s—"7" cones such I"V.
Next we construct an associated partition of unity subordinated to {I'"V}, .,y
given by functions %", homogenous of degree 0 in  with support in IV, i.e.

ix"(é): 1 for all & # 0,
v=1

and such that
lof

Vo e N",3Cq > 0: [0%" (§)| < Cos™ 2.

According to this partition of unity we have get the following lemma (see also [1]).
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Lemma 1. Any h-Fourier integral operator I, of the type (2.1) with amplitude
a(x,§) € L*S§ and phase function ¢ (x,€) € L>®?, can be written as a finite sum of
operators of the form

)" [ o(x8)el eI TR0 5 (E) ae,

where { is a point on the unit sphere "', y(x,&) € L*®' and 6 (x,E) € LSy is
localized in the & variable around the point C.

But in order to study the LP boundedness for rough A-Fourier integral operators
with amplitudes in L*S3' and phase functions in L>®? we need the Littlewood-Paley
partition of unity (see [15]):

where suppWy C {&;[§| <2}, and ¥ (§) =¥ (27/€) , with supp¥ C {&; 5 < [§| <2}.
So we can write

oo

I (a,¢) = ¥o (§) I (a,0) + Y W, (§) 11 (a,0)

J=1

= Ih,O (a,q)) + i Ih,j (avq)) :
j=1

Applying the Seeger-Sogge-Stein decomposition in the annulus {&;1 < [§| <2} to
the operator /j, ; (a,¢) we obtain
NG)

Ih,j(aaq)): ZX ( Ih] a, q) ZI]L]

v=1

The operator /), ; (a,¢) has kernel

2mh) ™" 9 (o(xE)— (x N .
o) = P ’;,3 [0 @)1 €)a (x.278) dE
2 h " inj vy_
= (7521_2/6;12 (Ved(xE") y7§>b}{ (x,8)dE, (3.1)

where b (x,&) = i/ (Vs8I0 g () v (£) a (x,27E) .

In the sequel we will also need the following lemmas for the proof (see [9]).

Lemma 2. Let a € L”Sy and ¢ (x,§) € L>®?, then the symbol by (x,8) above
satisfies the estimate

||

m+|of(1—p)+5+

Voue N",3Cq > 0 : sup Hagb‘; (.,&) ; < Cqo(27)
¢ -
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Lemma 3. Let b(x,&) be a bounded function which is C"*! (Rg\ {0}> and com-

pactly supported in the frequency variable & and L (RY) in the space variable x,
satisfying

sup |g] a%(.,a)H < oo, Vot <nt1.
&ER}I\{O} ‘ g LM(R")
Then for all u € [0,1] we have
sup )] [ e 9D (1.2 | < 4o
x,yeR?

Finally we give the semiclassical version of Hausdorff-Young and Minkowsky’s
inequality.
Hausdorff-Young inequality: For all p,q € R such that 1 < p <2 and % + é =1,
we have

3> 02 ]y gy < CH Wil £ €17 R).

Minkowsky’s inequality for integrals: For all p,q € R such that 1 < p < e and all
measurable function f on RY x RY, we have

</R;«. pdy) £ ki (/R,g ) i

4. MAIN RESULTS
In this section we establish the results of L? boundedness for rough /-Fourier integ-
ral operators, which permits us to obtain those of smooth A-Fourier integral operators
as consequences.
Let us begin with rough h-Fourier integral operators associated to amplitudes with
compact support in the frequency variable &.

f(x,y)dx
R?

Theorem 1. Letm € Rand p € [0,1], let a(x,§) € L*Sy such that suppga (x,§) is

compact, and let § (x,&) € L*®? a phase function satisfying the rough non-degeneracy
condition. Then the h-Fourier integral operator given by (2.1) is bounded on L? for
every p € [1,9].

Proof. According to Lemma 1, it suffices to prove the L” boundedness of each
Fourier integral operator of the form

Au(x) = [ o(x,8) et 00085 E) ae,

where { € §"!, 6 € LSy and y € L~®'.
Let us rewrite the operator A with its kernel, i.e.

Au() = [Alxy)uly)dy.
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where the kernel of A is given by
A(x,y) = /G(x, &)eﬁ.\V(Xé)Jr%<V§¢(x,C)fy7}’;>d§'

To get an estimate of [Aul[;, we will estimate A(x,y) in L'. Set b(x,§) =

o (x, E_.)e%"’(xvé), this function is bounded because ¢ and Yy are bounded uniformly
in x and suppg G is compact, further since y € L>®! so

Vo > 1: sup sup 6] agp (x.8)| < oo
xeR" [£|£0

in particular for |al| < n+ 1, we obtain from Lemma 3

sup A (x,3)] < C (Vo (x.8) —y) " forall € [0, 1],

xeR”?

which implies (by choosing some u €]0, 1[)
sup [ 4 (x.y)dy| <
X
On the other hand from the rough non-degeneracy assumption we get

/voag¢(x,C)dx:/V(Z)J(Z)dz, well

where J is the Jacobian of agq). Thus we obtain

[aGalar<c [(Vepwt—y) " Maxc [@ " dz <o,

uniformly in y.

Finally from this estimate and using Young’s inequality we can easily obtain an
estimate of ||Au||,, in term of ||u|,, , and therefore we get the L” boundedness of the
operator A. g

Next let us consider the general case of rough h-Fourier integral operators, without
assumption of compactness on the amplitude.

Theorem 2. Let 0 < p < 1and m € R such thatm < —"5' +n(p—1).Ifa € LS}

and ¢ € L=¢* satisfying the rough non- degeneracy condition, then the h-Fourier
integral operator given by (2.1) is bounded on S (R") provided with the norm L', i.e.

4C >0: H[h (a,¢)uHL1 < CHMHLI , Yu € 5(Rn)

Proof. By the Littlewood-Paley partition of unity, we can decompose the operator
Iy, (a,0) as a sum of operators of the form

(1if) @) = [ eH*-9; (E)a(x8) F(E)dE, j=0.1...

For j = 0, the operator I;, o has amplitude Wy (§) a (x,§) which is supported around
the origin, so I o is bounded on L' from Theorem 1.
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For j = 1,2,... using the Seeger-Sogge-Stein decomposition for s = 27/, we have
Iy = Zlvvijl) I,‘L j» where the operator IZ ; has kernel defined by (3.1). In order to es-
timate this kernel we consider the differential operator

L=1-0; —270;.
from Lemma 2, we have for any k € N

<G (2,j) —m—2k(1-p) .

supHLka HLw
€

Using an integrations by parts in & we get

|’Z,j<xvy)\é(27;?3n (1+g(r— Ve (x,€9)) " / 4B (x,E)| 8

P (g (-0 (89)

where for simplify g (y) = 2%y} +2/| y/|2 . This estimate remains valid if the integer
k is replaced by any positive number M. We can check that by some interpolation
inequality.

So for any real number M > n we obtain

sup/‘lhj X,y |dy<CM( )
On the other hand from the rough non-degeneracy assumption on ¢ (x,&) we get

sup [ | (x.v)| dx < Gy (27)
y

<G (27)

—m—M(1- p)

—m—M(1—p)

Hence summing over v and using Young’s inequality we obtain
N(j

o =1 _
1, ju] 1 < Z 13 jul| < (270" M g

el
(Note that N (j) = SJT (2~ 1)7%). Since m < =51 —n(1-p) < -2 —

71
M(1-p)so ¥ (2° ) “MUP) oo and therefore by summing over j = 1,...
we ﬁnd

170 (@, 0) ull < nouell o+ Y | jull 1 < Clluly -
j=1

The proof of the theorem is complete. O

Remark 2. In case of p =0, i.e. a € L*Sj, the result can be extended for all
m< —n.

Now we will establish the result of L? boundedness of rough h-Fourier integral
operators, but we must prove an intermediary result when the phase function ¢ (x,&)
is in ® instead of L=®?.
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Theorem 3. Let a € L”Sy with m < 5(p—1) and ¢ € ®? satisfying the SND
condition. Then the h-Fourier integral operator I (a,d) given by (2.1) is bounded
from L? to itself

Proof. As in Theorem 2, we write the operator I, (a,0) as a sum of operators I ;
and the boundedness of I, o follows from 1. Next for I, ; we deal with the operator
Th,j = In I j where its kernel is given by

(27;1}1) /e,ilzf'(¢(x,§)*¢()’v§))xz &)a(x.E)a(yt)de.

From the SND condition on the function ¢ there exists a constant C > 0 such that

‘Véq)(x?&) —Vg(l)(y,g)‘ > C’x_y’7 V(x,y) eR” XR"\{O},

so by the non-stationary phase estimate in [8] we have for all integer k

Th,j (xay) =

Vk € N,EC]( >0: ‘Th,j (x,y)‘ < Ck2</‘[2m+n+(lfp)k] <2] (X—y)>7k .

This estimate remains valid for kK € R’ by using the integer part, thus
VM >n,3Cy >0 sup/ ’Th’j (x,y)‘dy < Cy2/m+(1-p)M].
X

hence by Cauchy-Schwarz and Young inequalities we get for all M > n,

1152l < || ] 2 < Caa2T2m =0V g 2,

Since m < (p—1)% we can choose M > n such that m < (p—1)% in order that

the series ¥ 2/[2m+(1-p)M] converges and therefore by summing over j =0,1,..., we
obtain

121 (@, 0) ull 2 < Cllull 2 -
Thus the proof of Theorem 3 is complete. g

Remark 3. Note that Theorem 3 is not valid for m = (p — 1) 5, there are pseudodif-
ferential with symbols a € Sg"’] which are not bounded in L? (see [13]). Recall that
Sy CL=Sg and ¢ (x,8) = (x,§) isin L>®? and satisfies the SND condition.

Finally we prove the L? boundedness of rough A-Fourier integral operator, i.e. with
rough amplitude and rough phase function.

Theorem 4. Let a € L=} with 0 < p < 1 and m < n®Y — 1 "and ler ¢ €

L=®? satisfying the rough non-degeneracy condition. Then the h-Fourier integral
operator given by (2.1) is bounded from L? to itself.

Proof. We will follows the steps of the proof of Theorem 3. First we write the
operator Ij, (a,0) as a sum of operators j, ; and the boundedness of [, o follows from
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Theorem 1. Next for /;, ; we deal with the operator 7}, ; = I ;I j where its kernel is
given by
(2mh) ™"

Th,j (xay) = 2jn

/eizf(q)(x,é)—tb(yv@))xZ (&) a(x&)al(y&)dE.

Here we need the Seeger-Sogge-Stein decomposition, so 7j, ; = Zlvvijl) 1) j where 7" j
has the kernel

(2mh)™"
Thv, j (x,y) = Tojn

After as in the the proof of Theorem 2, we introduce the differential operator

L=1-03 —27703,

/ eizl <V§¢(x,§‘/)—vg¢(%§v)*g> b}l (X, g) E ()’7 &) d&

from Lemma 2, we have for any k € N

Slép HLkb‘j (.,&)Hm <G (27) m-2k(1-p)

Taking account the rough non-degeneracy assumption on ¢ and using integration by
parts we obtain in the same manner

)—2m—2M( 1-

VM>§,E!C>O: HT;ZJ-MHLZSC(ij p)H”HLZv

which gives for the operator ;; ; the estimate

n+1

N(j) o ntl _
18l 72 < X (1T 0] ] < € (279) 722 720 g 2,
v=1

Since m < (p—1)% — 21 and M > % then —2m — 2L —2M (1 —p) > 0, therefore

N om
Y (2*1) 2m=ty —2M(1=p) converges. Thus by summing over j =0,1,... we get

11r (@, 0) ull 2 < Cllull 2,

which means the boundedness of the operator I;, (a,¢) in L2. O
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