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Strengthened inequalities for the mean width and the /-norm

Karoly J. Boroczky, Ferenc Fodor and Daniel Hug

ABSTRACT

Barthe proved that the regular simplex maximizes the mean width of convex bodies whose
John ellipsoid (maximal volume ellipsoid contained in the body) is the Euclidean unit ball; or
equivalently, the regular simplex maximizes the ¢-norm of convex bodies whose Léwner ellipsoid
(minimal volume ellipsoid containing the body) is the Euclidean unit ball. Schmuckenschlager
verified the reverse statement; namely, the regular simplex minimizes the mean width of convex
bodies whose Lowner ellipsoid is the Euclidean unit ball. Here we prove stronger stability versions
of these results. We also consider related stability results for the mean width and the ¢-norm of
the convex hull of the support of centered isotropic measures on the unit sphere.

1. Introduction

In geometric inequalities and extremal problems, Euclidean balls and simplices often are the
extremizers. A classical example is the isoperimetric inequality which states that Euclidean
balls have smallest surface area among convex bodies (compact convex sets with non-empty
interior) of given volume in Euclidean space R™, and Euclidean balls are the only minimizers.
Another example is the Urysohn inequality which expresses the geometric fact that Euclidean
balls minimize the mean width of convex bodies of given volume. To introduce the mean
width, let (-,-) and || - || denote the scalar product and Euclidean norm in R™, and let B™ be
the Euclidean unit ball centred at the origin with ,, = V(B") = 7"/2/T'(1 + n/2), where V(-
is the volume (Lebesgue measure) in R™. For a convex body K in R"™, the support function
hig :R™ — R of K is defined by hi(z) = max,cx(x,y) for x € R”. Then the mean width of
K is given by
WE) = —— [ (he(u) + hic(—u)) du,
NKkyp Jgn-1

where the integration over the unit sphere S™~! is with respect to the (n — 1)-dimensional
Hausdorff measure (that coincides with the spherical Lebesgue measure in this case).

A prominent geometric extremal problem for which simplices are extremizers has been
discovered and explored much more recently. First, recall that there exists a unique ellipsoid
of maximal volume contained in K (which is called the John ellipsoid of K), and a unique
ellipsoid of minimal volume containing K (which is called the Léwner ellipsoid of K). It has
been shown by Ball [5] that simplices maximize the volume of K given the volume of the John
ellipsoid of K, and thus simplices determine the extremal ‘inner’ volume ratio. For the dual

Received 5 February 2020; revised 22 November 2020.
2020 Mathematics Subject Classification 52A40 (primary), 52A38, 52B12, 26D15 (secondary).

K. Boroczky was supported by Hungarian National Research, Development and Innovation Office — NKFIH
grants 129630 and 132002. This research of F. Fodor was supported by grant TUDFO/47138-1/2019-ITM of
the Ministry for Innovation and Technology, Hungary, and by Hungarian National Research, Development and
Innovation Office — NKFIH grants 129630.

© 2021 The Authors. Journal of the London Mathematical Society is copyright © London Mathematical
Society. This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-
NoDerivs License, which permits use and distribution in any medium, provided the original work is properly
cited, the use is non-commercial and no modifications or adaptations are made.


http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1112%2Fjlms.12429&domain=pdf&date_stamp=2021-01-13

2 KAROLY J. BOROCZKY, FERENC FODOR AND DANIEL HUG

problem, Barthe [11] proved that simplices minimize the volume of K given the volume of the
Lowner ellipsoid of K, hence simplices determine the extremal ‘outer’ volume ratio (see also
[62, 54]). In all these cases, equality was characterized by Barthe [11].

In this paper, we consider the mean width and the so called ¢-norm. To define the latter, for
a convex body K C R" containing the origin in its interior, we set

2|k = min{t >0: z €tK},  z€R"

Furthermore, we write ~, for the standard Gaussian measure in R"™ which has the density

function z — /27 _ne’”‘”w/?, x € R", with respect to Lebesgue measure. Then the /-norm of
K is given by

(K) = / el 7n(dz) = EJIX] &,

where X is a Gaussian random vector with distribution ~,. If the polar body of K is denoted
by K° ={z € R": (z,y) <1Vy € K}, then we obtain the relation

UK) = “BW(K°) (1)
with
im LB _
n— 00 n

In addition, the ¢-norm of K can be expressed in the form (see Barthe [10])

() = [ BRI di= [0 () i @

0

Let A, be a regular simplex inscribed into B"™, and hence A is a regular simplex
circumscribed around B™. Theorem 1.1 (i) is due to Barthe [10], and (ii) was proved by
Schmuckenschléger [61].

THEOREM 1.1 (Barthe '98, Schmuckenschléger '99). Let K be a convex body in R™.

(i) If B™ D K is the Léwner ellipsoid of K, then ¢{(K) < ¢(A,), and if B™ C K is the John
ellipsoid of K, then W (K) < W(A?). Equality holds in either case if and only if K is a regular
simplex.

(ii) If B" C K is the John ellipsoid of K, then £(K) > ¢(A?), and if B™ D K is the Léwner
ellipsoid of K, then W(K) > W(A,,). Equality holds in either case if and only if K is a regular
simplex.

It follows from (1) and the duality of Lowner and John ellipsoids that the two statements in
(i) are equivalent to each other, and the same is true for (ii).

The classical Urysohn inequality states that (W(K)/2)" > V(K)/k, with equality exactly
when K is a ball. While a reverse form of the Urysohn inequality is still not known in general,
we recall that Giannopoulos, Milman, Rudelson [32] proved a reverse Urysohn inequality,
for zonoids, and Hug and Schneider [42] established reverse inequalities of other intrinsic and
mixed volumes for zonoids and explored applications to stochastic geometry. A related classical
open problem in convexity and probability theory is that among all simplices contained in the
Euclidean unit ball, the inscribed regular simplex has the maximal mean width (see Litvak
[50] for a comprehensive survey on this topic).

Let us discuss the range of W(K) (and hence that of ¢(K) by (1)) in Theorem 1.1. If K is
a convex body in R™ whose Lowner ellipsoid is B™, then the monotonicity of the mean width
and Theorem 1.1 (i) yield

W(A,) < W(K) < W(B") =2,
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where, according to Boréczky [19], we have

2Inn

W(A,) ~4 as n — oo.

In addition, if K is a convex body in R™ whose John ellipsoid is B", then
2= W(B") < W(K) < W(A)
with W(A?) ~ 4v2nlnn.

An important concept in the proof of Theorem 1.1 is the notion of an isotropic measure on
the unit sphere. Following Giannopoulos, Papadimitrakis [33] and Lutwak, Yang, Zhang [54],
we call a Borel measure p on the unit sphere S”~! isotropic if

/ u®up(du) =TI, (3)
Sn*l

where I, is the identity map (or the identity matrix). Condition (3) is equivalent to

(x,z) = /Snil(u,:r>2u(du) for z € R™.

In this case, equating traces of the two sides of (3), we obtain that (S"~!) = n. In addition,
we say that the isotropic measure 4 on S"~! is centered if

/Snil u p(du) = o.

We observe that if p is a centered isotropic measure on S™ 1, then for the cardinality |supp pu|
of the support of p it holds that |supp p| > n + 1, with equality if and only if p is concentrated
on the vertices of some regular simplex and each vertex has measure n/(n + 1) (see [20, Lemma
10.2] for a quantitative version of this fact).

We recall that isotropic measures on R™ play a central role in the KLS conjecture by Kannan,
Lovasz and Simonovits [45] as well as in the analysis of Bourgain’s hyperplane conjecture
(slicing problem); see, for instance, Barthe and Cordero-Erausquin [13], Guedon and Milman
[41], Klartag [46], Artstein-Avidan, Giannopoulos, Milman [2] and Alonso-Gutiérrez, Bastero
1].

The emergence of isotropic measures on S"~! arises from Ball’s crucial insight that John’s
characteristic condition [43, 44] for a convex body to have the unit ball as its John or Léwner
ellipsoid (see [3, 5]) can be used to give the Brascamp-Lieb inequality a convenient form
which is ideally suited for many geometric applications (see Section 2). John’s characteristic
condition (with the proof of the equivalence completed by Ball [6]) states that B™ is the John
ellipsoid of a convex body K containing B™ if and only if there exist distinct unit vectors
Ut,...,ur € OKNS" 1 and cy,...,c, > 0 such that

k
Z ciu; @ up = 1, (4)
i—1

k
Zciui =o. (5)
i=1

In particular, the measure g on S"~! with support {uy,...,uzx} and p({u;}) =c¢; for i =
1,...,k is isotropic and centered. In addition, B™ is the Lowner ellipsoid of a convex body K C
B" if and only if there exist uy,...,ux € 9K NS" ! and cy,...,c, > 0 satisfying (4) and (5).
According to John [44] (see also Gruber, Schuster [39]), we may assume that & < n(n + 3)/2
in (4) and (5). It follows from John’s characterization that B™ is the Léwner ellipsoid of a
convex body K C B™ if and only if B™ is the John ellipsoid of K°.
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The finite Borel measures on S”~! which have an isotropic linear image are characterized
by Boroezky, Lutwak, Yang and Zhang [21], building on earlier work by Carlen and Cordero-
Erausquin [23], Bennett, Carbery, Christ and Tao [17] and Klartag [47].

We write conv X to denote the convex hull of a set X C R™. We observe that if x4 is a centered
isotropic measure on S™~ !, then o € int Z.. (1) for

Z oo () = conv supp p.

For the present purpose, the study of Z.(u) can be reduced to discrete measures, as
Lemma 10.1 in Boréczky and Hug [20] states that for any centered isotropic measure pu,
there exists a discrete centered isotropic measure po on S"~! whose support is contained
in the support of u (see Lemma 2.1). It follows that Theorem 1.1 is equivalent to the following
statements about isotropic measures proved by Li and Leng [48].

THEOREM 1.2 (Li and Leng ’12). If p is a centered isotropic measure on S™ !, then
U Zoo(p)) S UAR), W(Zoo(p)?) SW(AL), UZoo(n)?) = (A7) and W(Zuo(p)) = W(Ay),
with equality in either case if and only if |[supp p| = n + 1.

Results similar to Theorem 1.2 are proved by Ma [55] in the L, setting.

The main goal of the present paper is to provide stronger stability versions of Theorems 1.1
and 1.2. Since our results use the notion of distance between convex bodies (and to fix the
notation), we recall that the distance between compact subsets X and Y of R™ is measured in
terms of the Hausdorff distance defined by

6H (Xa Y) = max{glea%d(y, X)a I‘;;Ilea))(( d(lﬁ, Y)}a

where d(z,Y) = min{||z — y|| : y € Y'}. The Hausdorf distance defines a metric on the set of
non-empty compact subsets of R".

In addition, for convex bodies K and C, the symmetric difference distance of K and C is
the volume of their symmetric difference; namely,

dvor (K, C) = V(K \ C) + V(C '\ K).

Clearly, the symmetric difference distance also defines a metric on the set of convex bodies
in R™. Both metrics induce the same topology on the space of convex bodies, but are not
uniformly equivalent to each other (see [62, p. 71] and [63]).

Let O(n) denote the orthogonal group (rotation group) of R™.

THEOREM 1.3. Let B" be the Léwner ellipsoid of a convex body K C B"™ inR", let ¢ = n?"
and let € € (0,1). If {(K) = (1 — €)¢(A,,), then there exists a T € O(n) such that:

(1) 5vol(Ka TAn) g c \4/5;
(ii) 0p (K, TA,) < ¢ .

THEOREM 1.4. Let B™ be the John ellipsoid of a convex body K O B™ in R"™ and let ¢ > 0.
IfU(K) < (14 ¢e)l(A?), then there exists a T € O(n) such that:

(i) bvol(K,TA%) < c /e for c=n*";
(i) dg(K,TAS) <c %/ for c=n?".

Let us consider the optimality of the order of the estimates in Theorems 1.3 and 1.4. For
Theorem 1.3 (i) and (ii), we use the following construction. We add an (n + 2)nd vertex vy, 42 €
S"=1 to the n + 1 vertices v1,...,v,41 of A, such that v; lies on the geodesic arc on S™~!
connecting vo and v,49, and such that Z(v,12,v1) = c1¢ for a suitable ¢; > 0 depending on
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n. The polytope K = conv{vy,...,v,12} satisfies £(K) > (1 —€)¢(A,) on the one hand, and
Ovol (], TA,) = coe and oy (K, TA,,) > coe for a suitable c¢o > 0, depending on n, and for any
T € O(n), on the other hand. Similarly, using the polar of this polytope K for Theorem 1.4
(i), possibly after decreasing c1, we have £(K°) < (1 4+ €)¢(A?2) while &y (K°, TAS) > cse for
a suitable ¢z > 0 depending on n and for any T € O(n). Finally, we consider the optimality of
Theorem 1.4 (ii). Cutting off n + 1 regular simplices of edge length ¢4 {/c at the vertices of A7,
for a suitable ¢, > 0 depending on 7, results in a polytope K satisfying £(K) < (1 + )0(A2)
and 65 (K, TAS) > ¢; /& for any T € O(n) for some suitable ¢; > 0 depending on n.

We did not make an attempt to optimize the constants c that depend on n, but observe that
the ¢ is polynomial in n in Theorem 1.4 (ii).

In the case of the mean width, we have the following stability versions of Theorem 1.1.

COROLLARY 1.5. Let K be convex body in R™.

(i) If B™ is the John ellipsoid of K D B™ and W(K) = (1 — )W (A?) for some ¢ € (0,1),
then there exists a T € O(n) such that 5y (K, TAS) < c/z for ¢ = n*™.

(ii) If B™ is the Léwner ellipsoid of K C B™ and W(K) < (14+¢)W(A,,) for some € > 0,
then there exists a T € O(n) such that §y (K, TA,) < ¢ ®/z for c = n*.

For the optimality of Corollary 1.5 (i), cutting off n + 1 regular simplices of edge length ¢,
at the vertices of A? for suitable ¢; > 0 depending on n results in a polytope K satisfying
W(K) > (1—¢e)W(A?) and 6 (K, TAS) > cee for suitable ¢z > 0 depending on n and for any
T € O(n). Concerning Corollary 1.5 (ii), let vi,...,v,41 be the vertices of A,,, and let K
be the polytope whose vertices are v;, —(% + c3/e)v; for i =1,...,n+ 1 for suitable ¢3 > 0
depending on n in a way such that W(K) < (1 + &)W (A). It follows that 6 (K, TA,) > ¢y /e
for any T € O(n) and for a suitable ¢4 > 0 depending on n.

We also have the following stronger form of Theorem 1.2 in the form of stability statements.

THEOREM 1.6. Let i be a centered isotropic measure on the unit sphere S"~ !, let ¢ = n?%",
and let € € (0,1). If one of the conditions:

) U(Ze(n) > (1—)U(A,) or
) W (o)) > (1 - W (AS) or
) U(Zoo()) < (1+)U(AS) or

) W(Zao(p) < (1+6)W(A,)

is satisfied, then there exists a regular simplex with vertices wy,...,w,+; € S"~! such that
1
6H(supp Ky {wlv EER) wn+1}) S cet.

The proofs of Theorem 1.3 and Theorem 1.6 (a) and (b) are based on Proposition 7.1, which
is the special case of Theorem 1.6 (a) for a discrete measure. In addition, a new stability version
of Barthe’s reverse of the Brascamp—Lieb inequality is required for a special parametric class
of functions, which is derived in Section 6. In a similar vein, the proofs of Theorem 1.4 and
Theorem 1.6 (¢) and (d) are based on Proposition 9.1, which is the special case of Theorem 1.6
(c) for a discrete measure. In addition, we use and derive a stability version of the Brascamp—
Lieb inequality for a special parametric class of functions (see also Section 6).

We note that our arguments are based on the rank one geometric Brascamp-Lieb and reverse
Brascamp-Lieb inequalities (see Section 2), and their stability versions in a special case (see
Section 6). Unfortunately, no quantitative stability version of the Brascamp—Lieb and reverse
Brascamp-Lieb inequalities are known in general (see [16] for a certain weak stability version



6 KAROLY J. BOROCZKY, FERENC FODOR AND DANIEL HUG

for higher ranks). On the other hand, in the case of the Borell-Brascamp-Lieb inequaliy (see
[8, 18, 22]), stability versions were proved by Ghilli and Salani [31] and Rossi and Salani [59].

2. Discrete isotropic measures and the (reverse) Brascamp-Lieb inequality

For the purposes of this paper, the study of Z. (i) for centered isotropic measures on S™ 1
can be reduced to the case when p is discrete. Writing | X| for the cardinality of a finite set
X, we recall that Lemma 10.1 in Béréczky and Hug [20] states that for any centered isotropic
measure i, there exists a discrete centered isotropic measure g on S~ ! with supp pg C supp p
and |supp po| < w + 1. We use this statement in the following form.

LEMMA 2.1. For any centered isotropic measure j1 on S™ 1, there exists a discrete centered

isotropic measure py on S"~! such that

supp po C supp g and |supp po| < 2n.

The rank one geometric Brascamp-Lieb inequality (7) was identified by Ball [3] as an
important case of the rank one Brascamp-Lieb inequality proved originally by Brascamp and
Lieb [22]. In addition, the reverse Brascamp-Lieb inequality (8) is due to Barthe [9, 11]. To
set up (7) and (8), let the distinct unit vectors wuy,...,u; € S 1 and ¢1,...,cp > 0 satisfy

k
Z cu; Qu; =1, . (6)
=1

If f1,..., fx are non-negative measurable functions on R, then the Brascamp-Lieb inequality
states that
k k Ci
[ Tty ae <] ( / fi) , (7)
"i=1 i=1 R

and the reverse Brascamp—Lieb inequality is given by

% k k ci
/ sup Hfi(ei)ci dx > H (/ fi> . (8)
R™ 2=37F | cibius j—1 i=1 WR

where the star on the left-hand side denotes the upper integral. Here we always assume that
01,...,0r € R in (8). We note that 61,..., 60, are unique if k¥ = n and hence uy,...,u, is an
orthonormal basis.

It was proved by Barthe [11] that equality in (7) or in (8) implies that if none of the functions
fi is identically zero or a scaled version of a Gaussian, then there exists an origin symmetric

regular crosspolytope in R™ such that wq,...,u; lie among its vertices. Conversely, we note
that equality holds in (7) and (8) if either each f; is a scaled version of the same centered
Gaussian, or if kK =n and uq,...,u, form an orthonormal basis.

For a detailed discussion of the rank one Brascamp—Lieb inequality, we refer to Carlen and
Cordero-Erausquin [23]. The higher rank case, due to Lieb [49], is reproved and further explored
by Barthe [11]. Equality in the general version of the Brascamp-Lieb inequality is clarified by
Bennett, Carbery, Christ, Tao [17]. In addition, Barthe, Cordero-Erausquin, Ledoux, Maurey
(see [14]) develop an approach for the Brascamp-Lieb inequality via Markov semigroups in a
quite general framework.

The fundamental papers by Barthe [9, 11] provided concise proofs of (7) and (8) based
on mass transportation (see Ball [7] for a sketch in the case of (7)). Actually, the reverse
Brascamp—Lieb inequality (8) seems to be the first inequality whose original proof is via mass
transportation. During the argument in Barthe [11], the following four observations due to
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Ball [3] (see also [11] for a simpler proof of (i)) play crucial roles: If &k > n, ¢1,...,¢; > 0 and
Uy, ..., up € S" 1 satisfy (6), then:
(i) for any ty,...,t; > 0, we have
k k
i=1 i=1
(ii) for z = Zle c;0;u; with 01,...,0, € R, we have
k
207 < it (10)
i=1
(iii) for i =1,...,k, we have
¢ <L
(iv) and it holds that
14+ =n. (11)

Inequality (9) is called the Ball-Barthe inequality by Lutwak, Yang and Zhang [54], and Li
and Leng [48].

3. Review of the proof of the (reverse) Brascamp—Lieb inequality
ifall f; = f and f is log-concave

-1
Let g(t) = V27 e ¥’/2 t € R, be the standard Gaussian density (mean zero and variance
one), and let f be a probability density function on R (here we restrict to log-concave functions
to avoid differentiability issues). Let T' and S be the transportation maps which are determined

by
x T(x) S(y) y
/ f= / g and / f= / g.

Henceforth, we do not write the arguments and the Lebesgue measure in the integral if the
meaning of the integral is unambiguous. As f is log-concave, there exists an open interval [
such that f is positive on I and zero on the complement of the closure of I, and T : I — R and
S : R — I are inverses of each other. In addition, for z € I and y € R, we have

f@)=g(T(x))T"(x) and  g(y) = f(S(¥) S (v). (12)
For
C={zeR": (u,x) el fori=1,...,k},

we consider the transformation © : C — R™ with
@(m)ziciT(wi,@)ui, z €C,
i=1
which satisfies
dO(x) = ici T ((ui, ) u; @ ;.
i=1

It is known that d© is positive definite and © : C — R" is injective (see [9, 11]). Therefore,
using first (12), then (i) with ¢; = 7" ({u;, z)), and then the definition of © and (ii), the following
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argument leads to the Brascamp—Lieb inequality in this special case:

/ Hf (w2 o= | f[f«ui,ww da

k
/(Hg (s, >‘%><HT’<<ui7x>>cfv>das

i k

(H eciT(<unr>)2/2> det (Z cﬂ”((ub JS)) u; & ui> dx
C \;q =
e 19@1%/2 qet (4O (2)) dz

“I9l?/2 gy — 1
T e = 1.
2m)2 /n Y

We note that the Brascamp-Lieb inequality (13) for an arbitrary non-negative log-concave
function f follows by scaling; namely, (iv) implies

Il f[lf«w,uw we([1) 3)

For the reverse Brascamp—-Lieb inequality, we observe that

VAN
o
e
N3
s

<

—~

!
ciS" ((ug, ) u; @ u;

Mw

i=1

holds for the differentiable map ¥ : R™ — R"™ with

E ciS({ug, ) uy, r e R".

In particular, d¥ is positive definite and ¥ : R™ — R" is injective (see [9, 11]). Therefore,
(i) and (12) lead to (for the first inequality, observe that ¥ is injective, but ¥ need not be
surjective)

k k

/R* sup [ £(0) do > /(( sup Hf(an‘*) det (¥ (y)) dy

Ta=3F | cifiui j—1 U(y) =31, cibiui j—1

k
Hf (ui,y)) ) det <Z ¢S ((ui,y)) i®u7;> dy

A
> [ (L) (LT ) o
L

. 1 2
— —Myl/2 g4y =
Hg ((uisy ) dy = o) /n e dy = 1.
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Again, the reverse Brascamp-Lieb inequality (14) for an arbitrary non-negative log-concave
function f follows by scaling and (iv); namely,

/R* sup ﬁf(&i)ci dx > (/R f>n. (14)

3 k
"a=30 cibiug =1

We observe that (i) shows that the optimal factor in the geometric Brascamp-Lieb inequality
and in its reverse form is 1.

4. Observations on the stability of the Brascamp—Lieb inequality and its reverse

This section summarizes certain stability forms of the Ball-Barthe inequality (9) based on work
in Boroczky and Hug [20]. The first step is a stability version of the Ball-Barthe inequality
(9) proved in [20].

LEMMA 4.1. Ifk>n+1, t;,...,t, >0, c1,...,cx >0 and uq,...,u, € S" ! satisfy (6),
then

k k
det ( ticiu; @ uz> > 0" H t;-:i,

1=1 i=1
where

=142 Y det| o] ATEEL 2
= 5 Ciy o C, detug,, .o u, )

. . to
1< <. <in<k

to = E til "'tincil Gy, det[uil,...,uin]z.
1< <...<ip, <k

In order to estimate 6* from below, we use the following observation from [20].

LEMMA 4.2. Ifa,b,xz > 0, then
(a2 — b?)?

—1)? 12>
(ra = 1)+ (@b = 1)"> 5y

The combination of Lemmas 4.1 and 4.2 implies the following stability version of the Ball-
Barthe inequality (9) that is easier to use.

COROLLARY 4.3. Ifk>n+1,t,...,t, >0, c1,...,c >0 and uy,...,u, € S~ satisfy

(6), and there exist 8 > 0 and n + 1 indices {i1,...,in+1} C {1,...,k} such that

ci, e, detfug,, ... u, ]2 > B,
Ciy """ Cipgy det[uigv s 7uin+1]2 > ﬂv
then
k 2 k

Blti, —ti,.) ) v
det ticiu; @ug | > [ 1+ 07—t 5.
(; e l) - < 4(ti1 +tin+1)2 z];[ ’

We may assume that k < 2n? (see Lemma 2.1), and thus the following observation from [20)]
can be used to estimate  in Corollary 4.3 from below.
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LEMMA 4.4. Ifk>n, c1,...,c, >0 and uy,...,uy € S" 1 satisfy (6), then there exist
1<i1 <...<i, <k such that

A
Ciy " Ciy, det[uil,...,uin]z > (n) .

5. Discrete isotropic measures, orthonormal bases and approximation by a regular simplex

According to Lemmas 3.2 and 5.1 in Boroezky and Hug [20], the following auxiliary results
are available.

LEMMA 5.1. Let vy,...,v; € R™\ {0} satisfy Zle v; ®v; =1, and let 0 < < 1/(3Vk).
Assume for any i € {1,...,k} that ||v;|| < n or there is some j € {1,...,n} with Z(v;,v;) < n.
Then there exists an orthonormal basis w1, . . ., w, such that Z(v;,w;) < 3Vkn fori=1,...,n.

LEMMA 5.2. Lete€ S" ! andlet T € (0,1/(2n)). If wy, ..., w, is an orthonormal basis of
R™ such that

1 1 .
ﬁ77< (e,w;) < %+T fori=1,...,n,
then there exists an orthonormal basis w1, . ..,w, such that (e, w;) = ﬁ and Z(w;,w;) < nt
fori=1,...,n.
Since VE(n+4 1) < kn if k> n > 2, and | cos(3) — nl+1‘ < |B — af if a = arccos ﬁ, we
deduce from Lemmas 5.1 and 5.2 the following consequence.
COROLLARY 5.3. Let k>n>2, let @1,...,0,,e € S™ in R and &,...,¢, > 0 satisfy

Zle Gty ® 4 =I,41 and (e, 0;) = \/ﬁ fori=1,...,k, and let 0 <n < 1/(6kn). Assume

for any i € {1,...,k} that ¢ < n? or there exists some j € {1,...,n+ 1} with Z(i;,a;) < 7.
Then there exists an orthonormal basis Wy, ..., W, 1 of R"! such that (e, ;) = \/ﬁ and
(G, w;) < 3knn fori=1,...,n+ 1.

For wy,..., W41 € S™ with (e, w;) = ﬁ for i=1,...,n+ 1, the vectors wy, ..., Wpt1
form an orthonormal basis of R" ! if and only if their projection to e’ form the vertices of a reg-
ular n-simplex. Therefore Corollary 5.3 provides information on how close conv{ay, ..., U,+1}
is to some regular n-simplex. Lemma 5.2 in Boéréczky and Hug [20] formulated this observation
as follows.

LEMMA 5.4. Let Z be a polytope and let S be a regular simplex circumscribed to B™.
Assume that the facets of Z and S touch B™ at uy,...,u; and wi,...,w,11, respectively.
Fix n € (0,1/(2n)). If for any i € {1,...,k}, there exists some j € {1,...,n+ 1} such that
Z(ui, wj) <1, then

(I=nn)S CZcC(1+2nn)S.
Finally, we need to estimate the difference of Gaussian measures of certain polytopes Z C S.

Since in our case S C nB", it is equivalent to estimate the volume difference up to a factor
depending on n. Our first estimate of this kind is Lemma 5.3 in Boréczky and Hug [20].

LEMMA 5.5. Let Z be a polytope and let S be a regular simplex both circumscribed to
B". Fix a =9-2""?n?"*2 and n € (0,a~'). Assume that the facets of Z and S touch B™ at
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Uty ..., ug, k =2n+1, and wy, ..., w,i1, respectively. If Z(u;,w;) <nfori=1,...,n+1 and
Llug,w;) Zan fori=1,...,n+1, then

ming—1,.. 41 £(ug, w;)
V() < (1 - L 2 )V(S).

Second, we prove another estimate concerning the volume difference of a convex body and
a simplex.

LEMMA 5.6. Let S be a regular simplex whose centroid is the origin, and let My, C S and
Ms D S be convex bodies. Suppose that there is some € € (0,1) such that My p (1 —¢)S for
(i) and (1 +¢€)S 7 My for (ii), respectively. Then:

(i) V(S\ M) e" V(S)>1emv(9);

n

Z Gy
(i) V(M2 \ §) > = = V(S).
Proof. Let R be the circumradius of S, let vy,...,v,4+1 be the vertices of S, and let
Uy, ..., Uyt+1 be the corresponding exterior unit normals of the facets, and hence

vi=—Ru; fori=1,...,n+1, and Sz{xGR”:(w uz-)g% fori=1,... n+1}.

For (i), there exists a v; such that (1 — ¢)v; € M, and hence there exists a closed halfspace
H* with (1 —¢)v; € H" and H" N M; = (. We observe that (1 — ¢)v; is the centroid of the
simplex Sc = (1 — ¢)v; + &S C S. Using Griinbaum’s result [40] on minimal hyperplane sections
of the simplex through its centroid, we obtain

n n

wror VT G

For (ii), there exists an xo € My \ ((1+¢€)S), and hence there is a u; such that (xo,u;) >
(1+e)R

V(S\ M) > V(S.NH) > = V(S).

——. We write Fj to denote the facet of S with exterior unit normal u;, and |F};| to denote
the (n — 1)-volume of Fj. It follows that

1 eR € 1R €
VS > = SE B = S+ Do CIE = ——

which completes the proof. O

V(9),

REMARK. The estimates in (i) and in (ii) are optimal in the sense that there exist convex
bodies M; and M such that V(S'\ M;) and V(Ms \ S) are arbitrarily close to the first lower
bound in (i) and the right-hand side in (ii), respectively. However, this will not be used in
the following.

Finally, we provide some rough estimates that will be used repeatedly in the sequel.

LEMMA 5.7. Let A,, be a regular simplex inscribed into B", and let A = —nA,, be its
polar. Then:

(a) LA < VA", UA;,

) <
(b) V(A2) < 1.3 and V(A,) <1 forn > 3;
(c) V(AS) =n"V(A,) > (1+ )7 > 1;
(d) V(A,) =0 "20(A,).

Proof. (a) Since +B™ C A, and by an application of [65, (7)], we get
n? P(%50) _ s
—— <Vn
\f]_'\(n-Q&-Q)

—

(8 <nt(B") =n [ (i) =

\V)
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For (b) and (c), we have

L vy = (1+ )

VAT _VeviET

nm n! n!

where the upper bound on the right side only holds for n > 3.
(d) follows from (a) and (c). O

6. On the derivatives of the transportation map

Let f and h be probability density functions on R that are continuous and differentiable on
the interiors of their supports, which are assumed to be intervals I, I;, C R. Then there exists
a transportation map 7" : Iy — Ij, determined by

[

For x € I, it follows that

T'(a) =+ {;ZZ)) (15)
v @ (f) H(TE)
Te) = h@@»(()Q Mﬂwv)' (16)

Let g be the standard Gaussian density g(t) = v/ 27171 e_tz/z7 t € R, and for s € R, let g; be
the truncated Gaussian density

00 —1
g(t—s dt) g(x —s), ifx>0,
o= L[ s=9) ate=s
0, if x < 0.

We frequently use that if s > 0, then

</ g(t —s)dt < 1.
0

NN

We are going to apply (16) either in the case when h = g and f = g, for some s € R, or when
the roles of f, g are reversed. In particular, we consider the transport maps ¢, : (0,00) — R
and 95 : R — (0,00) such that

z s (x) Yy s (y)
/ gs = / g and / g= / g
0 —00 —00 0

Clearly, s and 1), are inverses of each other for any given s € R.
LEMMA 6.1. Let s € [0,0.15].

(i) If x € [0.74,0.77], then 0 < ¢4(x) < 0.16, 1.3 < ¢, (z) < 2.05 and ¢ (x) < —0.25.
(ii) Ify € [0,0.15], then 0 < 9,(y) < 0.85, 0.49 < 1)/, ( ) < 0.77 and ¢!/ (y) = 0.07.

Proof. We define a, 8,7,6,& > 0 by the following integrals. The estimates for the values of
a, 3,7,9,€ > 0 can be computed numerically.
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/ — s 077 < 8 <078,
5

32’
o0 63
= —, thus 0.68 0.69
/5 9= o5 e 008 <E <069,
o0 1
/ 9=, thus 067 < a <068,
o 9
g= —, thus 0.57 < 8 < 0.58,
3 32
o0 7
g=—, thus 0.15 < v < 0167
. 16
and therefore
Yo(0) = a,
Yo(y) =6 > 0.77, (17)
¥ (0) = 7 + B < 0.74, (18)
o (7) =+ € < 0.85. (19)
First, we show that if y > 0, then the map s+ ts(y) — s, s > 0, is strictly decreasing and

Ys(y) —s > 0.
In fact, by definition, we have

Yy s (y) 0o\ L pYs(y)—s
/ 9= / gs = (/ g) / 9,
—00 0 —s —s
Yy e o] [ee] [e%e)
Joof o= o],
—o0 —s —s Ps(y)—s
/ g/ g =/ g. (20)
—s Yy hs(y)—s

The left-hand side of (20) is monotone increasing in s, hence the right-hand side is also
increasing, which, in turn, implies that ¢, (y) — s is monotone decreasing as it is in the lower
limit of the integral. Moreover, since the left side of (20) is less than 1/2, it follows that
Ys(y) —s >0 for y > 0.

Now, we show that if y € [0,4], then

and hence

or

¥s(y) is a monotone increasing function of s > 0. (21)

For the proof of (21), we show that if 0 < s < ¢/, then the inequality

¥s(y) ¥s(y) Yy
0 0 —o00

holds. The inequality (22) implies (21) because, by the positivity of gy, ¥ (y) = ¥s(y) must

hold for
Yo (y) y
/ gs’ :/ g
0 —00
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> 0 and define

to be true. We set x := 95(y), A =5 —s
A= g(o — s) do, B := / g(oc —s)do
0 0
and
0 T
a:= / g(o — s)do, b:= / g(o — s)do.
—A z—A

Note that
fA g(r—s)dr  a+A-b

/095' [Sg(r—sydr  a+B

and the right-hand side of (22) equals A/B. Hence (22) is equivalent to
1

a+A-b A a
— < = or - <K .
a+ B B b 1—%
Since
A Y >1
B 7009/27

it is sufficient to show that a/b <
By the symmetry of g, translation invariance of Lebesgue measure and inserting again A =

s' — s and x = 94(y), we get
! s'—vs(y)

a :/ g7 b :/ g
s s—1s(y)

Thus it remains to be shown that
! s =15 (y)
(23)

/ e*tz/zdtg/ 2e= /2 gt
s s—. (1)

]. To see this, we distinguish two cases.
1fort e€ls—1s(y),s — s(y)] C (—o0,0], since

—0=1(y) <0.78
the assertion follows in

for0<s<s and y €0,y
If s' — 1), (y) < 0, then 2e~*7/2 >

¥s(y) =5 <s(7) = s < Yo(v)
and 2exp(—0.5-0.782) > 1.4 > 1. Since e ©/2< 1 for t € [s,s],

this case.
If 8 — ¢(y) > 0, then by the previous reasoning and since s — ¥, (y) < 0, we have

s (y) 2 0 )
/ e U2 dt g/ 2e1/2 dt, (24)
s s=1s(y)
and since t — e‘tz/Q, t > 0, is decreasing, we have
s Soay)
/ e U2 dt g/ et/ dt, (25)
s (y) 0
so that (24) and (25) again imply (23). Thus, we have proved (22), and, in turn, (21)
We continue by proving the statements in (ii). We deduce from (17), (18) and (21) that
(26)

1s(0) < Ys(y) < 0.74, Ys(7y) = Yo(y) > 0.77, and hence
[0.74,0.77) C ¥s((0,v)) if s €[0,7].
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We note that if y € [0,7], then

q'(y) :_m oY /2 /27 0.17.
9(y)?

On the other hand, if 0 < s < v and y > 0, then

N

5< ) 0 and G s e0) -3 6,0 -y = 5> 05T

and therefore

L) _ e [ g
) ﬁ(/ g)(ws(y) )

2 2
< ——”;ﬁe% < V27 -0.33.

Combining (27) and (28), for s,y € [0,7], we get

g 9. (Vs(y))
WP an ) > Vo

If s,y € [0,7], then

—2/2
gs(ws(y)) < \/% and g(y) > e’ 0.98 '

Hence, for s,y € [0,] we deduce from (16), (29) and (30) that
0.982

Vi (y) = -0.15 > 0.07.

In addition, (19) and (21) imply that if s,y € [0,7], then
Ps(y) < 0.85.
(15) yields
9(y)
Uily) = :
W= 5w

To estimate the first derivative ¢/, we use that

If s,y € [0,7], then (30) and (33) yield

0.98/v/2x

=0.49.
2/ 27

Vily) >

15

(30)

(31)

(32)

(34)

On the other hand, if s,y € [0,7], then 0 < 95(y) —s < ¥o(y) — 0 < Po(y) = < 0.78, and

hence

1 e~ (Ws(y)—9)?/2 1 e—0.78%/2 1

gs(ws(y))=m =9 2\/§f:.169 2\/%-1.3.

Hence we deduce from (33) that

/e

< 0.77.
1.3/2x

Yi(y) <

We conclude (ii) from (31), (32), (34) and (36). This finishes the proof of Lemma 6.1(ii).

Finally, we prove part (i) of Lemma 6.1. Turning to ¢, (26) yields
©s([0.74,0.77]) C (0,v) if s €]0,7].

(35)

(36)

(37)
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It follows from (29) and (37) that if s € [0,7] and = € [0.74,0.77], then

9:(2) g(es(@)) o 5
95 (@2 glps(a))? < —V2r-0.15. (38)

Now if s € [0,7] and x € [0.74,0.77], then we have

\/%670.772/2 1.3 1
gs(x) = }ff).mg > T 9(ps(x)) < Nors (39)
Hence, (39), (16) and (38) imply
! (x) < —1.3%-0.15 < —0.25. (40)
To estimate the first derivative ¢, we use that (15) yields
s(x
(o) = 2 (a1

If s € [0,7] and « € [0.74,0.77], then we conclude from (37) that

2
e /7 098 2
s\ T = > — and s\ < T
9(es(x)) T T v (@) < 752
and hence (41) implies
2/\/27m
() < —Y2 < 2.05. 42
) < G (12)
On the other hand, if s € [0,v] and z € [0.74,0.77], then we deduce from (39) and (41) that
1.3//2r
"(r) > —— =1.3. 43
elle) > S (43)
We conclude (i) from (40), (37), (42) and (43). O

In Proposition 6.2, we use the following notation. We fix an e € S C R"*!, and identify
et C R with R™. For k >n+1, let ug,...,ur € S* L and cq,...,c, > 0 be such that

k
E ciu; @ u; = I,
i=1

44
) (44)
Z C;U; = O.

i=1

For each u;, we consider
_ vn 1
U; = u; + ee S”
Vvn+1 ’
n+1 (45)

- n+1
Ci = Ciy

and hence (44) yields that

i=1
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PROPOSITION 6.2. With the above notation, let k < 2n?, let s € [0,0.15] and let ¢ €
(0,n=5m). If

k
/ Hgs(<x,ﬁi>)5i de >1—¢, or (46)
Rt

* k
$(0,)% de < 1+¢, 47
[ e [l ar<ite (47)

w=)00 @it =1
then there exists a regular simplex with vertices wy, ..., Wp4+1 € S Landip <...< ip+1 Such

that /(u;;, w;) < nt4rel/4 for j=1,... ,n+1.

Proof. According to Lemma 4.4, we may assume
N
G- By det[in, ... Gne]? = . 48
Gy -+ Cnyr det[ily lin41] <n+1> (48)
For n = n'®"e/* < 1, we claim that if i € {1,...,k}, then

2 or there exists some j € {1,...,n+ 1} with Z(a;,a;) <. (49)

G <1
We suppose that (49) does not hold, hence we may assume
Cnio >n° and Z(T, lngo) >n fori=1,...,n+ 1.

We can write t,42 = Z::ll Aiti;, where A1,..., A\,41 € R are uniquely determined and satisfy
A1+ -+ A1 = 1. Hence we may assume that A > ﬁ Therefore ¢,42 > 772, ¢1 <1 and
(48) imply

T (n+1)! 7
) @i

~ ~ - - 2
Gy Cpyadet[la, ..., Upia]” = (n+1 A1 Z 2 a1

p n n—1
Here ((;:11)); > (nJrLl)e" > Zazr, and thus
2 2
- - - - 2 7 n
Co - Cpta det[UQ,...,Un+2] > Intigntints > Ant 6 (50)
In addition, Z(@y,t,12) > n yields
|41 = Unall > n/2. (51)

We prove (49) separately for (46) and (47).
We start with the Brascamp-Lieb inequality; namely, we assume that (46) holds. We observe
that if i =1,...,k, then

0.74 < (z,u;) <0.77 for x € 0.755y/n+ 1e + 0.01B™,

which can be checked by directly computing the inner product (z,@;) using the definition of
the vectors @; in (45).
Define

= 0.755v/n + Le + 0.005 M +0.001B" C 0.755vn + 1 e+ 0.01B".
1 — Un+2

(1]
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It follows using also (51), (e, %1 — Upy2) = 0 and V(B") = 1“(7;%-1) > ,;/2(\2/621)?/(571) > —L_ that
> n Te n

(x,U1), ..., (x,ur) € [0.74,0.77] for z € E, (52)
(x, 1) — (2, Tny2) = 0.0027 > 27y for x € E, (53)
EcC:={zecR": (G,2) >0Vi=1,...,k}, (54)

- D 1
V(E) = 0001"V(B") > —, (55)

where (54) is a consequence of (52). In addition, we consider the map © : C — R"*! with
k
O(x) = Zéi%(@i,a?)) s, z eC,
i=1
which satisfies
k
dO(z) = Zéi%((@i,@) U @ ;.
i=1

As we have seen, d© is positive definite and © : C — R™"! is injective (see [9, 11]). Therefore,
applying first (46), then (12), and after that the definition of © and (10), we obtain

b k
oo [ Tt ae= [ oo d
k ~ & ~
< A (H g(@s«iﬁ, ﬂl>))cl> (H (,02(<$,’(~L7>)Cl> da

1 ”;rl k (o 24 k ) ) .
B <27T> /c (He spelleta) ><11:[1<P5(<33’U¢>) >da:
k
/e_”e(””)“z/2 (H so’s(<x,ai>)"%> dz. (56)
C

ntl
1 2
< -
(3)

We deduce from (9) that

i=1

k k
H@é((w»ﬂﬁ)ai < det <Z g (2, 04)) s ® ﬂz> = det(dO(x)) (57)

i=1

for any x € C.

If s €[0,0.15] and = € =, then we can improve (57) using Corollary 4.3 based on (48) and
(50) with
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Hence, applying first Corollary 4.3, then Lemma 6.1 (i), (52), (53) and finally n < 1, we get

T (ot Bl ({2, 81)) — Ph((, Tns2))?
i];[lsos(@,u») <1+4(%(<x7a1>)+¢(<x Un+2>))2> det (dO(z))

_ _ 2\ !
< <1+ 50(0-25«17(;92.0;;’u"+2>)) ) det (dO(x))

4 26-18 1
170.25%2

< B —

< (1 + AnT616 . 2.052 det (dO(x))

774 B Ui
Moreover, if s € [0,0.15] and x € E, we deduce from (57) and Lemma 6.1(i) that
k koo
det (dO(x)) = [[ ¢ (= > [ =1
i=1 ;
Thus if s € [0,0.15] and = € Z, then
’ ~ \\&; n
H¢;(<$,ui>) < det (dO(z)) — TR (58)

In addition, if s € [0,0.15] and « € =, then (x, ;) € [0.74,0.77] by (52) and hence ¢ ({z, 4;)) C
(0,7) by (37). Therefore, the definition of @( ), (10) and (11) imply

kol

k
[©()]* < Z (@, 2))? < Y &0.16% = 0.16%(n + 1),
i=1

and hence
n+tl nl

(1> T —le@?/2 > <1> (4101672 o 03
27 27

Applying first (54), using (57) and (58) in (56), then the substitution z = O(z), and finally
also (55), we get

nt1

1)\ = 2 !
_ = —lle@)|?/2 _ N
1—e< <27r> /Ce det (dO(x)) dx /5 T30 dz

n+1

1) 2 1 4 4

— —l211/2 g, S — T

< (271-) [R"'H ¢ dz nlln p5n+39 <1 n39n’

This contradicts n = n'%"¢'/* and hence we conclude (49) in the case of the Brascamp-

Lieb inequality.
Now we consider the reverse Brascamp—Lieb inequality; namely, we assume that (47) holds.
We observe that if ¢ € {1,...,k}, then

0< (z,4;) <0.15 forxz € 0.1y/n+1le+0.05B",
and define

—01\/n+1e+003ﬁ+001B” C 0.1vn+1e+0.05B".
Uy — Un42

[I]Z
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It follows using again (51), (e, @y — Up+2) = 0 and V(B™) > # that

(y, 1), ..., {y, @) € [0,0.15] for y € E, (59)
(y, 1) — (y, ns2) > 0.01n > 27"y fory € E, (60)
= n n 1

In addition, we consider the map ¥ : R"*! — R"*! with

k
i=1
which satisfies
k
= Z e (i, y)) 4 @ Uy
i=1

As we have seen, dVU is positive definite and ¥ : R"™' — R"*! is injective (see [9, 11]).
Therefore, applying first (47), then the definition of ¥, we obtain

X k
1+5>/ sup Hgs(ﬂ)
R

M e=3TF ) 86,0 j—1

> /H;“( sup Hgé )det (d¥(y)) dy

U(y)=31, bt j=1
k
Rn+1 i—1
Using (9), for y € R"*! we can bound the determinant in (62) from below by
k k
det (Z e ((y, @)t ®uz> | AR (63)
i=1 i=1

If s €10,0.15] and y € Z, an application of Corollary 4.3 with 8y = n?/n*" 6 Lemma 6.1 (ii),
(59) and (60), allow us to improve (63) to get

k 1 ~ 2 k
det (Zéiw;(@,m)ai@m) > (1+ Bolo ({3, 8n)) = 94 (1, Inia)) )Hw;«y,am@

Y
P AL ((y, @) + PL((Y, tnt2)))?

0(0.07((y, @) — Wy tnso))> N TF 1 0) - e
o )H%wwn

40 0722 14 k , _
(1 T 160, 772> Ews(@,um

L+ 4n+31) Hw Y, Ui )
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Moreover, if s € [0,0.15] and y € Z, we deduce from Lemma 6.1(ii) and (11) that

k
[T v, @) Ho 49% = 0.49"H > 2",
i=1
Thus if s € [0,0.15] and y € Z, then
k k 774
det (Z &y ((y, i) @ UL> HWS Y, U;)) + Gt (64)
i=1 i=1
Further in (62), if s € [0,0.15] and y € Z, then (59), Lemma 6.1 (ii), (11) and (35) imply
1.3
s (s (T3, 1)) >27" >l 65
Hg (ol > ( m) (63)

Applying first (63), (64) and (65) in (62), and then (12) and (61), we deduce that if s € [0,0.15],
then
k 0t
Ci / ~ C; _
l+e=> /RnJrl (ng, (@i, 9))) ) <21:[1 ¥, (@i, y)) ) dy + /é P Tn+32 dy

4
~ & n
> /R+ ( 9((ti,y)) ) dy+ e
n+1
]_ 2 4 4
— —llyll*/2 n__ n
> (\/ﬂ) /Rn-u ¢ dy + = n3ln =1+ n3ln’

10m1/4

s.
Izw
L

This contradicts n =n , and hence we conclude (49) also in the case of the reverse
Brascamp-Lieb inequality.
Now we return to the proof of Proposition 6.2. Since k < 2n? and £ < n=°%", we have 1 <

1/(6kn). Since (49) is available now, we can apply Corollary 5.3, which yields the existence of an

6n

orthonormal basis w1, . . ., W,+1 of R"! such that (e, ;) = \/%H and ||@; — w;|| < Z(G;,w;) <
6n°n for n = n'%/* and i = 1,...,n + 1. Now we consider the vertices w, ..., w, 1 € S"
of the regular simplex which are defined by the relations w; = /15 w; + %ﬂ e for i =
1,...,n 4 1. Therefore
T n+1  _ .
Z(ug,w;) < §||ul —w;|| = 5 | — ;)| < 18n°n < n'nel/4
for i =1,...,n+ 1. In turn, we conclude Proposition 6.2. (]

We will actually use the Brascamp—Lieb inequality and its reverse for the function

t— 2
i =1 > 0o (<57 (66)
for s € R, that is,
s = (/ §s> g
R
We note that if s > 0, then
V2
=i} (67)

R 2
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From Proposition 6.2 and (11), we deduce the following strengthened version of the Brascamp—
Lieb inequality and its reverse for gs.

COROLLARY 6.3. Using the same notation as in Proposition 6.2, let k < 2n?, let s € [0,0.15]
and let ¢ € (0,1).

If for any regular simplex with vertices wy, ..., w, 1 € S" 1 and any subset {i1,...,i,+1} C
{1,...,k}, there exists j € {1,...,n+ 1} such that Z(u;,,w;) > o, then

k } i n+1

/ Hgs<<x,m>>ﬂdx<<1n5°”g4></ g) ,
]R"+1’L‘:1 R

% k : n+1
R R

141 k ~ ~
Tl a=30F | E0it j—1

7. An almost regular simplex for Theorem 1.3 and Theorem 1.6 (a) and (b)

The entire section is devoted to proving the following statement.

PROPOSITION 7.1. Letn+ 1<k < 2n2, Ut,...,ur € S"Landeci,...,c, > 0 be such that
k
Zciui ®@u; = L,
i=1

k
E Ciu; = O,
i=1

and £(C) = (1 —e)l(A,,) holds for C' = conv{uy,...,ux} and ¢ € (0,n=59").
Then for 7 =n'""e1 € (0,1), there exists a regular simplex with vertices wy, ..., Wy €
SV and {i1,...,int1} C{1,...,k} such that

Z(ug;,wj) <n forj=1,...,n+1.

We fix e € S € R"*!, and identify et ¢ R"*! with R™. As before Proposition 6.2, for each
u;, we consider

. Vn

1
U; = u; + ee S,
vn+1 vn+1
- n—+1
C; = Ci,
n
and hence
k
Z Ci i @u; = ILyy1, (68)
i=1

k
dé=n+l. (69)
1=1
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Indirectly, we assume that Proposition 7.1 does not hold, and we aim at a contradiction. We
deduce from Corollary 6.3 and (67) that if s € [0,0.15], then

* k 5 n+1 n+1
Lo s Taeorazavesd(fa) > ([a) +a ot @
Rl =37k | &0:t; j—1 R R

Next we provide the following general auxiliary result (which holds independently of the
indirect assumption).

LEMMA 7.2. Ifs € R and C is defined as above, then:

2 ee} * k )
() mte T [ e T (i) > sip [T 8:(0)% dy;
R

0 ntly=>"k | E0:0; j—1
. P E R e (5 A\
(11) (271') 2e 2 e 2 r)/n(r\/ﬁAn) dr = s .

0 R

Proof. We consider the convex cone

k
{Zfiﬂi:&EOforizl,...,k}
i=1

Col

k k
{Zr\/ﬁ)\iuiJrre:r 0,A; €[0,1] Z }

i=1
Then we clearly have x +re € Cy for x € R” and r € R if and only if r > 0 and = € r{/nC.

Ify = Z;‘:l ¢ibyu; for 01,...,0, >0, then (y,e) = (Zle ¢;0;)/v/n+ 1, and hence we deduce
from (10), (68) and (69) that

* *
_1xk 792 ka8 5k o
/ Sup 1_[9s C’ dy—/ sup e 22:1:1 Clez+szi:1 c,ﬂ,, 2 Zq‘,:lc1 dy
R C

ntl y:Z§:1 Cifit; =1 0 y:Z;‘,‘:] C;0;14,0; >0

_(n+1)52 _ 1y, 2, . -
<e —/ el +s(y VAT g,

_ s / / o= U +r2)+sr VT T g g
ﬁc

= (2m)%e -y / e~ T HsrV/itL Y (rv/nC) dr
0

thus we have obtained (i).
For (ii), let wy,...,wy4+1 be the vertices of A,,, and let

. Vvn 1
= w; + e
vn+1 vn+1

fori=1,...,n+ 1. Then 1@y, ... W, form an orthonormal basis of R”*!, and hence
n+1
Z W; @ Wi = Ly
i=1
(with ¢; =1 in this case). Moreover, for any y € R"*!1 there exist unique 61,...,0,11 € R

satifying y = 377 0,4, in fact, we have 6; = (y,@;) and S/ 02 = [ly|2 fori=1,...,n + 1.
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By the preceding argument, we deduce

* n+1

n nt+1)s? >
(271_)56,%/ 677+sr n+1 (TfA7,)dT—/ sup Hf]s(ﬁ

0 Rt y=3"k | 0,0 ;=1

()"

where we used Fubini’s theorem for the second equality.

O

We apply the change of parameter 7= sy/n(n+1) and the substitution ¢ =ry/n in

Lemma 7.2, and conclude with the help of the reverse Brascamp—Lieb inequality (1
if 7 € R, then

o 12 —s2(n+1) © 2 NSt
/ e Ty (1C)dt = e 2 \/ﬁ/ e~ T TVt (ry/nC) dr
0

0
Vi [ :

> 7 su Gs(0

(2’/T)2/Rn+1 1 P Hg (

Y= €l j—1

S ION

:/ e~z (t=7)? Y (tA,,) dt

0

Hence, we get
/ e (1=, (1A,)) dt > / ™7 (=T (1 — 4, (10)) dt
0 0

In addition, if 7 € [0,0.15n] C [0,0.15¢/n(n 4+ 1)], so that s =7//n(n+1) € [0,0.15),
using (70), instead of the reverse Brascamp-Lieb inequality (14), we obtain

[ ey as [ e m s ann e oyt

0 o (27)>2

and therefore
| eECT s de s [ e BT @m0y a VR e
0 0 (2m)%

Integrating (71) for 7 € R\ [0,0.15n] and (72) for 7 € [0,0.15n], we deduce that

/ / e~ 2 (7 (1 — 4, (tA,)) dt dr
—o0 J 0

/ / e~ 27 (=) (1 — 4, (tC)) dt dr + 0.15n (2?; n=20mpt,

Since for any ¢t € R, we have

/ e 1" dr = \/2mn,

— 00

4) that

(72)

(73)
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we deduce from (2) and (73) that

/ (1 =y, (tC)dt

/ / e~ 0= (1 (1C)) dt dr
—o0 J O

1
B V2t
0.15n 56, 4

<1 /OO /oo —2a (7 (1 — 4, (tA,)) dt d '
I —(FV/— e 2\ — Tn n T——mza
V2rn ) Jo ! (2m) 5

0151 o6 4

= (A -

(2w
Hence, Lemma 5.7 (a), (74) and the hypothesis yield
(1—e)(A,) <UC) < (1 —n"Cyhe(A,).

15n

This contradicts n =n 5%, and in turn implies Proposition 7.1.

8. Proof of Theorem 1.3 and of Theorem 1.6 (a) and (b)

For Theorem 1.6, let 11 be a centered isotropic measure on S"~! and let K := Z..(11), and hence
supp 4 = 0K N S"~!. In particular, under the assumptions of Theorem 1.3 and of Theorem 1.6

(a), we have ¢(K) > (1 — e)f(A,,). First, we assume that
0<e<n 00m

It follows from Lemma 2.1 and John’s theorem that there exist k > n + 1 with k < 2n?2
Ui, ...,ur € OKNS" 1 andcy,...,c; > 0 such that

k
ZCz‘Ui ®u; = I,
i=1
k
Zciui =o.
i=1

We write pg to denote the centered discrete isotropic measure with supp po = {u1, ..., ur} and
wo({u;}) = ¢ fori=1,... k, and define
C = Zoo(po) = conv{u, ..., ug}.

Since /(C) > U(K) > (1 —e)l(A,) and 0 < e < n= " it follows from Proposition 7.1 that we
may assume that the vertices wy,...,w,41 of A, satisfy

L(ug,w;) <n forn=n'"eci and i=1,...,n+1 (75)
For the simplex

So = conv{uy,...,upt1} C K,

we deduce from (75) and Lemma 5.4 (where we use n < 1/(2n)) that S§ C (1 4 2nn)AS, and
hence

A, = (1+2nn)"'A, C S, CK. (76)
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We note that

0< B = 0a) = [ el dafe) (A,

< (L+2mm)l(An) = £(An) = 20 (Ay). (77)

Proof of Theorem 1.3. Let & > 0 be minimal such that
K C(14+8A, = (1+8)(1+2nm) A,
Then Lemmas 5.6 and 5.7 (d) imply

X € X £ §
VIENAn) > == V(An) = ({1 + 2nm)" V(An) > 55 UAn). (78)

1
It follows from K C B"™, (76) and (78) that
P

Y (LK)

'Yn(tzn) for t > 0, and

et te

ntK 2 ntzn T N2 oo 1A
() 2 m(tBa) + o s

L(A,) for t € (0,1],

S

where we used that e== > e~z for ¢t € (0,1], and in turn we deduce from (2) that

1 1 n
UA,) —UK) > / Y (LK) — 4 (tA,,) dt > / T;Tilté(An)dt>n‘(4”+5)€(An)§.
0 0

We conclude from (77) that
(1—)l(An) < UEK) < (1—n" U9 4 omn)l(A,,),

1.
and hence p = n'®"¢ implies

N

<P (2nn +€) < n?en,
It follows from (76) and the definition of £ that
(I —2nn)A, CK C (1+¢&A,. (79)

Since A,, C B™", n = nonet < p2nei =, € and € < £, we conclude for the Hausdorff distance
that 05 (K, A,) < n®net,

~ To estimate the symmetric difference distance of K and A,,, Lemma 5.7 (b), (79) and & <
£ < n?" yield

So(K, A) < ((1 FO—(1— E)”)V(An) <26n(1+ 6" WV (A,) < n2met,

which finishes the proof of Theorem 1.3 if ¢ < n 10", However, if ¢ > n~1%°" then Theorem 1.3
trivially holds as dyo1(M, A,) < ky, and dg (M, A,) < 1 for any convex body M C B™ by the
choice of the constant ¢ = n?%". O

Proof of Theorem 1.6 (a) and (b). We assume that £(Z. (1)) = (1 —e)£(A,,) is available.
Let ag =9 - 2"2n27*2 be the constant of Lemma 5.5. If for any u € supp y, there exists a
w; such that Z(u,w;) < agn, then

Op (supp p, {w1, ..., wp41}) <apn < 9- gn2p2nt2plingg o p22n o (80)
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Therefore we indirectly assume that

¢:= max min  Z(u,w;) > aon,
uesupp pi=1,...,n+1

and hence there is some uy € supp p such that min?jll Z(ug,w;) = ¢. Let
L := conv{ug, u1, ..., Upi1}-
Lemma 5.5 and (75) imply

V(L) < (1 - M)v&;).

Since L is a polytope with n + 2 vertices, it is shown in Meyer and Reisner [56] that
V(L)V(L®) = V(An)V (A7),
which proves a special case of the Mahler conjecture. Therefore we get

VD) > (14 g ) V(A (s1)

while readily
An cSycCL
holds for A, = (1 + 2nn) "L A,,. It follows from this, L C B™ and (81) that

Yo (LL) >y (tA,,) for ¢ > 0,

1
~ e 2 t"¢
™

We deduce from (2) and Lemma 5.7 (d) that

. 1 . 1 n
UA) — L) > /0 Y (tL) — m(tA,) dt > /O ;Tizmn)dwn—&"emn)g

We conclude from (77) that
(1= )l(An) S UZoo(p)) < LL) < (1=n"""C + 2nm)e(A,),

and hence

N

¢ < n®"(2nn + &) < n*?"ei.

Therefore in both cases (compare (80)), if ¢(Z- (1)) = (1 —¢e)€(A,) for a centered isotropic
measure j on S" !, then

Se(supp po, {wr, ... wpiq}) < N et

Since U(Zoo (1)) = (1 —e)l(A,,) and W(Zo(1)°) = (1 — )W (AS) are equivalent according to
(1), we have verified the case W(Zoo(11)°) = (1 — &)W (A?) of Theorem 1.6 as well, in the case
e < n~19" However, if € > n=1%" then Theorem 1.6 trivially holds since for any = € S"~!

there exists a vertex w of A, with ||z — w|| < V2. O



28 KAROLY J. BOROCZKY, FERENC FODOR AND DANIEL HUG

9. An almost regular simplex for Theorem 1.4 and Theorem 1.6 (c¢) and (d)

The whole section is dedicated to proving the following statement.

PROPOSITION 9.1. Letn+ 1<k <2n? ui,...,ur, € S" Landecy,...,c, > 0 be such that

k
E ciu; @ up = 1y,
i=1

k
E Ciu; = O,
i=1

and £(C°) < (1 +¢)0(A2) holds for C = conv{uy,...,u;} and € € (0,n=%").
Then for n = nlonet € (0,1), there exists a regular simplex with vertices wi,...,Wy11 €
St and {i1,...,int1} C{1,...,k} such that

L(ui;,wj) <n forj=1,...,n+1.

We recall from (66) that if s € R, then g; is defined by

,52
as<t>1{t>0}exp(“ ) ) LR

In this section, we slightly change the setup used in Proposition 6.2 and Corollary 6.3. As
before Proposition 6.2, we fix an e € S® C R**!, and identify e C R**! with R". However,
now, for each u; € S"~!, we consider

1
U = — \/ﬁ u; + 665”7
Vn+1 vVn+1
- n+1
C; = 75
n
and hence
k
D G @b =TI, (82)

For the convex cone
C = {ze R (z,4,) >0 i=1,...,k},
the use of —u; instead of u; in the definition of @; ensures that
z4+recCforzcR"andr € R if and only if 7> 0and z € ﬁCO. (85)

Moreover, we observe that if C' = A,,, then Kk =n+ 1, and 4y, ..., 4,1 form an orthonormal
basis of R"*1.

Since —uy, ..., —uy satisfy the same conditions as u, ..., ug, it follows that Corollary 6.3
remains true for the vectors w1, ..., % as defined in this section.
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We suppose that Proposition 9.1 does not hold, and we seek a contradiction. From
Corollary 6.3 and (67), we deduce that if s € [0,0.15], then

n+1 n+1
/ Hgs P u7,>)C7 dz < ( —5671774) (/ gs) < </ gs) _ n—56n774. (86)
Rn+1 i R R

Next we state a counterpart to Lemma 7.2, which provides general relations independent of
the indirect reasoning used to establish Proposition 9.1.

LEMMA 9.2. Ifs € R and C is defined as above, then:

n S2 o0
(1) (27r)5e*%/ 672“’“ ntl ( C’° drf/ Hgs 2,0;:))% d
0 Rn+1

i=1
n n 2 0 2 n+l
(ii) (27r)7'e_%/ e T HerVntl, (L A Ydr = (/ gs> .
0 R

Proof. Applying first (82), (83), (84) and then (85), we obtain

w42
/ e > +sry/n+1 dx dr
e

n n 52 > 7‘2
= (27r)§e_( 2 / e T TVl (;ﬁ C°> dr.
0

For (ii), we observe that if we replace C by A,, in the argument above, then the analogues
of 41,...,U,4+1 form an orthonormal basis of R™*! and & is replaced by 1. O

We apply the change of parameter 7 = s,/ 2L and the substitution ¢t = r/y/n in Lemma 9.2,
and conclude with the help of the Brascamp— Lleb inequality (13) that if 7 € R, then

o0 n nr2 o0 nt? | . -
/ 6—5(:£—T)2 %l(tCO)dt: e~ 5 / e_T""St‘/”("H)’yn(tCO)dt
0

0

VI

1 k . L
T /n2n)E /Rn+1 HQs((ZaUJ) tdz

=1
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and hence

/0 e HTTN (1 =y (8A7)) dt < /0 e BT (1 (tC°))

(87)

In addition, if 7 € [0,0.15] C [0,0.15,/ ™), which implies that s € [0,0.15), then using (86)

instead of the Brascamp-Lieb inequality (13), we obtain

k
R 2 1
—Z(t—7) o _ ~ ~
e 2 n(tC) dt = —— s((z,1;
/ o= o [ o)

< () )

:/we—%<t—7)27 (tAO)dt_LWT]AL
g HEAn) = g

Hence, we get

00 00 —56n
—(t—1)?2 o —n(t—7)2 o 0.15n 4
e 2 1— v, (tA})) dt < / e 2 1—7,0tC%)dt — ——n".

/0 ( ( ) 0 ( (C™) di Vn(2m)z

Integrating (87) for 7 € R\ [0,0.15] and (88) for 7 € [0, 0.15], we deduce that
/ / e ED" (1, (bAS)) dt dr
—o0 JO

0.15 —56n
/ / e 5(t=7)° (1—~ (tCO))dth—Ln4

Vn(2m)*
/ e 2= gr = Z—W,
—oo n

we deduce from (2) and (89) that

Since for any t € R, we have

(ce) = / T (1= o)) dt

Z(t— T) _ o
1/%/ / (1 = 4 (tC°)) dt dr
0.15n—56
$(t-7)? (1 =y, (tAy)) dtd =
e | / ) drdr+ S

0.15n56n

:/ (1= yu(tag)) i+ 220 )
0 )2

(2m
> (A7) +n (A,
where Lemma 5.7 (a) was used in the last step. This shows that
(1+e)l(AS) = £(C°) > (1 +n Oy e(A°),
15n

which contradicts n =n 557 and in turn implies Proposition 9.1.

(83)
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10.  Proof of Theorem 1.4 and of Theorem 1.6 (c) and (d)

31

For Theorem 1.6, let i be a centered isotropic measure on S”~ !, and let K = Z..(11)°, and hence
supp 4 = 0K N S"~!. In particular, under the assumptions of Theorem 1.4 and of Theorem 1.6

(d), we have {(K) < (1 +¢)L(A?). First, we assume

e < n 100,

It follows from Lemma 2.1 and John’s theorem that there exist k > n + 1 with k < 2n?,

Ul,...,ur €OK NS 1andecy,...,cp >0 such that

k
E ciu; @ u; = I,
i=1

k
E C;u; = O.
i=1

We write po to denote the centered discrete isotropic measure with supp uo = {u1,...,ux} and

po({u;}) =¢; for i =1,... k, and define (again)
C := Zo(po) = conv{uy,...,up} C K°.

Since £(C°) < U(K) < (1 +e)l(AS), it follows from Proposition 9.1 that we may assume that

the vertices wy, ..., wy+1 of A, satisfy

Llug,w;) <n fornp= nret  and i=1,...,n+1.
We observe that K C S := 53, where S is the polar of Sy and the facets of

n+1
S = ﬂ{!L‘ e R": <m7u2> < 1}
i=1

touch B™ at uy, ..., u,+1. We deduce from (90) and Lemma 5.4 that
(I —=nmA; CS; C (1+2nn)A;, C2A;.
We claim that
Svol (K, S1) = V(S1\ K) < n®"et,
Using 5= $; C 2A9 € B", (2) and Lemma 5.7 (a), we get

1

1
e 2

) =181 = [ Oules) =@k e > [T S evisR)

> e
(n + 1)(271')”/2 (27’1)"‘"1

In addition, (91) yields

Nl=

n

€a3) _ V(S1\K)
\/ﬁ nbn

V(S1\ K)

(A7)

0(S1) = (A7) = (1 + 2nm) A7) = (A7) = (L +2nm) " = DEA]) = —2nnl(A;).

We deduce from £(K) < (1 +¢)4(A2), (93) and (94) that

087 > 400) — (a3 > (PR oy ) )

(90)

(91)

(92)
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L.
e implies

V(S \ K) < n® (e + 2nn) < 4n - n®n < n?¥ed,

Thenn=n

which proves (92).

Proof of Theorem 1.4. We start to deal with the symmetric volume distance of K and A°.
Using (91), (14 2nn)™ < 4/3 and Lemma 5.7 (b), we get

Ivol (S0, A0) < (T +2nn)" — (1 —nn)")V(A;) <ndnnV(A}) < n'onet, (95)

Combining (92) and (95), we get dyo1 (K, A°) < n24"c7 | which proves Theorem 1.4(i) under the
assumption £ < n~ 100",

In order to derive an upper bound for the Hausdorff distance of K and A°, we first show
that the centroid oy of Sy satisfies

oo € dnnAy. (96)
To prove (96), we observe that
n+1
AS = ﬂ {z e R": (z,w;) < 1} = conv{—nwy,..., —nwp41}.

i=1
For each j € {1,...,n+ 1}, (91) yields that S; has a vertex v; with
<_wj7vj> P h(l—nn)A,‘fL(_wj) = (1 - nn)”

Since S1 C (14 2nn)A;, and A;, + nw; is homothetic to AY with o as the vertex with exterior
normal —w;, we have

v; €{z e (1+2nnA; : (—wj,z) > (1 —nn)n}

= —(1 4 2nn)nw; + 3nn((1 + 2nn)A; + (1 + 2nn)nw;) (97)
for j=1,...,n+ 1. Hence, the vertices vy,...,v,41 are contained in mutually disjoint
neighborhoods of —nwy, ..., —nw,4+1 and thus S; = conv{vy,...,v,41}.

Ifi=1,...,n+1, then (w;,w;) = =L for j # i implies (w;,z) < n+1for z € A + nw; and
(wi,y) <0 for y € A? + nw; and j # i. Therefore (97) yields

(0 + 1) (wis 00} = (wiy ) + 3w, v5) < (1 + 20m) [ + 3nn(n + 1)] + n(1 + 2nm)
i
<3n(n+ 1)1+ 2nn)n < 4n(n + 1)n,

fori=1,...,n+ 1, which proves the claim.
Note that o € 4nnA2 C 4n’*nB™ C int(B") C K C Sy, in particular o € int(K — 0p) and
K — 09 CS; — 0. Let £ € [0,1) be minimal such that

og + (1 — f)(Sl — 0'0) C K.
From (91), n < 1/(4n?) and Lemma 5.7 (c), we deduce that

V(S1) = (1 —nn)"n"V(A,) = [(1 _ 41n>2 (1 n Tll)

Then it follows from Lemma 5.6(i) and (92) that

n

S V(S) S V(S \K) < n?¥ei < p¥rei V(S)),
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and hence ¢ < n?*e17. We deduce from (96) that —oq € 4n?nA°, and therefore
S; — o9 C (14 2nm)AS +4n’nA° C 2A0 C 2nB".
Since K C S C K 4+ £(S1 — 0¢) by the definition of £, it follows that
0 (S1, K) <2né < n26em,
On the other hand, = n'5"¢%, (91) and A% C nB" 1mp1y
1

5H(51,A)<2n n<ntmet,

Since n'™eT < n26eaw if e < n~ 100" we have §i (K, AS) <n 75ﬁ, which completes the proof
of Theorem 1.4 if £ < n=1007,

However, if ¢ > n=19"  then Theorem 1.4 trivially holds as &,0(M,A,) < n"k, and
og(M,A,) <n for any convex body M C nB™. Note that if B™ is the John elhpbmd of K,
then K € nB", and k, <6 for all n € N. O

Proof of Theorem 1.6 (c) and (d). Suppose ¢(Zo(11)°) < (1 +€)L(AY).
Let ap = 9 - 2"2n2"+2 be the constant of Lemma 5.5. If for any u € supp p there exists a
w; such that Z(u,w;) < agn, then

Bl

S (supp p, {wi, ..., wpi1}) < agn < 9- 27220 t2 n'oei < p?n et
Therefore we assume

¢:= max min  Z(u,w;) > aon,
uesupp pi=1,..., n+1

and let ug € supp p be such that min{Z(ug,w;) :i=1,...,n+ 1} = (. Let
L = conv{ug, U1, ..., Unt1},

and hence Zo(u)° = K C L° C Sy. Lemma 5.5 and (90) imply

(e} C o
V(L®) < (1 - W) V(A7),
thus
¢

2n+2n2n
On the other hand, (91) and (1 + 2nn)"™ < 4/3 yield
8uol (S1, A7) < ((1+2nm)" — (1 —nn)")V (A7) < 4n’n V(A7).

Therefore the triangle inequality implies

dvor (L7, A7) 2 V(A7)

V(S \ L°) = 601(S1, 1°) > (Wg% 4n2n>V(Ag).

Since V(A?) > 1 by Lemma 5.7 (c), we deduce from (92) that

W V(5) 3 V(S L) > VL) > (s — 0% V(8D

It follows from 1 = nl5et that

(< 2"+2n2"(n23”84 +4n?n) < n? ned,

which proves Theorem 1.6 in the case where £(Zo.(1)°) < (1 +€)f(AS) and & < n~ 1007,
Since £(Zoo(p)°) < (1 +e)l(A?) and W(Zso (1)) < (1 +e)W(A,,) are equivalent according

to (1), we have completed the proof of Theorem 1.6 if & < n=1907,
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However, if ¢ > n~'%" then Theorem 1.6 trivially holds as for any & € S" ! there exists a

vertex w of A,, with ||z —w| < V2. O

11. Proof of Corollary 1.5

For the proof of Corollary 1.5, we need the following observation.

LEMMmA 11.1. If%B" C K,C C nB" for convex bodies K and C' in R™, then
L 6u(K,C) < 6u(K°,C°) < n’y(K,0).
Proof. We also have %B" C K°,C° C nB". First, we show
S (K°,C°) < n?éy(K,C). (98)
Since K C C+ 6y (K,C)B™ C C+ndp(K,C)C = (14 néy(K,C))C, we have
C° Cc (1+néy(K,C)K° C K°+n?5y(K,C)B".

By symmetry, we also have K° C C° +n?§y (K, C) B", and thus we have verified (98).
Changing the roles of K, C and their polars K°, C° in (98) (and using the bipolar theorem),
we also deduce the inequality 6 (K, C) < n?dy(K°,C°). O

Since W(K) = Z(g,—n)é(Ko) according to (1), we conclude Corollary 1.5 by combining

Theorem 1.3(ii), Theorem 1.4(ii) and Lemma 11.1.
REMARK. The factor n? in Lemma 11.1 is optimal.
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