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An empirical mesh adaption algorithm is introduced for modeling one-dimensional reaction-diffusion systems 
with large moving gradients. Our new algorithm is based on the revelation, that in reaction-diffusion systems 
the high moving concentration gradients appear nearby to the region where the rate of reaction is maximal, 
thus the local reaction rate can be used to control the mesh adaption. We found, that the main advantage 
of such a method is its simplicity and easy implementation. As an example we study an acid-base diode, 
where large moving gradients appear. The mathematical model of the diode contains several parabolic PDEs, 
coupled with one elliptic PDE. An 𝑟-refinement technique is used and attached to the commercial finite element 
solver COMSOL. We investigated the time-dependent salt effects of the diode with our developed algorithm. 
Our mesh adaption method is advantageous for modeling of any reaction-diffusion systems with localized high 
concentration gradients.
1. Introduction

Acid-base diodes, which are complex reaction-diffusion-ionic migra-
tion systems, could theoretically be used as ion-sensors. They could 
even form parts of so-called lab on a chip electroanalytical devices be-
cause of their simplicity. We would like to materialize such sensors as 
our final aim. To achieve this aim, it is important to study and model 
the time evolution of the effects, which would be the basis of their ap-
plication as ion sensor.

In an electrolyte diode a hydrogel cylinder connects an alkaline and 
an acidic reservoir. This way diffusion, migration and reaction of the 
components are allowed, but advection and convection are restrained, 
unlike in pure water. Due to the applied electric potential between the 
edges of the gel cylinder, hydrogene (H+) and hydroxil (OH−) ions can 
get inside the connecting element, where water is formed from their 
reaction.

It means, that somewhere in the modeled domain there is a reaction 
zone, where this chemical acid-base reaction occurs. This reaction zone 
is characterized by large concentration and potential gradients. Dynam-
ical simulations of transient behavior in such systems can be difficult 
due to the large moving gradients of the model variables (concentra-
tion and potential). The modeled reaction-diffusion system is described 
by a set of parabolic partial differential equations (PDEs, in this case 
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mass balance equations for the chemical components) and one elliptic 
partial differential equation (Poisson-equation).

After the spatial discretization of the domain a system of ordi-
nary differential equations is obtained, which is integrated forward by 
time numerically (method of lines). Regardless the spatial discretiza-
tion method (e.g. finite difference method, finite element method) the 
applied mesh has special impact on the numerical solvability, speed of 
convergence, and approximation error. The higher the number of grid 
points used, the smaller the error will be. However, having a dense 
grid is computationally expensive, demanding a large chunk of memory 
and an extended runtime (Farmaga et al., 2011, Zimmerman, 2006). 
If the solutions have regions of high spatial activity, a standard uni-
form fixed-grid technique is computationally inefficient, since to afford 
an accurate numerical approximation and reach convergence, it should 
contain, in general, a very large number of grid points. The mesh needs 
to be locally refined. Moreover, if the regions of high spatial activity are 
moving in time, like steep moving fronts in reaction-diffusion systems, 
then the mesh should be adapted accordingly.

Regarding to the spatial grid adaption strategies, at least three dif-
ferent methods can be distinguished:

• 𝑟-refinement or the moving mesh (relocation) method: in this case 
fixed number of grid points is used, and the positions of points 
move.
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• ℎ-refinement or the local refinement method: the number of grid 
points is not fixed. Points are added to or removed from the grid, 
according to the local requirements, the original grid points stay 
in the same location. Practically, the spatial grid step ℎ is locally 
decreased or increased.

• 𝑝-refinement: in this approach a fixed mesh is used, and the poly-
nomial degree of basis (𝑝) alters.

Certainly, the combination of these methods exists (Schwab, 1999). 
Although the moving mesh method has been less popular than the 
local refinement method, which is due to the difficulty of deriving suit-
able governing equations for the adaptive mapping, it has some useful 
features in numerical computations. E.g. it is easy to implement, and 
couple to any fixed mesh software, and difficulties from the change in 
number of grid points can be avoided (Přibyl et al., 2006).

Usually the moving mesh methods are based on the equidistribution 
principle (Huang et al., 1994), meaning selecting mesh points in such a 
way, that an empirical error is equalized over each subinterval on the 
mesh. The error distribution is followed by a monitor function, which 
is derived from the first and second derivatives of dependent variables. 
(Often this does not resemble to numerical errors.)

In the literature there are many examples about the successful nu-
merical modeling of similar PDEs like the ones describing the behavior 
of the diode. Most of the methods require the complete development 
and full implementation of the spatial discretization and time integra-
tion of the model equations. A moving mesh method was developed 
(Zegeling and Kok, 2004) to solve the equations of reaction-diffusion 
systems, namely the Gray-Scott and Brusselator models. A system of 
adaptive mesh PDEs describing the mesh movement is set up and solved 
(in this case decoupled from the original PDE system), in fact the solu-
tion is the realization of a coordinate transformation between physical 
and computational coordinates. The adaptive mesh PDEs are derived 
from the minimization of a so-called mesh-energy functional. The vari-
ational approach of the moving mesh methods is general (Cao et al., 
2003). Usually the original PDEs are coupled with the mesh PDEs 
(Zegeling and Keppens, 2001). More examples about an 𝑟-method are 
found in (Coimbra et al., 2004), (Zegeling and Blom, 1992).

An ℎ-method was developed for solving electrochemistry problems 
with large spatial gradients applying a finite difference method (Bieni-
asz, 2000). Later this method was successfully used for the simulation of 
the Nernst-Planck-Poisson equations and Nernst-Planck equation with 
the assumption of electroneutrality ((Bieniasz, 2004a) and (Bieniasz, 
2004b)). More examples about the ℎ-refinement are found in (Lang, 
1998, Wang et al., 2004, Trompert and Verwer, 1991).

Probably the most significant adaptive mesh technique regarding 
our work is the algorithm suitable for modeling the transient behav-
ior of the same system with completely different boundary conditions 
(Přibyl et al., 2006). This method is attached to the commercial FEM-
LAB routines, which are based on the finite element method. Their 
monitor function is derived from the spatial derivatives of hydrogen, hy-
droxyl ion concentrations and the potential. Due to the time-consuming 
evaluation of the monitor function and successive mesh adaptation, the 
evaluation is not carried out at each time integration step, the adapta-
tion and consecutive evaluation time interval is determined based on 
the estimation of transport times.

1.1. Aim of this work

In this paper we would like to report our empirical moving mesh 
method (𝑟-refinement), which was developed to model the time-
dependent salt-effects of an electrolyte diode. The algorithm is attached 
to the commercial COMSOL equation-based modeling software, which 
provides the spatial and time discretization FEM algorithms with well-
defined interfaces. The main idea of this method is, that in a reaction-
diffusion system, where reaction fronts move, the local reaction rate 
indicating the presence of any chemical reaction can be the basis of an 
2

Fig. 1. Schematic view of a strong acid-base diode: An alkaline reservoir (filled 
by e.g. 0.1 M KOH solution) and an acidic one (filled by e.g. 0.1 M HCl solution) 
are connected by a hydrogel. Δ𝜑 > 0 means reverse biased diode, the opposite 
is forward biased.

adaptive mesh refinement. The problematic part of such a system is the 
neighborhood of the local chemical reactions, where the gradients and 
the numerical error of approximation are the highest. This idea could 
be the basis of any spatial discretization method, not only the finite 
element method, the advantages would be the same: easy implementa-
tion, simple monitor function, hence the required mesh density would 
be determined in an empirical way not directly derived from the error 
of approximation.

2. Numerical simulations

2.1. The model

The so-called acid-base diode (or electrolyte diode) is a reaction -
diffusion - ion-migration system (Noszticzius and Schubert, 1973, Schu-
bert and Noszticzius, 1977), where, due to the applied potential and 
concentration gradients, the chemical species move, while an acid-base 
reaction occurs. Previously some highly nonlinear phenomena called 
positive and negative salt effects related to the salt-contamination of 
the acid-base diode were discovered, thus it is straightforward to use 
the negative salt effect to sensitively detect nonhydrogen cations (Chun 
and Chung, 2015, Roszol et al., 2010, Kirschner et al., 1998).

In an acid-base diode a connecting element (either a hydrogel or a 
membrane) connects an alkaline (KOH) and an acidic (HCl) reservoir, 
restraining convection, but allowing diffusion, migration and chemical 
reaction. (The schematic view of an acid-base diode is shown in Fig. 1) 
If the acidic reservoir has a negative potential in comparison to the 
alkaline one (forward biased diode), from the alkaline reservoir cations 
(e.g. K+), from the acidic one anions (e.g. Cl−) can migrate into the gel 
cylinder, where they form a well-conducting salt (in this case KCl). If 
the acidic reservoir is the positive side (reverse biased diode), hydrogen 
(H+) and hydroxil (OH−) ions can move into the hydrogel, where water 
is formed from their reaction, resulting in much smaller conductivity.

Most gels contain fixed weakly acidic groups. The dissociation of 
them leads to fixed negative ions, in the present work FA− is the fixed 
charge, and HFA denotes its protonated form. The current - voltage 
characteristic of an electrolyte diode resembles to the characteristic of a 
semiconductor one, meaning the diode current depends on the polarity 
of the applied voltage, as Fig. 2 shows.

If the reservoirs of the diode are contaminated by a salt (in the case 
of strong diode by KCl), the concentration of the contaminating salt 
influences the current of the reverse biased diode:

• If only one reservoir is contaminated (usually the alkaline one 
due to higher sensitivity), the diode current increases in a nonlin-
ear way (Fig. 3/a). This phenomenon is called positive salt-effect 
((Kirschner et al., 1998, Hegedűs et al., 1999)).

• If one side of the diode is already contaminated, and the opposite 
reservoir of the diode gets contaminated as well, surprisingly the 
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Fig. 2. Simulated voltage – current density characteristic of a strong acid-base 
diode. Concentrations of the electrolytes: [KOH] = [HCl] = 0.1 M.

Fig. 3. Calculated current density as the function of salt contamination. (a): 
positive salt effect, (b): negative salt effect. [KCl]AL and [KCl]AC denote the salt 
concentration in the alkaline and acidic reservoirs, respectively. The black dot 
in subfigure (a) represents the alkaline salt concentration used for subfigure (b). 
[KCl]AL = 60 mM, Δ𝜑 = 10 V.

diode current decreases by increased counter salt contamination 
(Fig. 3/b). This phenomenon is called negative salt-effect.

Both positive and negative salt effects had already been investigated 
for stationary state (Kirschner et al., 1998, Roszol et al., 2010), we 
started to focus on the time-dependent modeling of salt-contaminated 
diode (Koncz et al., 2017), where we met unexpected computational 
complexity.

At this stage of investigation, the mathematical model of the diode 
is a system of one-dimensional partial differential equations (Roszol et 
al., 2010, Merkin et al., 2000, Hegedűs et al., 1996, Lindner et al., 
2002). The previously discussed simplifications and assumptions ((Iván 
et al., 2002)) are kept (one dimensional model, concentration polariza-
tion and ohmic potential drop on the reservoir are neglected).

To calculate the concentration distribution of the 𝑖-th component the 
mass-balance equation is used, and the Nernst-Planck equation is used 
to obtain the current density:

𝜕𝑐𝑖

𝜕𝑡
= − 𝜕

𝜕𝑥

(
−𝐷𝑖

𝜕𝑐𝑖

𝜕𝑥
−
𝑧𝑖𝐷𝑖𝐹

𝑅𝑇
𝑐𝑖
𝜕𝜑

𝜕𝑥

)
+ 𝜎𝑖, (1)

where 𝑐𝑖, 𝑧𝑖 and 𝐷𝑖 denote the concentration, charge number and diffu-
sion coefficient of the 𝑖-th component (H+, OH−, K+, Cl−, FA−, HFA), 
respectively. 𝑇 is the temperature, 𝐹 is the Faraday constant, 𝑅 is the 
molar gas constant, 𝜑 denotes the space dependent potential, 𝑡 is the 
time coordinate and 𝑥 is the space coordinate along the connecting ele-
ment. 𝜎𝑖 denotes the reaction rate of the 𝑖-th chemical component:

𝜎H+ = 𝑘w(𝐾w − 𝑐H+𝑐OH− ) + 𝑘f(𝐾f𝑐HFA − 𝑐H+ 𝑐FA− ), (2)

𝜎OH− = 𝑘w(𝐾w − 𝑐H+ 𝑐OH− ), (3)

𝜎K+ = 𝜎Cl− = 0, (4)
3

𝜎FA− = −𝜎HFA = 𝑘f(𝐾f𝑐HFA − 𝑐H+ 𝑐FA− ), (5)

where 𝐾w is the equilibrium constant of water dissociation, and 𝑘w
denotes the rate constant of water recombination. 𝐾f is the dissociation 
constant and 𝑘f denotes the kinetic constant of the fixed charge.

Poisson equation is used to calculate the potential profile of the 
diode:

𝜕

𝜕𝑥

(
− 𝜀 𝜕𝜑

𝜕𝑥

)
= 𝐹

(∑
𝑖

𝑧𝑖𝑐𝑖

)
, (6)

where 𝜀 denotes the permittivity of water.
In our model calculations Dirichlet boundary conditions were ap-

plied. Donnan equilibrium is used to calculate the constant boundary 
concentrations inside the connecting element from the fixed concentra-
tions in the reservoirs. The Donnan potential was used to correct the 
electric potential.

Unfortunately we were not able to reach convergence, if the above 
discussed full system of differential equations is applied (mass balance 
equations are set up for each species). For stationary investigations the 
concentration of the fixed anions can be calculated from the equilib-
rium,

𝑐FA− =
𝑐f

𝑐H+∕𝐾f + 1
, (7)

where 𝑐f denotes the estimated total concentration of the fixed groups 
(Iván et al., 2004), therefore the mass-balance equation is used for the 
mobile ions (H+, OH−, K+, Cl−) only.

This assumption of quasi-stationarity was considered to be valid 
even in time dependent cases The usage of this simplification means 
that the protonation and deprotonation of the fixed charge groups are 
considered instantaneous, thus the reaction rate belonging to the fixed 
groups is approximated by zero (𝜎FA− = 𝜎HFA = 0). The remaining reac-
tion rate of H+ is: 𝜎H+ = 𝜎OH− = 𝑘w(𝐾w − 𝑐H+ 𝑐OH− ).

With this simplification it becomes possible to solve the remaining 
PDEs with COMSOL.

The applied values of the parameters can be found in Table 1.

2.2. Solution method with COMSOL

The simulations were carried out by using the commercial FEM soft-
ware package COMSOL Multiphysics 4.3. The model was defined from 
the following interfaces: for the Nernst-Planck equation the “Trans-
port of Diluted Species” and “Classical PDEs/Poisson equation” were 
applied. A full model calculation can be split into two main steps: af-
ter computing the boundary conditions, the initial conditions (this is a 
stationary state of the diode) are calculated by a previously discussed 
parametric stationary solver (Roszol et al., 2010), which is followed by 
the time-dependent study. The solver settings are adjusted under the 
“Study” node, where the two study steps belonging to the solvers are 
defined. Between the two study steps the boundary conditions must be 
reset for the transient value. (In the case of step 1 Compute to selected, 
in the case of step 2 Compute from selected command must be used.)

For the numerical integration of the time-dependent ODEs (after 
spatial discretization) BDF method with SPOOLES linear solver was 
applied with the following settings: automatic scaling, the time-steps 
are determined freely by the solver. To avoid numerical oscillations 
crosswind diffusion stabilization technique was applied. Second order 
Lagrange elements were used.

The key of FEM simulations is the applied mesh. The gradients of the 
concentrations and potential are the largest in the neighborhood of the 
so-called reaction zone, this is the hardest to calculate part of an acid-
base diode. To achieve convergence, in this zone extremely fine mesh 
is required. During the time-dependent study the location of the reac-
tion zone is changing, hence an adaptive meshing technique is highly 
recommended to reduce computational costs.

In COMSOL Multiphysics adaptive mesh refinement extension is 
available for the time-dependent studies. Unfortunately this built-in tool 
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Table 1. Model parameters (Marcus (1997)).

𝑐KOH (moldm−3) Concentration of base 0.1
𝑐HCl (moldm−3) Concentration of acid 0.1
𝐷H+ (m2 s−1) Diffusion coefficient of protons 9.31 × 10−9

𝐷OH− (m2 s−1) Diffusion coefficient of hydroxyl ions 5.28 × 10−9

𝐷K+ (m2 s−1) Diffusion coefficient of potassium ions 1.96 × 10−9

𝐷Cl− (m2 s−1) Diffusion coefficient of chloride ions 2.04 × 10−9

𝐷FA− (m2 s−1) Diffusion coefficient of the fixed charge 0
𝐷HFA (m2 s−1) Diffusion coefficient of the protonated fixed group 0
𝜑L (V) Electric potential on the L boundary 0
𝜑R (V) Electric potential on the R boundary 10 − 20
𝑙 (m) Length of the gel 1 × 10−3

𝑧H+ Charge number of protons 1
𝑧OH− Charge number of hydroxyl ions −1
𝑧K+ Charge number of potassium ions 1
𝑧Cl− Charge number of chloride ions −1
𝑧FA− Charge number of the fixed charge −1
𝑧HFA Charge number of the protonated fixed charge 0
𝐹 (Cmol−1) Faraday constant 9.6487 × 104

𝑅 (Jmol−1 K−1) Molar gas constant 8.314
𝑇 (K) Temperature 298.15
𝜀 (AsV−1 m−1) Permittivity of water 6.954 × 10−10

𝑘w (m3 mol−1 s−1) Kinetic constant of water recombination 1.3 × 108

𝐾w (mol2 m−6) Ionic product of water 1 × 10−8

𝑐f (molm−3) Concentration of the fixed charge 4
𝑘f (m3 mol−1 s−1) Kinetic constant of the fixed charge 6 × 106

𝐾f (molm−3) Dissociation constant of the fixed charge 1 × 10−1
Fig. 4. The general operation of adaptive meshing algorithms.

and the COMSOL’s Moving Mesh interface proved to be inadequate for 
our purposes. Thus we attached an own adaptive algorithm to our sim-
ulation framework. (Carrying out model calculations in COMSOL GUI 
in series is cumbersome, therefore an easy-to-use framework was devel-
oped in Java using the COMSOL Java API.)

For the general operation of adaptive meshing algorithms see Fig. 4. 
The numerical solver must be monitored, and at the end of every iter-
ation step it must be decided, whether the iteration can be continued 
(mesh is still satisfying) or a new mesh should be generated. In case of a 
new mesh the last solution with the old mesh is interpolated to the new 
one, and the numerical solver is restarted. In COMSOL the FEM algo-
rithms are considered to be “black boxes”, that is the numerical method 
can be reached only via the interfaces provided by COMSOL. To stop 
and monitor the numerical solver, a stop condition is formulated apply-
ing the so-called “Domain Point Probe”. With a point probe expression 
a function of variables of the differential equation at a pre-defined lo-
cation is evaluated.

At the two edges of the reaction zone, inside the dense mesh zone, 
two point probe expressions are defined. The values of them are the 
absolute value of the acid-base reaction’s local reaction rate at the given 
location:

𝑝𝑝𝑣= ||𝜎H+ || = ||𝜎OH− || = ||𝑘w(𝐾w − 𝑐H+𝑐OH− )|| . (8)

Then the stop condition is the following: if one of the point probe ex-
pressions differ significantly from zero (𝑝𝑝𝑣 > 1.3 ⋅ 10−3 mol

3 ), the solver 

dm s

4

is stopped. This 𝑝𝑝𝑣 value means the solver stops when 𝑐H+ ⋅ 𝑐OH− >𝐾w, 
we get this threshold by trial and error. After that, from the behavior 
of the reaction zone a new mesh is generated. With COMSOL Java API 
in the case of one dimensional geometry only the vertex coordinates 
are calculated, the edges are trivial (how the vertexes are connected 
to an element). In COMSOL the solution of the time-dependent solver 
is copied (Copy solution) to retain the results, and the domain point 
probes are relocated before the time-dependent solver is restarted.

2.3. Adaptive algorithm with grid function

The so-called grid function was selected to define the mesh. An 𝑥 →
𝑓 (𝑥) grid function defines the real mesh’s coordinates as a function of 
the equidistant mesh’s coordinates. Some grid functions with schematic 
one dimensional meshes are shown in Fig. 5.

The basis of our selected grid function is an equidistant mesh with a 
refined zone (Fig. 5/b), where the vicinity of the reaction zone is cov-
ered by an extremely fine mesh. To avoid numerical problems arising 
from sudden changes in the size of neighboring elements, in the vicin-
ity of the straight line’s intersections exponential smoothing functions 
are applied. For more details see the 1st section of the Supplementary 
Information.

The adaptive algorithm based on the grid function has the following 
parameters:

• 𝑁 : total number of mesh points
• 𝑦A, 𝑦B: in real-mesh coordinates the initial limits of the extremely 

fine mesh zone
• 𝑅: ratio of the number of points between 𝑦A and 𝑦B and the total 

number of grid points
• 𝛿: width of the exponential smoothing part in equidistant mesh 

coordinates
• 𝑑: distance between 𝑦A or 𝑦B and its corresponding point probe 

expression
• Δ𝑦: how much the control points (𝑦A, 𝑦B) of the grid function are 

shifted into the direction of the reaction’s movement, after the stop 
condition is fulfilled, and the next mesh is generated

The main advantage of applying a grid function is its easy imple-
mentation, simple mesh generation, and low time-demand of mesh 
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Fig. 5. Some grid functions with the corresponding schematic mesh illustrations. (a) Equidistant mesh. (b) Equidistant mesh with a refined zone. (c) The applied 
grid function with exponential smoothing.
construction. For the source code see https://github .com /vikikoncz /
adaptive _FEM _based _reaction _zone.

3. Results and discussion

We would like to show the ability of the adaptive mesh algorithm 
to simulate the time-dependent behavior of an acid-base diode. In the 
present work we demonstrate the operation of the algorithm in case 
of time-dependent positive salt effect with the following settings. As 
initial state the salt-free stationary diode was used. The contaminating 
salt was added to the alkaline reservoir at 𝑡 = 0, [KCl]AL,t = 60 mM. 
Approximately after 100 s the new steady state was attained, thus 150 
s was simulated after the system was perturbed by KCl contamination.

Our work is presented in three subsections. First, in Section 3.1 the 
appearance of the reaction zone is investigated. We would like to show, 
that the location of the chemical reaction (where the reaction ratio 
differs significantly from zero) is very close to the location where the 
gradients of the concentration and potential are the highest.

Then, we investigated the absolute and relative error of approxima-
tion on the modeled domain for validation purposes (Section 3.2).

Finally, we discuss the effect of different meshes on the error of 
approximation and simulation time (Section 3.3).

3.1. Reaction zone

The local reaction rate of the acid-base reaction is 𝜎H2O = −𝑘w(𝐾w −
𝑐H+𝑐OH− ). It is the linear function of [H+] ⋅ [OH−], which in equilibrium 
is a temperature dependent constant. Fig. 6 shows the local reaction 
rate (𝜎H O) along the gel cylinder in a stationary salt-free diode. 𝜎H O
2 2

5

Fig. 6. The local reaction rate (𝜎H2O = −𝑘w(𝐾w − 𝑐H+ 𝑐OH− )) of water recombina-
tion in the uncontaminated diode.

is different from zero only at the reaction zone, where the acid-base 
reaction occurs.

Fig. 7 shows some calculated 𝜎H2O profiles of a time-dependent pos-
itive salt effect. At a certain time 𝜎H2O is different from zero in one 
region only, certainly this is the reaction zone.

As the alkaline reservoir (left hand side) is approached by the reac-
tion zone, the acid-base reaction becomes faster and faster (the peak of 
𝜎H2O increases). The reaction zone keeps its position after about 10 s, 
however, the reaction rate continues increasing.

The look of the reaction zone at four selected moments of time is 
shown in Fig. 8. While the acid-base reaction gets faster, the extension 
of the reaction zone shrinks. In the new steady state its width is only 

https://github.com/vikikoncz/adaptive_FEM_based_reaction_zone
https://github.com/vikikoncz/adaptive_FEM_based_reaction_zone
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Fig. 7. The local reaction rate (𝜎H2O = −𝑘w(𝐾w − 𝑐H+ 𝑐OH− )) of water recombina-
tion at different moments of time.

the third of the uncontaminated one. The extension of the reaction zone 
is calculated from the half-width of the 𝜎H2O peak.

In the uncontaminated steady state the positions of the extrema of 
spatial derivatives are very close to the location where the acid-base 
reaction occurs. These derivatives move together with the chemical re-
action. The local extrema of concentration derivatives are increasing (in 
absolute value), while the derivative of potential changes only slightly. 
The situation is the same in the case of second spatial derivatives.

3.2. Validation

In the case of a system of nonlinear partial differential equations, 
it is possible, that the numerical solver finds a physically invalid so-
lution even though it satisfies the tolerance criteria (LeVeque (1992)). 
We used a posteriori error indicators to characterize the precisity of the 
numerical solutions.

A meaningful measure of the computational error can be given on 
(𝑥𝑖, 𝑥𝑖+1) as follows:

𝑥𝑖+1

∫
𝑥𝑖

(�̃�(𝑥) − 𝑦(𝑥))2 𝑑𝑥 =𝑅(𝑥,𝐚), (9)

where 𝑦(𝑥) denotes the real solution of the differential equation and 
�̃�(𝑥) = ∑𝑛

𝑗=1 𝑎𝑗 ⋅ Φ𝑗 (𝑥) is the finite element approximation. In practice, 
the real solution is unknown, therefore, another error indicator has to 
be found.

If the coefficients 𝑎𝑗 of the basis functions are available, substituting 
them into the original PDE’s leads to an error indicator on each element.

Unfortunately due to COMSOL’s ‘black box’ approach it is neither 
possible to get the Lagrangian coefficients, nor the error calculated by 
COMSOL.

To find a metric for comparing different solutions, an own method 
had to be developed. It is possible to export from COMSOL the interpo-
lated solution, and the spatial and time derivatives of the variables of 
the equation at the predefined points in a given moment. (From COM-
SOL Java API the so-called ‘Interp’ function was applied to retrieve the 
numerical results.) Our method is the following: during time develop-
ment at every discrete moment of time the approximated value of the 
variables, the 1st and 2nd spatial derivatives and the time-derivatives 
are exported at the mesh points. These values can be substituted to the 
five differential equations (four mass balances and the Poisson) at every 
moment and location, leading to five (absolute) residual values 𝑒𝑟𝑟abs,𝑖.

As an example, the calculated absolute residual values of the H+’s 
mass balance equation, and the Poisson equation are shown in Figs. 9
and 10.

The absolute error in itself does not tell us the whole picture, it 
has to be compared to the absolute values of the various terms in the 
given equation. For this reason we use the relative error defined in the 
following way:
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𝑒𝑟𝑟rel,𝑖 =
𝑒𝑟𝑟abs,𝑖

||| 𝜕𝑐𝑖𝜕𝑡 |||+
||||−

𝜕

𝜕𝑥
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−𝐷𝑖

𝜕𝑐𝑖

𝜕𝑥

)||||+
||||−

𝜕

𝜕𝑥

(
− 𝑧𝑖𝐷𝑖𝐹

𝑅𝑇
𝑐𝑖
𝜕𝜑

𝜕𝑥

)||||+ ||𝜎𝑖||
(10)

𝑒𝑟𝑟rel,Poisson =
𝑒𝑟𝑟abs,Poisson||||

𝜕

𝜕𝑥

(
− 𝜀 𝜕𝜑

𝜕𝑥

)||||+
||||𝐹

(∑
𝑖 𝑧𝑖𝑐𝑖

)||||
(11)

Despite of the large absolute error in the neighborhood of the re-
action zone, the relative errors (Figs. 11 and 12) seem to be mostly 
acceptable. However, a very sharp region exists in the middle of the 
reaction zone, where the approximation error of the Poisson equation 
becomes 0.65.

3.3. The effect of the grid function’s parameters on the error of 
approximation and on the simulation time

To compare the different types of meshes, the simulation time mea-
sured in an isolated virtual machine (for details see the 2nd section of 
Supplementary Information) was monitored, and the error of approxi-
mation was estimated. Unfortunately, the number of iterations are not 
measurable via COMSOL, thus we had to measure the running time of 
the simulations. It is also important in practice, but depends on the 
hardware. The basic steps of an adaptive FEM simulation with the mea-
sured running time values are found in the 4th section of Supplementary 
Information. About 97% of the total simulation time goes to the time-
stepping and mesh interpolation, thus the running time of the other 
stages of FEM simulation is negligible.

Instead of plotting the residuals at every moment of time (like in 
Section 3.2), it is better to use a cumulated error indicator to describe 
the applicability of the mesh. To construct such an a posteriori error 
indicator, we consider equation (1) as a system of conservation laws 
coupled with the reactive source terms (𝜎H+ , 𝜎OH− , 0, 0). Using the cor-
responding theory for the non-linear conservation laws in Theorem 5.2 
in (Cockburn, 1999), a straightforward choice for the error estimation 
of the 𝑗-th component in equation (1) can be calculated as follows:

𝑒𝑟𝑟𝑗 =

𝑇

∫
0

𝐿

∫
0

|𝑒𝑟𝑟abs,𝑗 |𝑑𝑡𝑑𝑥+
√√√√√√ max

𝑡∈[0,𝑇 ]
𝑆(𝑐𝑗 )(𝑡) ⋅

𝑇

∫
0

𝑆(𝑐𝑗 )(𝑡)𝑑𝑡 ⋅
√
𝐷𝑗, (12)

where 𝑒𝑟𝑟abs,𝑗 denotes the 𝑗-th components calculated residual, and 
𝑆(𝑐𝑗 )(𝑡) is the sum of the concentration absolute differences between 
the grid points on the entire modeled domain. We found, that the term 
containing 𝑆 is almost negligible compared to the time and spatial in-
tegral of the residuals. Furthermore, it was found that this term varies 
within 1% in the case of every mesh setting (if convergence is achieved), 
thus it can be neglected when comparing meshes.

For a single cumulative error indicator the error estimation of the 
four components is summed and normed by 𝑇 = 150 s (due to the time 
integration):

𝑒𝑟𝑟𝑜𝑟 =
𝑒𝑟𝑟H+ + 𝑒𝑟𝑟OH− + 𝑒𝑟𝑟K+ + 𝑒𝑟𝑟Cl−

𝑇
. (13)

In the following tables and figures only this cumulative value is used 
to compare different meshes.

First, the efficiency of the adaptive meshing algorithm is showed 
with comparison to two fixed mesh simulations. After that, the effects 
of the grid function parameters are explored, and we tried to find an 
optimal parameter combination considering the simulation time and the 
error of approximation. (In this study the parameters are fixed during a 
simulation.) Finally, we investigated how the continuous modification 
of the grid function’s parameters influences the simulation.

3.3.1. Fixed mesh vs adaptive mesh

The performance of an equidistant mesh (named fixed(1)), a fixed 
mesh with a dense zone (fixed(2)) and three moving meshes with the 
proposed grid function were compared (Table 2). The running time of 
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Fig. 8. Reaction fronts: spatial gradients and the local reaction rate of acid-base reaction in different moments of time. In the first column the local reaction rate and 
the 1st spatial derivatives are shown at t = 0 s (a), t = 3 s (c), t = 5 s (e) and t = 20 s (g). In the second column the local reaction rate and the 2nd spatial derivatives 
are shown at t = 0 s (b), t = 3 s (d), t = 5 s (f) and t = 20 s (h), respectively. Please note: the derivatives and the local reaction rate are scaled, thus no unit is shown 
in this figure, because we are only interested in the positions of peaks, not their magnitude.

Fig. 9. The absolute error of the H+ ions mass balance equation (𝑒𝑟𝑟abs,H+ ) at 
𝑡 = 3 s. The parameters of the applied mesh are the following: 𝑁 = 10000, 𝑦A =
0.192, 𝑦B = 0.202, 𝑑 = 0.002, Δ𝑦 = 0.002, 𝛿 = 0.01, 𝑅 = 0.8.

Fig. 10. The absolute error of the Poisson equation (𝑒𝑟𝑟abs,Poisson) at 𝑡 = 3 s. 
The parameters of the applied mesh are the following: 𝑁 = 10000, 𝑦A = 0.192, 
𝑦B = 0.202, 𝑑 = 0.002, Δ𝑦 = 0.002, 𝛿 = 0.01, 𝑅 = 0.8.
7
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Fig. 11. The relative error of the H+ ions mass balance equation (𝑒𝑟𝑟rel,H+ ) at 𝑡 =
3 s in the reaction zone. The parameters of the applied mesh are the following: 
𝑁 = 10000, 𝑦A = 0.192, 𝑦B = 0.202, 𝑑 = 0.002, Δ𝑦 = 0.002, 𝛿 = 0.01, 𝑅 = 0.8.

Fig. 12. The relative error of the Poisson equation (𝑒𝑟𝑟rel,Poisson) at 𝑡 = 3 s in the 
reaction zone. The parameters of the applied mesh are the following: 𝑁 = 10000, 
𝑦A = 0.192, 𝑦B = 0.202, 𝑑 = 0.002, Δ𝑦 = 0.002, 𝛿 = 0.01, 𝑅 = 0.8.

Table 2. The measured running time and 
calculated error of approximation (error) in 
the case of fixed and adaptive meshes. The 
fixed(1) mesh is an equidistant mesh, fixed(2) 
is a fixed mesh with a dense zone. Param-
eters of the grid function are the following: 
𝑦A = 0.192, 𝑦B = 0.202, 𝑑 = 0.002, Δ𝑦 = 0.002, 
𝛿 = 0.01, 𝑅 = 0.8.

Mesh type N Time (min) error
fixed(1) 100000 3648 147

fixed(2) 21000 532 73

adaptive 500 15 183

adaptive 1000 35 97

adaptive 2000 42 49

adaptive 10000 222 10

the equidistant mesh (10000 grid points) is the biggest, and approx-
imately the same precision can be achieved using an adaptive mesh 
with 500 - 1000 grid points depending on the grid function parameters.

The fixed(2) mesh has the same resolution as the equidistant mesh 
(fixed(1)) in its dense part, which covers that part of the gel, where the 
reaction zone can occur. The remaining part of the gel is covered by an 
80 times less dense equidistant mesh, and the two zones are connected 
by an exponential smoothing part.

Despite the same resolution in the reaction zone, the error of approx-
imation is almost halved in the case of fixed(2), due to the convergence 
8

Fig. 13. The measured running time and the error of approximation as the 
function of the number of grid points. Parameters of the grid function are the 
following: 𝑦A = 0.192, 𝑦B = 0.202, 𝑑 = 0.002, Δ𝑦 = 0.002, 𝛿 = 0.01, 𝑅 = 0.8.

criteria of COMSOL’s nonlinear solver. In the aggregated error evalu-
ated by COMSOL after every iteration step, the error on an element is 
not weighted by the element’s size. Thus in COMSOL’s aggregated error, 
in the case of equidistant mesh the elements belonging to the reaction 
zone are underweighted compared to the fixed(2) mesh. (Further details 
about COMSOL’s convergence criteria can be found in the 3rd section 
of the Supplementary Information.)

The most accurate solution is achievable by a moving mesh with 
as many grid points as the desired running time allows. (In our case 
maximum 10000 mesh elements were used.) In the case of one specific 
adaptive mesh parameter setting the measured running time and the 
error of approximation as the function of the number of grid points are 
shown in Fig. 13. (Mesh trajectories of this moving mesh can be found 
in the 7th section of the Supplementary Information.)

If the number of grid points increases, the approximation error de-
creases in a hiperbolic way. The running time can show discrepancies, 
it does not increase monotonically as a function of 𝑁 .

The convergence rates of these discretization schemes (fixed(2), and 
adaptive) are compared in the 6th section of the Supplementary Infor-
mation.

3.3.2. The effect of the grid function parameters

In this section we present our findings about systematic investiga-
tions of the effect of grid function parameters on the performance of 
the moving mesh algorithm. Please note, during one simulation the pa-
rameters of the grid function were kept constant. During the discovery 
of the parameters 𝑁 = 2000 was chosen, because we found it a good 
compromise between running time and error of approximation (see Ta-
ble 2).

First, the effect of Δ𝑦 was investigated (Fig. 14). It does not influ-
ence the error of approximation significantly, however, the measured 
simulation time depends on it. The smaller the Δ𝑦 is, the higher the 
running time becomes. The frequent mesh adaptation needs too much 
interpolation between the different meshes.

Within a wide range the grid function parameter called 𝑅 has very 
similar effect on the error and simulation time (Fig. 15). If 𝑅 is too 
small, the solver just cannot converge (because the resolution is not 
high enough in the reaction zone). Certainly, the precise value depends 
on the number of grid points, and the other parameters of the grid 
function, e.g. if 𝑁 = 2000, 𝑅 must be at least 0.05. However, in this 
case the approximation error is huge (2600). (For this reason it is not 
shown in Fig. 15.) The error of approximation has an optimum around 
𝑅 = 0.94, if 𝑅 is larger, too few grid points appear outside the reaction 
zone.
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Fig. 14. The measured running time and the error of approximation as the 
function of the Δ𝑦 parameter. Parameters of the grid function are the following: 
𝑦A = 0.191, 𝑦B = 0.203, 𝑑 = 0.003, 𝑅 = 0.8, 𝛿 = 0.01, 𝑁 = 2000.

Fig. 15. The measured running time and the error of approximation as the 
function of the 𝑅 parameter. Parameters of the grid function are the following: 
𝑦A = 0.191, 𝑦B = 0.203, 𝑑 = 0.003, Δ𝑦 = 0.002, 𝛿 = 0.01, 𝑁 = 2000.

Depending on the width of the extremely fine mesh zone, and on 
the grid function parameters, an optimal 𝛿 exists, where the error of 
approximation is the smallest (Fig. 16). If 𝛿 increases from zero, first the 
error of approximation decreases, due to smoother transition of element 
size. When 𝛿 becomes comparable to the size of the dense mesh zone, 
the number of mesh elements in the reaction zone starts to decrease, 
resulting in increased error of approximation.

Due to the time demand of too frequent mesh adaption, and due to 
convenience, dense mesh was usually used on a large environment of 
the reaction zone. (It means, 𝑦B − 𝑦A is at least five times bigger, than 
the reaction zone’s extension.) The impact of the distance between 𝑦A
and 𝑦B was investigated (Fig. 17) to see whether covering a smaller 
environment with dense mesh still gives satisfactory results. The error 
of approximation increases with this distance (because less grid ele-
ments cover the reaction zone). Usually smaller error comes with lower 
running time, however, here the opposite happens: increased error de-
creases the running time.

The minimal reasonable distance between 𝑦B and 𝑦A is the extension 
of the reaction zone: under this limit convergence problems appear. In 
the case of minimal 𝑦B − 𝑦A the error and the running time as the func-
tion of 𝑁 is shown in Fig. 18. To reach convergence with these settings, 
the minimum number of required elements is 𝑁 = 150, although in this 
case the error of approximation is around 450, and the profiles are not 
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Fig. 16. The measured simulation time and the error of approximation as the 
function of the 𝛿 parameter. Parameters of the grid function are the following: 
𝑦A = 0.191, 𝑦B = 0.203, 𝑑 = 0.003, Δ𝑦 = 0.002, 𝑅 = 0.8, 𝛿 = 0.01, 𝑁 = 2000.

Fig. 17. The measured running time and the error of approximation as the 
function of the distance between 𝑦A and 𝑦B. Parameters of the grid function are 
the following: 𝑑 = 0.0005, Δ𝑦 = 0.0005, 𝑅 = 0.8, 𝛿 = 0.01, 𝑁 = 2000.

Fig. 18. The measured running time and the error of approximation as the 
function of the 𝑁 . Parameters of the grid function are the following: 𝑦A = 0.196, 
𝑦B = 0.199, 𝑑 = 0.0005, Δ𝑦 = 0.0005, 𝑅 = 0.8, 𝛿 = 0.01. The dense mesh barely 
covers the reaction zone.

smooth enough. If 𝑁 = 500, the algorithm has very similar performance, 
as 𝑁 = 2000 with the widely covered zone.
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Table 3. The measured running 
time and the error of approxima-
tion in the case of moving mesh 
algorithms with different continu-
ously modified grid functions. Ini-
tial values of the grid function pa-
rameters: 𝑁 = 10000, 𝑦A = 0.191, 
𝑦B = 0.203, 𝑑 = 0.003, 𝑅 = 0.8, Δ𝑦 =
0.002, 𝛿 = 0.01. In the method 
called CMG 1 only the distance be-
tween 𝑦B − 𝑦A, 𝑑, and Δ𝑦 are de-
creased. In the method called CMG 
2 𝑅 is also decreased, furthermore 
in the method called CMG 3 even 
𝛿 is decreased. In the case of NMG 
(non-modified grid algorithm) the 
initial values of the parameters are 
the same, and are kept constant 
during the simulation.

Mesh type Time (min) error
CMG 1 233 7

CMG 2 235 14

CMG 3 257 17

NMG 283 11

3.3.3. Continuous modification of the parameters

During the transition of the diode the extension of the reaction zone 
shrinks. In the new steady state, it’s extension is one third, than in the 
salt free diode (section 3.1). Is it possible to reach better performance 
by shrinking the fine mesh zone with the reaction zone?

To alter the grid function continuously, the previously discussed al-
gorithm is modified: if the stop condition defined in COMSOL is fulfilled 
and the iteration stops, then the dependent variables (and its spatial 
derivatives) must be retrieved at the grid points. The half width of the 
local reaction rate peak was used to estimate the reaction zone’s ex-
tension, from which not only the location of the fine mesh zone, but 
other parameters of the grid function could be re-calculated (for further 
details see 5th section of Supplementary Information). Unfortunately if 
the total number of grid points is too small, the estimation of shrink-
age of the reaction zone becomes unprecise, leading to non-converging 
mesh. It means, that in the case of small 𝑁 continuous modification of 
the parameters can be numerically unstable.

The performance of algorithms with continuously modified grid 
(CMG) and a non modified grid (NMG) is summarized in Table 3. The 
method called CMG 1, where only 𝑦B − 𝑦A, 𝑑 and Δ𝑦 are shrinked, gives 
the smallest error and simulation time.

4. Conclusions and outlook

4.1. Conclusions

We suggest an empirical moving mesh algorithm, which was at-
tached to the commercial FEM solver COMSOL. Realizing that higher 
reaction rate and higher concentration usually appear close to each 
other, the local reaction rate was used to control the mesh adaption. The 
proposed algorithm was tested for a reaction-diffusion system called 
acid-base diode, and the parameters were fine-tuned for this case. Dur-
ing the time-dependent modeling of the so-called salt effects in this sys-
tem we experienced high computational complexity, thus an adaptive 
meshing algorithm was necessary to reduce the time of the simulation. 
We found, that using the local reaction rate instead of the spatial deriva-
tives makes the implementation of the algorithm very easy and simple.

4.2. Outlook

The moving mesh algorithm can be extended to handle the appear-
ance and disappearance of the reaction zones. If the time-dependent 
solver is stopped, or after every iteration step, the modeled domain can 
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be scanned with a monitor function, which evaluates the local reaction 
rates, and marks the location of the reaction zone. From the locations a 
new grid function can be created, in which the less steep straight seg-
ments of the piecewise grid function correspond to the reaction zones. 
(The exponential smoothing, and handling of too close reaction zones 
need to be dealt with.)

Unfortunately, a straightforward extension of the proposed process 
for two-dimensional geometric setup seems to be impossible. For such 
cases, the grid-transformation between consecutive time steps is ob-
tained from the solution of so-called moving mesh PDE (Zegeling et 
al., 2005). The mesh has to be regularized in many cases and an inter-
polation is also necessary between two consecutive meshes. For many 
applications, however, one-dimensional situations are also of great im-
portance.

Furthermore, the local reaction rate can be used as a ‘monitor func-
tion’ not only in 𝑟-refinement, but in ℎ-refinement, 𝑝-refinement or 
ℎ𝑝-refinement methods as well. In such cases, in the neighborhood of 
the chemical reaction mesh elements can be added (and later removed), 
or the polynomial degree of the basis function can be increased (and 
later decreased). These techniques are easier to extend to two or more 
dimensional problems simulated by finite element or finite difference 
methods.
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