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Abstract

Mauduit and Sarkozy proved the following inequality between the
well-distribution measure and the correlation measure of order 2:
W(EN) < 3y/NC5(Ey). This result has been generalized to inequal-
ities between the combined pseudorandom measures and correlation
measures of even order by the authors of the present paper. Here
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the multidimensional case is studied, and this inequality is extended
further to the case of binary lattices.

1 Introduction

In 1997 Mauduit and Sarkézy [8] introduced new pseudorandom measures
of finite binary sequences in order to study the pseudorandom properties of
these sequences. These pseudorandom measures are the following: For a
binary sequence Ex = (e1,...,ex) € {—1,+1}" of length N, the well-
distribution measure of Ey is defined as

t

W(E,) = max ’U(EN,t, a, b)’ = max

(& ib
a,b,t a,b,t aty

)

~1
5=0
where the maximum is taken over all a € Z, b,t € N such that 1 < a <

a+b(t—1)<N.
The correlation measure of order k of Ey is defined as

M
Ck(EN) = Iﬁ%})( ‘V(EN, M, D)‘ = I]r‘%ll})( Zl En+di€n+ds - - - Cntdy |
n=
where the maximum is taken over all D = (di,...,d;) with non-negative

integers d; < --- < d, and M € N such that M + dp < N.

Mauduit and Sarkozy [8] showed that a finite binary sequence can be
considered as a good pseudorandom sequence if both the well-distribution
measure and the correlation measures are small. For more details see e.g.,
the survey paper [4].

The combined (well-distribution-correlation) pseudorandom measure of
order k of Ey is defined as

Qr(Ey) = max ’Z(a, b,t,D)}

a,b,t,D
t—1

E €a+jb+dy Catjbtds - - - Catjbtdy |s
j=0

= max
a,b,t,D
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where the maximum is taken over all a,b,t, D = (dy, ds, . . ., dy) such that all
the subscripts a + jb + dy belong to {1,..., N}.

In [9] Mauduit and Sarkozy proved a sharp inequality between the well-
distribution measure of Ex and the correlation measure of order 2 of En for
every Ey € {—1,+1}".

Theorem A (Mauduit and Sarkozy). For N > 1 and Ey = (e1,...,en) €
{—1,+1} we have
W(EN) <3y NCy(Ey). (1.1)

Later in [3] the first author of the present paper generalized Theorem A
to a similar inequality between W and Cy. In 2015 the second author of
the present paper generalized further this inequality, namely he proved the

following result:

Theorem B (Sebsk). For N > 1 and Exy = (ey,...,en) € {—1,+1}V,
k€N and for 1 <1 <k we have

Qk(EN) S 2 N max CQ[(EN). (12)

1<I<k

Note that an important consequence of Theorems A and B is that if one
needs only nontrivial upper bounds for the measures W and @ (but one
does not need possibly sharp upper bounds), then this sort of bounds can be
obtained by just estimating Cy, (for k not very large), thus the computation
can be shortened considerably; besides, it often occurs that one can find esti-
mates in the literature for the corresponding “complete correlation” (see the
references in [10] for complete correlation estimates in both one dimensional
and multidimensional cases) and there is standard techniques to deduce the
“incomplete” correlation estimates used in the study of pseudorandom mea-
sures from the complete ones, which may reduce the computation further.

In [9] Mauduit and Sarkozy also showed that their upper bound for
W (Ey) in terms of Cy(FEy) is sharp, namely in the range

N34 (log N)Y* <« W(EyN) < N

(1.1) is best possible apart from a constant factor:
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Theorem C (Mauduit and Sarkozy). If m, N € N, N > Ny and
N3* <« m < N,
then there is a sequence Ey € {—1,+1} with
W(EN)>m

and ">

Cy(Ey) < 120 max {W’ (N log N)1/2} : (1.3)
Note that it follows from (1.3) that if m > N3/4 (log N)"/* then

m < W(Ey) <3(NCy(Ex))Y? < 33m

so that, indeed, the lower and upper bounds coincide apart from a constant

factor.

The generalization of inequality (1.2) to multidimensional binary lattices
is especially important. For lattices, the most frequently studied measures
are the ;’s, however, sometimes we may only have a good estimate for
the correlation measures. One might like to generalize this inequality for
lattices. First, we will present the definitions of multidimensional measures.
The study of the multidimensional case was started by the work of Hubert,
Mauduit and Sarkézy. In [7] they introduced the following definitions.

Denote by I} the set of m-dimensional vectors whose coordinates are

integers between 0 and N — 1:
I}\L/v:{X: (l’l,...l’n) X c {0,1,,N—1}}

This set is called an n-dimensional N -lattice or briefly an N -lattice. Hubert,
Mauduit and Sarkozy [7] extended the definition of binary sequences to more

dimensions by considering functions of type
n(x): Iy = {=1,+1},

called binary lattices.
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If x = (21,...,2,) so that n(x) = n((zy,...,2,)) then we will simplify
the notation by writing n(x) = n(z1,...,z,).

Let uy,us,...,u, be n linearly independent n-dimensional vectors over
the field of the real numbers such that the i-th coordinate of u; is a positive
integer and the other coordinates of u; are 0, so that, writing z; = |u;|, w;
is of the form (0,...,0,2;,0,...,0) with z; € N. Let t1,t,...,t, be integers
with 0 < ty,ts,...,t, < N . Then we call the set

BRTZ{X:$1u1+~-~+l’nun:0§xizigti(<N)fori:1,...,n} (14)

n-dimensional box N-lattice or briefly a box N-lattice.

Hubert, Mauduit and Sarkozy [7] introduced the following measures of
pseudorandomness of binary lattices (here we present the definitions in a
slightly modified form as in [6] but equivalent with the ones in [7]). Let 7 be
a binary lattice

n(x): Iy — {-1,+1}.

Define the combined pseudorandom measure of order k& of n by

Qr(n) = max o Zn(x+d1)...n(x+dk) ,

Byd17d27"'7
xEB

where the maximum is taken over all distinct dq,...,dx € I} and all box
lattices B such that B +dy,..., B +dkx C I}.

The combined measures of binary lattices are natural extensions of the
combined measures of binary sequences. In certain applications one may
also need the extension of the correlation measures for the multidimensional
theory. These new measures were introduced by Gyarmati, Mauduit and
Sarkozy [5]. They introduced the following measure of pseudorandomness of

binary lattices: the correlation measure of order | of the lattice n : Iy —

{—1,+1} is defined by
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where the maximum is taken over all distinct dq,...,d, € I} and all box

lattices B’ of the special form
B ={x=(z1,...,2,) : 0< 21 <t;(< N),...,0< 2, < t,(< N)}

such that B’ +dy,...,B ' +d, C I}.

In this paper, we will generalize Theorem B to n dimension.

Theorem 1. For 1 < k,n, N € N and binary lattice n : I}, — {—1,+1} we
have

Qr(n) < /(2" + k2) N"Ca(n).

As in the case of sequences this result shows that in order to get a “good”
(but not necessary optimal) upper bound for the combined measure it is
enough to estimate the correlation measures.

We will also show that Theorem 1 is sharp, namely we will prove the

following result:

Theorem 2. For 1 < k,n € N and 3/4 < ¢ < 1 there are infinitely many
N € N such that there exists a binary lattice n : Iy, — {—1,+1} for which

N> Qr(n) > /N"Car(n) > N,

where the implied constant factors depend only on n and k. (Here > is
Vinogradov’s notation so that e.g. f(N) > g(N) means that there is a
positive constant C' such that for all N we have |f(N)| > C'|g(N)]|.)

2 Proof of Theorem 1

We will prove that for every box lattice B we have

Y oG+ da) (x4 did)| < V(27 + k2) N Car(n),

xeB

in other words, we will prove
2

S Tnx+di)on(x+di)| < (20 4 K2) N Corl(n),

xEB
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from which the theorem follows.
Let

B={x=zu;+ -+ x,u,:0 <2z <t;(<N)fori=1,... ,n}

be a fixed box lattice. If x ¢ I}, then we define n(x) = 0. Now we define
the boxes A and C as

A={xely:0<z; <z(<N)fori=1,...,n} (2.1)
and
C={x=zuy+ - +axu,: —t; <xiz; < t;(< N)fori=1,...,n}.

Then
|C| < 2"|B| < 2"N". (2.2)

We will use the notation of addition and subtraction of box lattices as the
usual set addition and subtraction, namely By + By = {b; + bs : by €
Bl, b2 € BQ} and Bl - BQ = {bl — bz . b1 € Bl, bz € BQ} Note that

C=B-B

for the box lattices B and C' defined above. It is also possible to consider

the difference of a box lattice B and a vector x:
B—-x={b—x:beB}.

Consider the sum

S = Z (Zn(x+d1+m)...n(x+dk+m)> )

mcA \xeB

It is clear that )

S n(x+dy)--nx+dy)| <8,

xEB
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thus in order to prove the theorem we need to prove that
S < (2" + k%) N"Co(n).

Clearly,

2
n(x+d1+m)...n(x+dk+m)>

k
Hn(x+di+m)> (ZHn(y+dj+m)>

meA \xeB =1 yeB j=1
k k
= [Inx+di+m)[[ny+d;+m) (2.3)
meAx,yeB i=1 j=1

Then

5 ZZ(an+d +m)> +

meAxeB

+Y > Hn(x+di+m)n(x+c+di+m)

meAxeB ceB—x i=1
c#0

—ZZ(Hn (x+d; +m)>2+

meAxeB

+y ) Zan+d+m) (x +c+d; +m).

C;GAC x€BN(B—c) meA i=1

Notice that the set A+B is also a box-lattice, denote it by D C I} and
BN (B —c) is a shifted version of a box lattice. The reason of this is that
BN (B—c) is non-empty only if ¢ is a vector whose i-th coordinate is divisible
by z;, so c is of the form ¢ = (¢121, c229, ..., 2, ). Define s; by

o —Ci%; if ¢ <0
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and let s(c) be the vector s(c) = (s1,82,...,5,). We define B(c) as the

following box lattice:
Ble)={x=zu1 + -+ zuy: 0 < mx;z; <t; —¢;z; — s;z:(< N)
fori=1,...,n}.

After introducing these notation it is not very difficult to see that BN (B —c)

is indeed a shifted box-lattice, namely
BN (B —c)=s(c)+ Blc).

Moreover A + B(c) is also a box-lattice, denote it by D(c). Using these new
notation we get

S=Y (ﬁn(z+di)>2+

zeD

+ZZan+ di)(z +s(c) + ¢+ dy)

ceC zeD(c
c20

<N+ 1Y [0z +sle) + di)n(z +s(c) + ¢+ dy)| -

cic 2€D(c) i=1

Next we estimate ‘ZZED(C) [T, n(z +s(c) + di)n(z + s(c) + ¢ + di)} by
Q21 (n) if the vectors d1,da, . ..,dk, c+d;j,c+das, ..., c+dy are all different.
In the other case, when there are ¢ and j for which ¢ 4 d; = d;, we will use
the trivial estimate N™. For every fixed ¢ and j at most one c exists with
¢ +d; = dj, so we will use the trivial estimate only at most k(k — 1) times.
Thus

S < N"+|C|Qak(n) + k(k—1)N™.

Since |C] < 2"N™ and k(k — 1) + 1 < k? we get
S < (2" + k?2) Qar(n)N",

which was to be proved.
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3 Proof of Theorem 2

In order to prove Theorem 2 we will give a construction for which

N> Qr(n) > v/ N"Co(n) > N

holds. In our construction N will always be a prime, thus we change our
notation, and we write p in place of N (primes usually are denoted by p).
The construction will be based on finite fields and their generators. Namely,
let F,» be a finite field with p” elements, and let g be a generator element of
(= Fpn \ {0}). Moreover, for a € Fy, define ind a € N by

g =q and 0<inda<p"—1.
Let v1,v,...,v, be a basis of the vector space F,n over F,. We define the
binary lattice n : I} — {—1,+1} by

1 if 0 <ind (zv; + 2ov0 + -+ + 2v,) < L —1
n(xy, oy ... x,) =< —1 if L <ind (zv1 + 2200 + -+ + 2,0,) < p" — 1
or (z1,x9,...,x,) = (0,0,...,0),
(3.1)
where L is a positive integer with 1 < L < p" — 1. The exact value of L will
be defined later. We claim that for optimally chosen L we have

P> Qr(n) > /p"Car(n) > p,

which proves the theorem. In order to estimate Qx(n) and Cax(n) we need
to prove the following lemma:

Lemma 3. Consider the binary lattice n defined by (3.1) where L is a positive
integer with 1 < L < p™ — 1. Define S by S Y- ”7;;1. let B be a box
N-lattice. Then

> n(x+dyn(x+dy) - n(x + do) (3:2)

xEB
2£



On an inequality between pseudorandom measures of lattices 11

In order to handle the sum in (3.2) we will use characters over F,n. First,

we express 7(x) by character sums. We will use the formula

1 _ 1 ifa=0
pn_lgxm)x(b):{o e

where the sum runs over all multiplicative characters x over F,.. By this

formula for x # 0 we have

n(x) =2 > 1-1=

0<j<L-1
j=ind (z1v1+-+xnvn)

2 ,
eT— >0 D X(wvn+ -+ wva)x(g’) — 1
b 0<j<L-1 x
2 _ , 25
T Z ZX(mm+---+xnvn)x(g])+pn_1

0<j<L—1 x#xo0

We would like to estimate sums of form }erBn(qu dy)--n(x+ dg)’.
Write d; = (dﬁl) d?, ... dl(-")). Then for x # 0 we have

22
(pm— 1)

f[ (g Sx (m (:m +d§1)) oty (azn +d§”))> x(¢’) + S)

i=1 \j=0 x#xo
26 0—t
Z(er_A_Z: ST
{i1,d2...,i }C{1,2,....0} Xiy X0 Xiy X0
i <v1 (xl +dg)) t o, (xn +d§?)>>

Xiz (m (:m + dS’) + - o, (xn + dg”)) X jli[l (LZ: Xi, (gr)> )

Here in the first sum of the right-hand side of the inequality we write the

nx+di)nx+dz)---n(x+dy) =
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term t = 0 separately:

22
n(x +di)n(x +da) - n(x +dp) = ——=5"+
(pr—1)
24 l—t
oo 2 SRS
{i1i2... it }C{1,2,....0} Xi1 X0 Xiy X0

1<t<t

X—h(vl <x1+d§f)) o, (azn+d§f)>>

(o () o (o)) < T (z w <gr>) |

j=1 \r=0
Next we consider the sum of those terms where x € B:

D o+ di)n(x+ds) - n(x+de) =

xeB
2! 2!

:msg|3|+m > STy )

{i1,ig...,it }C{1,2,....,£} Xiy X0 Xip X0
1<t<e

_ (1) M\ ...
(50 () e )
o beenton ) S

Using the triangle inequality we get that there exists a —1 < e < 1 such that

D onlx+d)nx+ds) - n(x+de) =

xeB
26 4 2Z l—t
— % §Blte—" St- -
{11,22...,Zt}c{1,2 ~~~~~ Z} Xi17£X0 Xizﬁ‘éXO
1<t</t
S v <v1 (:1:1 +d§11)) o, (:cn +d§f))>
xeB

i (v1 (:cl + dS’) e, (:cn + dgf’)) x

ﬁ (i Xi; (g”)> ’ (3.3)

j=1 \r=0
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The characters over F, form a cyclic group, whose generator element will be

denoted by xi. Fix 71,1s,...,7; and consider the sum
S (m (xl +dz(~11)) et (ajn +d§f)>>
xEB

)+t
in (3.3). Here x;, is in the form x;, = xi” where (¢ —1) t ;. Moreover write

g(xiv; + -+ + xp0,) dof <:c1v1 + - xau, + mdg) + .. -Und@('?))

12

: (.Tl'Ul + -+ XU, + Uldg) +... Und(n)>

it

: (.Tl'Ul + -+ X, + Ulds) +... Und(n)>

Then

X—h<v1 <:c1+d§1”) oty (azn+d§f)>>

(o (r+d?) v (24 )
:K((Ul ($1—|—d§11)> 44, (xn+dz(~?)>> L
(Ul (371 "—dz(:)) + i, (xn _'_dz(?)))m)

:E<<x101+---+xnvn+v1dg)+...vnd§f)) L

N

T1v F -+ TpU, + vldg) +.. .vndl(:z)> t )

E (g(xlvx + -+ xnvn)) .
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By this we get

Zx_il(“l <:1:1 +d§11)) e, (xn+d§f)>>

(o (o + ) bt (a4 ) |

Zﬂ(g(mlvl + ot x))]| -

xeB

(3.4)

Winterhof proved in [13] the following lemma:

Lemma 4. Suppose that x is a non-trivial multiplicative character of order d,
and f(x) is a polynomial which is not of the form cg(x)?, where g(x) € F[z]
and f(x) has m distinct zeros in its splitting field F,. Then for 1 < k; < p;
i=1,....n let

B = B(ki, ko, ..., ky) ={xiv1 4+ +xpv, 0 0<x; <k;, i=1,2,...,n}.

Then for any 1 < k; <p;i=1,2,...,n we have

> x(f(2)

z€B

< mqg*?(1 + log p)".

By Lemma 4 and (3.4) we get

i, <v1 (an +d§t1)) +- 4, (:cn +dl(-f))> ‘

xeB

< {y/p*(1 +logp)".

ZK(g(xlvl T+t xnvn))‘



On an inequality between pseudorandom measures of lattices 15
Thus

D n(x+d)nx+da) - on(x + dg) =

xeB
2 2! ot
_<pn_1)zS Bl +0 (pr —1)* Z S Z Z
{i1,82...,i }C{1,2,....0} Xiq X0 Xiy X0
1<t<t
L—1
V(1 +logp)" x | T (Z Xi, (gr)> |>
j=1 \r=0
Here }ELA L, (97| = 1o, )| < 2 SO
r=0 X W= o] = Tiox, @]

22
Z n(x+dy)n(x+ds) - n(x+dp) = ———5|B| +

= (pn —1)*
02°/p"(1 +logp)" —t
oIy gy Ly
{i1,eit JC{1,2,...,0} Xiq X0 Xiy X0
1<t</t

ﬁ#),

e 11— xi,(9)]

Thus

D n(x+d)n(x+dy) - on(x + dg) =

xEB

2w (2/r"(1 + logp)" z
_(pn_1)65|3|+0< T <S+Z|1_ ))

X7X0

Now 1 is a generator of the group of characters over IF,. More precisely, since
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g is a generator element of %, , we may define x; by x1(g) = ¢*™/#"~1. Then

pn—2 pn—2
Xg};o |1_ Z il —Xj Z I _627”3/(1)” D]
172 1 (P"-1)/2 1
=3 Z||j/p <z X T
(p"-1)/2 o
% > * —L < L - (1 + log(p"/2)
(p —1)10gp

Thus

D n(x+d)n(x+ds) - nlx+de) =

xEB
4

2w VP +1ogp)" o e
— (p"—l)gs |BH—O< 1) (S +n(p™ —1)logp) )

Now we fix the value of L as L = 1% + [plf(lfc)/"} so that S = [plf(lfc)/”].
Then S < n(p™ — 1) logp, thus

D nx+dnx+dy) (x4 dy) =

xeB
2! 024/ (1 + log p)" .
= oS 1B+ 0 < \/Z(ZE - 1)ng) (2n(p" — 1) 1ogp)f)

2 , s n+t
_ Ws |B\+O(£(4n) V" (1 +logp) )

The maximum value of |B| is p™ — 1, thus

2k n
2k

- Ws% + O (2]{7 ) (471)2]&\/]W (1+ 1ng)n+2k) ]
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. k n
Using —(p;f; 57 > O (k- (4n)*\/p7(1 + log p)"**)
and (pnsfil)% > 0 (Zk - (4n)%k/p(1 +logp)”+2k) if ¢ > 3/4 and p is large
enough, we get

2k 41

< _ - - k
Qx(n) < (" — 1)k—1S
22k 1
CQk(n) > Ws%-

By S = [p'~(179/%] we obtain

P > Qr(n) > /p"Cax(n) > p™,

which was to be proved.
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