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Abstract. In order to explore the impact of the growth rate of the habitat on the trans-
mission of rabies, we consider a SEI model for fox rabies on a growing spatial domain.
The basic reproduction number is introduced using the next infection operator, spec-
tral analysis and the corresponding eigenvalue problem. The stability of equilibria is
also established using the upper and lower solutions method in terms of this number.
Our results show that a large growth rate of the domain has a negative impact on the
prevention and control of rabies. Numerical simulations are presented to verify our
theoretical results.
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1 Introduction

Rabies, an acute infectious disease caused by virus infecting the central nervous system, is
mainly transmitted by direct contact such as biting [3]. Most mammals are susceptible to
the disease, and although only very few human fatalities occur every year, rabies is still a
considerable threat to human beings on account of inefficient treatment and a nearly 100%
mortality rate once it reaches the clinical stage [11]. In order to develop public policies for
prevention and control of rabies, various mathematical models have been established to study
the transmission mechanism of rabies.

The red fox is the main carrier of rabies in Europe [2]. The following SEI model for fox
rabies was proposed and studied by Murray et al. in [17]:

Et = βIS− σE−
[
b + (a− b)N

K

]
E,

It = D∆I + σE− αI −
[
b + (a− b)N

K

]
I,

St = (a− b)S
(
1− N

K

)
− βIS,

(1.1)
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where S(x, t), E(x, t) and I(x, t) are the densities of susceptible foxes, infected but non-
infectious foxes and rabid foxes at location x and time t, respectively. N = E + I + S is
the total fox population. On account of the random wandering of the rabid foxes, the dif-
fusion coefficient D is introduced in the equation for I. α represents the mortality rate of
the rabid foxes and β is the disease transmission coefficient. We assume that infected foxes
become infectious at the per capita rate σ. a is the birth rate, b is the intrinsic death rate and K
is the environmental carrying capacity. The term (a− b)N

K denotes the depletion of the food
supply by all foxes, where a > b ensures a sustainable population size. All coefficients in the
model (1.1) are nonnegative constants.

Letting W = K− S, model (1.1) becomes
Et = βI(K−W)− σE−

[
b + (a− b)N

K

]
E,

It = D∆I + σE− αI −
[
b + (a− b)N

K

]
I,

Wt = −(a− b)(K−W)
(
1− N

K

)
+ βI(K−W),

(1.2)

where N = E + I + K−W is the total fox population.
Problems describing ecological models on fixed spatial domains have been extensively

investigated in the literature. However, the habitats of species in nature are not invariable.
Some habitats are affected by climate, temperature and rainfall, and the shifting boundaries
are known, for example the area of Dongting Lake in China changes by season, that is, Dongt-
ing lake covers an average area of 1814 square kilometres in summer while it covers only 568
square kilometres in winter in the period 1996 to 2016, see [12, 15, 16, 18, 22, 26] and references
therein. Some habitats are influenced by the species itself and the boundaries are moving
and unknown. Such boundaries have recently been described by free boundaries, which have
been studied in [9, 13, 23] and [24] for invasive species and in [14] for the transmission of dis-
ease. Domain growth, as one possibility for domain evolution, plays an important role in the
formation of living patterns.

Inspired by the aforementioned works, we consider a SEI model (1.2) on a growing domain
as in [7] and [8]. Let Ωt ⊂ R2 be a bounded growing domain at time t, and its growing
boundary is denoted ∂Ωt. Also we assume that E(x(t), t), I(x(t), t) and W(x(t), t) are the
densities of the three kinds of fox population at location x(t) ∈ Ωt and time t. Additionally,
the growth of the domain Ωt generates a flow velocity a = ẋ(t), that is, the flow velocity
is identical to the domain velocity. According to the principle of mass conservation and the
Reynolds transport theorem [1], we can formulate the problem on a growing domain related
to (1.2) as

Et + a · ∇E + E(∇ · a) = βI(K−W)− σE−
[
b + (a− b)N

K

]
E in Ωt,

It − D∆I + a · ∇I + I(∇ · a) = σE− αI −
[
b + (a− b)N

K

]
I in Ωt,

Wt + a · ∇W + W(∇ · a) = −(a− b)(K−W)
(
1− N

K

)
+ βI(K−W) in Ωt,

E(x(t), t) = I(x(t), t) = W(x(t), t) = 0 on ∂Ωt,

E(x(0), 0) = E0(x), I(x(0), 0) = I0(x), W(x(0), 0) = W0(x) in Ω0.

(1.3)

Here a · ∇E, a · ∇I and a · ∇W are called advection terms related to the transport of material
across ∂Ωt with the flow a, and other extra terms introduced by the growth of the domain Ωt

are the dilution terms E(∇ · a), I(∇ · a) and W(∇ · a) due to the local volume expansion [5].
The null Dirichlet boundary conditions mean that there is no infection outside the growing
domain and on the boundary.
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In order to simplify problem (1.3), we assume that the growth of the domain Ωt is uniform
and isotropic. Biologically, the infected domain Ωt is supposed to grow at the same rate ρ(t)
in all directions as time t increases. Mathematically, we can formulate this as

x(t) = ρ(t)y for all x(t) ∈ Ωt and (y, t) ∈ Ω0 × [0,+∞),

where ρ(t) ∈ C1[0,+∞) is called the growth function and satisfies

ρ(0) = 1, ρ̇(t) > 0, lim
t→∞

ρ(t) = ρ∞ > 1 and lim
t→∞

ρ̇(t) = 0.

By Lagrangian transformations (see e.g. [4]), we define E(x(t), t) = u1(y, t), I(x(t), t) =

u2(y, t) and W(x(t), t) = u3(y, t). Then we have

u1t = Et + a · ∇E, u2t = It + a · ∇I, u3t = Wt + a · ∇W,

a = ẋ(t) = ρ̇(t)y =
ρ̇(t)
ρ(t)

x(t),

∇ · a =
nρ̇(t)
ρ(t)

, ∆I =
1

ρ2(t)
∆u2

and problem (1.3) can be transformed into the following reaction-diffusion model on the fixed
domain Ω0

u1t = βu2(K− u3)− σu1 −
[
b + (a− b)N

K

]
u1 − nρ̇(t)

ρ(t) u1, y ∈ Ω0, t > 0,

u2t − D
ρ2(t)∆u2 = σu1 − αu2 −

[
b + (a− b)N

K

]
u2 − nρ̇(t)

ρ(t) u2, y ∈ Ω0, t > 0,

u3t = −(a− b)(K− u3)
(
1− N

K

)
+ βu2(K− u3)− nρ̇(t)

ρ(t) u3, y ∈ Ω0, t > 0,

u1(y, t) = u2(y, t) = u3(y, t) = 0, y ∈ ∂Ω0, t > 0,

u1(y, 0) := η1(y), u2(y, 0) := η2(y), u3(y, 0) := η3(y), y ∈ Ω0,

(1.4)

where N = u1 + u2 + K− u3 is the total fox population.
The rest of the paper is organized as follows: Section 2 is devoted to the basic reproduction

number of problem (1.4) as well as its analytic properties. In Section 3, we investigate the
stability of the disease-free steady state. Numerical simulations and the discussion are finally
presented in Sections 4 and 5, respectively.

2 The basic reproduction number

In this section, we first present the principal eigenvalue R∗0 of the linearized system of problem
(1.4) at (0, 0, 0), then define the basic reproduction number R0 and analyze its properties.
Epidemiologically, the basic reproduction number is a critical threshold that reflects whether
the disease will be spread or disappear.

Problem (1.4) admits a disease-free steady state (0, 0, 0). Linearizing system (1.4) at (0, 0, 0)
and recalling that ρ̇(t)→ 0 as t→ ∞, we are led to consider the system

ut = βKv− (σ + a)u, y ∈ Ω0, t > 0,

vt − D∆v
ρ2

∞
= σu− (α + a)v, y ∈ Ω0, t > 0,

wt = (a− b)(u + v− w) + βKv, y ∈ Ω0, t > 0.

(2.1)
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Since the first two equations of (2.1) are decoupled from the last equation, we consider the
following eigenvalue problem

0 = βKψ
R∗0
− (σ + a)φ, y ∈ Ω0,

−D∆ψ
ρ2

∞
= σφ

R∗0
− (α + a)ψ, y ∈ Ω0,

φ(y) = ψ(y) = 0, y ∈ ∂Ω0,

(2.2)

which is equivalent to the eigenvalue problem{
−D∆ψ

ρ2
∞

= σβKψ
(σ+a)(R∗0)2 − (α + a)ψ, y ∈ Ω0,

φ(y) = 0, y ∈ ∂Ω0.
(2.3)

Direct calculation shows that the principal eigenvalue of problem (1.4)

R∗0 =

√
σβK

(σ + a)( D
ρ2

∞
λ1 + α + a)

, (2.4)

where (λ1, ζ(y)) is the principal eigen-pair of the eigenvalue problem{
−∆ζ = λ1ζ, y ∈ Ω0,

ζ(y) = 0, y ∈ ∂Ω0.
(2.5)

Now we define the basic reproduction number R0. Similarly as in [25] and [27], we write
the first two equations of (2.1) as the following equivalent single equation:{

Ut = d∆U + FU −VU, y ∈ Ω0, t > 0,

u = v = 0, y ∈ ∂Ω0, t > 0,

where U = (u, v)T, d = (0, D)T,

F =

(
0 βK
0 0

)
,

V =

(
σ + a 0
−σ α + a

)
.

Let X1 = C(Ω0, R2) and X+
1 := C(Ω0, R2

+), and let T(t) be the solution semigroup of the
following system on X1 {

Ut = d∆U −VU, y ∈ Ω0, t > 0,

u = v = 0, y ∈ ∂Ω0, t > 0,

and let φ(y) be the density of the initial infectious fox population. Define the next infection
operator L by

L(φ)(y) :=
∫ ∞

0
F(y)[T(t)φ](y)dt = F(y)

∫ ∞

0
[T(t)φ](y)dt.

Then R0 = r(L), where r(L) is the spectral radius of L. We have the following result, we refer
to Theorem 11.3.3 in [27] for more details:
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Lemma 2.1. R0 = R∗0 and sign (1 − R0) = sign λ∗, where λ∗ is the principal eigenvalue of the
following eigenvalue problem

0 = βKψ− (σ + a)φ + λφ, y ∈ Ω0,

−D∆ψ
ρ2

∞
= σφ− (α + a)ψ + λψ, y ∈ Ω0,

φ(y) = ψ(y) = 0, y ∈ ∂Ω0.

(2.6)

According to the explicit expression of R0, we can list some properties of R0.

Theorem 2.2. The following assertions hold.

(i) R0(ρ∞, Ω) is a positive and strictly increasing function with respect to Ω, that is, R0(ρ∞, Ω1) ≤
R0(ρ∞, Ω2) provided that Ω1 ⊆ Ω2, with strict inequality if Ω2\Ω1 is a non-empty open set;

(ii) R0(ρ∞, Ω) is a monotonically increasing function with respect to ρ∞, in the sense that
R0(ρ∞, Ω) < R0(ρ∗∞, Ω) provided that ρ∞ < ρ∗∞.

Proof. The proof of the monotonicity in (i) is similar to Corollary 2.3 in [6]. The proof of (ii)
follows directly from (2.4).

Remark 2.3. The basic reproduction number is used as a threshold parameter for the trans-
mission mechanism of the disease and plays a central role in mathematical epidemiology.
Biologically, R0 is the average number of new infections produced by a typical infective indi-
vidual over its infection period. R0 can be obtained by the second generation matrix method
[10] for epidemic models described by spatially-independent systems, and it can be calculated
as the spectral radius of the next-generation operator for models in a constant environment
[25] or in a periodic environment [27].

3 The stability of the disease-free equilibrium

In this section we will investigate the stability of the disease-free equilibrium (0, 0, 0) in terms
of the threshold R0. First we introduce the definition of the pair of coupled upper and lower
solutions.

Definition 3.1. Let (ũ1(y, t), ũ2(y, t), ũ3(y, t)), (û1(y, t), û2(y, t), û3(y, t)) be a pair of (triplets
of) functions in C2,1(Ω0 × (0,+∞))

⋂
C(Ω̄0 × [0,+∞)), satisfying (0, 0, 0) ≤ (û1, û2, û3) ≤

(ũ1, ũ2, ũ3) ≤ (K, K, K). The pair (of triplets) is called coupled upper and lower solutions
of (1.4), if the following relations are satisfied:

û1t ≤ βû2(K− ũ3)− σû1 −
[
b + (a− b) û1+ũ2+K−û3

K

]
û1 − nρ̇(t)

ρ(t) û1,

û2t − D
ρ2(t)∆û2 ≤ σû1 − αû2 −

[
b + (a− b) ũ1+û2+K−û3

K

]
û2 − nρ̇(t)

ρ(t) û2,

û3t ≤ −(a− b)(K− û3)
(
1− û1+û2+K−û3

K

)
+ βû2(K− û3)− nρ̇(t)

ρ(t) û3,

ũ1t ≥ βũ2(K− û3)− σũ1 −
[
b + (a− b) ũ1+û2+K−ũ3

K

]
ũ1 − nρ̇(t)

ρ(t) ũ1,

ũ2t − D
ρ2(t)∆ũ2 ≥ σũ1 − αũ2 −

[
b + (a− b) û1+ũ2+K−ũ3

K

]
ũ2 − nρ̇(t)

ρ(t) ũ2,

ũ3t ≥ −(a− b)(K− ũ3)
(
1− ũ1+ũ2+K−ũ3

K

)
+ βũ2(K− ũ3)− nρ̇(t)

ρ(t) ũ3, y ∈ Ω0, t > 0,

û1(y, t) = 0 ≤ ũ1(y, t), û2(y, t) = 0 ≤ ũ2(y, t), û3(y, t) = 0 ≤ ũ3(y, t), y ∈ ∂Ω0, t > 0,

û1(y, 0) ≤ η1(y), û2(y, 0) ≤ η2(y), û3(y, 0) ≤ η3(y), y ∈ Ω0,

ũ1(y, 0) ≥ η1(y), ũ2(y, 0) ≥ η2(y), ũ3(y, 0) ≥ η3(y), y ∈ Ω0.
(3.1)
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R0 is a threshold value for the local stability of the disease-free equilibrium [25]. In the
following we investigate the local stability of the disease-free equilibrium (0, 0, 0) in the two
cases R0 < 1 and R0 > 1.

Theorem 3.2. If R0 < 1, then the disease-free steady state (0, 0, 0) is a locally asymptotically stable
equilibrium for problem (1.4).

Proof. The upper and lower solutions method is used to prove this theorem. Let

(û1, û2, û3)(y, t) = (0, 0, 0), (ũ1, ũ2, ũ3)(y, t) = (εφ(y), εψ(y), εξ(y)), (3.2)

where ε is sufficiently small, φ(y) and ψ(y) are the normalized positive eigenfunctions in
problem (2.2), and ξ(y) satisfies

0 =
(a− b)φ + (a− b + βK)ψ

R0
− (a− b)ξ. (3.3)

Plugging (3.2) back into (3.1), it is easy to verify that the first three inequalities in (3.1)
hold. The fourth inequality becomes

0 ≥ βKψ− σφ−
[

b + (a− b)
εφ + K− εξ

K

]
φ− nρ̇(t)

ρ(t)
φ.

According to the first equation in (2.2), we only need to prove that

b + (a− b)
εφ + K− εξ

K
+ σ +

nρ̇(t)
ρ(t)

≥ R0(σ + a). (3.4)

Since R0 < 1 and ε is sufficiently small, (3.4) holds and the fourth inequality in (3.1) holds.
The fifth inequality becomes

− D∆ψ

ρ(t)2 ≥ σφ− αψ−
[

b + (a− b)
εψ + K− εξ

K

]
ψ− nρ̇(t)

ρ(t)
ψ. (3.5)

It is easy to check that ψ(y) = ζ(y), where ζ(y) satisfies (2.5). We have −D∆ψ
ρ2(t) ≥ −

D∆ψ
ρ2

∞
due to

∆ψ = ∆ζ = −λ1ζ ≤ 0. We have that (3.5) is satisfied if

− D∆ψ

ρ2
∞
≥ σφ− αψ−

[
b + (a− b)

εψ + K− εξ

K

]
ψ− nρ̇(t)

ρ(t)
ψ (3.6)

holds. From the second equation in (2.2), (3.5) becomes(
1

R0
− 1
)

σφ ≥
{

a−
[

b + (a− b)
εψ + K− εξ

K

]}
ψ− nρ̇(t)

ρ(t)
ψ. (3.7)

Since R0 < 1 and that the right of (3.7) tends to 0 as ε → 0, the fifth inequality in (3.1) holds
for sufficiently small ε. The sixth inequality in (3.1) is equivalent to

0 ≥ (a− b)(K− εξ)
φ + ψ− ξ

K
+ βφ(K− εξ)− nρ̇(t)

ρ(t)
. (3.8)

Due to (3.3), (3.8) becomes

(a− b)(1− R0) +
nρ̇(t)
ρ(t)

≥ −ε

[
(a− b)

φ + ψ− ξ

K
+ βψ

]
. (3.9)
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Since R0 < 1 and ρ̇(t) > 0, (3.8) is also true for sufficiently small ε.
Therefore, the function-pairs

(û1, û2, û3)(y, t) = (0, 0, 0), (ũ1, ũ2, ũ3)(y, t) = (εφ(y), εψ(y), εξ(y))

are the upper and lower solutions of problem (1.4). This implies that the solutions of problem
(1.4) lies between the lower solutions and the upper solutions as long as the initial values
belong to the prescribed intervals. Therefore, given the condition R0 < 1, we can conclude
local stability of the disease-free equilibrium (0, 0, 0).

The next result shows that the disease-free equilibrium (0, 0, 0) is unstable if R0 > 1.

Theorem 3.3. If R0 > 1, then there exists a δ0 > 0 such that any positive solution of problem (1.4)
satisfies lim supt→∞ ‖ (u1(·, t), u2(·, t), u3(·, t))− (0, 0, 0) ‖≥ δ0.

Proof. We argue by contradiction and assume that for any δ ∈ (0, K), there exists a Tδ > 0
such that

0 < u1(y, t), u2(y, t), u3(y, t) < δ for all y ∈ Ω0, t ≥ Tδ. (3.10)

We consider the following eigenvalue problem:
0 = βu2(K− δ)− σu1 −

[
b + (a− b)K+3δ

K

]
u1 − δu1 + λu1, y ∈ Ω0,

− D∆u2
(ρ∞−δ)2 = σu1 − αu2 −

[
b + (a− b)K+3δ

K

]
u2 − δu2 + λu2, y ∈ Ω0,

u1 = u2 = 0, y ∈ ∂Ω0.

(3.11)

Problem (3.11) has a principal eigenvalue λ∗δ and a pair of positive corresponding eigenfunc-
tions (φ∗δ (y), ψ∗δ (y)). It is easy to check that ψ∗δ (y) = ζ(y), where ζ(y) satisfies (2.5). By Lemma
2.1, R0 > 1 implies that λ∗ < 0. Therefore, limδ→0 λ∗δ = λ∗ < 0. We can fix a small δ0 ∈ (0, K)
such that λ∗δ0

< 0. Then there exists a T1 > 0 such that

0 < u1(y, t), u2(y, t), u3(y, t) < δ0 for all y ∈ Ω0, t ≥ T1.

Since limt→∞ ρ(t) = ρ∞, there exists a T2 > 0 such that

ρ∞ − δ0 < ρ(t) ≤ ρ∞ for t ≥ T2.

Similarly, the limit limt→∞
n ˙ρ(t)
ρ(t) = 0 implies that there exists a T3 > 0 such that

n ˙ρ(t)
ρ(t)

< δ0 for t ≥ T3.

Now choose a large T∗ = max{T1, T2, T3}. Note that any positive solution (u1, u2, u3) of the
problem (1.4) satisfiesu1t ≥ βu2(K− δ0)− σu1 −

[
b + (a− b)K+3δ0

K

]
u1 − δ0u1,

u2t − D∆u2
ρ(t)2 ≥ σu1 − αu2 −

[
b + (a− b)K+3δ0

K

]
u2 − δ0u2,

for all y ∈ Ω0, t ≥ T∗. Define (u1(y, t), u2(y, t)) to be a positive solution of the problem

u1t = βu2(K− δ0)− σu1 −
[
b + (a− b)K+3δ0

K

]
u1 − δ0u1, y ∈ Ω0, t ≥ T∗,

u2t −
D∆u2
ρ2(t) = σu1 − αu2 −

[
b + (a− b)K+3δ0

K

]
u2 − δ0u2, y ∈ Ω0, t ≥ T∗,

u1 = u2 = 0, y ∈ ∂Ω0, t ≥ T∗,

u1(y, T∗) = u1(y, T∗), u2(y, T∗) = u2(y, T∗), y ∈ Ω0.

(3.12)
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It then follows from the comparison principle that

(u1(y, t), u2(y, t)) ≥ (u1(y, t), u2(y, t)) > (0, 0) for all y ∈ Ω0, t ≥ T∗. (3.13)

Now we conclude that (u1(y, T∗), u2(y, T∗)) ≥ (µφ∗δ0
(y), µψ∗δ0

(y)) in Ω0 for sufficiently
small µ. In fact, since u1(y, T∗), u2(y, T∗), φ∗δ0

(y) and ψ∗δ0
(y) are all > 0 for y ∈ Ω0, we have

∂u1(y,T∗)
∂η

∣∣
∂Ω0

, ∂u2(y,T∗)
∂η

∣∣
∂Ω0

,
∂φ∗δ0

(y)
∂η

∣∣
∂Ω0

and
∂ψ∗δ0

(y)
∂η

∣∣
∂Ω0

< 0 by the strong maximum principle [19],
where η is the outer unit normal on ∂Ω0. For y0 ∈ ∂Ω0, there exists a small ε(y0) > 0 such
that

∂u1(y, T∗)
∂η

<
1
2

∂u1(y, T∗)
∂η

∣∣∣∣
∂Ω0

< 0,
∂u2(y, T∗)

∂η
<

1
2

∂u2(y, T∗)
∂η

∣∣∣∣
∂Ω0

< 0,

∂φ∗δ0
(y)

∂η
<

1
2

∂φ∗δ0
(y)

∂η

∣∣∣∣
∂Ω0

< 0,
∂ψ∗δ0

(y)
∂η

<
1
2

∂ψ∗δ0
(y)

∂η

∣∣∣∣
∂Ω0

< 0

for y∈B(y0, ε(y0))
⋂

Ω0. Set µ1 = min
{ ∂u1(y,T∗)

∂η /
∂φ∗δ0

(y)
∂η , ∂u2(y,T∗)

∂η /
∂ψ∗δ0

(y)
∂η

}
, y∈B(y0, ε(y0))

⋂
Ω0,

then

∂u1(y, T∗)
∂η

≥ µ1
∂φ∗δ0

(y)
∂η

,
∂u2(y, T∗)

∂η
≥ µ1

∂ψ∗δ0
(y)

∂η
for y ∈ B(y0, ε(y0))

⋂
Ω0.

By the mean value theorem, we have

u1(y, T∗) ≥ µ1φ∗δ0
(y), u2(y, T∗) ≥ µ1ψ∗δ0

(y) for y ∈ B(y0, ε(y0))
⋂

Ω0.

Since ∂Ω0 is bounded, we can find finitely many points yi
0 ∈ ∂Ω0, radii ε(yi

0) > 0 (i = 1, . . . , N)

such that ∂Ω0 ⊂
⋃N

i=1 B(yi
0, ε(yi

0)), hence there exists a small h = mini ε(yi
0) > 0 such that

u1(y, T∗) ≥ µ1φ∗δ0
(y), u2(y, T∗) ≥ µ1ψ∗δ0

(y) for y ∈ {y ∈ Ω0| dist(y, ∂Ω0) ≤ h}.

Meanwhile, for any y ∈ {y ∈ Ω0 | dist(y, ∂Ω0) > h}, since u1(y, T∗), u2(y, T∗), φ∗δ0
(y) and

ψ∗δ0
(y) are all > 0 , there exists a small µ2 > 0 such that u1(y,T∗)

φ∗δ0
(y) and u2(y,T∗)

ψ∗δ0
(y) ≥ µ2 for y ∈ {y ∈

Ω0 | dist(y, ∂Ω0) > h}. Therefore, a sufficiently small µ > 0 satisfying µ ≤ min{µ1, µ2} can
be chosen to make sure (u1(y, T∗), u2(y, T∗)) ≥ (µφ∗δ0

(y), µψ∗δ0
(y)) in Ω0.

Set
U1 = µe−λ∗δ0

(t−T∗)
φ∗δ0

(y) and U2 = µe−λ∗δ0
(t−T∗)

ψ∗δ0
(y).

It is easy to verify that (U1(y, t), U2(y, t)) is a positive solution of the problem
U1t = βU2(K− δ0)− σU1 −

[
b + (a− b)K+3δ0

K

]
U1 − δ0U1, y ∈ Ω0, t ≥ T∗,

U2t =
D∆U2

(ρ∞−δ0)2 + σu1 − αU2 −
[
b + (a− b)K+3δ0

K

]
U2 − δ0U2, y ∈ Ω0, t ≥ T∗,

U1 = U2 = 0, y ∈ ∂Ω0, t ≥ T∗,

U1(y, T∗) = µφ∗δ0
(y), U2(y, T∗) = µψ∗δ0

(y), y ∈ Ω0.

Recalling that ∆ψ∗δ0
(y) = ∆ζ(y) = −λ1ζ(y) ≤ 0 yields

U2t ≤
D∆U2

ρ2(t)
+ σu1 − αU2 −

[
b + (a− b)

K + 3δ0

K

]
U2 − δ0U2 for all y ∈ Ω0, t ≥ T∗,

which means that (U1(y, t), U2(y, t)) is a lower solution of problem (3.12), so by the compari-
son principle we have that

(u1(y, t), u2(y, t)) ≥ (U1(y, t), U2(y, t)) for all y ∈ Ω0, t ≥ T∗,
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which together with (3.13) gives

(u1(y, t), u2(y, t)) ≥ (U1(y, t), U2(y, t)) = (µe−λ∗δ0
(t−T∗)

φ∗δ0
(y), µe−λ∗δ0

(t−T∗)
ψ∗δ0

(y)),

for all y ∈ Ω0, t ≥ T∗. But since λ∗δ0
< 0, u1(y, t) and u2(y, t) tends to ∞ as t goes to ∞, for any

fixed y ∈ Ω0 which contradicts (3.10). The proof is now completed.

4 Numerical simulations

In this section we carry out some numerical simulations in one space dimension to illustrate
our theoretical analysis.

Regarding the domain growth, we choose Ω(t) = (0, x(t)) = (0, ρ(t)y), where ρ(t) =
et

1+ 1
m (et−1)

and y ∈ Ω0 = (0, 1). Then, the domain grows like ρ(t) from initial rate ρ(0) = 1

to the final rate ρ∞ = m with m > 1. To highlight the impacts of the domain growth on the
transmission of rabies, we first fix the following parameters

D = 1, a = 1, b = 0.2, K = 1000, α = 0.01, β = 0.08, σ = 0.05

and subsequently obtain λ1 = π2. Next, we choose a different growth rate ρ(t) for the domain
and study the asymptotic behavior of the solution to the problem (1.4).

Example 4.1. Set m = 1.2 and we have

R0 =

√√√√ σβK
(σ + a)( D

ρ2
1∞

λ1 + α + a)
= 0.64 < 1.

By Theorem 3.2, we know that the disease-free equilibrium of problem (1.4) is stable. One
can see from Fig. 4.1 that the solution (u1(y, t), u2(y, t), u3(y, t)) decays to zero, which consists
with the result of Theorem 3.2.

Example 4.2. Set m = 4 and a direct calculation shows that

R0 =

√√√√ σβK
(σ + a)( D

ρ2
2∞

λ1 + α + a)
= 1.05 > 1.

Theorem 3.3 shows that the disease-free equilibrium (0, 0, 0) is now unstable. It is easily seen
from Fig. 4.2 that (u1, u2, u3) stabilizes to a positive steady state.

Comparing the above two cases, it can be seen that the infected but non-infectious pop-
ulation u1 and rabid population u2 vanish at small growth rate, but spread at large growth
rate.



10 Y. Meng, Z. G. Lin and M. Pedersen

Figure 4.1: ρ1(t) = et

1+ 1
1.2 (e

t−1)
. For small growth rate ρ1(t), we have R0 < 1.

The first three graphs show that (u1, u2, u3) decays to zero quickly. The last
two graphs in line 3 are the cross-sectional view (the left) and contour map
(the right) of species u1, respectively. The color bar in the graph of the cross-
sectional view shows the density of the species u1. The contour map shows the
convergence of the temporal solution u1 to the trivial solution (red dashed line).
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Figure 4.2: ρ2(t) = et

1+ 1
4 (e

t−1)
. In this case, the growth rate ρ2(t) is now large

enough to give that R0 > 1. (u1, u2, u3) tends to a positive steady state from
the first three graphs. The last two graphs present the growth of the domain.
The color bar in the graph of the cross-sectional view shows the density of the
species u1. The contour map shows the convergence of the temporal solution u1

to the positive solution (red dashed line).
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5 Discussion

Domain growth plays a significant role in the evolution of a biological population, and this
has drawn much attention recently. In order to explore the impact of the domain growth on
the transmission of fox rabies, we investigate a SEI model for fox rabies with uniform and
isotropic domain growth.

We first transform the SEI model on the growing domain into a reaction-diffusion system
on a fixed domain, and the basic reproduction number R0 is introduced by spectral analysis
and the so-called next infection operator. The relationship between R0 and ρ∞ directly follows
by the explicit expression of R0 which is determined by the variational method. Then, the
stability of the disease-free equilibrium in terms of the threshold value R0 is investigated
by the upper and lower solutions method. It is proved in Theorem 3.2 that if R0 < 1, the
disease-free steady state (0, 0, 0) for the problem (1.4) is locally asymptotically stable, while if
R0 > 1, the disease-free equilibrium (0, 0, 0) is unstable according to Theorem 3.3. Finally our
analytical results are clearly supported by numerical simulations. When R0 < 1, the solution
of (1.4) decays to zero when the domain growth is small (see Fig. 4.1) while when R0 > 1,
the disease-free equilibrium is unstable at a large domain growth (see Fig. 4.2). Our results
show that a large growth of the domain has a negative effect on the stability of disease-free
equilibrium, in the sense that it works against the prevention and control of rabies.

However, we can not derive the existence and uniqueness of the positive equilibrium.
Moreover, all coefficients except ρ(t) are constants in the problem (1.4), but in fact rabies is
mainly affected by spatial heterogeneity and spatial distribution of habitats [20, 21], which
implies that the diffusion coefficient D and the disease transmission coefficient β (and other
constants) depend on the location x. We plan to investigate these problems in the future.

Acknowledgements

We would like to thank the anonymous reviewers for their helpful suggestions and also thank
the editors of EJQTDE for technical assistance. The work is partially supported by NNSF of
China (Grant No. 11771381 and 11911540464).

References

[1] D. Acheson, Elementary fluid dynamics, Oxford University Press, New York, 1990. https:
//doi.org/10.1121/1.400751; MR1069557

[2] R. M. Anderson, H. C. Jackson, R. M. May, A. M. Smith, Population dynamics of fox
rabies in Europe, Nature 289(1981), 765–771. https://doi.org/10.1038/289765a0

[3] G. M. Baer, The natural history of rabies, New York, Academic Press, 1975. https://doi.
org/10.1016/C2012-0-01433-0

[4] M. J. Baines, Moving finite elements, Monographs on Numerical Aanalysis, Clarendon
Press, Oxford, 1994. MR1320498

[5] R. E. Baker, P. K. Maini, A mechanism for morphogen-controlled domain growth,
J. Math. Biol. 54(2007), No. 5, 597–622. https://doi.org/10.1007/s00285-006-0060-8;
MR2295744; Zbl 1114.92007

https://doi.org/10.1121/1.400751
https://doi.org/10.1121/1.400751
https://www.ams.org/mathscinet-getitem?mr=1069557
https://doi.org/10.1038/289765a0
https://doi.org/10.1016/C2012-0-01433-0
https://doi.org/10.1016/C2012-0-01433-0
https://www.ams.org/mathscinet-getitem?mr=1320498
https://doi.org/10.1007/s00285-006-0060-8
https://www.ams.org/mathscinet-getitem?mr=2295744
https://zbmath.org/?q=an:1114.92007


A model for fox rabies on a growing domain 13

[6] R. S. Cantrell, C. Cosner, Spatial ecology via reaction-diffusion equations, John Wiley &
Sons, Ltd, 2003. https://doi.org/10.1002/0470871296; MR2191264; Zbl 1059.92051

[7] E. J. Crampin, E. A. Gaffney, P. K. Maini, Reaction and diffusion on growing domains:
scenarios for robust pattern formation, Bull. Math. Biol. 61(1999), No. 6, 1093–1120. https:
//doi.org/10.1006/bulm.1999.0131

[8] E. J. Crampin, E. A. Gaffney, P. K. Maini, Mode-doubling and tripling in reaction-
diffusion patterns on growing domains: a piecewise linear model, J. Math. Biol. 44(2002),
No. 2, 107–128. https://doi.org/10.1007/s002850100112; MR1889906; Zbl 1016.35035

[9] Y. H. Du, Z. G. Lin, Spreading-vanishing dichotomy in the diffusive logistic model with a
free boundary, SIAM J. Math. Anal. 42(2010), No. 1, 377–405. https://doi.org/10.1137/
090771089; MR2607347; Zbl 1219.39373

[10] P. van den Driessche, J. Watmough, Reproduction numbers and sub-threshold endemic
equilibria for compartmental models of disease transmission, Math. Biosci. 180(2002), 29–
48. https://doi.org/10.1016/S0025-5564(02)00108-6; MR1950747; Zbl 1015.92036

[11] A. C. Jackson, M. J. Warrell, C. E. Rupprecht, et al., Management of rabies in humans,
Clin. Infect. Dis. 36(2003), No. 1, 60–63. https://doi.org/10.1086/344905

[12] D. H. Jiang, Z. C. Wang, The diffusive logistic equation on periodically evolving do-
mains, J. Math. Anal. Appl. 458(2018), No. 1, 93–111. https://doi.org/10.1016/j.jmaa.
2017.08.059; MR3711894; Zbl 06802304

[13] C. Lei, Z. Lin, Q. Zhang, The spreading front of invasive species in favorable habitat or
unfavorable habitat, J. Differential Equations 257(2014), No. 1, 145–166. https://doi.org/
10.1016/j.jde.2014.03.015; MR3197243; Zbl 1286.35274

[14] Z. G. Lin, H. P. Zhu, Spatial spreading model and dynamics of West Nile virus in birds
and mosquitoes with free boundary, J. Math. Biol. 75(2017), No. 6–7, 1381–1409. https:
//doi.org/10.1007/s00285-017-1124-7; MR3712317; Zbl 1373.35321

[15] A. Madzvamuse, Time-stepping schemes for moving grid finite elements applied
to reaction-diffusion systems on fixed and growing domains, J. Comput. Phys.
214(2006), No. 1, 239–263. https://doi.org/10.1016/j.jcp.2005.09.012; MR2208679;
Zbl 1089.65098

[16] A. Madzvamuse, E. A. Gaffney, P. K. Maini, Stability analysis of non-autonomous
reaction-diffusion systems: the effects of growing domains, J. Math. Biol. 61(2010), No. 1,
133–164. https://doi.org/10.1007/s00285-009-0293-4; MR2643885; Zbl 1202.92010

[17] J. D. Murray, E. A. Stanley, D. L. Brown, On the spatial spread of rabies among foxes,
Proc. R. Soc. Lond. B. 229(1986), 111–150. https://doi.org/10.1098/rspb.1986.0078

[18] R. Peng, X. Q. Zhao, A reaction-diffusion SIS epidemic model in a time-periodic envi-
ronment, Nonlinearity 25(2012), No. 5, 1451–1471. https://doi.org/10.1088/0951-7715/
25/5/1451; MR2914149; Zbl 1250.35172

[19] M. H. Protter, H. F. Weinberger, Maximum principles in differential equations, Springer-
Verlag, New York, 1984. https://doi.org/10.1007/978-1-4612-5282-5; MR0762825

https://doi.org/10.1002/0470871296
https://www.ams.org/mathscinet-getitem?mr=2191264
https://zbmath.org/?q=an:1059.92051
https://doi.org/10.1006/bulm.1999.0131
https://doi.org/10.1006/bulm.1999.0131
https://doi.org/10.1007/s002850100112
https://www.ams.org/mathscinet-getitem?mr=1889906
https://zbmath.org/?q=an:1016.35035
https://doi.org/10.1137/090771089
https://doi.org/10.1137/090771089
https://www.ams.org/mathscinet-getitem?mr=2607347
https://zbmath.org/?q=an:1219.39373
https://doi.org/10.1016/S0025-5564(02)00108-6
https://www.ams.org/mathscinet-getitem?mr=1950747
https://zbmath.org/?q=an:1015.92036
https://doi.org/10.1086/344905
https://doi.org/10.1016/j.jmaa.2017.08.059
https://doi.org/10.1016/j.jmaa.2017.08.059
https://www.ams.org/mathscinet-getitem?mr=3711894
https://zbmath.org/?q=an:06802304
https://doi.org/10.1016/j.jde.2014.03.015
https://doi.org/10.1016/j.jde.2014.03.015
https://www.ams.org/mathscinet-getitem?mr=3197243
https://zbmath.org/?q=an:1286.35274
https://doi.org/10.1007/s00285-017-1124-7
https://doi.org/10.1007/s00285-017-1124-7
https://www.ams.org/mathscinet-getitem?mr=3712317
https://zbmath.org/?q=an:1373.35321
https://doi.org/10.1016/j.jcp.2005.09.012
https://www.ams.org/mathscinet-getitem?mr=2208679
https://zbmath.org/?q=an:1089.65098
https://doi.org/10.1007/s00285-009-0293-4
https://www.ams.org/mathscinet-getitem?mr=2643885
https://zbmath.org/?q=an:1202.92010
https://doi.org/10.1098/rspb.1986.0078
https://doi.org/10.1088/0951-7715/25/5/1451
https://doi.org/10.1088/0951-7715/25/5/1451
https://www.ams.org/mathscinet-getitem?mr=2914149
https://zbmath.org/?q=an:1250.35172
https://doi.org/10.1007/978-1-4612-5282-5
https://www.ams.org/mathscinet-getitem?mr=0762825


14 Y. Meng, Z. G. Lin and M. Pedersen

[20] L. A. Real, J. E. Childs, Spatial-temporal dynamics of rabies in ecological communities,
in: S. K. Collinge, C. Ray (Eds.), Disease ecology: Community structure and pathogen dy-
namics, Oxford University Press, Oxford, 2006, pp. 168–185. https://doi.org/10.1093/
acprof:oso/9780198567080.003.0012

[21] D. L. Smith, B. Lucey, L. A. Waller, J. E. Childs, L. A. Real, Predicting the spatial
dynamics of rabies epidemics on heterogeneous landscapes, Proc. Natl. Acad. Sci. U.S.A.
99(2002), 3668-3672. https://doi.org/10.1073/pnas.042400799

[22] Q. L. Tang, Z. G. Lin, The asymptotic analysis of an insect dispersal model on a growing
domain, J. Math. Anal. Appl. 378(2011), No. 2, 649–656. https://doi.org/10.1016/j.
jmaa.2011.01.057; MR2773273; Zbl 1213.35113

[23] C. Tian, S. Ruan, A free boundary problem for Aedes aegypti mosquito invasion,
Appl. Math. Model. 46(2017), 203–217. https://doi.org/10.1016/j.apm.2017.01.050;
MR3656824; Zbl 07147748

[24] M. X. Wang, The diffusive logistic equation with a free boundary and sign-changing co-
efficient, J. Differential Equations 258(2015), No. 4, 1252–1266. https://doi.org/10.1016/
j.jde.2014.10.022; MR3294347; Zbl 1319.35094

[25] W. D. Wang, X.-Q. Zhao, Basic reproduction numbers for reaction-diffusion epidemic
models, SIAM J. Appl. Dyn. Syst. 11(2012), No. 4, 1652–1673. https://doi.org/10.1137/
120872942; MR3032845; Zbl 1259.35120

[26] N. Waterstraat, On bifurcation for semilinear elliptic Dirichlet problems on shrink-
ing domains, Springer Proc. Math. Stat. 119(2015), 273–291. https://doi.org/10.1007/
978-3-319-12547-3_12; MR3375176; Zbl 1327.35031

[27] X.-Q. Zhao, Dynamical systems in population biology, Second edition, CMS Books in
Mathematics/Ouvrages de Mathématiques de la SMC, Springer, Cham, 2017. https:
//doi.org/10.1007/978-3-319-56433-3; MR3643081; Zbl 1393.37003

https://doi.org/10.1093/acprof:oso/9780198567080.003.0012
https://doi.org/10.1093/acprof:oso/9780198567080.003.0012
https://doi.org/10.1073/pnas.042400799
https://doi.org/10.1016/j.jmaa.2011.01.057
https://doi.org/10.1016/j.jmaa.2011.01.057
https://www.ams.org/mathscinet-getitem?mr=2773273
https://zbmath.org/?q=an:1213.35113
https://doi.org/10.1016/j.apm.2017.01.050
https://www.ams.org/mathscinet-getitem?mr=3656824
https://zbmath.org/?q=an:07147748
https://doi.org/10.1016/j.jde.2014.10.022
https://doi.org/10.1016/j.jde.2014.10.022
https://www.ams.org/mathscinet-getitem?mr=3294347
https://zbmath.org/?q=an:1319.35094
https://doi.org/10.1137/120872942
https://doi.org/10.1137/120872942
https://www.ams.org/mathscinet-getitem?mr=3032845
https://zbmath.org/?q=an:1259.35120
https://doi.org/10.1007/978-3-319-12547-3_12
https://doi.org/10.1007/978-3-319-12547-3_12
https://www.ams.org/mathscinet-getitem?mr=3375176
https://zbmath.org/?q=an:1327.35031
https://doi.org/10.1007/978-3-319-56433-3
https://doi.org/10.1007/978-3-319-56433-3
https://www.ams.org/mathscinet-getitem?mr=3643081
https://zbmath.org/?q=an:1393.37003

	Introduction
	The basic reproduction number
	The stability of the disease-free equilibrium
	Numerical simulations
	Discussion

