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Abstract. This paper presents new results on the bifurcation of medium and small limit
cycles from the periodic orbits surrounding a cubic center or from the cubic center that
have a rational first integral of degree 2 respectively, when they are perturbed inside
the class of all discontinuous piecewise cubic polynomial differential systems with the
straight line of discontinuity y = 0.

We obtain that the maximum number of medium limit cycles that can bifurcate from
the periodic orbits surrounding the cubic center is 9 using the first order averaging
method, and the maximum number of small limit cycles that can appear in a Hopf
bifurcation at the cubic center is 6 using the fifth order averaging method. Moreover,
both of the numbers can be reached by analyzing the number of simple zeros of the
obtained averaged functions. In some sense, our results generalize the results in [Appl.
Math. Comput. 250(2015), 887-907], Theorems 1 and 2 to the piecewise systems class.
Keywords: averaging method, center, piecewise differential systems, limit cycle, peri-
odic orbits.
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1 Introduction and main results

One of the main open problems in the qualitative theory of real planar differential systems is
the determination and distribution of limit cycles. There are several methods for studying the
bifurcation of limit cycles. One of the methods is by perturbing a differential system which
has a center. In this case the perturbed system displays limit cycles that bifurcate, either from
some of the periodic orbits surrounding the center, or from the center (having the so-called
Hopf bifurcation), see the book of Christopher-Li [4], and references cited therein.

The problem of bounding the number of limit cycles for planar smooth differential systems
has been exhaustively studied in the last century and is closed related to the 16th Hilbert’s
problem [10,13]. Solving this problem even for the quadratic case seems to be out of reach at
the present state of knowledge. In the last few years there has been an increasing interest in
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the study of discontinuous piecewise differential systems, see [3,7,11,14,18,21] for instance.
This interest has been mainly motivated by their wider range of application in various fields
of science (e.g., control theory, biology, chemistry, engineering, physics, etc.).

Our goal in this paper is to study the bifurcation of limit cycles for a class of cubic poly-
nomial differential systems having a rational first integral of degree 2. We remark that the
classification of all cubic polynomial differential systems having a center at the origin and a
rational first integral of degree 2 can be found in [17]. Later on, the authors in [16] summa-
rized this classification in six families of cubic polynomial differential systems. In particular
they obtained the class

X =2y(x+a)?, y=-2(x+a)ax —y?), (1.1)
where « # 0. System (1.1) called class Py in [16], which has H(x,y) = (’;2:3)22 as its first integral
with the integrating factor u(x,y) = 1/(a + x)*. See [16] for the phase portraits of system
(1.1) in the Poincaré disk.

A natural question is: What happens with the periodic orbits (or the center) of the system (1.1)
when it is perturbed inside the class of all smooth cubic polynomial differential systems, or inside
the class of all discontinuous piecewise cubic polynomial differential systems with a straight line of
discontinuity?

In this article we say a medium limit cycle is one which bifurcates from a periodic orbit
surrounding a center, and a small limit cycle is one which bifurcates from a center equilibrium
point. Remark that, for the piecewise cubic polynomial vector fields there are two recent
works, see [8,9], obtaining at least 18 and 24 small limit cycles, respectively. Our objective in
this paper is to study the maximal number of medium and small limit cycles for the cubic
center (1.1), when they are perturbed inside the class of all discontinuous piecewise cubic
polynomial differential systems with the straight line of discontinuity y = 0. The main results
are based on the averaging method. We remark that the method of averaging is a classic and
mature tool for studying the behaviour of nonlinear differential systems in the presence of a
small parameter. For more details about this method see the book of Sanders, Verhulst and
Murdock [24] and Llibre, Moeckel and Simé [19].

More precisely, we consider the following discontinuous piecewise polynomial differential
systems

. ) <p1(x,y)>’ y>0,
) 2y(x +a) 71(%,y)
] 2y ) T€ (1.2)
] —2(x + a)(ax — y*) < p2(x, ) )
, ¥y <O,
72(%,y)
where
pioy) =), axy, qloy)= Y, by,
0<i+j<3 0<i+j<3 (1 3)
pz(x,y) = Z Ci,jxl]/], 5]2(35, ]/) = Z di,]-xly].
0<i+j<3 0<i+j<3
Moveover, we consider the following smooth polynomial differential systems
5
¥ =2y(x +a) + ) s y),
. (14)

5
y=—-2(x+a)(ax — yz) + Z evs(x,vy),
s=1
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and the discontinuous piecewise cubic polynomial differential systems

( Hs(xy) ) >0,

()= (bl p ) ae (?ﬁi()§> S

4

where

ps(oy) = Y gy, vi(xy) = Y bex'y,

0<i+j<3 0<i+j<3
lIJs(x,]/) = Z Cs,i,jxly]z 475 (x/]/) - Z dsli,jxly].
0<i+j<3 0<i+j<3

The main results of this paper are stated as follows.

Theorem 1.1. For |¢| > 0 sufficiently small the maximum number of medium limit cycles of the
discontinuous piecewise differential system (1.2) is 9 using the first order averaging method, and this
number can be reached.

Ifa;; =c;jand b;; = d;; (see (1.3)), then the perturbed system (1.2) is smooth. In this case,
we obtain the following corollary of Theorem 1.1.

Corollary 1.2. When a;; = c;j and b;; = d, j, the maximum number of medium limit cycles of system
(1.2) that bifurcate using the first order averaging method is 3 and it is reached.

Remark 1.3. Theorem 1.1 gives the exact upper bound of the number of limit cycles bifurcated
from the periodic orbits of the cubic center (1.1), which is challenging. Theorem 1.1 and
Corollary 1.2 show that the maximum number of limit cycles for the piecewise case is 6 more
than the smooth one. We note that the smooth case of system (1.2) has been studied in
[16, Section 3.3] under the condition agg = bog = coo = doo = 0. Corollary 1.2 shows that
the non-zero constant terms provide no more information on the limit cycles. However, in
the piecewise case, with the non-zero constant terms the perturbed system (1.2) can produce
at least one more limit cycle than the case without them (see Remark 3.1 in Section 3). This
phenomenon coincides with the well-known pseudo-Hopf bifurcation (see [2,6]).

Theorem 1.4. For |¢| > 0 sufficiently small using the fifth order averaging method, we obtain that

(a) for any real constants as;; and b;; (s = 1,...,5,0 < i+j < 3) with ajpo = bioo = 0,
system (1.4) has at most 2 small limit cycles bifurcating from the center (1.1), and this number
can be reached;

(b) system (1.5) has at most 6 small limit cycles bifurcating from the center (1.1) under the condition
ai100 = b1oo = c1,00 = d1,00 = 0, and this number can be reached.

More concretely, we provide in Table 1.1 the maximum number of limit cycles for systems
(1.4) and (1.5) up to the i-th order averaging method fori =1,...,5.

The outline of this paper is as follows. In Section 2, we introduce the basic theory of
the averaging method for discontinuous piecewise planar differential systems. The averaged
function associated to system (1.2) is obtained in Section 3. Section 4 focuses on the analysis
of the exact upper bound for the number of zeros of the averaged function, and the theory of
Chebyshev systems is used to prove Theorem 1.1. The objective of Section 5 is to study the
small limit cycles of systems (1.4) and (1.5). Finally, we present the explicit formulae of the
i-th order averaged function up to i = 5 in Appendix A for reference.
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Averaging order System (1.4) System (1.5)

1 0 1
2 0 2
3 1 4
4 1 6
5 2 6

Table 1.1: Number of small limit cycles for systems (1.4) and (1.5).

2 Preliminary results

In this section we introduce the basic theory of the averaging method that we shall use in our
study of the cubic center (1.1). The following result is due to Itikawa, Llibre and Novaes [14].
Consider the discontinuous piecewise differential systems of the form
Fr(0,re), if0<6<y,
dr_,_ JFOre), if0<0<q @.1)
ae F~(6,r,e), ify<6<2m,

where

k .
FE(0,r,e) = Y_FE(0,r) + T RE(0,1,¢),
i=1

and ¢ is a real small parameter. The set of discontinuity of system (2.1)is ) = {6 =0} U {0 =
v}if 0 <y <27 Here F* : 8! x D — Rfori=1,...,k, and R* : S! x D x (—¢g,e9) = R
are C* functions, being D an open and bounded interval of (0,00), &y is a small parameter,
and S! = R/ (27). This last convention implies that the functions involved in system (2.1) are
2m-periodic in the variable 6.

The averaging method consists in defining a collection of functions f; : D — RR, called the
i-th order averaged function, for i = 1,2, ...,k, which control (their simple zeros control), for
le| > 0 sufficiently small, the isolated periodic solutions of the differential system (2.1). In
Itikawa-Llibre-Novaes [14] it has been established that

_ yi (1.2) —y; (v —2m,2)

(2.2)
i!

fi(z) ,
where yf :S8lx D 5 R, fori=1,2,...,k are defined recurrently by the following integral
equations

60
vi(0.2) = [ FE(g.2)de,

) (2.3)

o i 4
yE(6,2) = i!/o (F*(g.2) +£Zi;b1!b2!2!b2 ST -aLFf_g(qv,Z)qyf(¢,2)bf>d¢,
—1's, , j=

where Sy is the set of all /-tuples of non-negative integers [by, by, ..., by| satisfying by + 2b, +
<-4+ lby="Fand L = by + by + - -+ by. Here, 9"F(¢,z) denotes the Fréchet’s derivative with
respect to the variable z. We remark that, the investigation in this paper is restricted to Fy = 0
in expression (2.3). For the general form of the averaged functions see [20].
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We point out that taking o = 27 system (2.1) becomes smooth. So the averaging method
described above can also apply to smooth differential systems. In practical terms, the evalu-
ation of the recurrence (2.3) is a computational problem that requires powerful computerized
resources. Usually, the higher the averaging order is, the more complex are the computational
operations to calculate the averaged function (2.2). Recently in [22] the Bell polynomials were
used to provide a relatively simple alternative formula for the recurrence (2.3). And based on
this new formula, an algorithmic approach to revisit the averaging method was introduced in
[12] for the analysis of bifurcation of small limit cycles of planar differential systems. More-
over, we provide an upper bound of the number of zeros of the averaged functions for the
general class of perturbed differential systems (see Theorem 3.1 in [12]).

The following k-th order averaging theorem gives a criterion for the existence of limit
cycles. Its proof can be found in Section 2 of [14].

Theorem 2.1 ([14]). Assume that, for some j € {1,2,...,k}, fi = 0fori = 1,2,...,j—1 and
fi # 0. If there exists z* € D such that f;j(z*) # O, then for |e| > O sufficiently small, there exists a
27t-periodic solution r(6, €) of (2.1) such that r(0,€) — z* when ¢ — 0.

The following theorem (see Theorem 5.2 of [1] for a proof) provides an approach to trans-
form a perturbed differential system into the standard form (2.1), which can be used to apply
the first order averaging method.

Theorem 2.2 ([1]). Consider the differential system

X

P(x,y) +ep(x,y),

2.4
¥ =Q(xy) +eq(x,y), ¢4

where P,Q, p and q are continuous functions in the variables x and y, and ¢ is a small parameter.
Suppose that system (2.4)._o has a continuous family of ovals {I';} C {(x,y)|H(x,y) = h,h €
(M, h2) }, where H(x,y) is a first integral of (2.4)—q, and hy and hy correspond to the center and the
separatrix polycycle, respectively. For a given first integral H = H(x,y), assume that xQ(x,y) —
yP(x,y) # 0 for all (x,y) in the periodic annulus formed by the ovals {T';,}. Let p : (v/h1,v/h2) X
[0,271) — [0, +-00) be a continuous function such that

H(p(R, ¢) cos ¢, p(R, ¢) sin¢) = R?,

for all R € (v/h1,vh2) and all ¢ € [0,27t). Then the differential equation which describes the
dependence between the square root of energy R = v/h and the angle ¢ for system (2.4) is

dR — u(x* +y*)(Qp — Pq)

dp € 2R(Ox - Py) + O(€%), (2.5)

where yu = u(x,y) is the integrating factor of system (2.4),_, corresponding to the first integral H,
and x = p(R, @) cos ¢ and y = p(R, ¢) sin ¢.

In general, it is not an easy thing to deal with zeros of the averaged function (2.2). The
techniques and arguments to tackle this kind of problem are usually very long and technical.
In what follows we present some effective results on obtaining the lower bound and the upper
bound of the number of zeros for a complicated function. The next result is used to obtain a
lower bound of the number of simple zeros for an averaged function.
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Lemma 2.3 ([5]). Consider n + 1 linearly independent analytical functions fi(x) : A — R,i =
0,1,...,n, where A C R is an interval. Suppose that there exists k € {0,1,...,n} such that fi(x)
has constant sign. Then there exist n + 1 constants c¢;,i = 0,1,...,n such that cofo(x) + c1f1(x) +
-+ + cufu(x) has at least n simple zeros in A.

It is important to point out that the classical theory of Chebyshev systems is useful to
provide an upper bound for the number of zeros. Let F = [fy,..., fx] be an ordered set
of functions of class C" defined in the closed interval [a,b]. We consider only elements in
Span (F), that is, functions such as f = agfo +a1f1 + - - - + anfn where a;, fori = 0,1,...,n,
are real numbers. When the maximum number of zeros, taking into account its multiplicity,
is n, the set F is called an Extended Chebyshev system (ET-system) in [a,b]. We say that F
is an Extended Complete Chebyshev system (ECT-system) in [a,b], if any set [fo, f1,. .., fk],
for k = 0,...,n is an ET-system. When all the Wronskians, Wy := W (fo, f1,..., fx) # 0 for
0 < k < nin [a,b] the set F is an ECT-system. For more details on ET-systems and ECT-
system, see [15] for instance.

We remark that not always the standard study of ET-systems can be applied to bound
the number of zeros of elements in Span (F). Here we use an extension of this theory (see
[23]). The following result provides an effective estimation for the number of isolated zeros of
elements in Span (F) when some Wronskians vanish.

Theorem 2.4 ([23]). Let F = [fo, f1,- .., fn] be an ordered set of analytic functions in [a, b]. Assume
that all the v; zeros of the Wronskian W; are simple for i = 0,1,...,n. Then the number of isolated
zeros for every element of Span (F') does not exceed

AV 4 Vo1 +2 (Vaa 4o+ 00) + Au1 4o 4 A,

where Aj = min (2v;,vi_3+---+w), fori =3,...,n—1.

3 Averaged function associated to system (1.2)

In this section we will get the first order averaged function associated to system (1.2) by using
Theorem 2.1. We remark that the period annulus of the differential system (1.1) is formed
by the ovals {I';} C {(x,y)|H(x,y) = h,h € (0,1)}. By solving implicitly the equation
H(o(R, ¢) cos ¢,p(R, @) sin ¢) = R? we obtain the positive function p(R, ¢) given by

aR(signum(a) + R cos @)
R?cos? ¢ — 1

PR ¢) =~
for ¢ € [0,27r) and R € (0,1), where signum(w) is the sign function defined by

1, a>0,
-1, a<0.

signum(a) = {

Using Theorem 2.2, we can transform system (1.2) into the form

—(Qn—Pq1) O(2) 0< o<
R _ *TaaR(cra)’ x=p(R,¢) cos p.y=p(R,¢) sin ¢ +0(), 0<g=<m, o)
EECCDS x=p(R,¢) cos g,y=p(R,p) sin ¢ +O(E), m<es2m
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Now the discontinuous piecewise differential system (3.1) is under the assumptions of Theo-
rem 2.1. Next, we will study the zeros of the averaged function f : (0,1) — R given by

_ [T —(Qp1— Pq1)
fR) = 0 4sz(x—|—oc)
21
—(Qp2 — Pg2)
+f d
406R (x +a)> lx=p(Rp)cos py=p(R,g)cos g ¢
[T A(g;a,b)cos ¢+ B(¢;a,b) p 27 A(g@;c,d)cos ¢+ B(g;c,d)
~ Jo 2a3(signum(a)- Rcos ¢ — 1) 7 203(signum(a) - Rcos g —1)

_de
x=p(R,¢) cos ¢,y=p(R,¢p) sin ¢

where

A(g;a,b) = — R®[a®(ag3 — az1 — bso + b1p) + a®(—bop + bog +a1,)
a(—b1o —ao1) + boo]S® + signum(a) - R*[a’R?(a1, — az)

+ a?(R*(a20 — app) — apn + azp — b11) + a(—R%ay9 — 2a1 + 2bo 1)

+ (R* +3)agp] S — R[a’R?* (a1 + bsp) — a®R*(2a11 + bao)

+ a(R*(3ag1 + b1o) + ag1 + b1o) — (R* + 3)boo S + signum ()

- [@®R*az9 — a?R*(R* + 1)ap0 + aR*(R* 4 3)a10 — (R* + 6R* + 1)agy],
B(g;a,b) = R3¥[a®(—bos + boy +a1o — asg) + a*(—by1 + az0 — ao2)

+a(—ayg +boy) + aop]S* + signum(a) - R?[«’R*(ag3 — az1)

+a?((R* +1)arq — bop + bao) — a((R* +2)ag1 + 2b1) + 3bg] S

— R[&’R*(a10 — 2a30 + by1) + &> R*(—2ag + 3a20 — b1 1)

+ a(R*(—4a10 + bo1) — ar0 + bo1) + (5R* + 3)ag,] S

+ signum () - [a®R*ap7 — a®*R*((R* 4 1)ay 1 + byp)

+ aR?((R* +3)ag1 + 2b19) — (3R* + 1)bo ]S

— R[&®R%a30 — 20> R?ap0 + a(3R? + 1)ay 0 — 4(R* + 1)agy)

with S = sing, and a = (a;;), b = (b;;), c = (¢;;) and d = (d;;), with a;,b; ;,c;; and d;; are
parameters appearing in the perturbed polynomials (1.3).

Computing the above integrals and making the transformation R = ﬁwz for0 <w <1
we obtain
Rz flw) Yiokifi(w)
R) X = _Zi=07t)! , 3.2
f(R) 603w(w?+1)3  6adw(w?+1)3 (5.2)
where

fo(w) = w*In () , frlw) =(®+1)In (M> . (3.3)
(
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and
ko = — 37'[( —a(ao +c10) —a(bo1 +doa) +4(ao0 + C0,0)>r
ki =— 37'(( — 3&3(013,0 +c30) — 3043(170,3 +dos) — oc?’(al,z +c12)
— a®(by1 +day) +4a?(agn + cop) + 4a?(az0 + c20) — 6a(arg +crp)
—2a(bo +dos) +12(ao0 + Co,o)),

ky = — 37T<2063(111,2 +c1) +20% (a0 + c30) — 20° (bo3 + dos) — 20 (bag + doy)
—a(aro+c10) — a(bo1 +do1) +4(ao0 + Co,o)),
ks = 3ma’ ((611,2 +c1,2) — (as0 +c30) — (bos +do3) + (b21 + d2,1)>,
ky = signum(«a) - [— 203 (a2 — co1) — 2203 (ag3 — co3) + 203 (byo —dy )
— 2603 (b3 — dap) + 82 (bag — da) + 8a* (a1 — c11) + 16a*(bop — do2)
— 32a(ag1 — co,1) — 8a(bro — di10) +26(boo — do,o)} ,
ks = signum(«) - |64 (ags — coa) + 64 (br,2 — d12) — 60°(bs0 — o)
— 6° (a1 — c2,1) + 6(bo — do,o)] ,
ke = — signum(«) - 6a° (3((10,3 —cog) + (a21 —c2,1) — (b1p —dip) — 3(b3p — d3,0)),
k7 = — signum(a) - 363 ( (a0 — c03) — (a1 — c21) + (b2 = d12) = (bs — da0)),
ks = signum(a) - 124° (((10/3 —co3) + (b30 — d3,0)>-

It follows directly from

d(ko, k1, ko, k3, ka, ks, ke, k7, kg)

= signum () - 107495424 71400 £ 0
d(boo, a3, a12,410,a11,020,b3,0,a21,a03) & (=) 7

that the constants ko, k1, - - - , kg are independent. That is to say, the coefficients of the functions
fi(w), i =0,1,...,8 can be chosen arbitrarily. Moreover, the functions fy(w), ..., fs(w) are
linearly independent. In fact, we obtain the following Taylor expansions in the variable w
around w = 0 for these functions:

folw) =w?, filw) =w* fH(w) =",

filw) =a®, falw) ="+’ fi(w) ="+,

2 2
fo(w) = 2w° + @’ + Zw’ + O(w™),

3 5 (3.4)
2 2 2 2
fr(w) = 2w + §w3 + ng + §w7 + gowg + O(w'),
2 12 20
_n3,< 5 1 7 22U g 11
fs(w) =2w oW+ W+ w +O(w™).
The determinant of the coefficient matrix of the variables w,w?,...,w° is equal to

8388608/496125. Hence, by Lemma 2.3 it follows that there exists a linear combination of
fi(w),i=0,1,...,8 with at least 8 simple zeros, which means that system (1.2) has at least 8
limit cycles bifurcating from the period orbits surrounding the origin.
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Remark 3.1. We notice that when the constant terms ag, bo,, co, doo are identically zeros.
In a similar way, we can prove that system (1.2) has at least 7 limit cycles bifurcating from the
period orbits surrounding the origin. In fact, ks + 2k; = 0 in this case, and the function f(w)
in (3.2) is a linear combination of 8 linearly independent functions fy, ..., fs, f6, f7 — 2fs, fs.
Therefore, by Lemma 2.3, the perturbed system (1.2) with the non-zero constant terms can
produce at least one more limit cycle than the case without them.

Proof of Corollary 1.2. Obviously, when a;; = ¢;; and b;; = d, j, the coefficients ky, ks, ..., ks
are identically zeros. It is easy to check that (fo,..., f3) is an ECT-system. Therefore, the
averaged function f in this case has at most 3 simple zeros and this number can be reached.
Hence, by Theorem 2.1, Corollary 1.2 is proved. O

In what follows, we first provide an upper bound of the number of zeros of the function
f(w) in (3.2). We eliminate the logarithmic function by taking the ninth derivative of f(w)
and obtain

. 11059247
©) —si :
YV (w) =signum(a) AT 0P (i)

(Hiw® + Hyw® + Hzw* + Hyw® + Hy),

where

H, =— 14(5!2/1 — C2/1) + 14(171/2 — d1,2) + 8(5!0,3 — Co/g) — 83(173,0 — dg/o),
H2 = — 24(112,1 — CZ,l) + 24(171,2 — dl,Z) — 32(110,3 — CQ,3) — 1988([73/0 — dg,o),
H; :76((12,1 - C2,1) — 76(1?1,2 - dl,Z) + 48(&10/3 - C0/3) - 4818(173,0 - d310).

As a result of the symmetry of coefficients of the function f(°)(w) with respect to w, it is easy
to know that the zeros of the function f(°)(w) appear in pairs. Recalling this property, we
obtain that f(°)(w) has at most 2 zeros in (0,1). Thus, by using Rolle’s theorem and noting
the fact that f(0) = 0, we conclude that f(w) has at most 2+ 9 —1 = 10 zeros in (0,1),
which means that system (1.2) has at most 10 limit cycles bifurcating from the period orbits
surrounding the origin. In next section, we will show that the bound of the number of limit
cycles can be reduced to 9 by Theorem 2.4. Moreover, this number can be reached.

4 Proof of Theorem 1.1

In this section we will study the maximum number of simple zeros of the averaged function
(3.2). The main effort is based largely on algebraic calculations with the theory of Chebyshev
systems used to deal with the Wronskian determinants.

First, we denote by W;(w) the Wronskian for the functions fy, fi, ..., fi depending on w:

Wi(w) =W(fo,...,f), i=0,1,...,8.

Next, we will show that all the Wronskians have no zeros except Wy(w) which vanishes
at a unique zero in (0,1), which is simple. Using the expressions in (3.3), we perform the
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calculation and obtain
Wo(w) = w?, Wi(w) =2w®, Wr(w) = 16w’,
Wi(w) = 768w,  Wy(w) = 2304w’ (3w? — 5),
Ws(w) = 691200” (1 — w?) (3w® — 7w* — 7w? 4 35),

3317760w®(w? 4 1)
We(w) = — - w)s Te(w), (4.1)
W) = ~133772083200w (w?* +1)3T70(w) m (1) 2wT7 1 (w)
A (1— w?)? 1—w) 105(1—w?)®Tyo(w) /)’
_ 821895679180800(w? + 1)° 1+w 2wTg 1 (w)
8(w) = (1= a?)10 Tso(w) In {37 ) + 105(1 — w?)?
where

Ts(w) = 15w™ — 195w — 89! + 11490w® + 421w’ — 4305w* + 805w? — 105 < 0,
Tr0(w) = 15w® — 140w® + 1018w* — 140w? + 15 > 0,
Ty 1(w) = 160w — 8569w + 105687w'® — 547324 + 1437092w'? — 2101414w™°
+1752730w® — 839580ww° + 210980cw* — 23625w? + 1575, (4.2)
Tgo(w) = 35w® — 1100w® + 2898w* — 1100w? 4- 35,
Tg1(w) = 45477w'* — 4444650 + 1433397w!'® — 2210985w® 4 1803095°
— 745675w* + 128975w* — 3675,

by Sturm’s theorem. It is easy to judge that W;(w) fori = 0,...,6 does not vanish in the open
interval (0,1). The difficulties mainly focus on the determination of Wy (w) and Wg(w).

Proposition 4.1. W;(w) has a unique zero in w € (0,1) and this zero is simple.
Proof. Denote the function in the parentheses of Wy (w) by Q7(w), then

64wt (w? + 1) (5w® + 17208 — 1122w + 172w? + 5) Tg(w)

Q7(w) 105(1 — w?)7 T3 (w)

has a unique simple zero w* in (0,1) and can be easily isolated (e.g. by using the command

realroot(%, 1/10000) in Maple) as w* € Bég?gi,%]. It follows that Qy(w) decreases in

(0, w*) and increases in (w*,1). Note also that lirg+ Q7(w) = 0and lirr11 Q7(w) = 4o0. Thus,
w—r w—1"

Q7(w) has a unique simple zero in (0, 1), equivalently, W7(w) has a simple zero in (0,1). This
ends the proof. O

Proposition 4.2. Wg(w) does not vanish in w € (0,1).

Proof. First, using Sturm'’s theorem, we get that Tgo(w) has two simple zeros w; and w; in
(0,1) and Tg1(w) has three simple zeros w3, ws and ws in (0,1), and these zeros can be
respectively isolated as

6277751 784719

0.18709157 ~ w1 € 335544327 4194304] 4
337735 5403761]

[
0.64417845 ~ w2 € [35135: 3383608
0.18709131 ~ ws € | 3138871 6277743 ],
[
[

16777216 33554432
0.66278355 ~ wy €

5559831 694979 ]
8388608~ 1048576 | /
0.75595958 ~ ws €

792681 6341449]
10485767 8388608 | *
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We denote the function in the parenthesis of Wg(w) by Qg(w), it is easy to verify that Qs(w;) #
0 and Qg(wz) # 0. In order to study the number of zeros of Qg(w) in (0,1) we define a
function Zg(w) as follows

= Qlw) <1 + w) n 2wTs, (w)

Ze(@) = ) =M 1w T 10501 — w?) T (w)”

w € (0,1)\{wr,wr}.

It is obvious that the function Zg(w) has the following properties (see Fig. 4.1):

lim Zg(w) =400, lim Zg(w) = —oo,
w—w; w—wi

lim Zg(w) = —0o0, lim Zg(a)) = +-o00.
w—rw, w—m;;r

A direct calculation shows that

Zi(w) = 32768w8 (w?* 4+ 1) Hg(w)
35(1— )P T2, ()

4

where
Hg(w) =35w + 85w'? — 129w!? — 503w® — 119w® + 1855w* — 875w? + 35.
Obviously, Hg(w) has two simple zeros w; and wj in (0,1) and can be respectively isolated as

~~ K 451028943 902057887
0.21002672 ~ wy € [2147483648' 4294967296] ’

% _ [185814925 743259701
0.69221454 ~ w3 € [ 3435158 1073741804 ) -

(4.3)

Therefore Zg(w) increases when w € (0,w;) U (wy,wi) and w € (wj,1); decreases when
w € (w],w2) U (wy, wj) (see Fig. 4.1). Notice that

lim Zg(w) =0, lim Zg(w) = +oo.

w—0t w—1-

It follows from (4.3) that
Zg(wy) ~ —0.0000126678 < 0, Zg(ws;) ~ 1.126483743 > 0.

Taking into account the above results, we conclude that Zg(w) does not vanish for w €
(0,1)\{w1, w2}. Thus the desired result follows. O

Proof of Theorem 1.1. It follows from equation (4.1), Propositions 4.1 and 4.2 that W;(w),
i=0,1,...6 and Ws(w) do not vanish in the interval (0,1), and W(w) has exactly 1 simple
zero in (0,1). Thus F = [fo, f1,- .., fs] defined in (3.3) satisfies the assumptions of Theorem
2.4, which implies that any linear combination of fy, fi, ..., fg can possess at most 9 zeros in
(0,1), counting with multiplicities. But the authors in [23] do not prove that the upper bound
can be reached in the general cases. In what follows we will show that the upper bound 9 can
be reached in our system.

Following the ideas of [23], we first look for an element in Span (F) with a zero of the
highest multiplicity, then we perturb it inside Span (F) in order to have the prescribed con-
figuration of zeros. We remark that since the Wronskian determinant Ws(w) does not vanish,
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al)l @,

Figure 4.1: The curve Zg(w) does not vanish for w € (0,1)\{w1, w2 }.

Gl\ Gl\

A\

() (b)

Figure 4.2: Two cases for G(w) having 9 zeros in (0,1) taking into account
multiplicity. In particular wy has multiplicity 8.

the averaged function (an element in Span (F)) can not have a zero in (0,1) with multiplic-
ity 9. Then we try to find an element G(w) = Y.7_,a;f; + kfs € Span (F), of which has a zero
wp € (0,1) with multiplicity 8. Note that G(w) has 9 zeros in (0,1) with wy of multiplicity
8 may have two cases as shown in Fig. 4.2. For the generation of such wy we provide an
algorithm (Maple program) in Appendix B.

Now let wy = 781/10001, Ky = In (H“’U) and k = 108. Consider the function

1—(4.1(]

G(w) =apfo(w) +mfi(w) + - +arf7(w) + kfs(w), w € (0,1). (4.4)
By direct calculation we get the power series of G around the point wy:

G(w) =ey+er(w—wy) + - +er(w—wp) +eg(w—wo)®+---,
where ¢; is the linear combination of ag, a3, ..., a7. We solve the equations

60:0, 61:0, ey 67:0,
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and find the values of ag, a1, . .., a7 which have the form

Ji %
_ Li—oLijKy

— . i=0,...
o k1Ko + k2 :
where

k1 = 585397408871072540089139375831993705697245971
45302237853421492432853598362240000000,
ko = —916164764498521481287490087182092157549
2097096776449170037730387965998807150160399,
and
2, 1€{0,1,2},
ji=<1, i€{34,56}
0, ie{7},
and each L;; in (4.5) is an integer or rational with high number of digits in numerators and

denominators. We will not write down here the explicit expression of a; for the sake of brevity.
It turns out that

G(w) = eg(w — w)® + O((w — wy)?), w — wy, (4.6)
where
es — — ks - (B1Ko + By) ,
625678681207969855947716482401 - (k1Ko + k2)
with

ks = 6373960409705365063968756422951747001176840429758709070500,
By = 2371833114839857298494412882156005750986234376264757348752800000,
By = —371199090602328323784582373340236998424005450432934748931637759,

and eg ~ 6.468110730 x 107. On the other hand, the Taylor expansion of G(w) near w = 0 is

G(w) = Ciw + O(w?), 4.7)
where
k4 . (k5K() — k6)
C = ~ —3.242325599
1™ 55588252797009 - (k1Ko + k2)
with

ks = 227096370975140733661254232304854673313104068100000,
ks = 864359913055284073500033389565682256669487378000,
ke = 135274953622915880496646897785052547295533923181.

By the way, we would like to point out that our purpose of choosing such a k in (4.4) is to
make the expressions of the numbers eg and C; to be relative simple. Equations (4.6) and (4.7)
mean that (i) G has a zero at wp with multiplicity 8, (ii) there exists an gy with 0 < g9 < wp
such that G(w) is positive in [g, wp), and (iii)) G(w) is negative near w = 0. Moreover, G(w)
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is positive in (wy, 1) because lirrll G(w) = +oo (otherwise G(w) would has 10 zeros in (0,1)
w—1-

counting multiplicity, which leads to a contradiction).
Fixing the numbers ag, a1, ...,a7 and k, we consider the function

8
Ge(w) = G(w) + geifi(w), w e (0,1). (4.8)

We note that f; can be extended analytically to [0,1). Thus there exists a small number
M > 0 such that

1
Ge(eo) > 5Gleo) >0,

1
Ge(w) < iClw <0, whenw — 0T,

lim Gg(w) = +o0,
w—1~

for all |¢;] < M,i=0,1,...,8. Moreover, near wy we find

8
Y eifi(w) = po + p1(w — wo) + -+ + ps(w —wo)® + -+,
i=0
where y; = pi(eo, €1, ..., €g) is linear combination of ¢y, €1, ..., €3. One can directly check that
the matrix of the coefficients of o, 11, . . ., ug with respect to €g, €1, . . ., €g has rank 9, and hence
Ho, Y1, - - -, Mg are independent.

Consequently, since f; is analytic at wy and G(w) has a zero at wp with multiplicity 8, it
follows that there exists some small |¢;| < M (i = 0,1,...8) (and hence y; is small) such that
G¢ has exactly 8 simple zeros in a small enough neighborhood of wy. In view of (4.8) G(w)
has an extra zero in (0, €p). According to the result of [23], this zero is simple. That is to say,
G has 9 simple zeros.

Finally, taking into account the above analysis, we see that system (1.2), up to the first
order averaging method, has at most 9 limit cycles, and the upper bound can be reached. The
proof of Theorem 1.1 is finished. O

Remark 4.3. If R is a simple zero of the averaged function f(R) (see (3.2)), by Theorem 2.1 we
have a limit cycle R(¢, ¢) of the differential system (3.1) such that R(0,¢) = R+ O(e). Then, go-
ing back through the changes of variables (see (3.1)) we have for the discontinuous piecewise
differential system (1.2) the medium limit cycle (x(t,¢),y(t,€)) = (p(R,cos8),p(R,sinf)) +
Ofe).

5 Proof of Theorem 1.4

In this section, we will present the k-th order averaged functions up to k = 5 associated to
systems (1.4) and (1.5) respectively, and then we use them to prove Theorem 1.4.

5.1 Proof of Theorem 1.4 (a)

In order to analyze the Hopf bifurcation for system (1.4), applying Theorem 2.1, we set y = 277
in (2.2) and we introduce a small parameter ¢ doing the change of coordinates x = ¢X, y = €Y.
After that we perform the polar change of coordinates X = rcosf, Y = rsin6, and by doing a
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Taylor expansion truncated at the 5-th order in & we obtain the following expression for dr/d0
of the form (2.1):

dr

5
5= Y_€Fi(0,r) + O(°), (5.1)

i=0
where
V(ﬂ]/o/o cosf + bl,0,0 sin 9)

F(0,r) = : . 52
o(®,7) b1,0,0 080 — ay00sin 6 — 2ra? (52)

The explicit expressions of F;(6,r) for i = 1,...,5 are quite large so we omit them. To make
Fo(8,r) = 0 we take a1 99 = b1009 = 0. From now on, for each j = 1,2,...,5, we will perform
the calculation of the averaged function f; under the hypothesis fy =0fork=1,...,j — 1.

Now computing f; we obtain

7tr
fi(r) = —ﬁ(ﬂl,m +b101)-

Clearly equation fi(r) = 0 has no positive zeros. Then the first order averaging theorem does
not provide information about the limit cycles of system (1.4).

To apply the second order averaging theorem we take bio; = —ay,19. Computing f, we
obtain

r
fa(r) = s (06(512,1,0 +by01) — 4ﬂ2,0,0>-

As for the first function f;, the second one also does not provide information on the bifurcating
limit cycles.

Setting a200 = a(az1,0 + b20,1)/4 we get fo(r) = 0, and then we can apply the third order
averaging theorem, and its corresponding function f3 is

Ty
fa(r) = 1625 (D3,2r2 + D3,o),

where

D3y = 2« (“2(611,1,2 +3a130 +3b103 + b1p1) —4a(a102 +a100) + 4011,1,0),

3 2
D3 = 8a”(az1,0 + b30,1) — a”(a1,1,142,1,0 + a1,1,12,0,1 + 2a2,1,0b1,0,2 + 2b1,02b201 + 32a30,0)
+4ua(a1,0,1a21,0 + a1,01b2,0,1 + 2a1,2,002,0,0 + b1,11b2,00) — 16a1,1,002,0,0-

Then there exists at most one positive simple zero of f3. From Theorem 2.1 it follows that
the third order averaging provides the existence of at most one small limit cycle of system
(1.4) and this number can be reached by Lemma 2.3 (D3, and D3 are linearly independent
constants). In order to apply the fourth order averaging theorem, we need to have f3(r) = 0
so we let a2 = D3,2 /80(2 + a1,02 and asp0 = D3/0 /320(2 + as3,0,0- The resulting fourth order
averaged function is

TTr )
fa(r) = —W<D4,27 + D4,0>,
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where

_ 4 3
Dyp = 2u (04 (8ap,10 + 8bpp1 + 24az30 + 24bro3) + a°(—a1,114112 — 3a1,1,141,30 — 341110103

—a1,1,1b12,1 — 2b1,02a1,1,2 — 6b1,0201,30 — 6b1,02b1,03 — 2b1,02b12,1 — 322,02 — 32a220)
+ a?(4ar0a11 + 24a1010130 + 12a101b103 + 8a1,0,1b1,01 — 841100121 — 8a1,1,001,1,2
+ 8b1,02a12,0 + 8a1,2,0b1,20 + 12a130b1,1,0 + 4b1,02b1,1,1 + 4b1,1,001,21 +4b1,11b120
+24a510 — 8by0,1) + a(—24a10,1a100 — 4a1,0,1b1,1,1 +20a1,1,0a1,1,1 — 8a1,1,0b1,02

—16a1,1,0b12,0 — 241200110 — 4b110b1,11) + 32a1,1,0b1,1,0),

Dy = 64a’(bagy + as1p) + a*(—8a1,11a31,0 — 8a1,1,1b30,1 — 8a2,11421,0 — 1602028210
—8ay,1,1b2,0,1 — 16b1,02a31,0 — 16b1,02b301 — 16b202b201 — 256a40,)
+ 0% (af 114210 + a5 1 1b2,01 + 4a1,1,161,02a21,0 + 4a1,1,1b1,00b2,01 + 467 282,10
-+ 4b3 ) 2bo01 4 32a1,0,1a3,1,0 + 3201016301 + 64a12,0b3,0,0 + 3202010210 + 3242010201
+ 64a2,0b2,0,0 + 32b1,1,1b3,00 + 32b200b211) + &2 (—4a101a111a2,10 — 4410,1811,1b2,0,1
— 8a1,0.101,02a2,1,0 — 8410161026201 + 8a1,2,001,1,002,1,0 + 841,2,0011,002,0,1
+4a1,1,0b1,1,142,1,0 + 4a1,1,0b1,1,1b2,0,1 — 8a1,1,141,2,002,00 — 4a1,1,1b1,1,1b2,00
—16b1,02a12,0b2,0,0 — 8b1,0,201,1,102,0,0 — 128a1,1,0b3,0,0 — 96a2,1,0b2,0,0
+ 32b2,0,0b2,01) + a(32a1,0,1412,0b2,0,0 + 16a1,01b11,102,00 — 1647 1 942,10
— 1643 1 gb,01 + 32a12,0b1,1,0b2,0,0 + 16b1,1,0b1,1,1b2,00) — 64a1,1,0b1,1,02,00-

Then there exists at most one positive simple zero of f;. From Theorem 2.1 it follows that the
fourth order averaging provides the existence of at most one small limit cycle of system (1.4)
and this number can be reached.

Letting a202 = Dap/64a* + a2, and ag00 = Dyo/256a* + a0 we obtain f4(r) = 0, so we
can apply the fifth order averaging theorem, and its corresponding function is of the form

7tr
f5(r) = J02400 (D 54" + Dsar’ + D 5'0) '

where Ds 4 = 64a°(a112 + a130 — b103 — b121). Here we do not explicitly provide the expres-
sions of D5, and D5y, because they are very long. Moreover Ds4, D5, and D5 are linearly
independent constants. In fact only D5, has the parameter a3, and Dsy is the only one
with parameters a500 and b5 1. We claim that D54 is also linearly independent of the other
coefficients. Suppose that this is false. Then there exist real numbers my, m; not all zero such
that D54 = m1 D59+ maDsp. But Dsy is the only one with the variables a5 and b5 1, so in
order to Ds4 does not present these variables we must set m; = 0. Since the other function
Ds also has variable which uniquely appears in its expression, the same argument holds so
my = 0. But then D54 = 0, which is a contradiction. Therefore D54, D5, and D5 are linearly
independent constants. Hence f5 has at most two positive simple zeros. From Theorem 2.1 it
follows that the fifth order averaging provides the existence of at most two small limit cycle
of system (1.4) and this number can be reached by Lemma 2.3.

5.2 Proof of Theorem 1.4 (b)

In order to analyze the Hopf bifurcation for this case, applying Theorem 2.1, we set y = 77 in
(2.2). By using similar arguments to those presented for the proof of Theorem 1.4 (a), we can
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transform system (1.5) into the form

5 .
. Y €FT(0,r)+0O(°), if0o<o<m,
r i3
B s (5.3)
Y €F(0,r)+ O(%), ifmr<6<2m,
i=1
where
E(0,7r) = — = |(r(a101 + b110) sinf + az0p) cos 6
1 2“2 [( ) (5‘4)

+ r(_ﬂl,l,O + bl,O,l) Sil’l2 0 + (2067’2 + bz/(),()) sin 6 + rai1,0|,

and F[ (6,r) is an expression by taking a = ¢, b = d in F;"(0,r). The explicit expressions of
F*(0,r) for i = 2,...,5 are quite large so we omit them here for brevity. We remark that we
have used the condition a1 = b100 = c1,0,0 = d1,0,0 = 0 for the vanishing of the unperturbed
terms F,"(6,7) and F; (6, 7).

Now applying Theorem 2.1 we obtain the first order averaged function

1
fi(r) = 12 (Y117 + Y1),

where
Y11 = (a0 +c1,10 + b1 +dio1),  Yio = 4(b200 — d200)-

It is obvious that the coefficients Y71 and Yo are independent. Thus fi(r) can have one
positive zero. From Theorem 2.1 it follows that the first order averaging provides the existence
of at most one small limit cycle of system (1.5) and this number can be reached.

To consider the second order averaging theorem we take dio; = —Y11/7 + d101 and
dr00 = Y10/4+ da00. Computing f» we obtain

fa(r) = —@ (Yaor® + Yaur + Yay) ,
where
Yy, = 16a ((611,1,1 —c111 +2b102 — 2d102 + b120 — d120)a — 4(a101 — c1,01) — (b0 — d1,1,0)),
Yo1 =— 37T< — 4(a2,1,0 + c21,0 + boo1 + dap1)a + 16(a200 + c200)
+a1,1,0(a1,01 — €101) + b101(a1,01 — €101) — a1,10(b1,1,0 — d1,1,0) — b1,01(b1,10 — dl,l,o)),

Yoo =24 (2(173,0,0 —ds00)a® —a110(a2,00 + c200) — b1,0,1(a200 + €200) + b200(b110 — d1,1,0))-

Since f>(r) can have at most two positive zeros, we conclude that system (1.5) has at most two
small limit cycles and this number can be reached.

To consider the third order averaging theorem we take d1o, = Y2,/32a% +dy102, dop1 =
_YZ,l /127‘[&2 + d2,0,1 and d3/0/0 = YZ,O /48&2 + d3,0,0. Computing f3 we obtain

1

Tf3(7’) = —m <Y3,41’4 —+ Y3,31’3 —+ Y3,2}’2 —+ Y3,11" + Yg[o) ,
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where
Y34 = 7270 ((ﬂ1,1,2 + 112 + 3130 + 3c130 + 3b103 + 3d103 + biog +dio1)a?

—4(a1,00 + c1,02 + a120 + c120)x +4(a1,10 + C1,1,0)) ,
Y30 = 727(a2,0,0 — €2,0,0) (42,00 + €2,00) (11,0 + b1,0,1)-

We do not explicitly provide the expressions of Y3; for i = 1,2,3, since they are very long.
Since f3(r) can have at most four positive zeros, we conclude that system (1.5) has at most
four small limit cycles and this number can be reached.

To consider the fourth order averaging theorem, we need to have f3(r) = 0 so we let
dios = —Ya4/216ma* +d1 3, doop = Y33/7680* + dopn, dsg1 = —Y32/288mat +dz1, dagp =
Y31/1152a* +dy 0. Note that in order to make Y3 = 0, we consider the following three cases.

CASE 1. az00 = 2,00, 42,00 7 —200 and a110 # —b101.
In this case, computing f4 we obtain

1
r2f4(r) = = 5304048 (Y41/6r6 + Y41,5r5 + Yi,4r4 + Yi,3r3 + erzrz + Y41/1r + Yi,()) ,
where
ij = —1536a° (8(111,0,3 —c1,03) +2(a121 —c121) —2(b11p2 —d112) — 3(b130 — d1,3,0)),
Yy, = —7207(a1,10 + b1,0,1)02,0,0< — 4(az 0,0 — c300)a” + (a1,01 — €1,01)C2,0,0

—2(a1,1,0 — ¢1,1,0)b2,00 — (b1,1,0 — d1,1,0)C2,o,0),
YA},O = — 1920(511/1,0 + b1,0,1)Cg,0,0.

We do not explicitly provide the expressions of Yi,i fori =2,3,...,5, since they are very long.
Then f4(r) can have at most six positive zeros, we conclude that system (1.5) has at most six
small limit cycles and this number can be reached.

To consider the fifth order averaging theorem, we need to have f4(r) = 0 so we let
d1,3,0 = Yi,6/46080é5 + d1,3,0, d2,0,3 = —Y41/5/43207'L'0£6 +d2/0/3, d3/0/2 = Y41/4/15360[X6 —|—d310,2,
d4/0,1 = — 41,3/57607I1X6 + d4,0,1, d5/0/0 = Yi’2/23040066 +d5,0,0, €200 = 0. Computing f5 we
obtain

1

Pfs(r) = —seameno (Yaar® + Yasr® + Yar + Y0 + Y07 + Ydir + Y, ),
where
Y54 = 11520070t ((—2a1,1,2 —2c110 —3a130 — 3c130 + bio1 +dio)a’
+2(a1,02 + €102 +a1,20 + c120)x — 2(a1,1,0 + 01,1,0)) ,
Y50 = 864007t (a11,0 + bi,o1) (2(113,0,0 + c30,0)0% + bogo(a1,10 + C1,1,o))

: (2(a3,0,0 — ¢3,00)&% + bago(ar10 — C1,1,0))-

We do not explicitly provide the expressions of Y1, fori = 1,2,...,5, since they are very long.
Then f5(r) can have at most six positive zeros, we conclude that system (1.5) has at most six
small limit cycles and this number can be reached.



Limit cycles for a class of piecewise cubic differential systems 19

CASE 2. a300 = —€2,0,0, 200 # €200 and a1,10 # —b101.
In this case, computing f; we obtain

1

rfa(r) = ~ 53010%% (Y4Z5r5 + YAfAr‘L + Yi3r3 + Yzf,zr2 + Yilr + YAf’(J) ,

where

YZ,S = — 1536a° (8(511,0,3 —c103) +2(a121 —c121) — 2(b112 —d112) — 3(b130 — d1,3,o)),
Y30 = —7207t(a1,10 + b10,1)c2,00 <4(113,0,0 + ¢c300)% + c2,00(a1,01 — €10,1)

+ 2by00(a1,1,0 + c11,0) — €2,00(b1,1,0 — d1,1,0)>-

We do not explicitly provide the expressions of YZ* ;fori=1,2,...,4, since they are very long.
Then fi(r) can have at most five positive simple zeros, we conclude that system (1.5) has at
most five small limit cycles and this number can be reached.

To apply the fifth order averaging theorem, we need to have f4(r) = 0 so we let dy30 =
Y35/46080° 4 dyz0, dops = —Y;,/4320ma® + dros, dsop = Yi5/15360a° + dsgp, dagn =
—Yiz /57607l + dspa, dsp0 = Y42,1/ 23040a° + dsp0,0. Note that in order to make Y42,0 =0,
we consider two subcases.

1
Subcase 1. c200 = 0 and a3 00 # — 702 (c200(a1,01 — c1,01) + 2b2,0,0(a1,1,0 + €1,1,0) — c2,00(b1,1,0 —
d1,10)) — €3,00-
In this subcase, computing f5 we obtain

1

rfs(r) = ~ 559600410 (Y§'61V6 + Y52"§r5 + Y52,Q41r4 + Y52,'§r3 + Y52,’21r2 + Yé’llr + Y;’&),

where

Y52,’61 = 1152007ta* ((—Zam,z —2c112 —3a130 —3c130 + b1p1 + dllzll)lxz
+ (2a1,02 + 2c102 + 24120 + 2¢120)0 — 2(a1,10 + Cl,1,0)>,
Y52, o = 864007t(a1,10 + b1o;1) (2(0!3,0,0 + ¢3,0,0)0% + bago(a1,10 + Cl,1,0)>

: (2(03,0,0 —¢300)a% + bagp(ar10 — C1,1,o)>-

We do not explicitly provide the expressions of Yg’il fori=1,2,...,5, since they are very long.
Then f5(r) can have at most six positive simple zeros, we conclude that system (1.5) has at
most six small limit cycles and this number can be reached.

_ 1
Subcase 2. ¢200 # 0 and a300 = — 757 (c2,00(a1,01 — c1,01) + 2b2,0,0(a1,1,0 + €1,1,0) — c200(b1,1,0 —
d1,1,0)) — €3,00-

As in the Subcase 1, one can compute the expression of f5 as follows:

1

rfs(r) = ~ 5529600710 <Y52,’62r6 + Ygl’521’5 + ngf* + Yggﬁ + YSZ,'ZZr2 + Yé’fr + Yé’g),
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where
20 21
Y5 = Y5,
20 4
Y5,0 = 216007‘[(611,1,0 + b1/0/1)C2,(),0 [ — 32(&4,0,0 + C4/0/0)D€ + 8( — szlolo(azrl,o + C2,1,0)
+¢3,00(b1,1,0 — d1,1,0 — 41,01 + €1,01) + €200(—a2,0,1 + €201 + b2,1,0 — d21,0)
2
—2b300(a110 + Cl,l,O)) a”+ ( —4b0,0(c1,1,0(a1,01 + 11,0 — 1,01 + d1,10)

2
+ 2a1,1,0b1,10) + 2,00 (a7 0,1 + 2a1,01b1,1,0 + 2a1,0,1¢1,01 — 241014110

2
—4ay10b1,01 — 4a1,1,0c1,1,0 — 4b1o101,10 + b110 — 2b1,1,001,01

+ 2b1,1,0d1’1’0 - 3C%,0,1 + 2C1’0’1d1,],0 - 46%/1/0 - 3d%,1,0) )i| .

We do not explicitly provide the expressions of Yg‘l‘z fori =1,2,...,5, since they are very
long. Then f5(r) can have at most six positive simple zeros, we conclude that system (1.5) has
at most six small limit cycles and this number can be reached.

CASE 3. a11,0 = _bl,O,l and ”%,0,0 — C%,O,O 75 0.
Since the calculations and arguments are quite similar to those used in the CASE 1, we
just provide the expressions of f; and f5 as follows:
1
rfa(r) = s (Y£5r5 Yt Y+ Yo+ Y + YE,O),

1
rfs(r) = ~ 53020410 (Y53/6r6 + Y551 + Yot 4 Yo + Y5, + Y;lr + Y53,0>,

where

Y} = — 3844° (8(01,0,3 —c103) +2(a121 —c121) —2(b112 —d112) — 3(b130 — d1,3,0)>,
Yf]o = — 3600{71(51%/0/0 - C%roro) ( - lx(ﬂZ,],O + b2,1,0) + 4&12,0,0),

3 4 2
Y5, = 4807ta ((—2111,1,2 —2c1,12 — 3130 — 3c1,30 + bip1 +dip1)a
+2(a100 + c102 +a1,20 + c120)x +2(b1,01 — C1,1,0)) ,
Y3, = 720 200 —C3 2 b 5_8 24 (- 2019 0b
50 = 7207ta(az,00 — 202) ( 2(a3,1,0 + b3o,1)&” — 8a3000” + (—a1,1,142,0,0 + 2a1,2,0b2,0,0
— 250,001,002 + b1,1,102,00) 0 + 4(a1,0,12,0,0 + b101 bz,o,o))-

We do not explicitly provide the expressions of Yf/ Jfori=1,2,...,4and Y53, ; forj=1,2,...,5,
since they are very long. Then f5(r) can have at most six positive simple zeros, we conclude
that system (1.5) has at most six small limit cycles and this number can be reached.

Using the results of Sections 5.1 and 5.2, we complete the proof of Theorem 1.4.

In summary, we give a remark for the averaging method that we are using in Section 5.
We know that if the averaged functions f; = 0forj=1,...,k—1and f; # 0, and 7 is a simple
zero of fi, then by Theorem 2.1 there is a limit cycle r(6,¢) of the differential system (5.3)
such that 7(0,¢) = 7+ O(e). Then, going back through the changes of variables (x = ercos#,
y = ersinf) we have for the discontinuous piecewise differential system (1.5) the limit cycle
(x(t€),y(t€)) = ¢e(Fcosh, Fsinf) + O(e?), which tends to the origin of system (1.5) when the
parameter ¢ — 0. In other words, this limit cycle is a small limit cycle bifurcating from the
origin, i.e., is a limit cycle coming by a Hopf bifurcation.
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A Fifth order averaging formulae

oy, z) — vy (v —2m, 2
i) = Y (7,2) —y; (v —27m,2)

r , fori=1,...,5,
i

where
yi (6,2) / Fi(¢,2)d,
02 = [ (25 (9.2) 4 20F (9,25 (9,2) ),
0
vE©,2) = [ (6F(9.2) + 69FE (0,2)07 (9,2)
+30°F (9, 2)y3 (9,2)* + 30 (9,2)y5 (,2) ) do,
0
vi (0,2) = /0 (24 (9,2) + 240F5 (9, 2)¥5 (9,2) + 120°5" (9, 2)v7 (9,2)
+120B (9, 2)y; (9,2) +120°F (¢, 2)yy (9, 2)y; (9,2)
+4°F (9, 2)y (9,2)° + 40FE (9,2)v3 (9,2) ) do,

0
v5 (0,2) = /0 (120F5" (9, 2) +1200F;" (¢, 2)v5 (9, 2) + 609°F5" (9, 2)y7 (9,2)°

+600F;" (¢, 2)y; (9,2) + 609°Fy (9, 2)y7 (9, 2)y;5 (9,2)
+200°Ef (@, 2)yi (9, 2)° + 2005 (9, 2)y= (9, 2)
+2002FE (9, 2)yE (9, 2)yE (9, 2) + 1592FE (9, 2) v (9, 2)>
+30°F= (@, 2)y5 (9, 2)%y5 (9, 2) + 50*F= (9, 2)yi (¢, 2)*

z
+50F(9,2)v5 (9,2) ) do.
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B Algorithm for generating w

Algorithm 1

Input: a function G = i aifi(w) + kfs(w)

Output: a zero wy of GZ v(\)rith multiplicity 8

1: with(RandomTools);

2: ():=CGenerate(list(rational(range=0..1,denominator=10001),500));

3: for wg in Q) do

Gy := subs(w — wy = s, convert(series(G, w = wy,9), polynom));

eo := tcoeff(Gy, s);

for i from 1 to 8 do
e := coeff(Gy,s');

So := solve({seq(e; = 0,j = 0..7) }, {seq(aj,j = 0..7) });

A := normal(subs(So, eg) /k);

10: G, := convert(series(subs(Sop, G), w = 0,2), polynom);

11: B := normal(coeff(Gy, w) /k);

12: if signum(evalf(A)) — signum(limit(subs(Sp, G), w = 1,left) /signum(k)) = 0 and
signum (evalf(AB)) < 0 then

13: return wy;

D A

The following result is one output of Algorithm 1:

781 834 515 878 622 740
10001" 10001”10001 10001" 10001" 10001
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