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Abstract

Lower and upper bounds on the size of resolving sets for the point-hyperplane incidence
graph of the finite projective space PG(n, q) are presented.

1 Introduction

For a connected, finite, simple graph I' = (V| F) and z,y € V let d(z,y) denote the length of a
shortest path joining = and y.

Definition 1. Let T' = (V, E) be a finite, connected, simple graph. A vertex v € V is resolved
by S = {v1,...,vn} CV if the ordered sequence (d(v,v1),d(v,v2),...,d(v,v,)) is unique. S is a
resolving set in I' if it resolves all the elements of V. The metric dimension of I" is the size of the
smallest example of resolving set in it.

The study of metric dimension is an interesting question in its own right and it is also motivated
by the connection to the base size of the corresponding graph. The base size of a permutation group
is the smallest number of points whose stabilizer is the identity. The base size of I' is the base
size of its automorphism group. The study of base size dates back more than 50 years, see [10].
A resolving set for T' is obviously a base for Aut(T"), so the metric dimension of a graph gives an
upper bound on its base size.

The best known general bounds on metric dimension are given in the next theorem. The lower
bound is straightforward, but the bound is tight (e.g. for a path or for a complete graph). The
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upper bound was proved by Hernando et al. [7]. They also proved that for all integers d > 2 and
k > 1, there exists a graph on n vertices for which equality holds in Inequality (1).

Theorem 2 (Hernando et al.). If T has n vertices, its diameter is d and its metric dimension is
k, then

iy ko [d/3] .
<n< — 1 20— 1) 1
k+d_n_Q3J+>+k;(z ) (1)

For more information about general results we refer the reader to the survey paper of Bailey
and Cameron [1].

Much better bounds are known for incidence graphs of some linear spaces. In these cases, there
are several estimates on the size of double blocking sets that can be used to prove lower bounds
on the metric dimension. The knowledge of geometric properties are useful for the constructions
and hence for the proof of upper bounds. It was shown by Héger and Takats [6] that the metric
dimension of the point-line incidence graph of a projective plane of order q is 4¢ — 4 if ¢ > 23.
Estimates on the metric dimension of affine and biaffine planes and generalized quadrangles were
given by Bartoli et al. [2]. In higher dimensional spaces resolving sets are connected to lines in
higgledy-piggledy arrangement which were studied by Fancsali and Sziklai [4].

Let I'p3(n, q) be the point-hyperplane incidence graph of the finite projective space PG(n, q).
The two sets of vertices of this bipartite graph correspond to the points and hyperplanes of PG(n, q),
respectively, and there is an edge between two vertices if and only if the corresponding point is in
the corresponding hyperplane. In this paper, we investigate the metric dimension of I'p(n, q).

We use the same notations as in [6]. In particular

e [P] and [H] denote the set of all hyperplanes through P and all the points in the hyperplane
‘H, respectively;

o if S = PgUHg, with Pg points and Hg hyperplanes, then inner points and inner hyperplanes
indicate points or hyperplanes in S, whereas outer points or outer hyperplanes denote points
and hyperplanes not in .S;

e an outer point is t-covered if it lies on exactly ¢t hyperplanes of Hg.

In I'py(n,q) the distance of two distinct vertices is 2 if both vertices correspond to points or
to hyperplanes and the distance is 1 or 3 if one vertex corresponds to a point and the other one
corresponds to a hyperplane. Thus, outer points can only be resolved by hyperplanes and outer
hyperplanes can only be resolved by points. Considering this property, the following definition is
natural.



Definition 3. A subset S of vertices in I'py(n, q) is called a semi-resolving set for points (hyper-
planes) if it resolves all of those vertices of I'py(n,q) that correspond to points (hyperplanes) of
PG(n,q).

This paper is organized as follows. In Section 2, lower bounds on the size of resolving sets
are proved in a pure combinatorial way. In Section 3, some constructions are presented. These
resolving sets come from lines in higgledy-piggledy arrangement and the proof of our main result
is based on estimates of the number of F,-rational points of suitable algebraic curves. Finally, in
Section 4 computer aided result for spaces containing small number of points are given.

2 A general lower bound

Our first general lower bound is a generalization of the planar result of Héger and Takéts [6].

Theorem 4. If q is large enough, then the size of any resolving set in I'py(n, q) is at least

n—1
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Proof. The statement for n = 2 was proven by Héger and Takats [6], so we may assume that n > 2.

Suppose to the contrary that a resolving set S = PgUHg contains less elements than r. Because
of the duality we may assume without loss of generality that Hg contains at most (r — 1)/2
hyperplanes. Let |Hg| = ng — C, where C' > (”7) All outer points must be resolved by the
elements of Hg because the distance of any two distinct points is exactly 2. If m < n, then the
intersection of any set of m hyperplanes contains at least ¢~ +¢*» ™ ' 4+...4+1 > 1 points, thus
any set of m hyperplanes can resolve at most one m-covered points. Hence, a lot of points must
be covered at least n times. The maximum number of resolved m-covered points is (”qygc), the
number of 1-covered points and outer points altogether is r, and there is at most one not covered
outer point. Therefore, counting the incident (inner hyperplane, point) pairs, we get

(nq—C)(qnl+q"2+--~+1)zn<q_l_Z<”q )_ _1>+Z (nq >

=n(d"+q¢" ' +- Z: <nq— )—n(r+1)+nq—C’.

n—1



The coefficients of ¢" are the same on the two sides of the inequality. As n > 2 implies that the

summands n(r + 1) and ng do not contain any term of ¢"~!, when comparing the coefficients of
"' we get
n—1
n—-C>n— —,
- (n—1)!
this contradiction proves the statement of the theorem. ]

Let us remark that in the case n = 2 the bound is tight. Héger and Takats [6] not only
proved the lower bound if ¢ > 23, but they also constructed several resolving sets of size 4q — 4 for
I'p(2,q), so we know that the metric dimension of the point-line incidence graph of a projective
plane of order ¢ > 23 is 4q — 4.

In higher dimensions the sizes of the known resolving sets are much greater than the bound
in Theorem 4. For instance, a construction due to Fancsali and Sziklai provides, under some
assumptions on n and g, resolving sets of size (4n — 2)q; see [4] and Theorem 10 below. From a
result of Héger, Patkés and Takdts [5, Theorem 1.4], who used probabilistic methods, the existence
of resolving sets of size 4(n + 1)q follows. In the present paper, we construct resolving sets of sizes
8¢ (n = 3 case) and 12¢ (n = 4 case), improving Theorem 10; see Theorem 9 and Corollary 12.
Such constructions are still far from attaining the bound in Theorem 4.

As outer hyperplanes can only be resolved by points, there is a natural connection between
blocking sets and semi-resolving sets for hyperplanes and dually, between dual blocking sets and
semi-resolving sets for points. The simplest k-fold blocking set for hyperplanes is the union of
k pairwise skew lines. If we restrict ourselves and we consider only those semi-resolving sets for
hyperplanes that are contained in the union of some lines, then we can give much better estimates
than the bound of Theorem 4. To do this, we recall a result of Fancsali and Sziklai [4, Lemma 13].

Lemma 5 (Fancsali and Sziklai, [4]). If the set L of lines in PG(n,q) has at most | 5] +n — 1
elements, then there exists a subspace of co-dimension 2 meeting each line in L.

Corollary 6. If a semi-resolving set S for hyperplanes of PG(n,q) is contained in the union of m
lines, then m > [3n/2].

Proof. Suppose to the contrary that m < |3n/2]. By Lemma 5, there exists a subspace II of co-
dimension 2 meeting each of the m lines. This means that each of the ¢+ 1 hyperplanes containing
II meets S in the same set of points, contradiction. ]



3 Upper bounds

In the planar case, all semi-resolving sets for lines are slight modifications of double blocking
sets. The natural generalization of these constructions in PG(n, ¢) is the following: take an n-fold
blocking set for hyperplanes and modify it a bit. We show that this idea does not work without
requiring some additional properties. The simplest n-fold blocking set for hyperplanes is the point
set contained in the union of n pairwise skew lines. It could happen that a 2-codimensional subspace,
say I1,,_o, intersects each of the n lines. In this case, any two hyperplanes whose intersection is I1,,_o
meet the n-fold blocking set in the same set of points, hence they are not resolved. To avoid this
situation we need the notion of lines in higgledy-piggledy arrangement. This notion was introduced
by Héger, Patkds and Takéts [5] and these sets were investigated by Fancsali and Sziklai [4].

Definition 7. In PG(n,q) a set of lines L is called a higgledy-piggledy arrangement if no 2-
codimensional subspace of PG(n,q) meets each element of L.

The next lemma plays a crucial role later in our constructions.

Lemma 8. Suppose that PG(n,q) allows a set of k lines in higgledy-piggledy arrangement. Then,
the graph I'py(n, q) has a resolving set of size 2kq.

Proof. We construct a resolving set S = Pg U Hg having the extra property |Pg| = |Hg|. Because
of duality, it is enough to show that there exists a set of points Pg of size kq that resolves the
hyperplanes of the space.

Let £ = {1, la,...,l;} be aset of lines in higgledy-piggledy arrangement and P; be an arbitrary
point on ¢;. We claim that the set of points

k

Ps = J &\ {~})

i=1

resolves the hyperplanes. Every hyperplane meets every line in either 1 or ¢+ 1 points. As there is
no 2-codimensional subspace meeting each element of £, and the intersection of any two hyperplanes
is a 2-codimensional subspace, we get that no two hyperplanes meet Pg in the same set of points,
which proves the statement. O

Our first result is based on a well-known property of hyperbolic quadrics in PG(3,¢q). This
construction shows that the estimate in Corollary 6 is tight in the 3-dimensional case.

Theorem 9. The graph I'p3(3,q) has a resolving set of size 8q.



Proof. By Lemma 8, it is enough to show that there exists a set of four lines which have no common
transversal line.

Let ‘H be a hyperbolic quadric, ¢1, f2 and ¢35 be three pairwise skew lines on H and ¢4 be an
external line to H. If a line contains three points of a quadratic surface, then each point of the
line is on the surface. Thus, all the transversals of /1, ¢ and /3 are contained in H. As the line /4
has empty intersection with H, there is no line meeting each of the four lines ¢;. This proves the
statement. O

Fancsali and Sziklai [4] constructed sets of lines in higgledy-piggledy arrangement of size 2n — 1
in PG(n, q) if ¢ satisfies some conditions. As a reformulation of [4, Theorem 20] we get the following
statement.

Theorem 10 (Fancsali and Sziklai, [4]). If ¢ =p", p > n and ¢ > 2n—1, then the graph I'py(n,q)
has a resolving set of size (4n — 2)q.

Our main result improves this bound for n = 4. The proof is based on the following proposition
which shows the existence of six lines in higgledy-piggledy arrangement in PG(4, ¢). Let us remark
that our construction is totally different from the one of Fancsali and Sziklai, although we also
use the Grassmann coordinates. For a brief introduction to these coordinates we refer the reader
to [9, Section 24.1].

Proposition 11. In PG(4,p") if p # 2, p # 3 and q > 36086, then there exists o € GF(p") such
that there is no plane which intersects each of the six lines joining the pairs of points

(1:0:0:0:0) and (0:1:1:0:0),
(0:1:0:0:0) and (0:0:1:1:0),
(0:0:1:0:0) and (0:0:0:1:1),
(0:0:0:1:0) and (1:0:0:0:1),
(0:0:0:0:1) and (1:1:0:0:0),
(1:1:1:1:1) and (1:0:1:a:0).

Proof. The Grassmann coordinates

(901 902 1 9go3 1 go4 - 912 1 913 1 g14 + g23 1 g24 : 934)



of the lines are the following.

0y (1:1:0:0:0:0:0:0:0:0),
ly : (0:0:0:0:1:1:0:0:0:0),
I3 : (0:0:0:0:0:0:0:1:1:0),
Ly (0:0:1:0:0:0:0:0:0:—1),
ls : (0:0:0:1:0:0:1:0:0:0),
lg (1:0:1—a:1:-1:—a:0:1—-a:1:a).

Suppose that a plane II with Grassmann coordinates

(9234 : 9314 : 124 © G213 G034 © G204 : 023 © G014 : 9103 © G012)

meets each of the six lines. This means that the dot product of the coordinate vectors of ¢; and
IT is zero. Writing it for 7 = 1,2,...5 we get go34 + g314 = 0, go34 + g204 = 0, go14 + g103 = 0,

g124 — go12 = 0 and g213 + go2s = 0, respectively. Let go3s = a, g123 = b, g213 = ¢, go34 = d go14 = €.
Then, the coordinate vector of II is

(a:—a:b:c:d:—d:—c:e:—e:b).
This vector satisfies the quadratic Pliicker relations
Girioiz9j1jajs = GjriaizJirjajs — GjaiaizJirjijss
thus choosing j3 = 4,3,2,1 and 0 we get
ac =ad—bd, ac=cd—ae, ab=cd—bc, ab=be+ce, bd=ce-+ de, (2)

respectively. The plane IT also meets £, hence we have 0 = a+(1—a)b+c—d+ad+(1—a)e—e+ab,
0
a+b+c+(a—1)d—ae=0. (3)

We claim that for a suitable choice of o Equations (2) and (3) imply a =b=c=d=e=0.

First, suppose that a = 0. Then, from the first three equations of (2) we get bd = ¢d = bc = 0,
hence at least two of b, c and d are 0. Then, the fifth equation of (2) implies that either b = ¢ = d = 0,
or e = 0, so there is at most one non-zero among a, b, ¢,d and e. This fact, together with Equation
(3), prove the statement of the theorem.

Now, suppose that a # 0. Because of the homogeneity we may assume without loss of generality
that a = 1.



If d = 0, then the first and second equations of (2) imply e = 0 and ¢ = 0, and the third
equation implies b = 0, because a = 1. Thus, Equation (3) gives 1 = 0, contradiction.

If d = 1, then the second equation of (2) gives e = 0, hence the first equation of (2) implies
b = 1. This means that the third equation of (2) becomes 1 = 0, a contradiction again.

Suppose that 0 # d # 1. Then, the first and second equations of (2) give b = % and ¢ = 755,
respectively. Substituting these expressions into the remaining three equations of (2), we get

dPe—d>+d+e*—e=0
in each case, while substituting into Equation (3) gives
(1—a)d®+ (a —3)d* +2d + e(ad® — ad — 1) = 0.
The resultant of these two equations with respect to e is
(d° —d"a? + (—d® + d* + 4d3 — 5d® + d)a + d* — 4d> + 6d® — 5d + 1. (4)

In the following, we prove that there exists at least one o € F; such that Equation (4) has no
solution in [Fy,.
First of all, we count the number of as for which the equation

Gold) = (d® — dYa? + (—d® + d* + 4d® — 5d® + d)a + d* — 4d> +6d*> —5d +1 =0
has at least two distinct solutions in F,. Consider the polynomial
Fpyotu(d) = (d+z)(d+y)(d® + d®z + dt + u) € Fyd).

We will give a lower bound on the number of six-tuples [z,y, z,t,u,a] € FS such that G (d) =
AFyy 2 tu(d) for some \ € Fy.
This immediately gives A = a? — a, therefore a # 0,1, and

ryua® — ryua — 1 =0,

ra? —za+ya? —ya+za? —za+a® —a—1=0,
ryta® — zyta + zue’® — zua + yua® — yua —a+5 =0,
ryzo? — xyza + rta — xta + yta® — yta + ua® — ua 4+ 5a — 6 = 0,

rya + zza+yza+ta—4 = 0.

We also require that x # y, that is x —y # 0, and zy # 0 in order to consider the following

substitution:
t = —(zya+ zza + yza — 4)/a,

u=1/(zy(a® - a)), :
z=—(za? —ra+ya® —ya+a?—-a—1)/(a? - a).



We get
0 = (z*y? + 23y® + 2392 + 2%y* + 2%y%)a?
F(—aty? — a2y — eyt — 2% 4 42y — aya
03,2 .23 4 22
Yy —z%y’ — 4y +Szy+x+y,
0= (a:4y +23y? + 2Py + 2%y + 2%y oyt xyS)a2
+ (—zty — 23y? — 23y — 2%y — 2%y? + 422y — 2yt — 2 + day® + Bay)a

— 23y — 22y? — 42%y — ay® — day® — 62y + 1.
It is easily seen that « # 0,1 is equivalent to
(23y? + 2%y — day — x — y) (239 + 2% + da®y® — ey —x —y) # 0.

Now, the resultant of the two polynomials in (5) with respect to a contains the factor H(z,y) equal
to

28y8 + 428y" + 728y% + 13285 + 2428y + 33283 + 27289y% + 928y + 28 + 4278 + 1127y" + 827y8
+232 Y% + 7927yt + 11027y + T127y? + 2027y + 227 + 7258 + 828y 7 — 32040 + 8725y + 262254
+2562%y3 + 10125y% + 1725y + 25 + 1325y® + 232%y" + 872790 + 36725y° + 5862°y* + 397213
+1122°9% + 112%y + 24xty® + 7924y " + 26221y° + 5862y + 62221y* + 30721y + T0xty? + 62ty
+33231% + 11023y" + 2562315 + 39723y + 30723 y? + 10423y + 1623y% + 23y + 27228 + T122y”
+1012%y°+11222y5+ 7022y + 16223 + 229 ° +921y° + 202y +172yS + 1 12y° +6 2y 4+ 293 +1°5+2y " +1/.

_ e3y+ayl+aly+ryd +ay?—4ry+1
Let 6 =a+ Sy (2 Tyt 152 19) . Then

4x?y? (2% + zy + x4+ y* + y)? 82 =28 + 22°y> + 62°y° + 32ty
+ 12:U4y3 + 13:v4y2 + 2x3y5 + 12$3y4 + 183033/3 + 8$3y2
— 1823y — 423225 + 622y° + 132%y* + 8%y — 2272
— 262%y — 42 — 18z1> — 262y — 162y — 4y> — 43> + 1.



Finally, put v = 2zy(z? + 2y + = + y? + y) 8. Then, we obtain
72 = a:6y2 + 2x5y3 + 6:U5y2 + 3:1:4y4 + 12x4y3 + 13:I:4y2 + 21:33/5 + 12:E3y4 + 18:L‘3y3
+ 823y? — 18x3y — 423 + 228 + 62%y° + 1322y* + 82%y% — 222y — 262%y
— 42 — 18xy> — 26ay* — 162y — 4> — 4y* + 1
=L(x,y).

Now, consider the algebraic variety V defined by Equation (6) and H(z,y) = 0. We are going
to prove the existence of an absolutely irreducible component defined over [F, of V. Consider the
birational transformation ¢ defined as p(z,y,v) = (z,2%y — 1,7). Let H'(z,y) = H(o(z,y,7))
and v2 = L(p(z,y,v)). It is easily seen that the new variety V' has a component given by 72 =
L(p(z,y,7)), H(p(z,y,7))/z* = 0. This component contains a simple F,-rational point (0: 0 : 1)
and therefore there exists an absolutely irreducible F,-rational component X through it which is
not contained in the plane x = 0. The variety V' has equations

(6)

( 0= [1320y8 4 4x19y8 4 7x18y8 _ 41'18y7 4 131’17y8 _ 21x17y7 + 241'162}8 _ 481’16y7 + 7$16y6 4 331’15y8
—812My" + 432150 + 27214y — 1132197 + 1372 1y0 — 219 + 921398 — 15421397 4 29021340
—182139° + 212¢8 — 14521247 + 3812125 — 1192'29° — 62'29* — 52211 y7 + 4102 1y5 — 400211 4°
—212Myt — 621097 + 3602100 — 6712109° — 8x10y* + 1121093 + 1292%9° — 67725 + 16127y*
+252% + 152895 — 5152815 + 53728y + 2628y% — 928y? — 175275 + 62227 y* + 60273
—1427y? — 2025y5 4 43020y* — 1402093 + 182%y% + 25y 4 1362°y* — 2722793 — 472%y? + 425y
—1—15.%43;4 — 191:v4y23 — 36zty? — 122%y + z* — 572393 + 3023y + 423y — 622> + 332%y? + 1822y
+10xy“ + 8xy + y* + v,

,.Y2 — $14y6 + 21,133/5 4 31)123/4 + 2$11y4 + 21’112/3 _ 21’103/4 4 $10y2 _ 10$9y3 _ 4$8y3 _ 51.83/2 _ 21138y
—1827y3 + 627y — 627y — 42093 + TaOy? — 220y + 20 + 2825y? — 1825y + 4a® + 82ty? — 262y
+4z* — 1823y + 1423 — 422y + 2022 4 8z + 1.

Let Y = ¢ 1(X) be the corresponding F,-rational component in V. In order to estimate the
genus of ), we notice that the curve defined by H(x,y) = 0 has genus at most 105 — 56 = 49, since
such a curve has degree 16 and at least two ordinary singular points of multiplicity 8 (the two ideal
points). Thus, by [11, Corollary 3.7.4],

1
9(¥) < 1+2(49 — 1) + (128) = 161.
Hence, from the Hasse-Weil Bound [11, Theorem 5.2.3], we get that ) has at least

q—161/q—3

10



affine Fy-rational points.
Recall that we need to prove the existence of Fy-rational points (z¢ : yo : 7o) such that

g(x07y0) 7é 07 where
9(x0, Y0) = Zoyo(o — yo) (x3yg + 2qys — 4xoyo — o — yo) (TYYG + TqYs + 425Ys — 5Toyo — To — Yo),

since the corresponding a must be different from 0 and 1. Now, the variety given by g(x,y) = 0
is mapped by ¢(x,y,~) into a variety of degree 30 in z,y. The component V' can have at most
30 - 28 - 2 = 1680 points in common with g o ¢. Summing up, there are at least ¢ — 161,/q — 1683
suitable triples (xo,¥yo,70), which correspond to suitable 6-tuples (xg, Yo, 20, to, o, ®p) such that
Go(d) has at least 2 distinct roots in F,. Since each polynomial G, (d) can correspond to at most
to 5 -4 = 20 6-tuples, the argument above proves the existence of at least (¢ — 161,/g — 1683)/20
values of a such that the corresponding G, (d) has at least 2 distinct roots in Fy.

Now, each pair (d, a) € F2 such that G4 (d) = 0 corresponds to an Fg-rational point of the curve
Z defined by Go(d) = 0. Since such a curve has genus at most 1, there exist at most ¢ +2,/g — 1
such pairs, again by [11, Theorem 5.2.3]. Finally, the number of @ € F, \ {0, 1} such that Gg(d)
has no roots, or equivalently no points (d, @) belong to the curve G (d) = 0, is lower bounded by

q—161,/g—1683 | ¢ —181,/q — 1683

—92 _ 2/q—1-2
q q+2v/4q 20 10
Fq\{0,1}] |Z| “good” 6-tuples

If ¢ > 36086, then the previous quantity is larger than 1 and the existence of a suitable «a is
proved. O

Corollary 12. The graph I'p3(4,q) has a resolving set of size 12q.

Proof. By Lemma 8, the existence of six lines in higgledy-piggledy arrangement implies the existence
of a resolving set of size 12¢ at once. O

Let us remark that, by Lemma 5, the smallest size of a set of lines in higgledy-piggledy arrange-
ment in PG(4, q) is 6, hence we cannot construct smaller resolving sets in this way.

Finally, our last theorem in this section gives an upper bound in the cases when Theorem 10
cannot be applied.

Theorem 13. If n > 3, then the graph Tpy(n,q) has a resolving set of size (n* +n — 8)q.

11



Proof. By Lemma 8, it is enough to give a set £, of % lines in higgledy-piggledy arrangement.

The construction is given by induction on the dimension. For n = 4 Theorem 12 guarantees the
existence of a required set of points which is contained in the union of 6 lines. Suppose that PG(k, q)
admits a set of % lines that resolves the hyperplanes of the space. Consider PG(k + 1, ¢). Let
Y. be a hyperplane in PG(k+1, q). Then, ¥ is isomorphic to PG(k, ¢), hence we can choose a set Ly
of "32+72k_8 lines in ¥ such that no (k — 2)-dimensional subspace of ¥ meets each element of £j. Take
k+ 1 pairwise skew lines in PG(k+1,q), say {1, la,..., k11, such that each of them intersects ¥ in
exactly one point, and the k+1 points P; = X N¥; generate ¥.. We claim that no (k—1)-dimensional
subspace of PG(k + 1, q) meets each element of the line-set

Liy1 =L U{ly, lo, ... L}

Let II be a (k — 1)-dimensional subspace of PG(k+1, ¢). If IT is not contained in ¥, then IINY is a

(k — 2)-dimensional subspace of ¥, hence it cannot meet each element of L, while if IT C 3, then

II cannot contain all points P;, P», ..., Pyy1, hence it cannot meet each of the lines 1, o, ..., ;1.
By definition, the set L1 contains

k2+k—8+(k+l): (k+1)2+(k+1)-38
2 2

lines which proves the theorem. O

4 Resolving sets for small ¢

We performed a computer search for small resolving sets and semi-resolving sets in PG(n, q),n = 3,4
for small values of g. All computations have been performed using MAGMA [3].

The results concerning the search for semi-resolving sets are summarized in Table 1, where a dot
after a value means that no smaller semi-resolving sets exist, while the superscript indicates the
number of equivalence classes up to PGL(n + 1, q).

Classifications and non-existence proofs have been obtained using an exhaustive algorithm. In
both PG(n,2),n = 3,4, the smallest semi-resolving set is the projective frame. We also proved that
no resolving sets of size less than 8 and 10 exist in PG(n,2),n = 3,4, respectively. In PG(3,3),
nine of the semi-resolving sets of size nine are subsets of semi-resolving sets obtained by Theorem
9, while the tenth is an incomplete cap; we also found a resolving set of size 17, consisting of nine
points and eight planes. The semi-resolving set of size ten in PG(4, 3) is an incomplete cap.

The other examples in Table 1 have been obtained using a randomized greedy algorithm. The

12



Table 1: The smallest known sizes of semi-resolving sets in PG(n,q),n = 3,4

q 2 3 4 15 | 7
PG(3,q) || 4'. [ 910, [ 13 | 17 | 27
PG(4,q) | 5'. | 101 | 20 | 28 | 41

semi-resolving set of size 13 in PG(3,4) is a subset of a semi-resolving set obtained by Theorem
9. All the other examples contained in Table 1 are not subsets of semi-resolving sets obtained by
Theorem 9 or by Theorem 12.
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