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Abstract. The purpose of this paper is to consider a system of N-fixed point equations in metric
spaces. The existence and uniqueness of solution and an iterative algorithm for approximating
the solution are studied. This system of N-fixed point equations is an extension of the classical of
fixed point equation x = Tx. The results of this paper improve several important works recently
published in the literature.
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1. INTRODUCTION

Banach’s contraction principle is one of the most powerful tools in applied non-
linear analysis. Weak contractions (also called ¢-contractions), as generalizations of
Banach contraction mappings, have been studied by several authors. Let T be a self-
map of a metric space (X,d) and ¢ : [0,+o0) — [0,+o0) be a function. We say that T
is a ¢-contraction if

d(Tx,Ty) <¢(d(x,y)), Vx,y€X.

In 1968, Browder [2] proved that if ¢ is non-decreasing and right continuous and
(X,d) is complete, then T has a unique fixed point x* € X and lim 7"xy = x* for any

given xg € X. Subsequently, this result was extended in 1969 bny_> Boyd and Wong [ 1]
by weakening the hypothesis on ¢, in the sense that it is sufficient to assume that ¢
is right upper semi-continuous and not necessarily monotone. For other results of
this type see also [3]. For a comprehensive study of relations between several such
contraction type conditions, see [7] and [8].

On the other hand, in 2015, Su and Yao [14] proved the following generalized
contraction mapping principle.
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Theorem 1. Let (X,d) be a complete metric space. Let T : X — X be a mapping
such that

Y(d(Tx,Ty)) < 0(d(x,y)), ¥ x,y € X, (L.D)
where ,¢ : [0, 4c0) — [0, +00) are two functions satisfying the conditions:
(1) y(a) <¢(b) = a<b;
<
a, — €, b, —¢€

=e=0.

Then, T has a unique fixed point and, for any given xo € X, the iterative sequence
T"xy converges to this fixed point.

In particular, the study of the fixed points and coupled fixed points for weak con-
tractions and generalized contractions was extended to partially ordered metric spaces
in [4-06,10-12,15]. Among them, some results involve altering distance functions.
Such functions were introduced by Khan et al. in [9], where some fixed point theor-
ems are presented.

Recently, Y. Su, A. Petrugel and J. C. Yao [13] proved a multivariate contraction
mapping principle in complete metric spaces.

The purpose of this paper is to consider a of system of N-fixed point equations in
metric spaces. The existence and uniqueness of solution and the iterative algorithm
of solution are studied. We notice that the system of N-fixed point equations is a
generalized form of the fixed point equation x = T'x. The results of this paper improve
several important works published recently in the literature.

2. A SYSTEM OF NONLINEAR EQUATIONS WITH CONTRACTION TYPE
OPERATORS

We will start the section with some concepts and results which are useful in our
approach.

Definition 1. A multiply metric function A(ay,as,---,ay) is a continuous N vari-
ables non-negative real function with the domain

{(a1,a2,--,an) €ERY :q; >0, i€ {1,2,3,---,N}}

which satisfies the following conditions:

(1) A(ay,az,---,ay) is non-decreasing for each variable a;, i € {1,2,-,N},

(2) Alay+bi,ar+by,---,ay +by) < Aay,az,- -+ ay) + A (b, by, - - -, by),

3) Aa,a,---,a) =a,

@ A(al,az,- . -,aN) —-0&5a;—0,i¢€ {1,2,3,- . -,N},

(5) A(al,az, e -,aN) = A(ail 3 Qi y e ~,a,‘N),
for all a;,b;,a € R, i € {1,2,3,---,N}, where a;,,a,, - - -,a;, is an arbitrary permuta-
tion of elements aj,ay,- - -, ay.

The following are some basic examples of multiply metric functions.
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N
Example 1. Ay(ay,ay,---,ay) = %Za,’.

N
Example 2. Ny(ay,az,---,ay) = %Zqiai, where ¢; € [0,1), i € {1,--- ,N}

and 0 < h:=

1

gi < 1.

N
=1

N
Example 3. N3(ay,az,---,ay) = %Za%.
i=1

Example 4. Ny(ay,az,--+,ay) = max{a;,az, - -,ay}.
An important concept is now presented.

Definition 2. Let (X,d) be a metric space, T : XV — X be a N-variables mapping,
an element p € X is called a multivariate fixed point (or a fixed point of order N, see
[13]) of T if

p=T(p,p,---,p).

In what follows, we recall the following theorem which is a generalization of
Banach’s contraction principle. This theorem was proved by Y. Su, A. Petrusel and
J.C. Yao in 2016, see [11].

Theorem 2. Let (X,d) be a complete metric space and T : X — X be a N-

variables mapping for which there exists h € (0, 1) such that the following condition
holds

d(Tx7 Ty) < hA(d(xbyl)’d(xZ’yZ)v' : '7d(xN7yN))7 Vx,y € XN7

where /\ is a multiply metric function.
Then, T has a unique multivariate fixed point p € X and, for any py € XV, the
iterative sequence {p,} C XV defined by

pP1= (Tp07Tp07 o '7Tp0)
p2=(Tp1,Tp1,---,Tp1)

DPn+1 = (TPnanm o 7TPn)

converges, in the multiply metric /\, to (p,p,---,p) € XV and the iterative sequence
{Tpn} C X converges, with respecttod, to p € X.

In this article, we will extend Banach’s contraction principle in another direction.
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Definition 3. Let (X,d) be a metric space, T : XV — X be a N-variables mapping,
we consider the following N-variables system of equations:

p
T(X]’17-x],27 o ',X]./N) = X1,

T(xi,lyxi,27'“7xi,N) = Xi, (21)

T(xn,1,XN2," s XNN) = XN,

The system of equations (2.1) is said to be system of N-fixed point equations, where
Xi1,Xi2, XN, i =1,2,--- N and xy j,x2 j,- -+, xn,j, j=1,2,---,N are the permuta-
tions of elements xj,x7,x3, -+ ,xN.

N
Remark 1. It is easy to see that system (2.1) includes H n! systems of equations.
n=1

2

For example, if N = 2, then (2.1) includes Hn! =2!-1! =2 systems of coupled
n=1

fixed point operator equations, i.e., the following systems

{T(xl,xz) =x {T(xl,xz) =x

T (x2,x1) =x2 T (x2,x1) = Xx].

Example 5. Let (X,d) be a metric space and T : X — X. We consider the follow-
ing systems of equations:

4
T(x1,x2, -, XN) = X1,

T(-x27-x37‘ . ',X]) = X2,

2.2)
T(xNaxla © 'afol) = XN,
and
T(X],Xz, o '7XN) = XN,
T (x2,%3,"+,X1) = X1,
(2.3)

T (XN, X1, XN—1) = XN—_1.
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The above systems of equations are also special forms of a system of N-fixed point
equations. Moreover, the system (2.3) can be re-written as

T(-x27x37 o ',X]) = X1,
T(x3,X4," -+, X2) = X2,

(2.4)

T (xn, X1, XN—1) = XN—1,
T(x1,X2, -, XN) = XN,

In what follows, we prove our first main theorem, which generalizes Banach’s
contraction principle. We need first the following auxiliary notions and results.

Definition 4. Let (X,d) be a complete metric space and define the following mul-
tiply metric D given by
D((X] 5 ',XN), ()71 P '7)’N)) = A(d(xl 7y1)7 o ‘7d(XN,yN))
for all (x1,--+,xn), (1, +,yn) € XV.
Notice that the functional D is a metric on X". Indeed, the following two condi-
tions are obvious:

@) D((x1,-xn), (V1,7 yn)) =0 (x1, - xn) = (1,7, 98);
(i1) D((yla"'ayN))v(xla"'axN) :D((Xl,"',XN),(yl,"',yN)),
for all (x1,---,xy),(y1,- - yn) € XV,
Next we prove the triangular inequality. For all
('x17"'7xN)7(y]7'"7yN)7(Zla"'7ZN) EXN:

from the definition of 2\, we have that

D((x1,-,xn), (1, - ww)) = Ad(x1,31), -+, d (v, yn)
< A(d(x1,21) +d(z1,51), - d(xn,2v) +d(zn,yv))
< A(d(x1,21),- 5 d(xy,2v)) + A(d(z1,31), -+ d (zv,y8)
=D((x1,+xn), (21, 2n)) +D((z1, . 2v), 01,7+, 9w))-

Moreover, if the metric space (X,d) is complete, then we can prove that (X, D) is a
complete metric space. Indeed, let {p,} C X" be a Cauchy sequence, then we have

im D(pn,pm) = lim A(d(xX10,X1m)s - d(XNn,XNm)) =0,
n,m—oo n,m—oo

where Pn= (xl,nvxz,l’la o '7-xN,l’l)7 Pm = (xl,m7xz,m; te '7XN,m)‘ From the definition of Aa
we have that
im d(xi,,xim) =0, Vie {1,2,3,---,N}.

n,m—»oo
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Hence each {x;,} (i € {1,2,---,N}) is a Cauchy sequence. Since (X,d) is a complete

metric space, there exist xj,x2,- - -,xy € X such that, for all i € {1,2,---,N} we have

lim d(x; ,,x;) = 0. Therefore lim D(p,,x) =0, where x = (x1,x2,---,xy) € X"V. Thus,
n—oo

n—oo
the pair (X", D) is a complete metric space.

Theorem 3. Let (X,d) be a complete metric space and T : X — X be a N-
variables mapping for which there exists h € (0,1) such that, for all
x=(x1,--xn), y= (1, -, yn) € XV, the following condition is satisfied:

d(Tx7 T}’) < hA(d(xh)’l)" : ')d(xNayN)))

where /\ is a multiply metric function.

Then, the system of N-fixed point equations (2.1) has a unique solution
p=(p1, -+, pn) and for any ug = (x0,---,x8) € XN, the Picard iterative sequence
{u,} C XN defined by u, := T"(ug) converges, with respect to the multiply metric D,
to p € XV, where the operator T, : XN — XV is defined by

T.: (xl,XQ,' . ',XN) —> (X17X2,‘ .. ,XN),
where X1 = T(xl_’l,xlyz,--' ,X17N), X2 = T(X271,X2’2,"' ,XQ’N),'“ s andXN =
T (XN,1,XN25 ", XN.N)-

Proof. We consider on X" the define multiply metric D given in Definition 4.
We prove that 7, is a contraction from (X", D) into itself. Observe that, for any
x = (x1,%2, - xn),y = (1,¥2,- - -,yn) € XV, we have that

D(Tx,T.y) = D((T (x1,1,X12, -, X1n)s - T (XN, 1,X82, - - XN N ),
(T, 512,5Y18) - T (.1, X8 2, XN.N)))
= A(d(T (x1,1,x12,- - x1n8), T(V1,1,51.2, V1)),
d(T (x2,1,%22,- - %2N), T (y2,1,52.2, -, Y2.v)),
d(T(xN,laxNQa‘"axN7N)aT()’N,1aYN 2, INN)))
< A(hﬁ(d(m,l,)’1,1),61(361,2,)’1,2), ,d(X1.N,Y1.N))s
hA(d(x2,1,y2,1),d(x22,¥22)5 - d(X2.n,Y2.8) )5
hA(d(x31,y3,1),d(x32,¥32), - d(x38,Y3N))),
hA(d(xn,1,yn,0),d (XN 2,98 2)5 > d (XN N, YNN)))
From the conditions (1), (5) of /A, we have
A(hA(d(x1,1,¥1,1),d(xX12,Y12), - - d(X1.8,Y1.8)),
hA(d(x2,1,y2,1),d(x22,¥22), - d (X2 v, Y2.8) )
hA(d(x3,1,53,1),d(x32,¥32)5 - d (X33, Y38))),
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hA(d(xn1,9n,), d(xnv2,yn2)s - d(Xnv N, YNN)))
=hA(d(x1,1,51,1),d(x12,512)5 - d(X1 N, Y1.8))
- hD((X],Xz, e '7XN)7 (yl y Y25 'JN))
= hD(x,y).
Hence
D(T,x,T,y) < hD(x,y), forallx,yecX".
By Banach’s contraction principle, we obtain that there exists a unique element p =
(p1,---,pn) € XV such that p = T,p and, for any element uy € X", the iterative
sequence u, = T, (up) converges, in the multiply metric D, to p. That is
T*(PI,PLP% o '7pN) = (p17p27p37 e '7pN)‘
From the definition of 7, we have
T*(P17P27P3a o '7PN) - (P15P27P37 o ')PN)a
where
P =T(p1,1,P12, s P1N);
P, =T(p2,1,P22," s P2.N):
Py =T(pn,1:PN2s s PNN)-

Therefore, the vector p = (p1,pa2,---, py) € XV is the unique solution of the system
of N-fixed point equations (2.1). This completes the proof. g

Notice that taking N = 1, A(a) = a in Theorem 3, we obtain Banach’s contraction
mapping principle. Some other consequences of the above general result are the
following corollaries.

Corollary 1. Let (X,d) be a complete metric space and T : X x X — X be a
mapping for which there exists h € (0,1) such that

d(Tx> Ty) < hA(d(xbyl)’d(vayZ))’ Vx= (X1,X2),y: ())1,)72) €eX XXa

where /\ is a multiply metric function.
Then, the system of coupled fixed point equations

{T(xlaXZ) = X1,

T (x2,x1) = x3.

has a unique solution p = (p1, p2) and for any ug = (x{,x3) € X2, the Picard iterative
sequence {u,} C X" defined by u,, = T (uy) converges, in the multiply metric D, to
p € X2, where the operator T, : X> — X? is defined by

T, : (x1,x2) = (T (x1,x2), T (x2,x1)).
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Notice that, in the above theorem, the detailed Picard iterative process is the fol-
lowing:

uyg = (xla )a
uy = ( (xl’x2)7 (x(z)’x(l)))v
uy = (T(T(x7,29), T (x3,x7)), T (T (x3,29), T (x},x3)))

Another consequence follows if we consider the multiply metric given in Example 3.

Corollary 2. Let (X,d) be a complete metric space, T : XN — X be a N-variables
mapping for which there exists h € (0,1) such that

d(Tx Ty Zd xlayl vx— (xl X2, )’y: (ylayZ,"' ’yN) EXN

Then, the system of N-fixed point equations (2.1) has a unique solution p =
(p1,p2,++ ,pn) and, for any up = (x9,x3,--- . x%) € XV, the Picard iterative sequence
{u,} € XN defined by u, = T!"(ug) converges, in the multiply metric D, to p € X",
where the operator T, : XN — XV is defined by

T, : (x1,x2, - xn) = (X1,X2,- -, XN),
where
X1 =T(x1,1,X12,X13, ", XI.N),
Xo =T (x2,1,%22,X23," ", X2.N),
-
Xy =T (XN,1,XN2,XN 35" XN.N)-
Some other corollaries, given for different other multiply metrics, can be given.

For example, we have the following two results.

Corollary 3. Let (X,d) be a complete metric space and T : XN — X be a N-
variables mapping for which there exists h € (0, 1) such that the following condition
holds

d(T.X Ty <h” dehyl vx:(x17x27"'7xN)>y:(y17y27"yN)EXN-

Then, the system of N-fixed point equations (2.1) has a unique solution p =
(P1,p2,P3,"*,Pn) and for any ug = (x9,x9,---,x%) € XV, the Picard iterative se-
quence {u,} C XV defined by u, = T"(ug) converges, in the multiply metric D, to
p € XN. The operator T, : XN — XV is defined by

T (-xlax27 : ) (XhXZa 7X )7
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where
X1 =T (x1,1,%12,X13, XI.N),
Xo =T (x2,1,%22,X23," ", X2.N),
Xnv =T (XN,1,XN2,XN 3, " XN N )-
Corollary 4. Let (X,d) be a complete metric space and T : XN — X be a N-

variables mapping for which there exists h € (0,1) such that, for all x = (x1,x2, -
Sxn),y = (v1,y2,-yn) € XV, the following condition holds

d(Tx7 Ty) < hmax{d(xlayl)v o '7d(xN7yN)}'

Then, the system of N-fixed point equations (2.1) has a unique solution p =
(P1,p2,- -+, pn) and, for any ug = (x(l),xg, . -,xg,) € XN, the Picard iterative sequence
{u,} € XN defined by u, = T!"(ug) converges, in the multiply metric D, to p € X",
where the operator T, : XN — XV is defined by

T, : (x1,x2, -, xn) — (X1,X2,- -, XN),
where
X1 =T (x1,1,%12,X13, ,XI.N),
Xy =T (x2,1,%22,%23," ", X2.N),
Xnv =T (XN, 1,XN 2, XN 3, XN N)-
In particular, for the systems (2.2) and (2.3) we get the following results.

Corollary 5. Let (X,d) be a complete metric space, T : XN — X be a N-variables
mapping for which there exists h € (0,1) such that, for all x = (x1,---,xn), y =
(v1,--+,yn) € XN, the following condition holds

d(T-x7 Ty) S hA(d(-xhyl))' : '7d(-xN7yN))7

where /\ is a multiply metric function.

Then, the system of N-fixed point equations (2.2) has a unique solution p =

(p1,p2,- -, pn) and for any uy = (x9,x9,---,x%) € XV, the Picard iterative sequence

{u,} € XN defined by u, = T!"(ug) converges, in the multiply metric D, to p € XV,
where the operator T, : X" — XV is defined by

T, : (x1,x2, - xn) = (X1,X2,- -, XN),
where
X) =T (x1,x2,%3, -, xN),
Xy = T (x2,x3,%4,--+,X1),

SR
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Xy =T (xn,X1,X2, - -, XN—1)-

Corollary 6. Let (X,d) be a complete metric space, T : XN — X be a N-variables
mapping for which there exists h € (0,1) such that, for all x = (x1,x2, -+, xy),y =
(v1,y2, - yn) € XN, the following condition holds

d(TX, Ty) < hA(d(Xl,)’l)" : '7d('xNayN))7

where /\ is a multiply metric function.

Then, the system of N-fixed point equations (2.3) has a unique solution p =
(p1,p2,-+, pn) and, for any ug = (x9,x3,---,x%) € XV, the iterative sequence {u,} C
XN defined by u, = T"(ug) converges, in the multiply metric D, to p € XV, where the
operator T, : XN — XV is defined by

T* : (xl,XQ, .. ~,xN) — (Xl,Xz, . -,XN),
where

X] = T(XQ,X3,X4, . ‘,xl),
X2 = T(X3,X4,X5, . ‘,X2),

EEN

Xy =T (x1,%2,x3, -, xN).

3. AN APPLICATION TO A SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS

We will give now an application of the above results to an initial value problem
related to a system of first order differential equations of the following form:

ddit1 = f(XIJ(t),X]’Z(I), o '7x1.,N([)7t>7
i — fl(1),xi0(0), - xin(1),1), o)

%N = flan1(2),xn2(t),- -, xnn(1),1),
xi(to) =x° i=1,2,3,--- N.

where #p € R. We denote I := [ty — d,%p + 8] (where & > 0 is a given real number)
and consider f : RN x I — R be a continuous (N + 1)-variables function satisfying
the following Lipschitz type condition

N
|f(xlax2>"'>xNat) _f(y17y27"'>yN>t)| Sk(t)Z|Xi—yj|,
i=1
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with k € L (I,R ). We will consider first the following equivalent system of integral
equations

X1 (l‘) = ft(t) f(xl71(T),X172(’C), .- -,xlaN(’C),T)dT-i-xo,

xi(t) = ftf) f(x,-71 (‘C),x,"z(f), . ',xi,N(’E),‘C)dT —I—XO, 3.2)

( ) J;o (le( ) xN,Z(T)""’XNJV(T)vT)dT'i_an

Let X := Clto — 8,19 + 8] be the linear space of continuous real functions defined on
closed interval I := [ty — 8,y + d]. We introduce on X a Bielecki type metric, by the
relation

dp(xy):= max |x(t) = y(r)]e” KV

t0—0<1<ty+6 ’

where K (1) := ftf) k(s)ds and L is a constant greater than N.
LetT :X xX x---xX — X be a mapping defined by

/fx1 X (T xy (1), 1)dt+x°.
For any x = (x1,%2, - -,xn),y = (y1,¥2,- - ,yn) € X" and ¢ € I we have that
Tx(6) = Ty(1)| < r/ 75,0 = (50, D)l
Zk )|xi(T) —yi(t)dT|

fo j—

. . —LK(7) LK(7)
<| / |i:211gg;<nxl<r> (@)l KO (z)et kD

t N
:N’/ (lZdB(Xi,yi))k(’C)eLK(T)dﬂc‘
n Ni=
! LK
fo

<

==

: Al(dB(-xl7yl)7 e 7dB(-xN7yN))eLK(I)'
Thus,

1 Tx(t) — Ty(t)|e 0 < — . Ay (dp(x1,31), -+ ,dg(xn,yn)), forallz € 1.

~ =

Hence we get that

dB(Tvay) < 'Al(dB(xlayl)f“ 7dB(xN7yN))7 for all X,y €X.

~ =
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Since h := % < 1, we conclude, by using Theorem 3, that the system of integral
equations (3.2) has a unique solution

X = (x(0),23(1),253(1), -+ 23 (1)) € (Clto — 8,10+ 8])".

Since the system (3.2) is equivalent to the system (3.1), by our approach, the existence
and uniqueness result for (3.1) follows.
On the other hand, by Theorem 3, we also know that, for any initial value

1o = (X0.1,%02,%03, - Xon) € (Clto — 8,20+ 8])",

the iterative sequence {u,} C (Clto — 8,19+ 8])" defined by u, = T"*(uo) converges,
in the multiply metric D, to the unique solution of the initial value problem (3.1) (i.e.,
x* € (Clto — 8,9+ 8])V), where

T. : (Clto — 8,10+ 8N — (Clto — 8,10+ &))"
is defined by
T : (xl(t)>x2(t)7x3(t)v'"axN(t)) = (Xl(t)aX2(t)7X3(t)a' : '>XN(t))>

with
X (l) = ft(t) f(xm(‘l:),xm(’c), .. -,XLN(’C),T)d’C-i-xO,

Xi(1) = [y f(xi1 (1), xi2(1), - xin (1), )T+,

\XN(Z’) = j}; f(XNJ (T),xNﬂz(T), .. ',XN7N(T),T)d’C —i—xO,
and the multiply metric D used here (see Example 1) is defined by

D((x1,%2, - x5), (V1,525 - 5 9n)) = D1 (dp(x1,51),dp(x2,¥2), - - -, dp(xn, YN)),
for all (x17x27' . '7XN)7 ()’17)’27' : 'JN) € (C[IO _87t0+8]>N'
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