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ABSTRACT:
A three-dimensional coupled vibroacoustic finite element model for physics-based simulations of the sound genera-

tion by mallet percussion instruments in the time domain is discussed in the present paper. The mechanical model

takes the orthotropic material properties of the wooden sound bars and the nonlinear nature of the interaction force

between the mallet head and the sound bar into account while the acoustical model considers radiation into an

unbounded domain. A direct coupling of the sound bars, acoustical cavity resonators, and the excitation by a mallet

is considered with exploiting the modal basis to reduce the number of degrees of freedom of the system. Both the

mechanical and acoustical models are validated by comparing them to measurements performed on an Orff xylo-

phone. A case study shows the capabilities of the coupled model, including the analysis of the energy balance, the

effect of tuning the resonator, and the excitation of the torsional modes of the sound bar.
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I. INTRODUCTION

Mallet percussion instruments belong to the family of

tuned idiophones and produce sound by the radiation of their

struck sound bars.1 The strike by the mallet excites the verti-

cal bending modes (see the y axis in Fig. 1) of vibration of

the sound bar, and the eigenfrequencies of these modes are

the dominant partials of the radiated sound. Because the

sound bar in itself is an inefficient radiator, tubular or cavity

resonators are used in different instruments for reinforcing

the radiated sound.

As a bar with a uniform cross section produces nonhar-

monic eigenfrequencies, the vertical bending modes of the

sound bars are tuned by a characteristic undercut to attain a

harmonic ratio of 1 : 4 : 10 or 1 : 3 : 9 of the frequencies of

the first three partials. The tuning of marimba and xylo-

phone bars was investigated in detail by Bork2,3 and many

practical aspects were explored. The properties of mallets

were also investigated by Bork4 by examining the shock

spectrum using force transducers. Ordu~na-Bustamente5 and

Petrolito and Legge6 developed numerical methods for opti-

mizing the undercuts to attain a given harmonic ratio of the

partials. Recently, Beaton and Scavone7 examined iterative

and genetic algorithms for the optimization.

Numerical simulations of xylophone bars based on a

one-dimensional finite difference method were introduced

by Chaigne and Doutaut8 where the nonlinear interaction of

the mallet and the sound bar was also examined in detail by

both experiments and simulations. Then, the model was

extended by Doutaut et al.9 by a tubular resonator that was

also described as a unidimensional system. The latter contri-

bution assumed that the back-coupling effect of the resona-

tor on the bar is negligible, which is a specific property of

xylophone bars in the higher frequency range, and cannot be

generalized to all mallet percussion instruments as also

remarked by the authors. Henrique and Antunes10 presented

a modal simulation of the vibration of sound bars, taking

nonlinear interaction phenomena into account; however,

acoustical radiation was not considered.

Creating a physics-based numerical model of the sound

production by a mallet percussion instrument involves vari-

ous challenges. The wooden sound bar has to be represented

by an orthotropic material model as shown by Bork et al.11

As the instrument radiates into an open or semi-open space,

the sound radiation model has to be able to treat unbounded

domains. Finally, the nonlinear nature of the interaction

between the mallet and sound bar renders solutions in the

frequency domain infeasible. Whereas this paper is

restricted to the collision model of Chaigne and Doutaut,8

the numerical modeling of collisions in a musical instrument

is examined in a much wider scope by Bilbao et al.12

In this contribution, a finite element (FE) approach that

is capable of combating the challenges mentioned above is

presented. The objective of this paper is to introduce the

model, compare it with measurements, and show its capabil-

ities by means of a practical case study. The proposed

approach relies on the three-dimensional (3D) finite element

method (FEM), which is applied for modeling both the

sound bar and its surrounding acoustical environment. The

mechanical model takes the orthotropic material properties

and viscoelastic losses into account and is capable of com-

puting all mode shapes of the sound bars. Acoustical
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radiation into the free field is modeled by means of infinite

elements. A direct coupling between the two subsystems is

computed by making use of the conservative interpolation

on noncompatible meshes. The modal basis is exploited for

efficiently reducing the size of the system matrices.

Finally, the system is transformed into the time domain and

solved by a time stepping scheme. The validation measure-

ments and the case study are performed on an Orff

xylophone.

The remainder of the paper is structured as follows.

Section II introduces the FE model, including the mechan-

ical and acoustical systems, their coupling, and the applied

time stepping scheme. The mechanical and acoustical FE

models are validated by comparing the simulation results

to measurements in Sec. III. A case study is presented in

Sec. IV, highlighting the capabilities of the proposed

coupled model. Section V concludes the paper with a

short discussion and an outlook on possible further

examinations.

II. FE MODEL

A. Mechanical model

A 3D mechanical model, based on the Navier–Cauchy

equations for linear elasticity, is considered for describing

the vibrations of the sound bars. Whereas the vibration of

the vertical bending modes can also be represented using a

simple, one-dimensional beam model,8,9 the 3D model is

also capable of capturing horizontal and torsional modes.

The equation of motion in the solid is expressed as

r � rðxÞ ¼ �x2quðxÞ; x 2 Xm; (1)

where r is the stress tensor, q is the density of the material,

u is the displacement, x is the spatial coordinate, and Xm is

the mechanical domain, i.e., the sound bar in our case. The

angular frequency is x and time-harmonic functions with a

time dependence of ejxt are assumed with j being the imagi-

nary unit. The body forces are neglected hereafter.

The stress–strain relationship is given by the general-

ized Hooke’s law, using a Newtonian linear viscoelastic

model13 of intrinsic losses as

r ¼ C : eþ jxgeð Þ; (2)

where C is the stiffness tensor of the material, g is the coeffi-

cient of viscous losses, and e is the strain tensor, which is

defined as

e ¼ 1

2
ruþ ruð ÞT
h i

: (3)

The discretization of the weak form of Eqs. (1)–(3) by a

standard Galerkin FEM leads to an algebraic system of

equations, which are written as (see, e.g., Ref. 14)

Kmuþ jxCmu� x2Mmu ¼ Gmf: (4)

The matrices Km; Cm, and Mm are the mechanical stiffness,

damping, and mass system matrices, respectively. The

matrix Gm results from a boundary integral appearing in the

integral equation of the weak form. The subscript “m” refers

to the mechanical subsystem hereafter. The vector u con-

tains the coefficients of the displacement for each degree of

freedom of the discretized system. Similarly, the vector f

holds the coefficients of the discretized force distribution

acting on the surface of the body.

The applied viscoelastic model leads to a proportional

damping provided that the properties of the material are

homogeneous such that

Cm ¼ amKm þ bmMm: (5)

From Eq. (2), am ¼ g and bm ¼ 0 are found. It is noted that

a nonzero constant bm may be applied for incorporating the

losses due to the air load into the mechanical model such as

in Ref. 8. As a direct coupling with the acoustical field is

computed here, the latter option is not used. Special proper-

ties of proportional damping are exploited in the modal

analysis of the system.

B. Acoustical model

Propagation of acoustical waves is described by the

Helmholtz equation. As the sound field is excited by the

vibrating sound bar, the Euler equation is also used for pre-

scribing the boundary conditions for the acoustical system.

The two equations read as

r2pðxÞ þ k2pðxÞ ¼ 0; x 2 Xa (6)

rpðxÞ þ jxq0vðxÞ ¼ 0; x 2 Xa; (7)

where p is the sound pressure, k ¼ x=c is the acoustical

wave number with c denoting the speed of sound, q0 is the

equilibrium density of air, vðxÞ is the particle velocity, and

Xa is the acoustical domain, which contains both the interior

of the resonator and the semi-open exterior space that sur-

rounds the instrument.

The Helmholtz equation (6) can be discretized in a

finite domain using a standard Galerkin type FE procedure.

However, as the resonator and the sound bar radiate into the

free acoustical field, special techniques are required to treat

the unbounded domain in the formulation. The general

approach is to truncate the computational domain and

impose special boundary conditions at the truncated bound-

ary C1. There are various solutions available for construct-

ing such boundary conditions, and among these, the infinite

element method is used here, based on the formulation given

by Astley et al.15,16 The acoustical FE system can be written

in matrix form as

Kapþ jxCap� x2Map ¼ �jxGav; (8)

where Ka; Ca, and Ma are the acoustical stiffness, damping,

and mass system matrices, respectively. Similar to Eq. (4), the
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matrix Ga appears on the right-hand side from a surface inte-

gral term. The vectors p and v contain the coefficients of the

discretized sound pressure and the coefficients of the surface

normal component of the particle velocity, respectively.

C. Mallet–sound bar interaction

In this section, the mallet–sound bar interaction is dis-

cussed, following Chaigne and Doutaut.8 The interaction

model is based on Hertz’s law of contact. Figure 1 illustrates

the deformation of the mallet head during the contact and

the resulting interaction force. Vibrations are also induced

in the handle of the mallet; however, they are not significant

during the contact due to the short interaction time and are

neglected.8

The compression of the mallet head dM during the inter-

action with the sound bar is expressed from the interaction

force F using Hertz’s law of contact written for two collid-

ing spheres as

dM ¼ F2D2 1

RB

þ 1

RM

� �� �1=3

; (9)

where the constant D is calculated from the elastic material

properties of the mallet head and the bar, and RB and RM

denote the radii of the two spheres. The subscrpits “B” and

“M” refer to the bar and the mallet, respectively. The equiv-

alent radius of the sound bar considered as a sphere can be

taken as infinite and, hence, the interaction force is

expressed from the compression of the mallet head as

F ¼
ffiffiffi
R
p

M

D
d3=2

M ¼ KMd3=2
M ; (10)

where KM is the equivalent stiffness of the mallet head.

It is assumed that the interaction force acts at a single

degree of freedom (along the y axis at a single node of the

mesh) B of the sound bar. This simplification is reasonable

as the duration of the contact is dominant in determining the

frequency content of the excitation and the size of the con-

tact area has a negligible effect. Due to the finite resolution

of the mesh, the effective area of the excitation Seff is non-

zero and found as the sum of the Bth row of the matrix Gm.

When the mallet–sound bar interaction is considered, the

vector f in Eq. (4) is an all-zero vector except for the single

degree of freedom B where the force over the unit area of

fB ¼ F=Seff is present.

The equation of motion for the mallet head reads as

mM€uM ¼ FM; (11)

where the dot denotes the time derivative and uM is the dis-

placement of the mallet head. The interaction force acting

on the mallet head FM is expressed using Eq. (10) as

FM ¼
KMjuB � uMj3=2; if uM < uB;

0; otherwise;

(
(12)

where uB is the vertical displacement of the bar at the point

of contact.

D. The coupled system

To arrive at a fully coupled FE system, two-way interac-

tions between the sound bar and sound field are taken into

account in the following manner. First, the acoustical pressure

exerts force on the surface of the sound bar in its normal direc-

tion. Second, the motion of the bar appears as a velocity

boundary condition for the acoustical system. Only the motion

in the normal direction generates acoustical waves, and the

normal particle velocity is taken to be equal to the normal

vibration velocity of the bar. Other interactions, such as the

friction between the bar and surrounding air, are neglected.

The FE system of equations with the forcing terms

appearing on the right-hand sides of Eqs. (4) and (8) read as

Kmuþ jxCmu� x2Mmu ¼ Gm f þ Ampð Þ; (13a)

Kapþ jxCap� x2Map ¼ �jxGa jxAauð Þ: (13b)

The coupling matrices Am and Aa are used for comput-

ing the pressure force and displacement in each nodal loca-

tion of the mechanical and acoustical meshes, respectively.

As the two meshes are not necessarily compatible, Am and

Aa are evaluated by means of conservative interpolation as

illustrated in Fig. 2. The procedure consists of two steps.

First, in the inverse mapping step [see Fig. 2(a)], the coordi-

nates of each node of one mesh are computed in the local

coordinate system of the elements of the other mesh. Then,

in the second step, the shape functions are evaluated using

the local coordinates, resulting in interpolation weights

stored in the matrices Am and Aa. Finally, the function value

at the interpolation point is found by summing the nodal val-

ues multiplied by the interpolation weights, i.e., a multipli-

cation by Am or Aa [see Fig. 2(b)]. The procedure preserves

the surface integral of the interpolated quantities.17

Rearranging the unknowns to the left-hand side and

writing Eq. (13) as a block system gives

Km �GmAm

0 Ka

" #
u

p

( )
þ jx

Cm 0

0 Ca

" #
u

p

( )

� x2
Mm 0

GaAa Ma

" #
u

p

( )
¼

Gmf

0

( )
: (14)

FIG. 1. Sketch of the mallet–sound bar interaction.
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E. Modal approach

The modal basis is utilized for reducing the degrees of

freedom of the coupled system. The mechanical modes are

found as the eigenvectors of the undamped system by solv-

ing the generalized eigenvalue problem

Km � x2
mMm

� �
wm ¼ 0 (15)

for the eigenvalues x2
m and eigenvectors wm. The mechani-

cal eigen angular frequencies are xm. The damping factors

nm and the damped eigenfrequencies x?
m are found by using

the proportional damping model [Eq. (5)] as

nm ¼
1

2
amxm þ

bm

xm

� �
; x?

m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

m

q
: (16)

Whereas the mechanical damping matrix Cm is given

by the proportional model [Eq. (5)], the acoustical damping

matrix Ca depends on the geometrical arrangement of the

infinite elements and is not proportional to the mass and

stiffness matrices, which renders the computation of the

acoustical modes more involved. To compute the acoustical

eigenmodes wa and the corresponding eigen angular fre-

quencies xa, the following generalized eigenvalue prob-

lem18 needs to be solved:

Ka Ca

0 I

� �
wa

kawa

	 

¼ ka

0 �Ma

I 0

� �
wa

kawa

	 

: (17)

The resulting eigenvalues are complex conjugate pairs18

ka ¼ �naxa6jxa, where na is the damping factor. The

eigenvectors wa represent propagating acoustical waves.

Using the eigenmodes, the coefficient vectors of both

the displacement u and sound pressure p are written, respec-

tively, in truncated modal bases

u �
Xnm

i¼1

wm;iqm;i ¼ Wmqm; (18a)

p �
Xna

i¼1

wa;iqa;i ¼ Waqa; (18b)

where the number of mechanical and acoustical modes are

nm and na, respectively. The matrices Wm and Wa contain

the eigenmodes in their columns, whereas qm and qa hold

the corresponding modal weights. The truncation limit is

chosen by prescribing an upper limit for the maximal eigen-

frequency kept in the modal representation.19

The coupled system of equations (14) is converted into

the modal basis by applying the modal representation [Eq.

(18)]. By introducing the block matrices,

K ¼
WT

mKmWm �WT
mGmAmWa

0 WH
a KaWa

" #
; (19a)

C ¼
WT

mCmWm 0

0 WH
a CaWa

" #
; (19b)

M ¼
WT

mMmWm 0

WH
a GaAaWm WH

a MaWa

" #
; (19c)

and the vectors

q ¼
qm

qa

( )
and g ¼

WT
mGmf

0

( )
; (19d)

the coupled modal system is written as

Kqþ jxCq� x2Mq ¼ g: (20)

Despite that the modal system matrices have diagonal

and full blocks as well, it is still less demanding to solve the

modal system, thanks to the efficient reduction of the size of

the system by the modal basis [Eq. (18)].

F. Time stepping scheme

As the displacement to the force relation [Eq. (10)] is

nonlinear, the system cannot be directly solved in the fre-

quency domain. Therefore, a suitable time stepping algo-

rithm is introduced by writing Eq. (20) in the time domain

using the inverse Fourier transform and coupling with Eq.

(11) as

M€qnþ1 þ C _qnþ1 þKqnþ1 ¼ gnþ1; (21a)

MM €uM;nþ1 ¼ FM;nþ1: (21b)

The lower indices of the vectors denote that Eq. (21) is writ-

ten for the n þ 1th time step. The coupled Eq. (21) is solved

by applying the second-order accurate Newmark time step-

ping scheme.20

The following computations are performed in each time

step. At the beginning of the n þ 1th time step, it is assumed

that the state of motion of both the mallet and sound bar is

known. First, an approximation of the contact force ~FM is

evaluated by substituting the result of the previous time step

FIG. 2. (Color online) Conservative interpolation. (a) For the inverse map-

ping, the local coordinates ð/1;/2Þ of the highlighted node of the quadrilat-

eral mesh are sought in the triangular mesh. (b) For the interpolation, using

the shape functions evaluated in the local coordinate system (e1, e2), the

interpolation weights and the interpolated value p/ are found.
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uB;n and uM;n into Eq. (12). The resulting force is inserted

into Eq. (19d) to attain gnþ1. Then, the time stepping scheme

is applied in a predictor–corrector approach to the bar in the

following steps:

(1) Prediction step

~_q ¼ _qn þ Dtð1� cÞ€qn; (22a)

~q ¼qn þ Dt _qn þ
Dt2

2
ð1� 2bÞ€qn: (22b)

(2) Solution step

M?€qnþ1 ¼ gnþ1 � C~_q�K~q; (23)

with

M? ¼Mþ DtcCþ Dt2bK: (24)

(3) Correction step

_qnþ1 ¼ ~_qþDtc€qnþ1; (25a)

qnþ1 ¼ ~qþDt2b€qnþ1; (25b)

Dt denotes the time step size, which is not necessarily uni-

form throughout the simulation. The constants c and b
define a linear scaling between a fully explicit (b ¼ 0;
c ¼ 0) and a fully implicit (b ¼ 1=2; c ¼ 1) scheme. A com-

mon choice that is also applied here is c ¼ 1=2 and

b ¼ 1=4. With these settings, the scheme is unconditionally

stable.20

The predictor step for the mallet reads

~_uM ¼ _uM;n þ Dtð1� cÞ€uM;n; (26a)

~uM ¼ uM;n þ Dt _uM;n þ
Dt2

2
ð1� 2bÞ€uM;n: (26b)

With qnþ1 already attained, uB;nþ1 and ~uM are substituted

into Eq. (12) to attain the interaction force FM;nþ1 and Eq.

(21b) is applied to get €uM;nþ1. Finally, the corrector step for

the mallet head is performed,

_uM;nþ1 ¼ ~_uM þ Dtc€uM;nþ1; (27a)

uM;nþ1 ¼ ~uM þ Dt2b€uM;nþ1: (27b)

The computationally demanding step of the scheme is

solving Eq. (23). As the linear system of equations needs to

be solved in a large number of time steps with the same

coefficients M?, it is useful to precompute and store the

inverse of M?. This precomputation is possible for the

modal system [Eq. (20)], whereas it is prohibitively expen-

sive in the case of the original system [Eq. (14)].

The accurate simulation of the mallet–sound bar inter-

action necessitates very small time steps due to the interac-

tion force [Eq. (12)] depending on the displacement of both

the sound bar and mallet head. After the contact, during free

vibration, much larger time steps are affordable. Therefore,

the time domain simulations are performed in two stages

with two different time step sizes.

All numerical procedures introduced in this section

were programmed in an in-house MATLAB-based software

tool for FEs. Both the mechanical and acoustical models

employ a nodal formulation using isoparametric elements

with linear shape functions. Sixth-order Lagrange polyno-

mials are used in the radial direction in the infinite element

formulation.15 The computation of the eigenvalues and

eigenvectors in Eqs. (15) and (17) is performed using a

restarted Arnoldi iteration process21 implemented in the

built-in MATLAB routine eigs.22

III. MEASUREMENTS AND VALIDATION

The mechanical and acoustical FE models are validated

by comparisons with measurements carried out on a Sonor

Orff primary series soprano xylophone. The instrument has

13 rosewood sound bars, tuned in a diatonic scale covering

the range C4–A5. To allow for playing different scales, the

sound bars of notes F4, B4, and F5 can be replaced by

F]4; B[4, and F]5.

The sound produced by striking the sound bars with the

mallet is reinforced by cavity resonators. There are a total of

six box-shaped resonators with an isosceles trapezoid base,

covered by 2–3–2–2–2–2 sound bars from the lowest to the

highest note. Each resonator has a rectangular opening with

rounded corners at the center of its top plate. The resonator

bodies are made of plastic. The sound bars lay on a felt sup-

port attached to the top plate of the resonators.

A. Material properties

To investigate the material properties of the rosewood

sound bars, eight untuned samples of the same material were

measured. Each sample had a length of 270 mm, a width of

31 mm, and a thickness of 16 mm. The latter two dimensions

are the same as those of the actual sound bars. The average

density of the samples was found as q ¼ 1116 kg=m3 with a

standard deviation of 20 kg=m3.

The vibrations of the samples were measured by strik-

ing them using a felt covered plastic mallet with the bars

resting on wedge shaped felt supports. A GRAS AF46 1/2

in. condenser microphone (Holte, Denmark) measured the

radiated sound pressure. After amplification by a B and K

2690–0S2 Nexus amplifier (Nærum, Denmark) and band-

pass filtering to 500 Hz–10 kHz by an Ithaco 4213 filter

(Ithaca NY), the spectrum of the microphone signal was

measured by an HP 35670A FFT Dynamic Signal Analyzer

(Santa Rosa, CA). For one measurement, the spectra of 20

strikes were averaged. The responses to strikes at different

positions (top, side, edge) were recorded, allowing the iden-

tification of different modes in the spectra.
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The rosewood bars are modeled by a homogeneous

orthotropic material with the following properties, based on

Ref. 23. Elastic moduli, EL ¼ 24:0 GPa; ET=EL ¼ 0:086;
ER=EL ¼ 0:097; shear moduli, GTR=EL ¼ GRL=EL ¼ 0:147

and GLT=EL ¼ 0:097; Poisson ratios, �TR ¼ 0:303; �RL

¼ 0:077, and �LT ¼ 0:428. Here, the subscripts L, T, and R
refer to the longitudinal, tangential, and radial directions of

the material, which correspond to the coordinates along the

lengths (x), widths (z), and thicknesses (y) of the sound bars,

respectively. For the sake of comparison, a substitute isotro-

pic material with a Young modulus E¼ 24 GPa and Poisson

ratio � ¼ 0:4 was also used in the FE models. A regular

brick mesh consisting of hexahedra elements with a maxi-

mum edge length of 2 mm was created. It was verified that

further increasing the resolution of the mesh does not affect

the eigenfrequencies in the frequency range of interest.

Table I shows the measured eigenfrequencies of the first

few modes of the untuned sample bars compared to the FE

results. In case of the FEM, the eigenfrequencies are evalu-

ated by solving Eq. (15). The measured eigenfrequencies of

the samples also varied to some extent, therefore, data of

one sample whose eigenfrequencies were close to the aver-

age values are shown. As seen, the orthotropic FEM gives a

good agreement with the measured values for all three types

of bending modes with the error increasing slightly with the

frequency. The isotropic material model provides an accept-

able approximation for the vertical bending modes, but hori-

zontal and torsional modes cannot be computed accurately.

This justifies the use of the more complex orthotropic mate-

rial model.

B. Modal behavior of the sound bars

The sound bars are tuned by tuning cuts, which have

the typical shape observed on marimba bars. The length of

the sound bars changes from 325 mm to 228 mm along the

scale. The tuning cuts that are made by handwork using a

grindstone with a 125 mm diameter reduce the thickness of

the bar at its middle to 6.8–8.2 mm. In case of the lower

notes, the tuning cut has a straight section in the middle of

the bar whose relative length decreases along the scale and

completely disappears in the case of the A5 bar. The meshes

of the sound bars are created by subjecting a brick mesh of

hexahedra elements (edge length 2 mm) to an appropriate

geometrical transformation, leading to structured meshes

consisting of 17 500–25 000 nodes.

As the first three vertical bending modes are of key

importance from a musical point of view, Table II shows the

comparison of the measured and simulated eigenfrequencies

of these modes. It was found that using the reference mate-

rial properties gives large deviations from the measured fre-

quencies for a number of sound bars, indicating that these

properties vary from bar to bar. To mitigate this uncertainty,

the following approach was pursued. The elastic moduli of

the material were scaled by a factor of E0=E such that the

frequency of the first vertical mode matches the measured

value within 60:5 Hz. In case of the orthotropic model, the

scaling affects all elastic and shear moduli to the same

extent. The accuracy of the FE model can then be assessed

by comparing the frequencies of the second and third

modes.

As seen from Table II, the average scaling factors for

the elastic moduli are close to one, i.e., the reference mate-

rial represents the average material properties quite well.

However, in the case of the C4 and D4 sound bars, the elas-

tic moduli needed to be decreased by �30%, whereas an

TABLE I. Measured and simulated eigenfrequencies of the bending modes

of the untuned sound bar samples. f, frequency; e, relative error compared

to the measured value.

Mode # Measurement
FEM, isotropic FEM, orthotropic

shape f (Hz) f (Hz) e (%) f (Hz) e (%)

Vertical 1 1040 1040 0.0 1027 �1.3

2 2728 2805 2.8 2712 �0.6

3 4976 5339 7.3 5019 0.9

4 7320 8511 16.3 7755 9.7

Horizontal 1 1796 1940 8.0 1842 2.6

2 4160 4968 19.4 4281 2.9

3 6968 8918 28.0 7025 0.8

4 9380 13 411 43.0 9795 4.4

Torsional 1 2064 3886 88.3 2123 2.9

2 4232 7789 84.1 4314 1.9

3 6504 11 726 80.3 6624 1.8

4 8544 15 710 83.9 9085 6.3

TABLE II. Measured frequencies (f1,f2,f3) of the first three vertical bending

modes of the 16 wooden sound bars compared to FE simulation results.

E0=E, elasticity tuning parameter; e2,e3, errors of the second and third eigen-

frequencies compared to the measured values.

Measurement FEM, isotropic FEM, orthotropic

f1 f2 f3 E0=E e2 e3 E0=E e2 e3

Note (Hz) (Hz) (Hz) — (%) (%) — (%) (%)

C4 264 1048 2656 0.685 �5.5 �7.3 0.715 �7.3 �10.1

D4 296 1176 2788 0.695 �5.6 �3.2 0.723 �7.6 �6.2

E4 324 1320 3196 1.000 �2.3 3.6 1.050 �4.5 0.5

F4 349 1400 3376 0.950 0.2 3.8 0.997 �2.2 0.9

F]4 369 1480 3376 1.000 0.0 7.6 1.048 �2.4 4.7

G4 392 1570 3530 1.000 �0.3 8.5 1.052 �2.6 5.6

A4 440 1762 3876 1.065 1.0 9.3 1.120 �1.6 6.5

B[4 464 1864 4104 1.145 3.7 12.0 1.208 0.8 9.4

B4 496 1976 4216 1.155 3.5 11.8 1.220 0.7 9.4

C5 520 2096 4304 0.990 2.1 8.7 1.047 �0.7 6.6

D5 584 2300 4368 0.945 2.9 11.9 1.002 0.2 10.0

E5 659 2523 4733 1.008 6.7 12.2 1.076 4.0 10.7

F5 705 2755 5176 0.955 6.5 6.6 1.032 4.1 5.9

F]5 742 2816 4984 0.920 6.0 8.5 0.997 4.1 5.0

G5 784 2984 5360 0.868 3.7 4.7 0.940 1.7 3.7

A5 880 3168 5308 0.820 3.2 11.0 0.884 1.0 9.1

Mean/abs. errors 0.950 3.3 8.2 1.007 2.8 6.7
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increase of �20% was necessary in the case of the B[4 and

B4 bars. Overall, a good agreement of the measurement and

FEM is found. Except for the C4 and D4 sound bars, the

results of the orthotropic model are slightly closer to the

measurements with the average absolute errors for the sec-

ond and third vertical bending eigenfrequencies being 2.8%

(47 cent) and 6.7% (112 cent), respectively.

No systematic error is visible in the data presented in

Tables I and II. Thus, the observed discrepancies are attrib-

uted to the variations of the material properties and not to

errors of the applied numerical techniques.

Figure 3 shows the relative eigenfrequencies of the first

few modes, computed by the orthotropic FEM, normalized

by the frequency of the first vertical mode of each sound

bar. The attempt to keep the 1 : 4 : 10 ratio of the first three

vertical modes is clearly visible. The 1 : 4 ratio is achieved

quite well in the whole range, whereas the 1 : 10 ratio

decreases gradually to 1 : 7 in the upper range B4–A5. This

result is explained by the fact that to keep the widths and

thicknesses of the bars constant along the scale, the length

of the undercut must be decreased. As also visible in Fig. 3,

the line of the second torsional mode crosses that of the third

vertical mode at the D5 note. Such overlapping of vertical

and torsional modes may lead to undesired coupling effects

and a poor quality sound for the given sound bar.

C. Resonators

The resonance properties of the six cavity resonators

were measured by removing all sound bars and exciting the

resonators using an external loudspeaker driven by a chirp

signal. Only one resonator was excited one time, the others

were closed by covering them using a sheet of plastic. A ref-

erence signal was recorded outside the resonator to compen-

sate for the frequency response of the speaker. The response

of the resonator was measured inside the cavity using a

Knowles FG-23629-P16 miniature electret microphone

(Itasca, IL). In the acoustical FE model, the source is an

ideal point source, and the response was evaluated at the

center of the bottom of the resonator.

The dimensions and the measured eigenfrequencies are

listed in Table III. A very short neck of 3 mm length is

formed at the opening of each resonator, whose length is

corrected by the end correction Dl to attain the effective

length of the neck leff . The low frequency length correction

value is found as Dl0 ¼ 2� 0:82
ffiffiffiffiffiffiffiffi
S=p

p
with S denoting the

area of the opening. The values presented in Table III also

take the frequency dependence of the correction into

account, following Ref. 24.

Table III also compares the measured, theoretical, and

simulated values of the eigenfrequencies of the six resona-

tors. As seen, both the theory and numerical models agree

quite well with the measurements. In most cases, the FE

result is closer to the measured value except in the case of

the first resonator where the largest error is observed.

As also reported by Bork,3 the presence of the sound

bars detunes the resonators to a significant extent. To inves-

tigate this effect, the resonators were also measured with all

of the sound bars in place and damped using plasticine. In

the FE simulation, the bars are cut out of the acoustical

domain and all of their boundaries are regarded as perfectly

rigid.

Table IV shows the simulated and measured detuning

effects of the sound bars. In the simulations, the sound bars

were added gradually, keeping a symmetrical arrangement

in the case of the middle resonators. It is interesting to

observe that the greatest changes of frequencies occur when

FIG. 3. (Color online) Relative eigenfrequencies of the 16 rosewood sound

bars. Results of orthotropic FEM.

TABLE III. Comparison of the measured, theoretical, and simulated natural

frequencies of the resonators.

Dimensions Meas. Theory FEM

Resonator V S leff fres fres Error fres Error

(cm3) (cm2) (mm) (Hz) (Hz) (%) (Hz) (%)

1 1830.4 33.56 55.8 305.5 313.2 2.5 326.0 6.7

2 1560.0 49.91 66.1 386.5 380.2 �1.6 389.5 0.8

3 627.8 34.72 54.8 559.0 548.8 �1.8 554.0 �0.9

4 531.0 37.62 55.9 641.5 615.0 �4.1 638.5 �0.5

5 415.5 40.52 56.6 740.5 717.5 �3.1 751.5 1.5

6 259.9 46.32 55.9 1 007.5 975.5 �3.2 1 031.5 2.4

TABLE IV. Simulation and measurement of the detuning effect of the

sound bars on the resonators.

FEM Meas.

Res. 0 bars 1 bar 2 bars 3 bars 4 bars 5 bars
Detuninga

fres (Hz) Dfres (%)

1 326.0 320.3 310.6 306.8 305.7 — �6.2 �6.1

2 389.5 383.7 — 365.4 — 357.5 �8.2 �14.9

3 554.0 543.5 523.8 — 506.5 — �8.6 �9.2

4 638.5 623.7 594.9 — 570.2 — �10.7 �12.8

5 751.5 730.4 690.1 — 654.5 — �12.9 �13.8

6 1 031.5 998.1 920.3 885.1 872.1 — �15.5 �15.5

aChange of the eigenfrequency due to the presence of sound bars. For the

measurements, the setups without and with the sound bars are compared.

For the FEM, the case with the highest number of bars (four or five) is com-

pared to the zero bars case.
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the second sound bar is added. This is explained as the sec-

ond bar reduces the relative amount of the open surface at

the opening of the resonator to the greatest extent. Adding

the neighboring sound bars still has a significant effect,

whereas adding further bars results only in minor shifts of

the frequency. As seen, the detuning predicted by the FEM

is very close to that measured with resonator 2 being the

only exception. The detuning can be as large as 15%

(240 cent), and this effect cannot be calculated theoretically.

Therefore, a numerical approach is necessarily applied.

Besides the resonance frequencies, the damping of the

natural resonances is also important from the viewpoint of

the instrument design. Measuring the damping on the instru-

ment was found to be challenging due to the inevitable exci-

tation of the vibrations of the plastic walls of the resonator.

Nevertheless, as can be seen in Table III, the resonators

have relatively large opening surfaces and, hence, the damp-

ing due to radiation losses becomes too high, especially in

the higher frequency range. Furthermore, the amplification

of two notes having a major second or minor third distance

by the same resonator necessitates a flat resonance curve,

which results in too low a gain. Therefore, in the case stud-

ies presented in Sec. IV, a revised resonator design is exam-

ined. Additional illustrations of the xylophone model

examined in this section, together with a sensitivity study of

material parameters, are presented in the supplementary

material.26

IV. A CASE STUDY

In the sequel, time domain simulations on a revised

xylophone model are discussed. The model shown in Fig. 4

contains only the F4 (�349 Hz) note of the 13 sound bars

and resonators. The geometry consists of (1) a Helmholtz

cavity resonator with a circular opening (25 mm diameter), a

very short neck (3 mm length), and an irregularly shaped

base; (2) a hemisphere volume representing the exterior

sound field; and (3) five sound bars. As was shown in Sec.

III, the presence of neighboring sound bars can have a sig-

nificant effect on the tuning of the resonator. Thus, besides

the middle sound bar, which is struck by the mallet, the

neighboring (passive) bars are also cut out from the acousti-

cal domain Xa.

The acoustical mesh is created using the parametric

mesh generation tool Gmsh25 and consists of linear tetrahe-

dra. Infinite elements are attached to the truncated boundary

C1 shown in Fig. 4. The acoustical mesh has �100 000

nodes and �400 000 elements with a nonuniform spatial res-

olution. The finest element sizes of 1.0–2.5 mm are applied

at the neck of the resonator and at the common boundaries

with the sound bars, whereas the largest element sizes of

10 mm are used at the interface with infinite elements.

To attain the modal system [Eq. (20)], the mechanical

modes are computed using Eq. (15). As the mechanical

modes are relatively sparsely spaced in frequency, a few

tens of modes are enough to represent the displacement of

the sound bar in the frequency range of 0–20 kHz. The

numerical evaluation of the acoustical eigenmodes using

Eq. (17) is challenging as many nonphysical modes arise

inevitably due to the artificial truncation of the computa-

tional domain at C1. Spurious modes are filtered out using

two criteria. First, modes that represent waves traveling

inward from C1 are dropped. Second, only modes with real-

istic damping factors 10�4 < na < 10�1 are kept. This

FIG. 4. (Color online) Wireframe model of the simulation arrangement

used in the case studies. (Top) top view, (Bottom) Side view.

TABLE V. Representative parameters of the coupled vibroacoustic model

used in the case study.

Component Parameter Symbol Value

Mallet Mass mM 35� 10�3 kg

Stiffness KM 5� 107 N=m3=2

Initial velocity vMð0Þ 1 m/s

Interaction area Seff 3.88 mm2

Interaction time Tint 0.7 ms

Sound bar Mass mB 134:9� 10�3 kg

Coefficient of viscosity g 9:4� 10�7 s

Fundamental fm;1 349.0 Hz

Damping nm;1 1:03� 10�3

Number of modes nm 34

Resonator Fundamental fa;1 349.1 Hz

Damping na;1 8:8� 10�3

Number of modes na 18
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method significantly reduces the number of modes with

14–22 eigenmodes (7–11 pairs) being kept in the 0–5 kHz

frequency range.

Representative values of the most important parameters

of the simulation setup are listed in Table V. The coeffient

of viscous losses g and the properties of the mallet were set

based on the parameters found in Refs. 3, 4, and 8. The

sampling frequency of the time stepping algorithm is

fs ¼ 48 kHz (Dt ¼ 20:83 ls). During the short time of the

mallet–sound bar contact (0.4–1.5 ms) a 100–200 times

smaller time step size was found to be necessary to keep the

energy balance of the discretized system during the interac-

tion. The validation of the proposed time stepping scheme

and visualization of the eigenmodes are presented in the

supplementary material.26

A. The energy balance of the system

To assess the accuracy of the proposed time stepping

scheme, it is useful to test the conservation of energy in the

system. Furthermore, the analysis of the energy balance of

the subsystems may also reveal interesting details of the

physics of the process. Each of the three subsystems, i.e.,

the mallet, sound bar, and acoustical field, can store poten-

tial and kinetic energy. Due to viscoelastic losses and sound

radiation, the sound bar and acoustical field also dissipate

energy.

The potential and kinetic energies of the mallet head,

EM;p and EM;k, respectively, are found as

EM;p ¼
ðdM

0

FMðsÞ ds ¼
ðdM

0

KMs3=2 ds ¼ 2

5
KMd5=2

M ;

(28)

EM;k ¼
1

2
mMv2

M: (29)

Similarly, the potential and kinetic energies stored in the

sound bar, denoted by EB;p and EB;k, are found as volume

integrals of the strain and kinetic energy densities. The

quantities are evaluated in the FE context using the system

matrices,

EB;pðtÞ ¼
ð

Xm

X3

i¼1

X3

j¼1

rijeij dV � 1

2
uTðtÞKmuðtÞ; (30)

EB;kðtÞ ¼
ð

Xm

1

2
q _u2 dV � 1

2
_uTðtÞMm _uðtÞ: (31)

The energy dissipated by the mechanical damping is the

time integral of the dissipated power PB

WBðtÞ ¼
ðt

0

PBðsÞ ds �
ðt

0

_uTðsÞCm _uðsÞ ds: (32)

The kinetic and potential energies stored in the acousti-

cal system, EA;p and EA;k, are found as volume integrals of

the acoustical kinetic and potential energy densities of the

sound field.

EA;pðtÞ ¼
ð

Xa

1

2

p2ðtÞ
q0c2

dV � 1

2

pTMFE
a p

q2
0c2

; (33)

EA;kðtÞ ¼
ð

Xa

1

2
q0v

2ðtÞ dV � 1

2

hTðtÞKFE
a hðtÞ

q2
0c2

; (34)

where MFE
a and KFE

a denote the acoustical mass and stiffness

matrices, respectively, without the infinite element contribu-

tions. The time domain form of the Euler equation (7) was

used and hðtÞ was introduced as

hðtÞ ¼
ðt

0

pðsÞ ds: (35)

The radiated acoustical power PA is found as the sur-

face integral of the pressure multiplied by the normal parti-

cle velocity. The integration surface is conveniently chosen

as C1. The radiated acoustical energy WA is attained by

time integration,

WAðtÞ ¼
ðt

0

PAðsÞ ds ¼
ðt

0

ð
C1

pðsÞvnðsÞ dS ds: (36)

In the numerical framework, the surface integral is attained

as a weighted sum of the quantities evaluated at quadrature

base points. The pressure and normal particle velocity are

obtained at the base points using the conservative interpola-

tion anew as shown in Fig. 2. The time integrals of Eqs.

(32), (35), and (36) are evaluated by second-order accurate

schemes.

The energy balance is written by summing the energy

stored and dissipated in the subsystems as

RE¼EM;pðtÞþEM;kðtÞ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
Mallet

þEB;pðtÞþEB;kðtÞþWBðtÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Bar with losses

þEA;pðtÞþEA;kðtÞþWAðtÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Sound field and radiation

¼constant: (37)

Figure 5 displays the energy relations obtained in the

simulation of the coupled mallet–sound bar–resonator sys-

tem. Figure 5(a) shows the time histories of the energy

stored in the mallet head and sound bar during interaction.

At t¼ 0, only the mallet head has kinetic energy and as it

reaches the sound bar, its kinetic energy is transferred to

mechanical energy stored in the bar. At the same time, as

the head of the mallet is deformed, the mallet head also

stores potential energy. When the mallet leaves the sound

bar, some of its potential energy is restored as kinetic

energy. The mechanical and radiation losses are negligible

during the interaction.

The energy relations after the contact, during free vibra-

tion and sound radiation, are shown in Figs. 5(b) and 5(c). The

only difference between the two cases is the height of the reso-

nator hres, which naturally affects its tuning. Figure 5(b) shows
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the case of an untuned resonator (hres ¼ 54:0 mm;
fa;1 ¼ 330 Hz). The energy transferred from the mallet head to

the sound bar during the interaction is slowly dissipated by the

viscous losses of the sound bar while a roughly ten times

smaller portion of it is radiated into the far field. There is no

significant energy stored in the sound field.

If the resonator is well tuned (hres ¼ 47:7 mm;
fa;1 ¼ 349 Hz), the energy relations during free vibration are

significantly different compared to the previous case: the

initial kinetic energy of the mallet is converted quite effi-

ciently into radiated acoustical energy thanks to the well-

tuned resonator. It is visible that a non-negligible amount of

energy is also stored in the sound field for t < 200 ms. By

comparing Figs. 5(b) and 5(c), it is also well observable that

the energy stored in the sound bar decays much more

quickly if the resonator is well tuned.

The example simulation demonstrates that the imple-

mented numerical framework maintains the energy balance

[Eq. (37)] of the discretized quantities with a good precision.

The small deviations from the constant in RE, visible in

Fig. 5(c) for t < 100 ms is due to the approximation error

of the numerical derivatives required for the evaluation of

Eq. (36). This example also highlights that the energy rela-

tions are significantly affected by the tuning of the resona-

tor. Therefore, the effect of the resonator is investigated

further in Sec. IV B.

B. Effects of tuning the resonator

The effect of tuning the resonator is examined by vary-

ing the depth of the cavity in the range of 39.4–58.9 mm.

For each of the 41 setups, a new acoustical FE model is cre-

ated and the acoustical system matrices and modes and the

vibroacoustic coupling are computed. The tuning range of

the models is found as 0:91 � fa;1=fm;1 � 1:09, i.e., a range

of roughly 61.5 semitones from the perfect tuning is cov-

ered. A strike by the mallet with an initial velocity of

vMð0Þ ¼ 1 m=s is simulated for a duration of Tsim ¼ 10 s.

The time history of the radiated sound pressure is exported

for a virtual microphone location 0.2 m above the center of

the sound bar (see Fig. 4). The running root-mean-square

(rms) value of the sound pressure signal is evaluated using

the exponential averaging with a time constant of 15 ms and

then the maximal level Lmax and the �60 dB decay time

T�60 dB are determined.

FIG. 5. (Color online) Energy relations of the mallet–sound bar–resonator

coupled system. (a) During contact; (b) free vibration, untuned resonator;

and (c) free vibration, well-tuned resonator.

FIG. 6. (Color online) Effect of tuning the resonator on the radiated sound.

(a) Maximum level compared to measurements by Bork (Ref. 3) with dif-

ferent resonator shapes, (b) decay time, and (c) energy relations.
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Figure 6(a) shows the resulting amplitudes normalized

by the maximal amplitude. As seen, the amplification by a

well-tuned resonator can be higher than 10 dB. For the sake

of comparison, the data points of different measurements by

Bork (see Figs. 12 and 13 of Ref. 3) are also shown in Fig.

6(a) with the normalizing of each curve by the maximal

amplitude. Whereas these measurements were performed

with tubular resonators and different types of sound bars, a

fairly good agreement with the results of the FEM are

observed. In the experiments, the widest tuning range was

measured for the metal bar and, in this case, the mean differ-

ence of normalized amplifications between the FEM and

experiment is 1.2 dB.

Figure 6(b) displays the decay times. Without acoustical

coupling, the decay time of the mechanical vibrations of the

sound bar was found to be 3.03 s. The minimum decay time

of 0.67 s is found with the perfectly tuned resonator. As the

resonator is tuned to the fundamental frequency, its tuning

mostly affects the amplitude and decay of the fundamental

component. Because the internal losses of the sound bar are

greater at higher frequencies [see Eq. (16)], the decay times

of higher partials are much smaller than those of the funda-

mentals. The observed tendencies are also in agreement

with those reported by Bork.3 Finally, Fig. 6(c) depicts the

radiated sound energy WA and the energy dissipated by the

internal losses of the sound bar WB. As is visible, the dissi-

pated energy increases smoothly at the expense of the radi-

ated sound energy as the resonator is detuned from the

perfect tuning.

Mm. 1 contains consecutive samples of the radiated

sound with the tuning of the resonator gradually in the range

fa;1=fm;1 ¼ 0:96;…; 1:00 in four equal steps.

Mm. 1. Resonator tuning. This is a file of type “wav”

(1.46 MB).

C. Excitation of torsional modes

Beside the vertical modes being mainly responsible for

sound radiation, the 3D model of the sound bar allows for

examining the role of torsional modes also. Whereas these

modes do not radiate sound efficiently, their excitation may

result in a sound of poor quality as they can take away a sig-

nificant amount of energy. The modal approach offers a

straightforward way for analyzing the excitation of the tor-

sional vibrations of the sound bar.

Changing the position or strength of the strike by the

mallet both can be expected to have a huge influence on the

radiated sound. Due to the nonlinear force–compression

relation [Eq. (10)], changing the initial velocity of the mallet

head affects both the interaction force and duration of the

contact. This effect is visualized in Fig. 7 where the position

of the beat is near the end of the bar (point A in Fig. 9). The

results of the FEM are compared to the analytical formulas

of Chaigne and Doutaut8 and a reasonable agreement is

observed with the maximal differences being �20%. Note

that the analytical interaction model does not take the vibra-

tions of the sound bar during the contact into account, there-

fore, some deviations are expected. It was found that the

results shown in Fig. 7 are not sensitive to the material

model used for modeling the sound bar.

Figure 8 shows the efficiency of the excitation of differ-

ent modes with the varying of the position of the strike by

the mallet. Each colored point on the sound bar represents

one of the 684 positions of the strike (i.e., the position of the

strike travels through each node of the top surface) and 4

cases with different initial velocities are plotted over the 4

quadrants of the sound bar. Acoustical coupling is not con-

sidered in this case and, hence, the arrangement is perfectly

symmetric to the two planes indicated by the dashed lines.

The energy relations at the beginning of the free vibration

phase are shown as EB ¼ EB;p þ EB;k and Etors is the sum of

the mechanical energy stored in the torsional modes of the

sound bar. The top diagram depicts EB normalized by the

FIG. 7. Interaction time and maximal interaction force with varying the ini-

tial velocity of the mallet head. FEM results are compared to analytical for-

mulas of Chaigne and Doutaut (Ref. 8).

FIG. 8. (Color online) Efficiency of excitation of torsional moves with

varying the position and the initial velocity of the mallet.
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initial kinetic energy of the mallet head EM, whereas the

bottom plot displays the ratio Etors=EB.

With an increase in the initial velocity of the mallet

head, the interaction time is reduced and modes having

higher frequencies become also efficiently excited. It is seen

in the top diagram that the mallet head can transfer its

kinetic energy quite efficiently to the sound bar, except near

the nodal lines of the first vertical mode of the bar. Near the

latter locations, torsional modes can quite efficiently be

excited, especially by stronger hits by the mallet. As the ini-

tial velocity increases, the area where the torsional modes

are excited becomes larger.

Figure 9 depicts the amount of mechanical energy

stored in the first four vertical and torsional modes when

striking the sound bar at different positions with an initial

velocity of vMð0Þ ¼ 1 m=s. Positions A and B are on the lon-

gitudinal axis of the bar and torsional modes are not excited

at all by hitting the bar at these locations. Points B and C are

near the nodal line of the first vertical mode and, hence, the

second vertical mode is stronger than the first. In the case of

position C, the first torsional mode becomes the strongest.

Finally, point D is at half the length of the bar where the

second and fourth vertical modes and the first and third

torsional modes have nodal lines, thus, the first and third

vertical modes have the most energy.

Sound samples, including acoustical coupling with a

resonator of depth hres ¼ 49:2 mm are exported. In Mm. 2,

the radiated sound of four samples of striking the sound bar

in positions A; B; C; and D (in this order) shown in Fig. 9

with an initial velocity of 1 m/s are presented. Mm. 3 con-

tains four consecutive sound samples of the radiated sound

of striking the sound bar at position A with the four initial

velocities shown in Fig. 8 in increasing order. To highlight

the differences in the timbre, the latter four samples are nor-

malized to the same dBA level.

Mm. 2. Different positions. This is a file of type “wav”

(1.46 MB).

Mm. 3. Strike strength. This is a file of type “wav” (1.46

MB).

V. DISCUSSION AND OUTLOOK

A coupled vibroacoustic model of the sound generation

by mallet percussion instruments was discussed in this

paper. The proposed approach relies on the 3D FEM

extended by infinite elements for treating the unbounded

acoustical domain. The mallet–sound bar interaction model

applied is the one proposed by Chaigne and Doutaut.8 The

modal description was shown to efficiently reduce the size

of the system matrices with a few tens of modes providing a

suitable representation of both the mechanical vibrations

and acoustical field. The orthotropic material model and

mechanical and acoustical FEMs were validated by compar-

isons with measurements performed on an Orff xylophone.

The detuning effect of the sound bars covering the resona-

tors was found to be significant and was well reproduced by

the FEM.

Simulation of the two-way interactions with the resona-

tor enabled investigating the energy balance of the system.

The time stepping solution was found to keep the total

energy of the discretized system at a constant level. Effects

of tuning the resonator were examined and the numerical

model reproduced the experimental results of Bork3 both

qualitatively and quantitatively quite well with regard to the

amplifications and the decay times of the radiated sound.

Simulating these effects necessitates the two-way coupling

between the sound bar and sound field, which to the best of

the authors’ knowledge is not included in earlier models.

Finally, changing the strength and position of the strike by

the mallet allows for inspection of the excitation of the tor-

sional modes of the sound bar, which is facilitated by the

applied 3D mechanical model. The interaction times and

contact forces produced by the FEM were in reasonable

agreement with the analytical model of Chaigne and

Doutaut.8

The computational performance of the implemented

simulation framework on an average desktop computer is as

follows. The most time-consuming step is the evaluation of

acoustical eigenmodes [Eq. (17)], which took �40–60 min

for the presented simulations, depending on the size of the

system. Other pre-processing steps, such as the mesh gener-

ation, system matrix assembly, computation of mechanical

modes, and the conservative interpolation, took �15 min.

These steps have to be performed only once for each geo-

metrical arrangement. Then, the time domain simulation of

10 s of sound took �3 min. Despite the high sampling rate

needed for simulating the mallet–sound bar interaction, the

simulation of the short period of the contact took only a few

FIG. 9. (Color online) Mechanical energy stored in different modes of

vibration with varying the position of the excitation.
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seconds. It is noted that no extra effort has been dedicated to

the optimization of the performance of the program codes.

The capabilities of the proposed coupled model can be

exploited for investigating other interesting phenomena

related to mallet percussion instruments such as the acousti-

cal coupling of neighboring cavity resonators, which was

also observed in some of the measurements carried out on

the Orff xylophone. The simulation framework may also be

applied for creating virtual prototypes of new instrument

designs.
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