ON A PROBLEM OF CHEN AND FANG RELATED TO
INFINITE ADDITIVE COMPLEMENTS

SANDOR Z. KISS AND CSABA SANDOR

ABSTRACT. Two infinite sets A and B of nonnegative integers are called
additive complements if their sumset contains every nonnegative integer.
In 1964, Danzer constructed infinite additive complements A and B with
A(x)B(x) = (1 + o(1))x as  — oo, where A(x) and B(z) denote the
counting function of the sets A and B, respectively. In this paper we solve
a problem of Chen and Fang by extending the construction of Danzer.

1. INTRODUCTION

Let N be the set of nonnegative integers and let A and B be infinite sets of
nonnegative integers. We define their sum by A+B = {a+b:a € A,b € B}.
We say A and B are infinite additive complements if their sum contains all

nonnegative integers i.e., A+ B = N. Let A(z) be the number of elements

Az)=> 1L

acA
a<x

of A up to z i.e.,

Since A and B are infinite additive complements, every nonnegative integer
x can be written in the form a + b = x, where a € A, b € B. Then clearly
[7] we have A(z)B(z) > x + 1, which implies that

A(x)B A(x)B
limsupM > liminfM > 1.
T—00 X T—00 x
According to a conjecture of H. Hanani [3], the above result can be sharp-

ened in the following way.

Conjecture 1.1 (Hanani, 1957). If A and B are infinite additive comple-

ments, then

A(z)B(x)

lim sup > 1.

T—r00

Later, Danzer [2]| disproved the above conjecture of Hanani.
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Theorem 1.2 (Danzer, 1964). There ezist infinite additive complements A
and B such that

A(x)B
lim AWB@)
T—00 x
Let Ay, ..., A, be infinite sets of nonnegative integers. We define their

sum by A1 + Ao+ ... + A, ={ag +as+... +a :a; € A;,;1 <i <r}.
Chen and Fang extended the notion of additive complements to more than
two sets in the following way [1]. The infinite sets Ay, ..., A, of nonnegative
integers are said to form infinite additive complements if their sum contains
all nonnegative integers. Again, it is easy to see that Aj(x)---A.(z) >
(A1 +... +A)(z) =2+ 1, thus

lim inf Ai(@) - Ar(2)
T—r00 X

> 1.

Furthermore, they posed the following problem.

Problem 1.3. For each integer r > 3 find additive complements A4, ..., A,
such that
LA AR

Tr—00 T

=1.

In this paper we solve this problem. Note that our construction is the

extension of Danzer’s result to r > 2.

Theorem 1.4. For each integer h > 2 there exist infinite sets of nonnega-
tive integers A, ..., A, with the following properties:

(1) Av+... + A, =N,

(2) Ay(z)--- Ap(z) = (1 +0o(1))x as © — oco.

Let Rai+p(n) be the number of representations of the integer n in the
form a+b = n, where a € A, b € B. W. Narkiewicz [4] proved the following
theorem.

Theorem 1.5 (Narkiewicz, 1960). If Rayp(n) > C for every sufficiently
large integer n, where C' is a constant and

A(z)B
limsup AHBE) _ o
Tr—r00
then
lim AC) _
T—00 x
or
B(2x)
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Additive complements A, B are called exact if A(x)B(z) = (14 o(1))x
as x — 0o. For any h > 2 integer let us define the system of sets A, by

A = {A C N : there exist Ay, ..., Ay CN,
A+ A+ ... + A4, =N A(x) - Ay(x) - Ap(z) = (1 +o(1))z as x — oo},
Theorem 1.4 implies that A, # () for every h > 2. We prove that the Aj’s

form an infinite chain.
Theorem 1.6. We have Ay D A3 D ...

It follows from Theorem 1.6 that if A € Ay, then A(z) = 2°) or A(x) =
21t°M) as 2 — oo. Then for any h > 2, A € Aj, implies that A(z) = 2°) or
A(x) = 217°W as x — oco. If the sets Ay, ..., A, C Nsatisfy Aj+... +A4;, =
N and Aj(x)---Ap(z) = (1 + o(1))x as  — oo, then A;(z) = x'+°W) or
Ai(x) = z°M for every 1 < i < h while z — o0o. As a corollary, one can get
from Theorem 1.4 that

Corollary 1.7. Let Aq,..., Ay, be infinite sets of nonnegative integers such
that A1+ ... + Ay, =N and
Ay () -+ Ap(z) = (1 +o(1))z
as * — o00. Then there exists an index i such that Ai(x) = z'T°0) and
Aj(x) = 2°D for every 1 < j < h with j #1i as x — oo.
We pose the following problems for further research.

Problem 1.8. Does Aj, # A1 hold for every h > 27

Problem 1.9. Assume that Ay + ... + A, = N and Ay(x)--- Ap(z) =
(14 o(1))x hold as © — oo. Does there exist a permutation iy, ..., i, of the
indices 1,...,h such that A;;(z) = (A;,_,())°W) for every 2 < j < h as
xr —00?

ij_1

The statement in Problem 1.9 holds for h = 2.

The exact complemets have been investigated by many authors in the last
few decades. In particular, they studied what kind of sets A of nonnegative
integers with A(x) = 2°) as x — oo have exact additive complement. It was
proved in [2] that the sequence a,, = (n!)? + 1 has an exact complement. In
[5] Ruzsa showed that the set of the powers of an integer a > 3 has an exact
complement. Furthermore, in [6] he proved that the set of powers of 2 has
an exact complement. Moreover, he also proved in [6] that A = {ay,as,...}

an+1
Nnan

= 00. In

with 1 < a; < as < ... has an exact complement if lim,,_, .,

view of these results, it is natural to ask
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Problem 1.10. Is it true that if A € Ay, A(x) = 2°1) as 2 — oo, then
A(x) = O(logx)?

2. PROOF OF THEOREM 1.4

For any nonnegative integers a < b, let us define [a,0] = {xr € N:a <
x < b}. The following lemma plays the key role in the proof of Theorem
1.4.

Lemma 2.1. Assume that Ay,..., A, C N are infinite subsets with the
following properties

(1) Ay +... + A4, =N,
(2) there exists a monotone increasing arithmetic function fp(n) > 0 with

Mim_ fa(n) = o0

such that the equation a; + ... + ap, = n, a; € A; has a solution with
a; 2 fh(n)7

(3) Ai(z) - Ap(z) = (1 +o(1))x as x — 0.

Form € N, let g(m) be an integral-valued strictly increasing function such

that g(fa(n)) > n? for every n € N. Put for shortness

¢, =g(n+ 1)+ h(g(n+1) - 1),

An =n-—- [\/ﬁ—la
and forn > 6 let
M, = [g(n)! — 2A,,, ®,].
Furthermore, for 1 <i < h, let B; = {0} U{g(a)! +a:a € A;} and define
the sets of integers
Bh+1:{a:0§a§<b5—1}uU{aeMn:An|a}.
n>6
Then
(1) Bl+ +Bh+1 :N,
(i) there exists a monotone increasing arithmetic function fri1(n) > 0
with
lim f11(n) = oo
n—oo
such that the equation by 4+ ... + b1 =n, b; € B; has a solution with

bi > [a+1(n),
(iii) Bi(x) -+ Bpyi(z) = (1 +o(1))x as © — oo.
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2.1. Proof of the lemma. Now we prove that for any N > 6,
Bi+...+By+{a€ My:Ax|a} D [Pn_1—2AN5 + N, Pyl
Consider an element from the interval on the right hand side i.e., let y be
Py —2ANx + N <y < Dy.

It is clear that there exists an [V N] < m < N — 1 with y =m (mod Ay).
By (2), there exist aq, . . ., a; integers with a; € A; such that m = a;1+. .. +ay
and a; > fr(m). Since f;(m) is a monotone increasing function and g(m) is

a strictly increasing function, we have
g(ai) 2 g(fu(m)) = g(fu([VNT) = (VN])? = N

and so g(a;)! = 0 (mod Ay). Let b; = g(a;)! 4+ a;. Then b; € B; for every
1 < i < h. It follows that

h h h
Zbi = Z(g(ai)! +a;) = Zai =m=y (mod Ay),
i=1 i=1 i=1
which implies that y_(blg—Nerh) is an integer and clearly

y—(bl++bh)
Ay

In view of these facts, it is enough to show that

y=b+... +b,+ Ay,
gIN) —2AN <y — (b1 + ... +by) < Dy.
Since g(n) is a strictly increasing function, we have
0<b=g(a)! +a; <gm)l+m<g(N-1I+N-1<(g(N) -1+ N
and so
h
0< ) b < h((g(N) — 1)l + N).

It follows that -

y—(bi+...+0b) >y—h((g(N)—1!+ N)

> g(N)! = 2(N = [VNT) + h((g(N) = 1)l + N) = h(g(N) = 1)! + N)
=g(N)! —2AN

and

y—(b1+ ... +by) <y < dy.
Thus for N > 6, we have

Bi+ ...+ Bpt1 2 [Py_1 —2AN + N, On]| D [Py_1, Py
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This implies that

Bi+...+ B2 U [®n-1, Pn] = [®5, +00).
N>6

Moreover, for 1 < i < h, 0 € B; and By,1 2 [0, ®5 — 1]. Therefore,
0,5 —1] C By +... + By
and so By + ... + Bpy1 = N, which proves (i).

If oy 1 <n < Py, then there exists a representation n = by +... +bp1,
where b; = g(a;)! + a; > a; > fu([VN]) and by > g(N)! — 2A5 >
N!—2Ay, which proves (ii) with a suitable function f5,1(n).

To prove (iii) we assume that &y < z < $y. Since g(N) is strictly
increasing, g(N + 2h) > g(N + 1) + h. This implies that

<Oy = (9(N +1) +h)(g(N +1) = 1)!

< g(N +2h)(g(N +1)—1)! < g(N+2h)+ N +2h
and
x>0y > g(N)!+h(N—-1)!>g(N-1)!+N —1.
Therefore, we have A;(N) < B;(x) < A;(N + 2h) for every 1 <i < h. Thus
we have, B;(x) = A;(N) + O(1) = (1 +0(1))A;(N) as = — oo for every
1 < i < h. Now, we have
By(z) -+ Bu(z) = (1 +0(1))A1(N) -+ - Ap(N) = (1 + o(1))N

as x — oo. It remains to prove that Byii(z) = £(1+0(1)) as z — oo. It
follows from the definition of By, that for x > &5 we have

Bh+1<:v):‘1>s+]vzl<&—M+3)+ {i—MmJ

n——6 An An AN AN
N-—1
B o, g\ (= g(N)!
_O(N) M(An_An>+(AN .

By z > ®y_; > NI, we have O(N) = 0 (%) as  — oo. It follows from (2)
in Lemma 2.1 that n > fj,(n). Then by the definition of g(n), we have

g(n) = g(fu(n)) > n*.

Applying this observation, a straightforward computation shows that
o, g(n)! 1 D, 1 g(n+1)!
— = =(1+0|—= —=(1+0 S
A, A, \2)) A, T U\ A nt 1

Hence,
N— N-1
!
Z— gm)t _ (HO(L)).M.
A, A, Vn n+1
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In the next step, we show that

Nzl(”()(%)) D oy 2

n=>6
as N — oo. Since g(m) is strictly increasing,
gIN+1)! _ (g(N)+1)! N+1
G = g YW N

which implies that £ is monotone increasing. By g(m) > m?, we have

>

)

1
gIN =1 < WQ(N)!-
On the other hand,

g(N =1 _ g(N)!/N? g(N)!
No1 S TN-1 :O(NS)'

By using the above observations, we have

S (10 (L)) S (1o (L))
g(N)

-y 0<%) +(1+o(1 ))—
_0 (Nggvj\;)!) T g%)!u L o(1)) = @(1 +o(1))

as x — 00. It is clear that

T g(N)! ( ( 1 ))
_— = =(14+0
Ay Ay VN
_ z — g(N)!
=1+ 0(1))—N
as £ — oo. Then it follows that

Buia(w) = o (5 ) +(1+ 0(1)>9(ﬁ)! 1+ 2 _]gV(N)!u +o(1)) = (1+o(1) %

as x — 00, which proves (iii). The proof of Lemma 2.1 is completed.

-
K
|
2l
=
~_

2.2. Proof of Theorem 1.4. Now, we prove Theorem 1.4 by induction on
h. We show that there exist infinite sets Ay, ..., A, C N with the following
properties:
(1) Ay +... + A, =N,
(2) there exists a monotone increasing arithmetic function f,(n) > 0 with
lim fn(n) = o0
n—oo
such that the equation a; + ... + a, = n, a; € A; has a solution with

a; Z fh(n>7
(3) Ai(z) - Ap(z) = (1 +o(1))x as x — oo.
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For h = 1 consider the set of natural numbers and the function fi(n) = n,
which gives the result. Assume that the statement of Theorem 1.4 holds for
h. For h 4+ 1 the result follows from Lemma 2.1. (Actually, for h = 2 our
construction is the same as the construction of Danzer [2]). The proof of
Theorem 1.4 is completed.

3. PROOF OF THEOREM 1.6

Let h > 2. We will prove that A,.; C A,. Let A € Ap,1. Then
there exist As,..., A1 € N such that A+ Ay + ... + 4,1 = N and
A(x)As(z) - Appr(x) = (1 4+ o(1))x as @ — oo. Let A} = Ap + Apyq. It is
clear that A} (z) < Ap(z) - Apt1(z). Then we have

A+Ag+ ...+ A+ A, =N
and so A(z)Aa(x) - Ap—1(x)Aj(z) > =+ 1. On the other hand,
A(z)Ag(2) - - - Apa(2) Aj (1) < A(2)Az() - - Apga () = (1 +o(1))z
as r — 0o, thus we have
A(z) Ag () - - Apa(2) AR (1) = (1 + o(1))z

as r — oo, which implies that A € Aj,. The proof of Theorem 1.6 is com-
pleted.
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