Generalized asymptotic Sidon basis

Sandor Z. Kiss * Csaba Séandor |

Abstract

Let h, k > 2 be integers. We say a set A of positive integers is an asymptotic basis
of order k if every large enough positive integer can be represented as the sum of
k terms from A. A set of positive integers A is called a By[g] set if every positive
integer can be represented as the sum of h terms from A in at most g different
ways. In this paper we prove the existence of Bp[1] sets which are asymptotic bases
of order 2h + 1 by using probabilistic methods.
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1 Introduction

Let N denote the set of positive integers. Let h,k > 2 be integers. Let A C N be an
infinite set and let Ry 4(n) denote the number of solutions of the equation

ar+as+---+a,=n, a1 €A, ...;an €A, a1 <ay<... <ay, (1)

where n € N. A set of positive integers A is called a By[g] set if for every n € N, the
number of representations of n as the sum of h terms in the form (1) is at most g, that
is Ry a(n) < g. We denote the fact that A is a By[g] set by A € By[g]. We say a set
A C N is an asymptotic basis of order k if there exists a positive integer ng such that
Ry a(n) > 0 for n > ng. In [4] and [5], P. Erdés, A. Sarkézy and V. T. Sés asked if there
exists a Sidon set (or Bs[l] set) which is an asymptotic basis of order 3. It is easy to
see that a Sidon set cannot be an asymptotic basis of order 2. J. M. Deshouillers and
A. Plagne in [3] constructed a Sidon set which is an asymptotic basis of order at most
7. In [7] it was proved the existence of Sidon sets which are asymptotic bases of order
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5 by using probabilistic methods. In [1] and [9] this result was improved on by proving
the existence of a Sidon set which is an asymptotic basis of order 4. It was also proved
[1] that there exists a Bs[2] set which is an asymptotic basis of order 3. In this paper we
will prove a general theorem that concerns By[1]-sets for any h > 2 instead of just Bs[g]
sets. Namely, we prove the existence of an asymptotic basis of order 2h 4+ 1 which is also
a By[1] set.

Theorem 1. For every integer h > 2 there exists a By[l] set which is an asymptotic
basis of order 2h + 1.

Before we prove the above theorem, we propose some open problems for further re-
search. In general, for k, h > 2 integers, one can investigate the existence of an asymptotic
basis of order k which is a B}[1] set.

Problem 1. Determine the smallest value of k = k(h) for which there exists an asymp-
totic basis of order k which is a By[1] set.

It is easy to see that there does not exist a By[1] set which is an asymptotic basis
of order k with k < h because it does not have enough elements. On the other hand, if
k = h, the generalization of the well known conjecture of Erdos and Turan asserts that
there does not exist a By[g] set which is an asymptotic basis of order h. This conjecture
is still unsolved even for h = 2. In this paper, we prove the case k = 2h + 1 by using
probabilistic methods. More advanced probabilistic tools may help to handle the case
k = 2h. To prove the existence of a By[1] set which is an asymptotic basis of order 2h — 1
seems hopeless.

It is natural to ask whether there exist a Bj[g] set which is an asymptotic basis of
order h + 1 for some g = g(h). For 3 < h < k, it was proved [8] the existence of a By[g]
set which is an asymptotic basis of order k. In [8], the order of magnitude of g = g(h)
was not controlled. This motivates the study of the following problem.

Problem 2. Determine the smallest value of g = g(h) for which there exists an asymp-
totic basis of order h + 1 which is a Bp[g] set.

In the following section we give a short survey of the probabilistic method we will use.

2 Probabilistic tools

To prove Theorem 1 we use the probabilistic method due to Erdés and Rényi. There is
an excellent summary of this method in the book of Halberstam and Roth [6]. In this
paper we denote the probability measure by P, and the expectation of a random variable
Y by E(Y). Let €2 denote the set of the strictly increasing sequences of positive integers.

Lemma 1. Let
Qq, 0, a3, . ..

be real numbers satisfying
0<a,<1 (n=12,...).

Then there ezists a probability space (Q, X, P) with the following two properties:



(i) For every natural number n, the event E™ = {A: A€ Q, n € A} is measurable,
and P(E™) = a,.

(ii) The events EY, E® . . are independent.

See Theorem 13 in [6], p. 142. We denote the characteristic function of the event E(™

by o(A,n):
1,ifnec A
A _ )
o(A,n) {O,ifngéA.

Furthermore, for some A = {ay,as,...} € Q we denote the number of solutions of
Ay + Ay + ... +a;;, =n
with
a;, € Aya, €A,...;a0, €A, 1<a;, <a;, <--- <a;, <n
by rn(n). Then

rha(n) =rp(n) = Z o(A,a1)o(A; az) ... o(A, an). (2)

(ay,a9,..., ah)ENh
1<ap<...<ap<n
ajtag+t...+ap=n

Let R} (n) denote the number of those representations of n in the form (1) in which there
are at least two equal terms. Thus we have

Rpa(n) =rp(n) + Ry (n). (3)
In the proof of Theorem 1 we use the following lemma:

Lemma 2. (Borel-Cantelli) Let X1, Xs, ... be a sequence of events in a probability space.

If
+oo
Y P(X;) < o0,

then with probability 1, at most a finite number of the events X; can occur.

See [6], p. 135.

3 Proof of Theorem 1

2 .
Let h be fixed and let v = ;;=5. Define the sequence «, in Lemma 1 by

1
nl-o
so that P({4: A € Q, n € A}) = —;. The proof of Theorem 1 consists of three parts.
In the first part we prove similarly as in [8] that with probability 1, A is an asymptotic
basis of order 2h + 1. In particular, we show that Ro,11 4(n) tends to infinity as n goes
to infinity. In the second part we show that by deleting finitely many elements from A

Qp = s
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we can obtain a By[1] set. Finally, we show that the above deletion does not destroy the
asymptotic basis property.

By (3), to prove that A is an asymptotic basis of order 2h + 1 it is enough to show
Ton+1,4(n) > 0 for every n large enough. To do this, we apply the following lemma with
kE=2h+1.

Lemma 3. Let k > 2 be a fired integer and let P({A: A € Q, n € A}) = = where

o > % Then with probability 1, rya(n) > en®=1 for every sufficiently large n, where

¢ = cla, k) is a positive constant.
The proof of Lemma 3 can be found in [8]. It is clear from (3) that
P(&) =1, (4)
where £ denotes the event
E={A:AecQ 3Ing(A) =ng such that Rop41.4(n) > e TR forn >ny},

where c¢ is a suitable positive constant. In the next step we prove that removing finitely
elements from A we get a By,[1] set with probability 1. To do this, it is enough to show that
with probability 1, Ry a(n) < 1 for every n large enough. Note that in a representation
of n as the sum of h terms there can be equal summands. To handle this situation we
consider the terms of a representation a; +... +aj, = n as a vector (ay,...,a,) € N*. We
denote the set which elements are the coordinates of the vector z as Set(z). Of course,
if two or more coordinates of  are equal, this value appears only once in Set(z). We say
that two vectors  and § are disjoint if Set(z) and Set(y) are disjoint sets. We define
77 4(n) as the maximum number of pairwise disjoint representations of n as sum of [ (not
necessarily distinct) elements of A, i.e., the maximum number of pairwise disjoint vectors
of R;(n) with their coordinates in A. We say that A is a Bj[g] sequence if 1} ,(n) < g for
every n.

Lemma 4. Suppose P({A:A € Q, n € A}) = =, where a = ﬁ“.

(i) For every 2 < k < h, almost always there exists a finite set Ay such that

(ii) For every h+ 1 <k < 2h, almost always there exists a finite set Ay such that

hoaa,(n) < 4h+ 1.

Proof. We need the following proposition (see Lemma 3.7 in [2]).
Proposition 1. For a sequence A € ), for every k > 2 andn > 1,

P(rya(n) > s) < Cras pka—1)s

, where Cy o5 depends only on k, o and s.



We apply Proposition 1 with s = 2. Then we have

_ 8h—4k+2

P(TI:,A(H) > 2) < Cra p2ka=b) — Cran™ T+ .

Since 2 < k < h, we have

4h+2

PO“Z,A(”) Z 2) S Ck,a n~ 4h+1

then by the Borel-Cantelli lemma we get that almost always there exists an nj such that
T’Z,A(n) < 1 for n > ny. It follows that

TI:,A\Ak (n) <1,
where Ay = AN 0, ny).
Assume that h < k < 2h. We apply Proposition 1 with s = 4h + 2. Then we have
IP’(T,*;A(n) > 4h +2) < Cipa pht2)(ka=1) Ch.a - ChH)EEEEE

Since h < k < 2h, we have

4h+2

P(TZ,A(H) 2 4h + 2) S Ck,a n~ 4h+1

then by the Borel-Cantelli lemma we get that almost always there exists an n, such that
7h.a(n) < 4h+1 for n > ny. It follows that

where Ay = AN [0, ngl. O

It follows from (4) and Lemma 4 that there exists a set A and for every 2 < k < h finite
sets A, C A such that

1

Ropt1,4(n) > enmi (5)

for n > ng and for every 2 < k < h,

TZ,A\Ak (n) <1, (6)

and for every h < k < 2h,
ThA\A, (n) < 4h+ 1. (7)

Set B = A\ U A;. In the next step we show that B is both a By[1] set and a Bay|g]
set for some g. We apply the following proposition (see Remark 3.10 in [2]).

Proposition 2. For integers s > 2 and g > 1,
Bilgl N Bsa[f] € Bilg(s(f = 1) + 1)].
By using the definition of B, the fact that B}[1] = By[1] and (6), (7) it follows that
Be B[1IlNnBi1Nn... N B[] N B, 1[4h+ 11N ... N B3, [4h +1].

Applying Proposition 2 with ¢ = ¢ = 1 we get by induction that for every 2 < s < h
if B € B![1] N Bs_41[1] then B € Bq[l], thus B is a Bj[1] set. Applying Proposition
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2 with g = 4h + 1, £ = 1 we get that B € Byjy1[4h + 1]. Using Proposition 2 again
with ¢ = 4h + 1, ¢ = 4h + 1 we get that if B € Bj_ ,[4h + 1] N Byp41[4h + 1] then
B € Bpio[(4h+1)(4h(h+2)+1)]. Continuing this process, we obtain that for 1 < k < h,
we have B € Byi[l] and for h+ 1 < k < 2h, B € By[gx| for some positive integer gy.

Let Uh Ay = {dy,...,dw} (dy < ... <d,). Now we show that A € By,[G] where

G =2". max
1<k<2h

We prove by contradiction. Assume that there exists a positive integer n with Rop a(n) >

2¥ - maxj<p<aon gr- Then there exist indices 1 < ¢y < iy < ... < i; < w such that the
number of representations of n in the form n = d;, +... +d;; + ¢j41 + ... + con, Where
Cj+1,---,Cop € B is more than max<r<op gi. It follows that

Ron—jp(n—(diy + ... +dij)) > max, 9k > Joh—j
which is a contradiction since B € Bay,—j[gan—;|-

Finally, we prove similarly as in [7] that B is an asymptotic basis of order 2h+1, i.e.,
the deletion of U2" | Ay from A does not destroy its asymptotic basis property. We prove
by contradiction. Assume that there exist infinitely many positive integers M which
cannot be represented as the sum of 2h + 1 numbers from B. Choose such an M large
enough. In view of (5), we have Ropi14(M) > cM w1, Tt follows from our assumption
that every representation of M as the sum of 2h + 1 numbers from A contains at least
one element from A\ B = U" A;. Then by the pigeon hole principle there exists a
y € U Ay which is in at least M representations of M. As A € By,[G], it
follows that with probability 1,

M Ronaa(M)
w w

S R2h,A<M - y) S G:

which is a contradiction if M is large enough. We conclude that B is an asymptotic basis
of order 2h + 1, and a Bjy[1] set. This completes the proof of Theorem 1.
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