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ABSTRACT. The operator algebrasof fermionic modes is isomorphic to that of qubits, the dif-
ference between them is twofold: the embedding of subalgebras corresponding to mode subsets
and multiqubit subsystems on the one hand, and the parity superselection in the fermionic
case on the other. We disctss these two fundamental differences extensively, and illustrate
these through the Jordan—-Wigner representation in a coherent, self-contained, pedagogical
way, from the point of view of quantum information theory. Owur perspective leads us to
develop useful new toels for the treatment of fermionic systems, such as the fermionic (quasi-
)tensor product, fermionic canomnical embedding, fermionic partial trace, fermionic products of
maps and fermionic embeddings of maps. We formulate these by direct, easily applicable for-
mulas, without modépermutations, for arbitrary partitionings of the modes. It is also shown
that fermionic/reduced states can be calculated by the fermionic partial trace, containing the
proper phasefactors. We also consider variants of the notions of fermionic mode correlation
and entanglement, which/can be endowed with the usual, local operation based motivation, if
the parity superselection rule is imposed. We also elucidate some other fundamental points,
related/to joint map extensions, which make the parity superselection inevitable in the de-
scription of fdermionic systems.
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TABLE 1. Index of the different notations

notation name and reference ~

E; "/, Ty, 'y elementary basis (2), standard and fermionigiextension (4)

E;"/, E;"’l standard and fermionic bases (7)

Oy, f;ﬁ"/ qubit-fermion mapping and phase factors (10)

®, ®, \TJE, /~\5 fermionic products (14b), (26) and rélatedsmapsi(15), (28b)

Lxvs ix,y, Uxx
Try,x, T;Y,X

®, ®

LX)y, LX)y, LX)y
Ty, P, PE, i, M
By, Tit, e, AE, ¢
Ty, BE, B, B, B
Dx, Dx

by, DY

De-uncs De-sep
De-une: De-sep

std./ferm. canonical embedding (20), unitary connecting them (22)
std./ferm. partial trace (34), (35)

fermionic products for maps (42) y
std./ferm. canonical embeddings of maps (48)

parity, projections, subspaces.for the Hilbert space, Sect. 6.1
parity, projections, subspages for the operators, Sect. 6.2

parity, projections; subspaces for the maps, Sect. 6.3

sets of qubit/fermionicistates, inline before (60), (63)

sets of physieal/locally physical ferm. states, beginning of Sect. 7.5
sets of uncorrelated/separable qubit states (75), (76)

sets of uncorrelated/separable ferm. states, without SSR (80), (81)
sets of un(hrelated physical ferm. states (108a)

sets of product (strongly uncorrelated) physical ferm. states (108b)
sets of weakly separable physical ferm. states (110a)

sets of separable physical ferm. states (110b)
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1. INTRODUCTION

Fermionic systems in the second quantized form are described by the algebra of canomical
anticommutation relations, also called CAR algebra [1, 2]. In order to be able to handle no=
tions and quantities important also in quantum information theory, we have to use the abstract
terms of algebraic quantum mechanics [2-4]. The standard quantum information theory of qubits
is described by a natural tensor product structure, which makes possible the use of the terms
of the simpler language of Hilbert space quantum mechanics, used by a much wider and still
rapidly growing community [5-8]. In the CAR algebra, there is no tensor' produgct, structure
which fits naturally to the structure of the fermionic modes. Imposing the (fermion mumber)
parity superselection rule [9, 10], however, makes possible to use the standard concepts of quan-
tum information theory, besides issues concerning the definitions of corrélation and entanglement
[11-20]. Even with superselection, however, if we go down to the level of a concrete represen-
tation (e.g., Jordan—Wigner representation of the CAR algebra onubit-ter spin-chains [1]) for
performing numerical [21-31], or even symbolical calculations [17{32-36]; the quantities become
involved. This is mainly because phase factors arise due to the fixéd ordering of the Jordan—
Wigner representation.

The main motivation of this work is to illustrate the abstract notions of the representation of
a finite number of fermionic modes, by showing the structures explicitly. For this, we construct
a toolbox for the book-keeping of fermionic phase factors, by which the calculations become
straightforward. We present this in a coherent, self-contained, pedagogical way, from the point of
view of quantum information. After recalling the Jordan—Wigner representation (Section 2), we
introduce fermionic versions of tensor product, partiabtrace.and canonical embedding (Section 3),
by the use of which we formulate subsets of modés, state redugtion and state extension in a simple
and painless way (Section 4). Then we turn to the notions of correlation and entanglement
(Section 5), which turn out to be physieally motivated /by the notion of locality (Section 7) if
the parity superselection rule is imposed (Seetion 6), being the main difference compared to the
usual correlation and entanglement theory of qubits.

The Jordan—Wigner representation is always given with respect to a fixed linear ordering of the
fermionic modes. This is particularly impertant on the level of concrete matrix algebras. Then,
with our formalism presented, it is simple to treat correlation and entanglement with respect to
any different partitionings of the modes ima unified way, without the need for ad hoc reordering
of the modes. Avoiding mode permutations is highly useful in multipartite correlation and
entanglement theory [29, 37-39], Serving as the other motivation of this work. Such treatment is
made possible by that our formalism provides reordering-free way of writing state extension and
state reduction (calculating reduced density matrices), as well as map (e.g., quantum channel)
extension. The resultin@ formulas.afe easy to implement also in numerical program packages.

The third motivation offthe present work is to emphasize the importance and context of the
parity superselection rule [9, 10]. Although reduced states can be defined and reduced density
matrices can be calculated without the superselection, this leads to ambiguities [32], for example,
unusual behavior of entropic quantities [40-43], such as failure of entropic inequalities [44-46],
and different/non-zero part of) spectra of reduced states of pure bipartite states [33, 44]. These
can be resolved by the imposition of the parity superselection rule [32, 33, 43, 45-48]. The
deeper cause of these ambiguities is the lack of the statistical independence (lack of existence
of jointdstate extension) of disjoint mode subsets without parity superselection [44, 45, 47, 48].
The lack of the@tronger, algebraic independence (commutativity) leads to that the locality of
maps canfnot even be formulated, on which the mere definition of separability is based from the
physical point’of view. Again, these are resolved by the imposition of the parity superselection
rule, establishing commutativity. Although only parity superselection is considered here, since it
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is the one being necessary for local operations and entanglement, we note that there are several

other superselection rules, discussed in a nice, general framework [13, 16, 49]. The different

superselection rules constrain the possible operations differently [13], making possible different

applications [11], and affecting differently the notion and measures of entanglement [12, 14-16].
An index of the different notations is given for convenience in Table 1 above.

2. JORDAN—WIGNER REPRESENTATION

In this section, we introduce the tools for the description of fermionic occupations by qubits
through the Jordan-Wigner representation of the CAR algebra [1].

Since we consider a finite number of fermionic modes only, we have finite diménsional Hilbert
spaces H, and subalgebras of the finite dimensional algebras Lin H. Then, on Lin H &£ H.Q H*,
we have the trace map, given by the invariant definition as Tr(|1)(¢|) := (¢ |4h)s and the Hilbert—
Schmidt inner product [4, 7, 8], given as ~

(1) A,B € Lin#H, (A| B) := Tr(ATB),

which are important tools in the sequel. Recall also that the adjoint AT of operators A € LinH
is given with respect to the inner product of the Hilbert space a8 (Af¢|v) = (¢ | Av), for all
[0),|¢) € H; as well as the adjoint QF of maps Q € LinLin#asis given with respect to the
Hilbert—Schmidt inner product as (QF(A)| B) = (4| Q(B)) for all ApB € LinH [4, 7, 8].

2.1. Qubits. Let us consider an L-qubit system for L 2wl labeled by the elements of the
index set M := {1,2,...,L}. For each qubit, i € M, we haye artwesdimensional Hilbert space
H; := Spanc{|¢¥) | v € {0,1}} associated to it, where |¢?) and |¢!) are orthonormal basis
vectors, (¢4 | ¢¥) = 7. If we consider a given qlibit ¢ € M by itself, then the projectors |¢?) (Y|
and |¢}) (41|, or the subspaces they project onto, represent two mutually exclusive elementary
“quantum events”.

We also have the algebra A; = LinH,; of linear operators acting on H;, with the standard
basis

(2) (B = o000} [ €A | v,/ € {0,1}},

which is orthonormal, (EZM/ ’E;””/) —91v54 " The orthonormality of the standard basis in
Lin H,; arises from the orthonormality of theibasis in H,;.

2.2. Jordan—Wigner representatien of fermionic occupations. In the Jordan—Wigner rep-
resentation, the qubits are used t6 store the quantum information about the occupation of
the fermionic modes. Let us consider/a system of L fermionic modes, labeled by the index
set M = {1,2,..., L} If we comsider a given mode ¢ € M by itself, then let the projectors
|69) (09| and |p})(op}| represent the elementary “quantum events” of unoccupied and occupied
modes, respectively. «We also have some standard linear operators in hand, as the creation
operator aj = o) (@?], the amnihilation operator a; := |¢?)($}|, the particle number operator
n; = ala; = |} (G, the “no particle” operator I; — n; := asa] = |¢9)(#?] (these four are also
the elements of/the standard basis (2)), the identity operator I; = |¢?)(¢?] + |p1){(p}| and the
phase operator p; = | {(B— |¢1)(#1]. We emphasize that these operators act on different
Hilbert spaces for/different values of the index 7.

Now, let us “join”ssome fermionic modes (as well as the corresponding qubits), and consider
them asla (sub)séb of modes (as well as composite (sub)system of qubits). That is, for each
subsystem, (or mode subset) Y C M, we have the Hilbert space Hy := @),y H: (Fock space of
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mode subset Y'), together with the standard tensor product basis
(3) {16%) = @) | vw: ¥ = {0,1}},
i€y

with the multi-index v : Y — {0,1}, i — v;. (For Y = (), we define the one-dimensional Hilbert
space Hg = C with the empty tensor product.) This basis is also orthonormal, (@4: | #%) =
IV — HieY OHisVi

Now we extend the operators of each mode i € M linearly to LinHy = @y Ai in two
different ways, called “standard” and “fermionic”, as

Fy: .Az — ®Aj,
JeEY
B o= (@ n)ere( Q.
keY,k<i kEYii<k ~
fy: Az — ®.Aj,
JEY

EY ( ® pZ*’”I)@E;””I@( ® Ik>.

keY,k<i keYyi<k

(4a)

(4b)

(For Y = (), we define the one-dimensional algebra ®j€® Ay = LinHy = C with the empty
tensor product.) With a slight abuse of notation, wefuse the sameletter for all modes, i.e., we do
not denote the mode index 7 on I'y and fy, sincesthis will not cause confusion. (Note that the
ordering in the writing of the tensor product is/llustrative only: the product of two elementary
tensors is the elementary tensor formed by the products of operators of the same modes.) These
maps are x-homomorphisms, that is,

(5a) Ly (A)Ty (B;) = T'y (A; By); Iy (Al) =Ty (4)T,
(5b) Ty (4)Ty (B;) = Ty (4;B;), Ty (Al) =Ty (4,)".

The fermionic extensions of the a} and a; ereation and annihilation operators, ELZY = fy(a;r)

and a;y = fy(ai), are then the Jordan=Wigner representations of the fermionic creation and
annihilation operators [1], which are the gemerators of the CAR algebra, obeying the canonical
anticommutation relations

(6) {aiy gy} = {abgwal  } =0, {aiy.al,} =0y,

~ — —~ —

foralli,j € Y, and Iy/= Hle\y Ly (L) = [L;ey Iy (£;) is the identity operator. (Here [] denotes
that the factors in the product are ordered for increasing values of the mode indices. Although it
is not necessary,fornthe identity/operators, we use it to emphasize that the fermionic extensions of
operators of different modes'do not commute.) Note the elegant way how pZJr”l inserts the phase
operators in (4b).exactly for the cases when v # v/, which coincides with the case of products
of odd number of ereation and annihilation operators, see (5b). Also, the standard extensions
of the az and.a; creation and annihilation operators, a;Y = Fy(ai) and a;y :=T'y(a;), are the
usual representations of the hardcore boson creation and annihilation operators [50-52], which
we domot censider here.

Using the two extemsions above, we define two bases in @),y Aj, called “standard” and
“fermionic”,

(72) {E;"’, = rvE™) e R A

€Y €Y

vU,y’:Y—>{o,1}},

Page 6 of 62
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(7h) {E;v"/ = ﬁ Ty (B € QA }

3% i€y
Both of these are orthonormal with respect to the Hilbert—Schmidt inner product (1), (E{;"“I | E;’,"’/) =

(Eﬁ’”l | E)V,’”/) = oMV H Y see later in (11). Note that the standard basis is consistent avith
the tensor product in ), A;, since

(82) Byt = T ov (B = QB

€Y ieY

while the fermionic basis is consistent with the fermionic operators, since

diyaly if vy =0and v} =0

~ / — - / — dlY if v, = 0 and V; — 1
8b Bvv' = T By (B = ’ |
(3h) I E =TI e o]

CNl;YCNLi’Y if vy, =1 and ¥h=

the basis elements are ordered products of fermionic creation and annihilation operators. (For
explicit calculations, see Appendices A.1 and A.4.)
Let 0 : i — 0 be the zero multi-index, labeling the vacuum stat€gfVacy)u:=[49) = @,y [4Y),

see (3). Then, on the one hand, |¢%)(¢%| = E¥° creates the State vector of occupation v from
the vacuum,

(9) EY°l6Y) = (® 07001 (G o).
€Y

On the other hand, ENI;’O does the same,

= (7. a7 —
~ i,y G; y ify; =0 ~ .
(9b) Ey°Vacy) = [ { 4 } WVacy )= [ ] al yIVacy) = 6%),
i€y a;y =1 i€y;

where the last equality follows from that, because of the ordering of the operators, the phase
operators coming from (4b) act always on empty modes, p;|¢?) = |¢#?). Therefore (3) is indeed the
Fock basis (in concrete representation),which is usually defined in fermionic second quantization
by the usual ordering of the creation’operators.

2.3. Mapping between qubits and fermionic modes. Using (7a)-(7b), let us define the
two algebras endowed Wlth canonlc\l'bases Ay and Ay, being two copies of &),y A; for a
Y C M, to which {E}"Y } and { BV } are associated, respectively. From now on, we denote
the Y € M subsystem/mode-subset index on the objects, and, for example, writing Ay or

Ay, the statements are understood for all Ay € Ay or Ay S Ay automatically, if not stated
dlﬂerently Let the identity operators be [[;cy I'v (li) = &,cy i = Iy € Ay in the standard,

and HzeY I‘y i) = Iy € Ay in the fermionic case. Now let us consider the linear map between
the two algebras, given as

(I)y : Ay — Ay7
(10&) / ~ ’
EYVY  — EY
Taking iuto account (4a) and (4b), we can write out the effect of this transformation

(10b) Oy (BY™) = By = M B
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which is the elementwise product with the +1 phase factors

- ovi 3 (vetv)
(10(3) fy.' — (71)163’ kEY,i<k
(For the proof, see Appendix A.3. For the explicit form for few modes, see Appendix/A.2.) Since
this map just multiplies the basis elements (7a) with phase factors, it is clearlyunitary with
respect to the Hilbert—Schmidt inner product (1),

(11) (®y(Ay)| @y (By)) = (Ay | By),
or, equivalently, (Avy ’ <I>y(By)) = (@;1(113/) | By). (In particular, ®y preserves the Hilbert—

Schmidt norm Ay |Ay) =/ Tr Al Ay), but not the trace norm Tt Al Ay )n[8].) It also
Y Y

turns out that the same map can be used for transforming between the two extensions in (4a)-

(4b), that is, ®y : Fy(EZ-V’VI) — fy(Ei”’”/), in other words, we have o

(12) [y = ®y oIy

for the standard (4a) and the fermionic (4b) extension maps. Moreovergthis, and also (10a), are
special cases of that, for arbitrary X C Y,

(13) (I)y : H Fy(Aj) — ﬁ fy(AJ)

jex jeX

(For the proof, see Appendix A.5.) We also have Iy = ®y (Iy) = Iy for the identity operators
Hy — Hy, and i—y = Py oZy o @{,1 = Ty for/therdeéntity maps Zy : Ay — Ay and
fy : gy — ny. Similarly, Tr = Dy o Trofb;l for the trace maps Tr : Ay — C and Tr
Ay — C. Here Tr : Ay — C is given by, the invariant definition, then Tr turns out to be
given in the same way (the diagonal elements of the phase factors (10c) are +1). By this, since
Tr(Fy(E;"”/)) = 2YI=15v¥" e have ﬁ(fy(E;’V’)) = 2lYI=15" " Also, since Tr(E;’"/) =o',
we have ﬁ(E;V/) =o',

From the algebraic point of view, the subalgebras describing the subsystems, or mode subsets
X CY are generated as Alg(a;y,j € X)HhC Ay = Alg(a;y,i € Y) and Alg(a,y,j € X) C
Ay = Alg(a;y,7 € Y) in thenqubit and fermionic cases, respectively. (Here Alg(a;y,j € X)
denotes the algebra generated by the set {a;y | j € X}.) So (13) tells us that ®y respects the
subsystem structure, ®y : Alg(a;y,j &X) — Alg(a,y,j € X). Note, however, the special form
of the product on the left-hand side of (13), because in general, there exists Ay, By € Ay for
which &y (Ay By ) # @y(Amy(By), as well as be(A;) # Oy (Ay)T, the linear isomorphism
Dy is not a x-algebra isomorphism. Of course, a x-algebra isomorphism in such a role would not
be interesting at all, as it would not provide an essentially different structure compared to the
structure of qubits:

3. FERMIONIC TENSORS

In this seetion we construct a kind of “fermionic version” of operations widely used in quantum
information for our‘convenience, and we consider the similarities and differences compared to
the original‘ones:

3d. Fermionic tensor product. Let us have a partition § = {X1,Xo,..., X¢} € II(Y) of
subsystem Y C M, that is, the subsystems X € £ are nonempty and disjoint, with UX€£ X =Y.
In the qubit case, we have the tensor product for forming the joint algebra Ay corresponding to

Page 8 of 62



Page 9 of 62

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-114649.R2

FERMIONIC SYSTEMS FOR QUANTUM INFORMATION PEOPLE 9

Y from the algebras Ax corresponding to X € £, as Ay = ®X€E Ax. This is written in the
standard basis (7a) as

(14a) By = Q) BN,
Xeg
see also (8a), where the multi-index is v : Y — {0,1} as usual, and vy := v|x : X — {0,1}
are the restrictions to the subsystems X C Y. We would like to have a similar togl in the
fermionic case for joining subsystems, that is, mode subsets. The usual tensor product ecannot
work in general, it does not respect the fermionic nature of the operators, for example, there
— ~ — ~

exist operators A; € A; for which @ e [[;ex I'x(4)) # [Licy I'v(A4:), while equality helds for
the qubit case without the tildes (see in (19a) later). Instead, let us define the/fermionic tensor
product in the fermionic basis (7b) as

(14b) By = (R BYx. ~
Xeg

Since E‘;’”, = @y(E;’"/) = Oy (®X€E E;X’VIX) = Oy (®Xe§ <I>)_(1 (E;X’V/X)) on the left-hand
side by using (10a) and (14a), one can read off the form

(15a) @gx Z\T’g(® ZX>

Xe¢ Xeg

by linearity, with the map

(15b) Te =Dy o ROy Ay 4 Ay ¥

Xeg
This map is also given by multiplication of the (7b) basis with'=1 phase factors. (For the phase
factors, see Appendix B.1. For the explicit form for fewmodes, see Appendix B.2.) Note again,
that the ordering in this tensor product is illustrative only; Ax @ By = By ® Ax (using the
notation X =Y \ X).

Both the usual and the fermionic tensor products are consistent with the refinement of the
partitions. Indeed, let us have Z C M, the partition v € TI(Z), and for all parts Y € v, let us
have the partitions &y € II(Y") of themy by which let'€ € TI(Z) be the “merging” of the partitions
&y, & = Uyc, &y then we have the associativity for the tensor products as

(16a) ®( ® AXy) = ®AX,

YEUNXy €y Xe¢
(16b) ®( ® ZXY) - ) Ax.
Yeuv Xy €ely Xeg

(The first one is a propefty ofithe tensor product; the second one follows from this, by the special
structure (15b) of W) This justifies the use of the “associative” tensor product sign. We also

have that the identity operators are ®X€§ Ix = Iy and ®X€§ TX = fy.

Since the map \Tlg iny(15b)dis a composition of unitaries (11), it is unitary itself,
(17) (Ve(Ay) | e(By)) = (Ay | By),
and we alsoshave the compatibility with the Hilbert-Schmidt inner product (1),

(18a) (® Ax‘ ®Bx) = [1(AxBx),
Xe¢

Xee¢ Xe¢
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(18b) (® Ax ] 0% EX) = T (Ax | Bx).
Xeg Xeg Xeg

(The first one is the standard construction of the inner product in tensor product spaces; the
second one follows from this, by using (15a) and (17).) From this, the product property jof
%eftvrace fi)llows also fofl;fci}"mionic elementary tensors, T£(®XE’5 Bx) = [Lxce Tr(Bx)-and
’I‘r(@x€§ BX) = HXe£ Tr(Bx), by setting Ax = Ix and Ax = I'x in (18a)tand (18b), respec-
tively. (A direct calculation would be in the second case to show that thesdiagonal elements of

the phase factors of \Tlg are +1, see Appendix B.1.)
With the fermionic tensor product (15), now we have

(19a) [Irva) =@ T x4y, -

€Y Xegjex
— _ —_— _

(19b) IITv(A) =& [ Tx(4).
icY XegjeX

(The first one follows from [[;c v I'x(4;) = &@;cxed;, whichis a simple consequence of (8a)
and (4a) by linearity; the second one follows from this; by using (13) and (15).) By linearity and
(8b), one can see that (19b) is an equivalent form of (14b)pexpressing a different aspect of the
fermionic tensor product. y

Although the fermionic tensor product (14b) shows the above convenient properties, which
are extremely useful in symbolical as wellhas numerical calculations, it does not obey all the
properties of the usual tensor product, as‘we will immediately see. The fermionic tensor product
is clearly linear, and if we consider only the linear structure, we could even write AVY = Xee A X
(and we will actually use this notationslater), as far as this is understood simply as the linear
hull of fermionic elementary tensors @) ce A x - However, the fermionic tensor product fails to

obey the properties of t}ie/ whole *-algebz“gic structure, since t,hvere exist operators A X, B x € A X
such that (@ xce Ax) (@ cpByr) # @yee(AxBx) and @ yee Al # (®xee Ax)', as well
as, if we consider them as' operators, acting on Hilbert spaces, (®Xe§ /TX)(®X,€§ |¢X/>) #*
Qxee (Ax|¥x)). (For explicit examples, coming from a wider context, see Appendix C.5.) We
keep using the name “fermhlic tensor product” for convenience, because ® shows up in the
same role in the fermioniciease @s ® in the standard (qubit) case. However, we emphasize that it
should be considered only as a shorthand notation for the “®-adjoined version” (15) of the usual
tensor product. Note also that this (and also (28) later) can be regarded as an inner definition
in the concrete representation (for the case of many mode subsets) of the abstract construction
of the fermionic tensor product, given usually through an outer definition [53-55].

Following these lines, we also have in general that there exist operators Ax € Ax and B < €
Ax such-that (ZX @f)-() (TX Q@EX) #+ Ax ® By (using the notation X = Y \ X), moreover,
[ZX Q 175(7 7 ) Eg] # 0, although the equalities hold in these formulas in the standard (qubit)
case, with/® instead of &. (We will see later that at least (EX ® TX) (EX ® TX) = (AVXEX) ® TX
holds; see (23b). Also, in the so called physical subspace of the algebras, [ZX ® TX, TX ® EX] =
0, see (92b) later in Section 6.2). Before further discussion and clarification on these properties
of products, it is convenient to introduce the fermionic canonical embedding.

Page 10 of 62
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3.2. Fermionic canonical embedding. In the qubit case, we also have the canonical embedding
map with respect to the tensor product, for the subsystems X CY C M, as

txy o Ax — Ay,

(202) Ax — Ax ® Iz,

using the notation X =Y \ X. We would like to have a similar tool in the fermionic, case, 5o let
us define the fermionic canonical embedding as

’LVX7y : ./ZX — .Zy,

(20b) ~ -
Ax — Ax®1x.
Let us have the nested subsystems, or mode subsets, X CY C Z C M, then wge have
(21a) Ly,z O LX)y = LX,Z,
(21b) ly,z 0lX)y =LX,z- ~
(These follow from the associativity properties (16a) and (16b) in the two cases, respectively.)

It is important to see that the standard (20a) and fermionic (20b) canonical embeddings are
unitarily equivalent, that is, there exists Uy ¢ € U(Hy ), such that
(22) Ax®Ix =Uxx(Ax ® Ix)Ul &
(For the proof, by the construction of Uy g, see Appendix B:3. For, the explicit form for few

modes, see Appendix C.4. Note that Uy # Uxy.) Fromuthis, it easily follows that also the
fermionic canonical embedding (20b) is a *-homomorphism,

(23a) txy(Ax)ixy(Bx) = txy(AxBx), LXY M}) = ixy(Ax)T,

(23b) ixy(Ax)ixy(Bx) = ixy(Ax Bxy, Ty (Al) = Tx vy (Ax)T.

(The first one is obvious consequence of the tensor product; the second one follows from this by
using (22).)

Note that, while tx y(Ax) is an identical extension of Ay, that is, it acts identically on
the factor Hg of Hy (as LX’y(Ax)(|¢X> ® |¢);->) = (Ax|Yx)) ® |[t%)), this is not the case
for ?Xﬁy(gx), which acts identically on H g transformed by the global unitary Uy 5, see in
(22). It is important to see that the unitary transformations for the embeddings of X and X
are different, and these two embeddings cannot be realized using a common unitary (unless
the parity superselection rule is imposed, see (98b) in Section 7.1). (For explicit example, see
Appendix C.5.)

Turning to the special case of smg\e—mode subsets, we have that 7 is the multi-mode generali-
zation of I‘

see (4b), with the notation ﬁ{l} = f{ 3 (Ai) = A;. (ThlS follows by linearity from Fy(EU v ) =

Oy Ty (E")) = @y, (E;'/’V D) = v (2, }<E{i} )® ‘I)y\{i}([Y\{i}» = E{i} ® Iy\ g3y, by
usmg (12), (4a), (10a) and(15).) Moreover, any ordered product of single-mode operators,

HZGX Ly, X (A{ }) is embedded properly,

— —
(25a) 7X,Y<H T{i}x(g{i})) = H LXY(L{ 1x (A ) H Tiyy (A,

i€ X i€ X i€ X

using (23b) and (21b). In general, let us have the ordered partition ¢ = (Y1,Yz,...,Y|5) € e 1i(2),
for the mode subset Z C M, and for all parts Y € v, let us have the ordered partltlon 5 ﬁ(Y)
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of them, then combining (23b) and (21b) leads to the convenient property for the product of
embeddings of products of embeddings

- — B - - B
H 7Y,Z< Hﬁ Txy,Y(AXY)> = H Hﬁ Ty,z (txy v (Axy))
(25b) Yeu Xy €€y YGﬁXy€§y
— — B
= H Hﬂ Ixy,z(Axy ),
YEd Xy €y

—
where the ordered product [] is ordered as the ordered partition ¥.

It is now convenient to introduce the following shorthand notation for the ordered product of
embeddings of operators of disjoint mode subsets as

(26) @ANX = fo’y(gx) ~

xef xef

for the ordered partition E € ﬁ(Y) Note that, with a slight but cenvenient abuse of the notation,
the ordering in a product gxl ® sz ® ZX3 Q- = ZXl)y(ZXI )7X27Y(11X2 )TXS,y(ZXS) ... carries
now the ordering of the usual product on the right-hand side,of (26). We have that also this
product is consistent with the refinement of the partitions: Indeed, let us have Z C M, the
ordered partition ¥ € ﬁ(Z ), and for all parts Y € 4, let us have the ordered partitions Ey €
ﬁ(Y) of them, by which let 5 € ﬁ(Z) be the “orderedvmerging” of the ordered partitions gy,
E:: UYGUEY; then we have the associativity as .
(27) @( %) AXY> = Q) Ax.
Yei Xy€éy Xel

(This follows from (25b) and (26); it is justthe associativity of the product of embeddings.) This
justifies the use of the “associative’. tensor product sign. This means that the ordering in which
the products are calculated does not. matters(associativity), but the ordering of the factors does
(noncommutativity): the ordering of 5 here refers only to that the factors on the right-hand side
of (26) are not commuting

3.3. Fermionic tensorial and algebraic product operators. After introducing the fermionic
tensor product in Section (3.1, we briefly mentioned that it does not lead to a proper tensor
product structure, which m@festedjtself in several aspects, for example, there exist operators
Ax € Ax and By € Ay such' that' Ay ® By # (Ax @IX)(IX ®Byg) = Ax ® Bx. Therefore it
is useful to introduce|the map

(28a) S - wr — JilY’A _ _ ~
Ax B¢ — Ax ®Bx =ixy(Ax)ixy(Bx),

encoding these properties, bringing back and forth between the fermionic tensorial and the
algebraic points of view. (Note that Ay g # Agy.) We also have its generalization for arbitrary
number’ of mode subsets, labeled by the ordered partition £ = (X7, Xa, ... ’le\) eI(Y), as

AEZ .Zy — -’Z(Y7

@ZX — @A}(E foﬁy(gx).

Xee Xeé xef

(98b)

Page 12 of 62
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This map is also given by multiplication of the (7b) basis with £1 phase factors. (For the phase
factors, see Appendices B.4 and B.5. For the eXpllclt form for few modes, see Appendix B.6.
Note that Ay g is just a special case of this for £ = (X, X). We use a simplified notation for
ordered partitions in lower index position, omitting the parentheses and colons in the writing/of
tuples, since this does not cause confusion.) Because of that form, it is clearly unitary,

(29) (Ae(Ay) | Ag(By)) = (Ay | By).
We also have the compatibility with the Hilbert-Schmidt inner product (1)

(30) (@ AX‘ ®BX) =TI (Ax | Bx).

Xeé Xeeg Xe€
(This follows from (18b), by using (28b) and (29).) The identity

(31&) /N\X)*(OFLVXY:X}Xobxy—AXXOny—A— OTX,Y :’LVX7Y ~
is also easy to check by definitions (20b) and (28a), and by noting that theiidentity operator is
Iy = IX ®IX, see in Section 3.1. In particular, we have

(31b) Ixy(Ax) = Ax @Iz = Ax ® Iz = Iy Slx

for the fermionic canonical embedding (20b).

In the following, we will consider these two “representations” of ‘the products of operators
of disjoint mode subsets, the “fermionic tensorial representation” and the “algebraic represen-
tation”. We call these products on the left-hand side and right-hand side of (28b) fermionic
&-elementary tensors, and fermionic 5 -elementary products, respectively.

To elaborate on the meaning of /NXE in (28b), we have/that (19b) for single-mode subsets
(|IX]| =1 for all X € &) yields

(32a) & Ay = QA

i€Y] iy
by using (24) and (26). Here on the left-hand side, the increasing ordering is understood.
Moreover, if £ = (X1, Xo,. .., X‘a) is such that' Xy < X, (elementwisely) for all s < r, that is,

the mode subsets X € { contain modesyneighboring with respect to Y, and ordered accordingly
to the Jordan—Wigner ordering of the modes, we have

(32b) ® Ax = ® Ay,

XGE Xeg

where ¢ is the unordered partition con51st1ng of the parts of the ordered partition f (For the
proof, it is enough to consider the case A x = ® jex A{ 1, since the elementary fermionic tensors
span Ay. Then, applying (32a), (27), (32a) again and (16b), we have

R Ax=Q Q4 = Q) 4y = Q4 = Q4 = Q Q) 4y = Q) Ax,
Xeé XeEjexX Xefjex i€y i€y Xeejex Xeé
where (27) could beapplied because of the special form of the partition 5) That is, the fermionic
tensorial and the algebraic products coincide, /~\§ = fy, for these very special partitions, which
are usually consideredsin the literature. For more general partitions, which contain mode subsets
of non-neighboring'modes or which are ordered differently than the Jordan—Wigner ordering, the
fermionic tensorial and the algebraic representations are different, and /N\g is nontrivial.
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Note that if the number of modes is larger than two, then it is not possible to give an ordering
with respect to which all partitions have mode subsets containing consecutive modes. (This holds
also for qubits, however, it does not cause any difficulty there.) This may happen also when only
some particular partitions are considered, which are relevant in some sense. For example, in
the case of fermionic topological codes [56], when bipartitions given for all plaquettes by the
plaquette and its complement are considered; or in the case of 2-separability, when it is enough
to consider all the bipartitions (or in a coarsened case, when six modes, three spatial positions
with two spin directions, only spatial partitionings are considered [57]); or in the cage of the more
general k-producibility, k-partitionability, k-stretchability, or general Level Il notions ef partial
entanglement or partial correlation [29, 37-39] of fermionc modes [29, 58].

The property (19b) explains how the fermionic tensor product “reorders” theene-mode op-
erators in a product. In this way, the fermionic tensor product is in accordance with the fized
Jordan—Wigner ordering of the modes 1,2,..., L. About this, we have

— . _ — — "
(33) T 7o (A = 321 ( I11I Ty (Aggy )
€Y XegjeX

illustrating the operator reordering by /N\g for general E (The proof of this is that the left-hand
side by (19b) and (24) is

— — —
~ ¥ -1 ~ A 0y
Q [ 7x(Agy =47 (fo,y ( [1 LULX(A{J'})))v
xefjex Xeé jeX
by (28b), which equals to the right-hand-side by (25b)x) Ngte that Kg is not a simple unitary

conjugation, coming from a permutational mode transformation, so it cannot be implemented as
a mode transformation used in fermionie, orbital optimization [59]. This is because it permutes

operators in .Zy = Hy ® Hy, and it is'not factorized into independent operations on Hy and
Hs Ag cannot even be considered as a general Bogoliubov transformation, its way of functioning
is completely different. First, /~\5 leaves single-mode operators I'y (A4;) invariant (see (23b) and
(28b)), so, as Bogoliubov transformation; itiwould be trivial. However, its action on multi-mode
operators is given explicitly (28b), comtrary to Bogoliubov transformations, where the action
on multi-mode operators igigiven through the action on single-mode creation and annihilation
operators.
3.4. Fermionic partial trace. In thequbit case, we also have the partial trace map with respect
to the tensor product [7, 8], for the subsystems X CY C M, as
(340) vx: Ay — Ax,

a
Ax ® By — AXT‘r(B)—(),

using the notation X = ¥ \uX. (Note that only the discarded subsystem X is usually written in
the lower index of thewpartial trace [7, 8], however, from our point of view, it is more expressive
to denote thefsourcesubsystem Y and the target subsystem X.) We would like to have a similar
tool in the fermionic case, so let us define the fermionic partial trace with respect to the fermionic
tensor product,(15) as
ﬁxx : /Z(Y — ./ZX,

EX é EX — ;{X ﬁ( X)'
Since this is ﬁy,x (AVX é E)‘() = /TVI‘y)X ((I)y ((I))_Cl (Avx)®q)}(1 (EX))
which is equivalent to (@' o /ﬁy’x ody ) (D' (Ax) ® @;—(1 (Bx)

(34b)

) == Ax Tf(gx) by using (15),
)= O (Ax) Tr('(Bx)) =

Page 14 of 62
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Try, x ((I);(1(A'X) ®<I>;—(1 (EX)) by using (34a), one can read off the form @;(1 o’Tvry’X o®y = Try x,
that is,

(35) ﬁY,X = @X o T‘I‘Y,X O(I);l.

The maps Tr and Tr in (34a) and (34b) are the trace maps, see the end of Section 2.3.

It is important to see that, similarly to the qubit case, the fermionic partial trace is;the adjoint
map of the fermionic canonical embedding with respect to the Hilbert—Schmidt innergproduct
(1), that is,

(36&) TI‘Y,X = LE(,Y : (LX7y(Ax) | By) = (AX | Tryvx(By)) VAx € .Ax,BY S AY,
(36b) Tryx =iky:  (xy(Ax)|By) = (Ax | Tryx(By))  VAx € Ax, By € Ay,

We will also meet this later in Section 4.3 from a more physical point of view. (The first
one is a property of the partial trace, maybe not so well-known, the sécond one. follows in
the same way, i.e., by linearity, it is enough to prove for fermionic {X, X }-elefhentary tensors,
(Ax ®Ix | Bx ® Bx) = (Ax | Bx) Tr(Bx) = (Ax | Bx Tr(Bx)) = (Ax | Try x (Bx ® Bx)),
by using (18b), the linearity of the Hilbert—Schmidt inner product (1) in its séeond argument,
and the definition (34b). Using the adjoint action (defined for unitaries as Ady (A) = UAUT),
the adjoint relationship (36b) leads to the writing of the fermionic partial trace

(37) Try,x = Try,x oAd1

XX
which is, although less expressive, but slightly simpler than (35).%(This follows from that Tx y =
Ady, ¢ otx,y, with the adjoint action of Uy g given in (22), by whigh we have Try x = TE{,Y =
ey oAdl | =TryxoAdy; by (36a) and (36b).) SoMrgx (Ay) = x (Tryx (93 (Ay))) =
TIY’X (Uj{)—(ﬁyUXj().

Thanks to the unitarity (29) of Ay, the adjoint rélationship (36b) leads to the adjoint of
the identity (31a),

(38&) TIJ"Y,X OKX)*( = ﬁyyX O/K)_(lg = ,Tvry7X OIN\X-X = TIJ"YVX Ol’i)_?lx = ﬁy’x .

(ThiS follows as the steps (AX |Ery7x(By)) = (fxyy(Ax) |By) = (A;—(lx (TX,Y(AX)) ’By) =
(TXy(ﬁX) | KXx(EY)) = (EX ’ Try x (KXX(EY))), by using (36b), (31a), (29) and (36b) again.
This holds for all Ax and By, whicli leads o.that the first term equals to the last in (38a). The
other equalities can be seen similarly.) In particular, by definition (28a), we have

(38b) Try,x (Ax & Byx) #Try x(Ax@By) = Try,x (Bx ® Ax) = Ax Tr(By),
that is, the same fermionic partial trace can be used in the fermionic tensorial and also in the

(arbitrarily ordered) algebraic representation of products.
We also have that for‘the mested subsystems, or mode subsets, X CY C Z C M,

(39a) Try x oTrzy =Trz x,
(39b) fT\;y’X OfT\Ezyy = ﬁZ,X .

(The first one i§ obvious property of the partial trace (34a); the second one follows from this, by
using (35).)

The effects, of‘the qubit and the fermionic partial trace maps on the corresponding basis
elements (7a)-(7b) are again similar,

(40a) Try x (BY) = §¥5 V5 BV
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(40b) TrY,X (E;’V ) = fVxVx E)V(X Vx .

(The first one is by (14a) and (34a) and the orthonormalization of the basis in H g; thé seecond
one follows from this, by using (10a) and (35), or by (14b) and (34b).)

Thanks to the unitarity (29), the relationship (36b) leads to the adjoint of the second identities
n (23a) and (23b),

(41a) Try x(A}) = Try x (Ay),
(41D) Try x (AL) = Try x (Ay)1.

(The first one is well-known, it is simply by definition (34a), exploiting also that &) Xee A} =
(® Xeg A X)T. The analogue identity does not hold for fermionic tensor products, there exist
operators Ax € Ax for which ®Xe§ g} #* (®X€f AVX)T, so,/for thesecond one, we need
to go for a more general proof. This follows as (EX | ﬁy,x(AVT )) = (LXY BX |AT) =
(Ay |Tx,y(Bx)T) = (Ay ‘ZX,Y(B;()) = (Try,x(Ay) | B;) = (BX | By, x ( (Ay)t ), by using
(36b), the second equality in (23b), and that (A|B) = (Bf|A") ‘see (1). The same deriva-
tion without the tildes works also for the qubit case. Anotheriderivation can be given by the use

of (37).)

3.5. Fermionic products of maps. Let us have.a partition £ € II(Y). In the qubit case, we
have the tensor product of the linear maps Qx & Lin Ax fo’r all subsystems X € &, defined by
their joint action on &-elementary tensors ) XéE Ax' as

(42a) ()(?;QX) (}@;Ax> = )@;QX(AX)~

We would like to have a similar toolifor.the fermionic case, so let us define the fermionic tensor
pmducts of the linear maps Qx € Lin AX, given on fermionic &-elementary tensors and fermionic
{ elementary products as

(42b) (@ ﬁx) (@ flx) = @ﬁx(ﬁx),

Xeg Xeg Xeg
(42¢) \<® QX) (® AX) = @QX(EX%
Xeé Xeé xef

acting naturallymonrthe fermionic and algebraic representations of products, respectively. Again,
with a slight but cenvenient abuse of the notation, the { = (X7, Xo,... ’XIEI) ordering in a

product 0 X ®0 X, Q0 X ® ... carries now the ordering of the g—elementary product operator
on which it i§ defined to act naturally. From these, using (42a), (15) and (28b), one can read off
the forms

(130) [ /= e (R ) 0T =0y o (@ 25! 0y o) 00y,

Xeé Xee Xxe¢
(43b) ®Qxf~~o (®Qx)OA41*A olllgo(®QX>o\Il 1 Agj’
xXef Xee Xxe¢

Page 16 of 62
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see also in the diagram

Ag ~
®X€§AX — - ®X€£AX — ®Xe Ax

(43c) Oxee QXI ®XE§ ﬁXI ®XEE§XI

®xee Ox(Ax) o @eeOx(Ax) —m @yoefx(A).

In particular, we have that @y, {lx is a joint extension of the unital (identity, preserving)
maps {x, that is,

(44a) (® 2x) (xy (4x)) = ey (2 (Ax))

X'e¢ ~

for all X € £. (Note that this does not hold for general non-unital mapsysinee the left-hand side
is Qx(Ax)® (®X'eg xrex Sx7 (Ix1)), see (20a) and (42a), which has to beiequal'to Qx (Ax) ®
Iy\ x, which can always be violated by non-unital maps for which Qx (Ix) ¢ Clx.) Analogously,

®X€g QX and ®X€5 QX are joint extensions of the unital maps QX,

(44b) ( ® ﬁX’) (Tx.y (Ax)) =Txy (Wldx)),
Xree

(44c) ( @ QX’) (Tx,y (Ax)) = Txy (U (ZX))?
X'ef

for all X € £. (The first one can be seen by (20b),and.(42b), the second one follows from this,
by using (43b) and (31Db).)

Both the usual and the fermionic tensersproducts‘of maps are consistent with the refinement
of the partitions. Indeed, let us have Z C M, thepartition v € II(Z), and for all parts Y € v,
let us have the partitions &y € II(Y) of them, by which let £ € TI(Z) be the “merging” of the
partitions &y, § := Uy, §y; and dét,us have the ordered partition ¥ € ﬁ(Z), and for all parts
Y € 4, let us have the ordered partitions §y € ﬁ(Y) of them, by which let E € ﬁ(Z) be the
“ordered merging” of the ordered partitions 5}/, 5 = UYG ,35_;/; then we have the associativity for
the products of maps as

(45a) ®T ® QXy) = ® Qx,

Yev Xyely Xeg
(45b) (X)( (1% ﬁxy) =) Qx,

Yev Xye&y Xeg
(45(3) ®< ® ﬁXy) :®§X~

YeT Xy€fy Xef

(The first one is a property of the tensor product of maps, following from the associativity (16a)
and the definition(42a); the second one follows from (16b) and (42b), the third one follows from
(27) and (42(:) in'exactly the same way, i.e., it is easy to check by actmg on fermionic £-elementary
tensors ®X€§ A xdand fermionic § elementary products ®X€£ Ax. ) This justifies the use of the

“associative” tensor product signs, that is, the ordering in which the product is performed is
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arbitrary. (Note that the ordering in § is the ordering of the product of operators it acts on.)

We also have that the identity maps are ®X€ Ix =1y, ®X€£ IX = Iy and ®X€ IX 4 Iy
Contrary to the level of the algebras, on the level of the maps, the tensor product obeys not
only the linear but also the x-algebraic structure also in the fermionic cases, that is,

(46a) (® Qx) o (® EX) = ®(QX 0 Ex), ® ol = <® QX)T,

Xe¢ Xe¢ Xe¢ Xeg X &
(46¢) (@ﬂﬁx) ° (@ﬂé ) - @ﬂ(ﬁx 0Zx), ®f~2§< y <®ﬂﬁx)1'
Xeg Xeg Xeg Xeg Xeg
~

(The first composition and adjoint identities are properties of the tensor product, following from
(42a) and (18a); the second ones follow from (42b) and (18b){the third ones follow from (42c)
and (30) in exactly the same way, i.e., it is easy to check by acting, onfermionic £-elementary

tensors ®Xe§ Ax and &-clementary products ®X€E Ax .)iIn particula¥, by (46b) and (46¢) we
have, similarly to

(47a) I (@x ®Zx) 2@ 2x

Xe¢ XeE

- 4
in the qubit case, that

(47b) 1T (9% 3Z%) = ) x,

Xe¢ Xeg
(47¢) H (QX ®5fx) = ® Qx,
Xeé xeé

(where [ stands for composition), therefore compositions of extensions from disjoint mode sub-
sets are commutative, so thére ismo need for a (28b)-kind of map on this level. (Again, the
notation E is only about the ordering of the product it acts on.)

Note again that the ordered partition in (42c) is a property of &, it is about the ordering of
the product it acts on{ not about the ordering of the composition of the extended maps, which
does not matter, as we have séen in (47c). Also, it is important to see that, although it was
easy to construet the fermionic/product (43b) so that it holds for a fixed ordering, see (42c), this
could not be done for arbitrir\y ordering at the same tirrle\7 as there exist operators A x € JZX and
maps Qx € BgiSuch that (®XeE§X) (®Xe€’ EX) + ®X65’ SNIX(ZX) for 5’ ordered differently
than 5 (unless the parity superselection rule is imposed, see (93) in Section 7.1, after which this
is illustrated in Section 7.4).

The constructions presented in this section also illustrate that the definition of the map pro-
duct in the/fermionieicase is somewhat arbitrary, since there is no tensor product structure on
.Zy, which would provide a natural, canonical one, which would be working in the same way for
arbitrarily ordered products. We already have two products, (42b) and (42¢), and the latter is
different for, the different orderings by which it is defined. Properties necessary to have something
useful are given in (45) and (46).

Page 18 of 62
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3.6. Fermionic embeddings of maps. In the qubit case, we also have the canonical embedding
of maps with respect to the tensor product of maps, for the subsystems X C Y, as

exy : LinAx — Lin Ay,

(483) Qx — Qx ®Ij(,

using the notation X = Y \ X. We would like to have a similar tool in the fermionic case, S0 let
us define the fermionic embeddings of maps as

ixy: LinAx  —  LinAy,
(48b) - ~ =
/[ZX,Y : Lin ./ZX — Lin ./Zy,
(48c¢) ~ o o~ ~ ~ o
Qx — Qx®IX:AXgO(Qx®Ix)OA;Q—(.
Then we have that ~
(49a) ILX’y(Qx)(AX(@Bx) =Qx(4Ax) ® Bg,
(49b) Exyy(ﬁx)(g)(@BX) :ﬁx(Ax)@)BX,
(49¢) Ixy(Qx)(Ax ® Bg) = Qx(Ax) ® Bx.
(These follow from (42a), (42b) and (42c), respectively.) One ¢an see this'also in the diagram
Ax®Bgy ——X » Ax®By ——=> s Ay®By
- - L
(49d) Lx’y((lX)I TX,Y(QX)I i\X,Y(QX)—V|V

o~ Tyxg o~ Row d ~  ~ -
Qx(Ax)® By ——> Qx(Ax)®Bx ——== Qy(Ax)® Byx.

In particular, we have that these are extensions of maps, that is,

(50a) ex,y (Qx) (ex v (A X ) = v (2 (Ax)),
(50b) ix,y (Qx) (Tx,y (A= Tx,y (2x (Ax)),
(50(3) Exyy(ﬁx)(’[X,y(gx)) :,LVXVY (Qx(g)(»

(The first two follow from (49a) and (49b),with the definitions (20a) and (20b), respectively,
the third one follows from the second, by (31a) or (31b).) These are also identical extensions, if
the maps are unital, that is, N

(51a) x AN,y (Bx)) = txy (Bx),
(51b) Tx () (x.v (Bx)) = Ty (Bx),
(51c) ix v (Qx) (Tx.y (Bx)) = Tx.y(Bx)-
(These follow similarly.)
Also, we have that for the nested subsystems, or mode subsets X CY C Z C M,
(52a) Ly,z O LX)y = X, 7,
(52b) Ly, zolxy =Xz,
(52¢) iy,zolxy =1Ux,7-
(These follow from the associativity properties (45a), (45b) and (45¢) in the three cases, respec-
tively.)
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It easily follows that the map embeddings are x-homomorphisms,

(53a) ux,y(Qx)ouxy(Ex) = ux,y (Qx 0 Ex), ILX,Y(Q;() exy (x)T,
(53b) Exyy(ﬁx) Oflljx_’y(éx) = EX,Y (ﬁX [¢] Ex), ’IZX,y(Q;() = /LX y(Qx)
(53(3) 7L\X7y(ﬁx)07[x,y(§x) :ZX7y(ﬁXogx), Ex_’y(QLv) —ny(ﬂx)

(

The composition and adjoint identities follow from the corresponding identities in (46a)y(46Db)
and (46¢) in the three cases, respectively.)
A quick exercise is to show that the partial traces are the embeddings of the traces;

(54a) Try,x = Tr®Zx = ux y(Tr),
(54b) Tryx = Tr®Zy = Ly, v (Tr),
(54c) TrYX =Tr®Ix = tx, y (Tr).

(Indeed, the first one is obvious; the second one follows from this, byaising (43&) as Tr®IX =
@Xo(q) oTro<I>X®<I>X oIqu)X)oq) <I>X0(Tr®IX)o(I> @XoTrYqu)Y fTrYX,
with the definition (35); the third one follows from this by (43b).)

Note that while ¢x y (Qx) is a strong extension of Qx ,shat is,

(55a) ex,y (Qx)(ex,y (Ax)ix y(Bx)) = (’LX,Y(QX)(LX,Y(AX)))LX,Y(BX)7

(55b) ey (9x) (e v (Bi)ixy (Ax)) = e yllBi) (e @) (1x.v (4x)) ),

because of vxy(Ax)ixy(Bx) = txy(Bx)ixg(Ax)h= ziX ® Bg; this is not the case for

Ex,y(ﬁx), we have only

(562) v () (T (AT y (B = (Tx@) (exv (Ax)) )iy (Bro),
but there exist operators Ax € Ax and Ej( c ./Zj( such that

(56b) v () (T y (B iy (BN v (Bc) (i, (Ox) (7 (A)) ).

It is important to see that although it was easy to construct the fermionic map embedding
(49¢) so that the first part (56a) of the definition of strong extensions holds (49c), this could
not be done for the second part (56b) at the same time (unless the parity superselection rule
is imposed, see (93) in Section 7.1, after which this is illustrated in Section 7.4). This is an
important point, because the notion of locality is given by strong extensions of maps. We will
turn back to locality in Sectioh s Note that for @ X y(Q x ), acting on fermionic tensor products,
we have mx,y(Qx)(AX ®BX) £ (QX(AX)) ® By, from which no (56)-like property follows.
The constructions presented/in this section also illustrate that the definition of the map em-
bedding in the fermionic ease is somewhat arbitrary, since there is no tensor product structure
on .Zy, which weuld provide a natural, canonical embedding. We already have two embeddings,
(48b) and (48c), and, the latter could even be defined in a reverse way, for which (56b) holds
instead of (56a). Properties necessary to have something useful are given in (52) and (53).

4. STATES AND REDUCED STATES

In the previous sections, we gave some general tools for calculations of second quantized
fermionic systems. In this section, we turn to quantum states, and the central notion we have to
consider is\positivity,

(57a) R>0 < VY[¢)eH: R >0

Page 20 of 62
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(57b) — 3JA:R=ATA
(57¢) <~ VA>0:(R|A)>0
(57d) — JA=AT:R= A%
(

The first one is the standard definition of positivity, the other ones are easy to prove.) Erom
(57b), it easily follows that positivity is preserved by *-homomorphisms.

4.1. States. The state [2] of a quantum system is given by a linear functional p & A* on
the algebra A containing the observables of the system (as normal elements), which'is positive
p(ATA) > 0 and normalized p(I) = 1, expressing the expectation value of the operators A € A
as (A) = p(A). For the finite dimensional Hilbert space A, this functional can bergiventby the
inner product (1) with an operator, the density operator p € A, which is positive p = p > 0'and
normalized Tr(p) = 1, by which

(58) (4) = p(A) = (p| A) = Tr(p' A). ~

For simplicity, we always think of states in this latter sense, and we do'net distinguish states
and density operators in writing. Let us denote the set of states as

(59) Di={pecA|p=p>0,Tr(p) =1} ={pec A" | p(AT4) > 0,p(I)= 1}.

It is a convex set. A state is pure, if and only if p> = p holds for the'density operator, which
leads to the form p = |¢) (4|, with state vectors, ||¢] = 1.

4.2. Qubit reduction: operators. We expect that for all nested subsystems X CY C M, for
all operators Ax € Ax of subsystem X, we have (Ax) =Alx y(Ax)). That is, the reduced state
of a subsystem is the one which gives the same expectation for the ®perators of the subsystem
as the state of the larger system for the operators of the subsystem considered as a part of the
larger system [7]. Expressing this with the Hilbert—Schmidt inner product (1) and the state
py € Dy :={py € Ay | p{, = py > 0,Tr(py) = 1}, weshave that the reduced state px € Dy is
given by the partial trace (34a), as is well-known,

(60) (VAX €Ax: (px|Ax) = {(py] LX,Y(AX))) —  px =Try,x(py).

The usual textbook derivation of this, by writing py = > Bx,, ® Cx ., with the notation
X =Y\ X, and using the linearity of the Hilbert-S¢hmidt inner product (1), is

(py | Ax @ I )= ZTT((BX’T ©Cx,) (Ax ® Ix))
A Z Tr((BY,Ax)© CL )
SIS (B, Ax) TH(CE )
= (¥ Bk, ™k, Ax),

which leads to
(61) VAx € Ax:  Tr(phAx) = Tr((z Bx. Tr(C)—(’r)yAX),

which, because the Hilbert—Schmidt inner product is nondegenerate, leads to

(62) PX = Z BXJ- TI‘(CX_’T) = TI‘Y,X (Z BX,’!‘ ® CX,T) = TI‘Y,X(py).
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A more elevated derivation of this can be presented by noting that we started from the
canonical embedding (20a) of the operators of subsystems into larger subsystems, then the left-
hand side of (60) expresses that the state reduction is the adjoint map of the canonical embedding,
which is known to be the partial trace (36a), (Tryvx(py) ’AX) = (py | LX7y(Ax)) for all Ax &
Ax and py € Ay (since Ay is spanned by Dy). On the other hand, the canonical embedding
(20a) is natural, when there exists a tensor product structure.

4.3. Fermionic reduction: operators. The states are linear functionals on‘the algebra con-
taining the observables of the system (as normal elements). In the fermionie case, not all the
(normal) elements of the operator algebra .Zy are observable ones, and, strictly speaking, the
states act only on the (sub)algebra containing the observables, also called physical subalgebra (see
in Sections 6 and 7). In what follows, first we formulate the construction for theswhele operator

algebra ./Zy, and we make the restriction to the physical subalgebra later (see in Section 7).

Similarly to the qubit case, we expect that for all nested mode SubSQR X CY C M, for
all operators Ax € Ax of mode subset X, we have (Ax) = <LX y (Ax)). Expressmg this with
the Hilbert—Schmidt inner product (1) and the state py € Dy = {py £ Ay | pY = py >
0, Tr(py) = 1}, we have the definition for the reduced state px € Di. oS

(63) VEX € ./KX : (ﬁx ’Avx) = (ﬁy “jx,y(gx)).
Using the tools we have constructed in Section 3, now thesimple steps
(20D)

(Py | ixv(Ax)) =" (py | Ax BTg)
2 5y | By (2x A 05 (1x)))
oy (py) |<I> AX)®IX)

(
“
(@ (23 () | 2% (Ax)
- (
(Tr

B ||H
ke

=
e

Px( Trv.x (O3 (7v))) IAx)

{ Try x (py) |AX)

II&
3

lead to
(64) VAx &M%, (px | Ax) = (Try.x(y) | Ax),

which, because the Hilbert—Schmidt imner product is nondegenerate, leads to that the reduced
state can be obtained by the\use of the fermionic partial trace (35),

(65) px = Try x(py)-

Note that the same derivation as in the qubit case would not work, since for the fermionic tensor
product (15), theresexist operators BX Ax € Ax and CX . € Ay for the mode subsets such
that (Bx.,, ®CX7T)(AX ®J%) # (Bx,Ax) ®CX,T (see in Section 3.3). Quite the contrary, the
result (60) of the qubit case was used here.

A more elevated derivation of this can be presented by noting that we started from the
fermionie¢’canonical embedding (20b) of the operators of modes into larger sets of modes, then
equation (63) expresses that the fermionic state reduction is the adjoint map of the fermionic
canonical éembedding, which is known to be the fermionic partlal trace (36b) (Try, x(Py) | A x) =

py ! tx v ( AX)) for all Ax € Ay and p py € Ay (since Ay is spanned by Dy) Although choos-
ing an embedding is rather arbitrary when there is no tensor product structure, the fermionic
canonical embedding (20b) is natural in the sense of (24) and (25a).
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4.4. Fermionic reduction: matrices. For illustrational, as well as practical (symbolical or

numerical) purposes, one may want to expand the density operators py € Dy in the standard
and the fermionic bases (7a)-(7b), using the Hilbert—Schmidt inner product (1), as

(66) ﬁy = Z(E;J// |ﬁY)E§l;’V/ _ Z(E;,u/ ‘ ﬁY)E;’ul’

leading to the standard and the fermionic density matrices of the fermionic state
(67a) RYY = (EyY | py),

(67b) R = (B2 | ).

Using (10b), the two matrices are related as

(68) ROV = [P R ~

by the elementwise product with the phase factors (10c). For example, using nwmerical algo-
rithms, the expectation values of fermionic transition operators T;’I/ = E]",/’" ¢an be evaluated
easily, leading to the fermionic matrix elements [60, 61].

Note that the density operator py is self-adjoint, ﬁ;r/ = py, howeveryits density matriz is the
same as its matrix-adjoint, (R;,’")* = R}'/,’"/7 in the standard basis only, but not in the fermionic
basis, (ﬁ;l”)* # ﬁ'{,’”,, we have f;/’"(ﬁ;/’")* = ;’"/]:’,;’"/ with the fermionic phase factors
(10c) instead. This is because the adjoint is defined by thernner,product of the Hilbert space
Hy (see at the beginning of Section 2), and Py is not & *-homomorphism (see in Section 2.2).
Following these lines, note that the spectrum of a fermiounic density operator py is the same
as the eigenvalues of its density matrix in the standard basis, R}",’V/. Consequently, the entropy
of the state py can be obtained as the entropy of the eigenvalues of its density matrix in the
standard basis R}”,’"/, which is used also in numerical caleulations [25, 29, 58, 62, 63].

Using the fermionic reduction (65), weshave that, for the nested mode subsets X CY C M,
the matrix of the reduced density operatorpy = ﬁy’ x(py) can be given by the usual partial

index contraction in the fermionic basis (7b); while phase factors (10c) arise in the standard
basis (7a),

! ’ ’ ’
VX, Vx __ gl X Vx v Vs sV prv
(69a) RYX X =of% Yo ek et RYY
u}-(,u’x
~ /. ;) o~ ’
VxX,Vx _° Vi,V RYV
(69b) RSN 0V VS Ry
Vx,V'X

(The second one is by (40b), the fixst-one follows from this, by using (68).) (69a) is the general,
easy-to-implement way of obtaining reduced density matrices in the standard, computation basis,
in complete agreement'with,earlier; “Fock space formalism based” [32], or “creation-annihilation
operator formalism based” [33] ways. (For the explicit form of the reduced density matrices
R;X’V,X for few modes, see Appendix B.8.) Note that in the special case when the reduction
is taken to the Afirst consecutive modes with respect to the fized Jordan-Wigner ordering, then
the phase factors are trivial, and the effect of the fermionic partial trace coincides with that of
the standard partial trace. (For the proof, see Appendix B.7.) So fermionic reduced density
matrices (@nd then emfropic correlation and entanglement measures) can also be calculated by
the use of the usual partial trace after applying particular mode reorderings, by permutation
mode transformation [59].
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4.5. Properties of the fermionic state reduction. Taking a look at the formula (69a),
containing the rather involved phase factors (10c) (see in Appendices A.2 and B.8) comingfrom a
nonpositive map ®y, it might seem to be unexpected that the fermionic partial trace map‘(34b)is
a quantum channel, that is, a trace preserving completely positive map [5, 7, 8], mapping density
operators of a larger mode subset to density operators of a smaller one, ﬁ;@ x:Dy. 5D x, also
when Y is a part of an even larger system M. First of all, the complete pesitivity can clearly
be seen from the alternative formula (37). However, we show here also that complete positivity
follows directly from the definition (63) of the state reduction, there is no need for,derivations
with concrete maps (34), (35), (37), realizing state reductions in different scenarios, espeeially, no
need for explicit calculations with fermionic partial trace (69a) containing thehighly nontrivial
phase factors (10c).

It is easy to see that the fermionic state reduction (63) preserves the trace, that4s, if (,EX | /NlX) =
(ﬁy |TX7y(ZX)) holds for all Ay € ./TX, then ,ﬁ(ﬁx) = :f;(ﬁy) (This follows/from the choice
Ax = Ix in (63), and the definition (1) of the Hilbert-Schmidt inmér product.) Since the
fermionic state reduction (63) can be obtained by the use of the fermionic partial trace (65), the
latter also preserves the trace,

(70) Tr(Try.x (7v)) = Tr(5s):

(Another proof can be given by the properties of the fermionic partial trace, since ﬁy)@ = :var,
the trace preservation is just setting X = () in (39b).)
It is also easy to see that the fermionic state reduction (63) is positive, that is, if (ﬁX | AX) =

(v |ix.v (Ax)) holds for all Ay € Ay, then forfall pyn> Oyyve have fx > 0. Indeed,

0 <py Gre) Vﬁyejy,oﬁgyioé(ﬁﬂgy)
— VAx € Ax,0<0x v (Ax)€ Ay : 0 < (fy |Tx.v (Ax))
@2 VAx € Ax,0 <My 10 (py ‘ZX,Y(‘ZXD
(63 VAx €y, 0% 0 < (5X|ZX)
C79 L0 < jy.

Since the fermionic state reduction (63) can be obtained by the use of the fermionic partial trace
(65), the latter is also positive,

(71) \Hy >0 - ﬁy’x(ﬁy) > 0.

It is also easy to see that the fermionic state reduction (63) is completely positive, that is, it
is still positive if it acts on a part of an arbitrarily larger system. Indeed, the state reduction
py — px is defided as (fx ]AX) = (pv |’ZX7Y(AX)) for all Ax € Ay, and we already have
this definition for allhy’, and X C Y. Now, if we consider mode subset Y as a part of a larger
mode subset ¥ UW (with Y N W = (}), then the definition of state reduction is written as
pyuw — pxuw by (Bxuw | Axuw) = (Pyuw |Txuw,yuw (Axuw)) for all Axuw € Axuw,
which is the state reduction from mode subset Y U W to mode subset X U W, which is positive,
as we have alreadyseen. Since the fermionic state reduction (63) can be obtained by the use of
the fermionie partial trace (65), the latter is also completely positive,

A moré elevated derivation of this can be presented in the framework of algebraic quantum
mechanics, where it follows from the properties of conditional expectations and state extension
[7, 45], inda kind of dual treatment. A less elevated derivation of the complete positivity of the
fermionic partial trace (35) can also be given by (54b) and (52b), and an even less elevated,
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direct proof by the positivity of the Choi map [8], which is a good finger-exercise for playing with
phase factors.

5. CORRELATION AND ENTANGLEMENT

In the theory of quantum correlation and entanglement, the central notions are those of product
states and local maps. In this section, we recall the concepts for the qubit case, then attempt to
write them for the fermionic case. This cannot be done satisfactorily, since the notion of locality
is not established yet. This can be resolved by the imposition of the parity superseléction rule,
which will be done in the subsequent sections.

5.1. Qubit correlation and entanglement. A composite quantum subsystem Y C M
&-uncorrelated, that is, uncorrelated with respect to the partition & = {X1,X27...,X|5|}
II(Y), if for all subsystems X € &, for all operators Ax € Ax, we have <er§ ux,y (Ax))
<®X€€ Ax) = HX€€<AX>. That is, the expectation value of &-product operators, factorizes.
Expressing this with the Hilbert—Schmidt inner product (1) and the state py € Dy, we have
that the {-uncorrelated states of subsystem Y (states of the £&-uncorrelated subsystem Y') are the
&-product states,

(72) <VXE£,VAX6AX: (py\(g)AX)_H(pX;AX)) v = Rox,

Xe¢ Xe¢ Xeg

n m &

where px = Try x(py) is the reduced state (60).
The textbook derivation of this is by the use of (18a)4 leading to’

(73) VX € ¢ VAx € Ax - (py‘@Ax)z(@px‘@Ax>,
€ (S [S

which, because the Hilbert—Schmidt inner product ismondegenerate, and the £-elementary tensors
®X€E Ax span Ay, leads to

(74) pv =) rx

Xeé

Let us denote the set of £-uncorrelated states of subsystem Y as

(75) Deune = {py € Dy ‘ py = ® TTY,X(,OY)}-
Xeg

These states can be prepared from p}e &product states by ¢-Local Operations (£-LO), that is,
maps of the form &) Xeg Qx, where Qx are trace preserving completely positive maps (TPCP,
[7, 8]). The other statesfare &-correlated, contained in Dy \ Dg.unc; to prepare them, some
communication (interactiom),is needed among the subsystems.

A composite quantumpsubsystenmy Y C M is -separable, that is, separable with respect to the
partition £ = {X1, Xo,..., Xjg } € II(Y), if it can be prepared from {-uncorrelated subsystems
by the use of &-Léeal Operations and Classical Communications (§-LOCC, [64-67]) that is,
maps generated by ¢-LOs, the application of which may depend on outcomes of measurements
performed locally, that is, described by TPCP maps Qx = ) €Qx ,», where the measurement
outcomes are given'by trace nonincreasing CP maps Qx ,,,. It turns out that the set of £-separable
states of subsystem Y (states of the ¢-separable subsystem Y') is the convex hull [66] of that of
&-uncorrelated ones [29, 37, 38, 68-70],

(76) ’Dg_sep := Conv 'Dg_unc,



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-114649.R2

26 FERMIONIC SYSTEMS FOR QUANTUM INFORMATION PEOPLE

expressing statistical mixtures. (The convex hull of a set V' in a real vector space is the set of all
the possible convex combinations of its elements, Conv V' = {}". pjv; | v; € V,p; > 0,> ", pi= 1}.)
Note that the states of classical systems can always be expressed as mixtures of uncorrelated
states. The other states are £-entangled, contained in Dy \ D¢_gep; to prepare them, somé quantum
communication (quantum interaction) is needed among the subsystems, expressing the quantum
nature of this kind of correlation.

5.2. Fermionic correlation and entanglement. For qubits we naturally, had the identity
HXeg txy(Ax) = ®X€§ Ax for products of operators of disjoint subsystems. For fermions,
this is not the case, and we have different ways for the representation of suechhkind of product
operators. (Recall that the map Az given in (28b), connects the twg points of view.) From
now, we use the usual algebraic representation, and we will have some remarks on the fermionic
tensorial representation later in Section 8.

Similarly to the qubit case, for the definition of uncorrelated states, we expect that the expec-
tation value of fermionic gelementary product operators factorizes. \However, since the operators
ZX7Y(E x) for different X € £ are not commuting (we have netrimposed{parity superselection
yet, see in Section 6), such definition of uncorrelated states is given with respect to the ordering
of the operators. A state of a set of modes Y C M is 5 -uncorrelated, that is, uncorrelated with
respect to the ordered partition E: (X1, Xo,... ,X‘g‘) € ﬁ(Y), iffor‘all mode subsets X € f_: for

~ ~ = ~ —_ _ ~
all operators Ax € Ax, we have <HXE§7X,Y(AX)> = | <®XG€AX> = er§<AX>' Expressing
these with the Hilbert—Schmidt inner product (1)-and thestate py € 15;/, we have the following
definition for the { -uncorrelated states &

(77) VX € £,VAx € Axé (5Y‘ @AX> = H(5X|gx)7
Xe€ Xeg

where py = ﬁxx(ﬁy) is the fermionic reduced state (63), (65).
Using the tools we have constructed immiSection 3, now the simple steps of applying (18b) and
(29) lead to

(78) VX € £ VANE Ay : (m[@ﬁx):(@ﬁx]@ﬁx),

xef xXef Xe€
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which, because the Hilbert—Sehmidt inner product is nondegenerate, and the fermionic g—elementary

product operators ) ¢ y 52 X\span ./Zy, leads to that the f_:uncorrelated states are the gproduct
states

(79) v = @i

xef

Note that, at this point, if a state is uncorrelated with respect to an ordered partition, it
seems not o be necessarily uncorrelated with respect to a different ordering of the same parts.
Another related point is that, although we have px = Try x(py) > 0, their product in (79) is
not positive semidefinite, not even self-adjoint in general. These are because the terms in the
productiin (79) are not commuting in general. We will come back to these issues in Section 7,
after recalling the parity superselection rule in Section 6, here we just mention the tricky part:
it turns out that if (77) holds, then these terms are actually commuting [47], see also in (103c),
leading to an ordering-free definition of uncorrelated states also in the fermionic case. Let us
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TABLE 2. Summary of the different linear spaces and elements

space elements parity projection parity subspaces
Hy vy ) Hy
./Z(Y = Lin HY fy, gy fy ﬁ% A}i/
gy = Lin .Avy fy, ﬁy éy ﬁ}:E g}:‘;
5}/ = Lin gy fy, ;&y ﬁ\fy ]TD{;

denote the set of £-uncorrelated states of mode subset Y as

(80) ﬁf-unc = {ﬁy € Dy ’ Py = @ﬁxx(ﬁy)}-
Xet

The other states are &-correlated, contained in 751/ \55_11,10. (This is the multipartite generalization
of the state set P3 in [17]. We do not consider P0 = P1 in [17], since we de‘not impose parity
superselection for operators if it is not imposed for states; neither P2, since the usual tensor
product does not make any sense here.)

Following these lines, neither the LO-based definition of correlation nor the LOCC-based
definition of separability or entanglement can be formulated for the whole algebra, since we have
no locality yet. We will elaborate on this in Section 7.4; at this point we,can only define the set of
&-separable states of mode subset Y without any LOCC-based operational' meaning by convexity
as

(81) 5§_Sep := Conv 755_1“].3. 4

The other states are £-entangled, contained in Dy \5g_sep. (This is the multipartite generalization
of the state set S3 in [17].)

6. MATHEMATICS OF THE PARITY SUPERSELECTIONA FOR FERMIONS

In Sections 2, 3 and 4, we presented a mathematical toolbox for the efficient handling of
fermionic systems in concrete representation. These definitions and properties are given for the
whole algebra Ay, and are built upranalogously to'the standard “qubit” case. However, the
definition of correlation and entanglement,in Section 5.2 could not be endowed with their usual,
local operation based motivation, due to theslack of the notions of locality of maps, rooted in
the lack of independence of mode subsets, following mainly (but not completely) from the lack
of commutativity of the operatoralgehras of/disjoint mode subsets; that is, there exist operators
Ax € Ax and Bg € Ax for which
(82) [AX® I, Ix ® Bg| #0.

Re-establishing the commutation by imposing the parity superselection rule [9, 10] resolves these
issues, giving a mathématical reason for the superselection. There are also important physical
reasons for the imposing of the parity superselection. We will turn to them in the next section.

In this section, we give the necessary definitions for handling the restrictions to the physical
subspaces. First; in the Hilbert space, we consider the subspaces of state vectors of well-defined
fermion-number parity. Second, in the operator algebra, we consider the subspaces of operators
of well-defined" fermion-operator parity, that is, those which preserve (even) or alter (odd) the
fermion-number parity. Third, in the map algebra, we consider the subspaces of maps of well-

defined fermion-map parity, that is, those which preserve (even) or alter (odd) the fermion-
operator parity. A/short summary on these is given in Table 2.
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6.1. Level I — Hilbert space. In the Hilbert space Hy of the system, the fundamental quantity
is the parity of the fermion number. The fermion number parity in mode subset Y is given by
the phase operator Ty € Ay = LinHy as

(83a) Ty == [[Tyv(p) = @P{i} = @p{i} = Q-

i€Y i€Y €Y i€Y

(Recall that p; = [¢?)(¢7] —|¢;) (6| = aici;r —ala; € A; is the phase operator, se@in Section 2.2.)

Applying this twice is the identity, T¢ = Iy, so its eigenvalues are +1 and —1{ and théprojectors
onto its eigensubspaces in Hy are then

~ 1.~ ~
(83D) Py = 5 Iy £Tv),
corresponding to the subspaces of even (+1) and odd (—1) number of fermions
(83c) HE = {lvv) ety | Trloy) = luv)ff. 5

(For a summary, see Table 2.) Since p;|¢;") = (—1)"
standard basis (3) as

(83d) HE = span{|¢;> ’ (—1)5 L il}.

The subspaces 7—[25 are called the “physical subspaces” of Hyy,containing the “physically mea-
ningful state vectors” [9, 10, 17, 71]. The vectors having nonzero projections in both, that is,
superpositions of vectors of even and odd paritysare, “nonphysical”. For more details and the
relevance of physicality, see Section 7. IS}

The local fermion number parity subspaces (inside mode subsets) can also be formulated. Let
us have a partition { = { X1, Xo,..., Xighe (V) of a mode subset Y C M. We give the parity
of each mode subset X € £ by the multi-index.€ : £ = {+1,—1}, X — ex. Then the projectors
given by (83b) as

(84a) Pe = [[remi )= @ Py = @ Py,

Xeg Xe¢ Xeg

¢;"), these can also be given using the

project onto the subspacestof given £-local parity € in Hy,

(84b) He = {Joy) EHAYX € & Ty (To)loy) = exloy) b = QHS,

Xeg
using that fXIB)E(X =¢ XIB)E(X see (83b). (Note that the operators here are diagonal, therefore
commuting, so, on the one hand, no ordering has to be referred to in (84a); on the other hand,
Ixy (TX) =ixy (fx), so £-elementary tensors (8)(65 |x) and linearity can be used in the proof
of the last equality’in (84b).) These can also be given using the standard basis (3) as

(84¢) g = span{|¢;> ] VX €€ (—1)ex” = eX}.

The subspaces of well\defined global parity can be written as direct sums of the subspaces of
given local parity as

(84d) i = P
In_particular, for a bipartition ¢ = {X, X}, we have Hy = ﬁ;} ® ﬁ;}( @ 7-7;(} @ ﬁ;(}( =

ﬁ; @7—7;. The globally even and odd subspaces are H = 7—7;} @ﬁ;{}( and (ﬁ{, ): "H;}( @ﬁ;;—(,
4
{x,xy

€ (—1)XEE ex=—1} _ 11}.

respectively. (Note that we use a simplified notation, e.g., ﬁ;} = A omitting the
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parentheses and colons in the writing of tuples, since this does not cause confusion. For explicit
form of these subspaces for few modes, see Appendix C.1.)

6.2. Level II — Operator algebra. In the operator algebra ny = LinHy of the system,t
is fundamental to consider the parity of a fermionic operator. The fermionic operator parity
in mode subset Y is given by the x-automorphism of Ay as Oy := AdfY € By := Lin Ay
[3, 45, 47, 48], that is,

(858.) éy(gy) = ’fygyfgl.

Applying this twice is the identity, (:)Z o (:)y = fy, so its eigenvalues are +1 and =13 and the
projectors onto its eigensubspaces in Ay are then

- 1 ~
(85b) Iy = §(IY + Oy),

corresponding to the subspaces being the linear spans of monomials of even (+1) and odd (—1)
number of fermionic creation and annihilation operators [3, 45, 47, 48]

(85¢) A = {Ay e Ay ’ Oy (Ay) = iﬁy}

since Oy is a x-automorphism, and éy(diy) = —a;,y for the annihilation operator. (For a
summary, see Table 2.) The eigensubspaces (85¢) can also be given using the basis (7b) as
(85d) A = Span{E)”,"’/ (—1)i§’(w+u£) = :tl},

see (8a) and (10b). Note that T, Px,Ix € JZ} v

The main point is that the definitions (85a) and (85¢) léad to the commutation or anticom-
mutation with the phase operator Ty,

(86&) Avy S A}i/ < Ty;{y = :tAvyfy.

It easily follows that even operators do notsehange the fermion number parity, while odd operators
do, that is,

(86b) Ay e A, = WMy HT — HTT

(For the proof, we have Ay € A if andvonly if Ty Ay = +Ay Ty (by (86a)), which holds if and
only if TYZYWY) = iﬁyfyhpy) for all |thy). € H? (since ’H?} and Hy span Hy ), which holds
if and only if Ty Ay [¢py) = + +/ Apliby) for all [oy) € H}i,/ (by (83c)), which is equivalent to
Ay ipy) € HEF for all |¢y) € HE (bya(83d)).)

The subspace JZ; is called [the “evensubspace”, or “physical subspace” of ./Zy, which is also a
subalgebra, containing the “physically meaningful operators” 9, 10, 17, 71, 72], or “observables”.
As we have seen in (86a) .and (86b); even, or physical operators do not change the fermion
number parity: fermions can be created or annihilated only in pairs. The subspace /T{/ is called
the “odd subspace”, ot “nomphysical subspace”. For more details and the relevance of physicality,
see Section 7.

The connection of the fermionic tensor product with the superselection (inside mode subsets)
is as follows. Lét us have a partition £ = {X7, Xo, ... ,X‘£|} € TI(Y) of a mode subset Y C M.
We give the parity/of each mode subset X € ¢ by the multi-index € : £ — {+1,—1}, X — ex.
Then the projectors given by (85b) as

~ N ~ o\ (4TC) o ¢ ~ ~ . (47b) S~
(87a) g [T iy (1) @ T = [ i ()" @ M
Xet Xeg Xet Xe¢
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project onto the subspaces of given &-local parity € in Ay,

(87b) Avg = {Avy S AVY ’ VX S f Il}gy(éx)(gy) = éxgy} = ®j§?,
Xeg

using that © x oﬁi{ = exﬁ;‘, see (85b). (Recall that the notation on the right-hand side means
only a linear hull of elementary fermionic tensors, see the end of Section 3.1, Note that there is
no need for taking into account the ordering in the writing /[L\X’y(ﬁ?), contrary to the general
case in (47c¢), since ﬁ;? consists of maps being conjugation by diagonal operators, so ﬁg acts in

the same way on arbitrarily ordered fermionic g-elementary products.) These ean also be given
using the standard basis (7b) as

= (vitv)
VX €& (—1)iEx =ex},

(87c) JZE = Span{E)‘;’"’

~
see (8a) and (10b). As special case, let # : X — +1 be the ¢-even parity multi-index, with this,
A? is called &-locally physical subspace (or &-even subspace),‘which is also a subalgebra. The
physical and nonphysical subspaces can be written as direct sums of the subspaces of given local

parity as
(87d) At = @{Jg

; ; it — % A, — A+t A+— A=+ A—— —
IE particular, for a bipartition & = N{X, Xl, we hive Ay = AL & A ® AX&EB AX?:( =
AY @ Ay. The physical subspace is A{. = A;} (&) A};—Q#Whge the subspace Ay, = A;}( &) A;(}
XX —

€: (—1)IXe sl s :tl}.

is nonphysical, and the &-locally physical subspace is A Z}} (For explicit form of these
subspaces for few modes, see Appendix/C:1.)
The one-mode anticommutation relations (6), together with the properties of Oy, lead to the

commutation/anticommutation of operators, of disjoint mode subsets
(88) Tx,y (Ax)TewBi) = £ix.y (Bx)ixy (Ax),

for all Ax € ./13? and By € ./T}‘, where the lower sign is for the case ex = ex = —1.
Note that the trace of odd,operators vanishes,

(89a) Tr: Ay, — 0,

see (85d) and the end of Section 2.3, so the fermionic partial trace (35) preserves the operator
parity, A

(89b) Tryx: Ay — A%,
see (40b). Also, thefermioni¢ canonical embedding (20b) maps to Ay @ .,ZJ)C{, so it also preserves
the parity

(89(3) 'LVX7Y : ./Z(Bt( — ./Z():E

6.3. Level III —Map algebra. In the algebra By = Lin Ay of the maps of the operator algebra
Ay of the gystem, it is,fundamental to consider again a parity-like notion. The fefmiom'c map
parity, in'mode subset Y is given by the x-automorphism of By as Ty := Adéy € Cy := Lin By,
that is,

(908.) ’]Ty(ﬁy) = éy o Qy o é;l

Page 30 of 62
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Applying this twice is the identity, ﬁ‘Z o 'ﬁ‘y = iy, so its eigenvalues are +1 and —1, and the
projectors onto its eigensubspaces in By are then

~ 1 ~ ~
90b PE=—-(Ty +T

(90b) =5 £ Ty),
corresponding to the subspaces

(900) g)i/ = {ﬁy S gy ‘ ﬁ‘y(ﬁy) = iﬁy}

(For a summary, see Table 2.)

The main point is that the definitions (90a) and (90c) lead to the commutation or anticom-

mutation with the operator parity (:)y,

(91a) Qy € Bf <  Oyofly =40y 06y.

It easily follows that even maps do not change the operator parity, while odd maps ¢ doythat is,
(91b) Oy €BE s Oy AE s Azt

(For the proof, we have Qy € g}jE if and only if Oy o Qy = £Qy 0 Oy (by(91a))ywhich holds if
and only if (Oy o Qy)(Ay) = +(Qy 0 Oy )(Ay) for all Ay € .Z%/ (since fﬁ; and .Zl; span Ay ),
which holds if and only if Oy (Qy (Ay)) = + +' Qy (Ay) for allL Ay €VAE (by (85¢)), which is
equivalent to Qy (Ay) € /T)i,i/ for all Ay € ./T)i,/ (by (85¢)).)

The subspace E; is called the “even subspace” of gy, which is alse’a subalgebra. As we
have seen in (91a) and (91b), even maps do not changesthe fermionic operator parity, that
is, the parity of the number of fermionic creation and annihilation operators in an operator
monomial. In particular, it maps a physical operator to a physical one, which is necessary for
representing a physical process. On the other hand, physical maps can meaningfully be given
only for physical operators, so we call an even map Qx € g} physically defined, if it annihilates
odd, or nonphysical operators, SNIX € gj} and (NZX(EX) = 0 for all EX € .Z)_( We note that
this definition is an artefact, coming fromsour matrixialgebraic (quantum information) point of
view. Even if the unphysical subspace is not.used, sosthere is no physical meaning of maps acting
on that, we would like to have the domain of @axmap to be the whole algebra, and not to allow
arbitrariness in the description of the map. For maore details and the relevance of physicality, see
Section 7.

The &-local properties in gy canlso be, given, using the fermionic products of maps (43a)-
(43b), in the same way as in Ay, dee (87).

7. PHYSICS OF TH}hARITY SUPERSELECTION FOR FERMIONS

After having written out the mecessary definitions in the previous section, here we turn to
the physical reasons for thie impaosition' of the parity superselection, excluding the superposition
of even and odd numbér ofifermions. With the assumption of Lorentz-invariance, the spin-
statistics connection [73=75] revealed that particles of fermionic statistics obey half-integer spin
representation of the rotation group. Then a superposition of even and odd number of fermions
would be changed more than an overall phase under a 27 rotation (doing nothing) [9, 10, 76, 77].
Without the assumption of.the spin-statistics connection, only assuming that the laws of physics
are the same for all{different)observers, together with the no-signaling principle, the standard
reasoning in the.nonrelativistic context [71, 78, 79] is as follows. Consider two distant fermionic
modes, 1 and 2, inythe hands of Alice and Bob, respectively. If Bob’s mode would be in the
superposition of empty and occupied states (shortly %(id + 100y = |0>%(|0> + 1)), where f]
is the fermionic creation operator and id is the identity), then Alice could instantaneously signal



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-114649.R2

32 FERMIONIC SYSTEMS FOR QUANTUM INFORMATION PEOPLE

to him, by either applying the unitary i( f{r — f1), or doing nothing (for the ticks of synchronized
clocks), since the measurement of the operator %( fo+ f; + id) by Bob would give him 0 or 1,
respectively, with certainty [79].

Imposing the parity superselection rule means (i) the restriction to the physically sneaningful
state vectors 'Hxi, C Hy, not containing even-odd superpositions; (ii) the restriction,to the physi-
cally meaningful operators JZT/ - ny, containing operators not creating even-odd superpositions
(86b); and (iii) the restriction to the physically meaningful maps g;r C gy, containing maps.not
creating odd operators out of even ones (91b). In this section, we write out/the tensor product
structure arising in the ¢-locally physical subalgebra, making possible to elaborate the motions
of locality of operations, as well as independence, correlation and entanglement of mode subsets.

7.1. Tensor product structure in the ¢-locally physical subalgebra. The most important
consequence of the local parity superselection is that, similarly te the qubitycase, the physical
operators of disjoint mode subsets commute,

(92a) VAx € Ax,Bz € Ag: [nyy(Ax) (BX)] 0,
(92b) V/TX € .Z;'},EX € .Z} : [,vavy(gx),l,j(, ( )] 0,

recalling (88). This is because the physical subspace of eachhmode subset consists of operators
of linear combinations of monomials of even numbey, of fermionig,operators, see (8b) and (85d).
Here we write out the tensor product structure in.the &locally physical subalgebra .A# C A+
explicitly, leading to this commutation. (For thé treatment of the &-locally physical subalgebra
in our formalism, see Appendix C.2.)

For the partition § = {X1,Xo,..., Xj¢|} € I(¥) of the mode subset Y C M, the tensor

product structure is given by the unitary 175 € U(Hy), by which for Ay € .Z} for all X € &, we
can write

(93) Q) Ax = 5’5(® le)ﬂ’gi.

(For the proof, by the construction of U, £ see Appendix C.3. For the explicit form for few modes,
see Appendix C.4.) Note that on the left-hand side we have ®Xe§ Ax = [Txee '[X’y(zzlvx) in the

&-locally physical subalgebra, by applying the commutatlvrcy to (26). It turns out that l?X <
appearing in (22) is just a special case of U~ for £ = (X, X) see in (122a) and (131), however,

the definition (22), ldading to Uy 5 is meamngful for the whole algebra Ay, but the definition
(93) leading toUgis meaningfal only in the ¢-locally physical subalgebra Af. Note also that

although (75, acting,on Hy, depends on the ordered partition E, this is just an artifact of the
representation: thexmap Ay — U émziy ﬁg, acting on .Zy, is the same for all orderings of the parts
of 5 in the/-locally physical subalgebra Ay € ,Z? (See at the end of Appendix C.3.) This also

justifies the-useof the unordered product (arbitrarily ordered product of commuting elements)
on thedeft-hand side of (93). In particular, for the map Af’ given in (28b), we have

A#
A&

where 5 and 5_7 are any two differently ordered partitions containing the same parts.
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The immediate consequence of (93) is that, for A X, B x € VZ} for all X € £, we have for the
product and x-operation that
— — — — — i
o R @ bx - Q@ixBx. @ik (@)
Xe¢ X'et Xet Xee Xee

In particular, from the first equation in (95), the commutativity (92b) follows directly. From
(95), it directly follows that products of positive physical operators are positive,

(96) 0<Ayxed; = Q) Ax >0,
Xeg

by using (57b). The important point is that this is not necessarily true without the parity
superselection, the products of canonical embeddings of positive (so self-adjoint) operators can
be not even self-adjoint (so not positive). (For explicit examples, see Appendix'C.5.) We will
come back to this issue in Section 7.3, and show some detailed results. ~

With the (93) tensor product structure in the &-locally physmal subalgebra we can also write
out explicitly the fermionic embedding of maps (49c) as, for Ay € AX, BX € .AJr afid Qy € BX7

(97a) ixy(Qx)(Ax ® Bg) = Qx(Ax) & By,
(97b) ix,y(Qx)(Bx ®Ax) = Bx ® Qx (Ax),
(97¢) ixy(Ex)(Ax ®Bg) = Ax ® ER(Bx)
(

This follows simply by the commutativity Ax®B X = B < Q. \Khich holds for the physical
operators, applying to the definition (49¢).) So Zx,y (£2x) isfa strong extension in this restricted
manner, both equalities hold in (56) for the { XX }-locally physical case.

Note also that in the case when 5: (X1, Xo, 0. ,Xlgl) is sueh that X; < X, (elementwisely)

for all s < r, that is, the mode subsets X € E contain modes neighboring with respect to Y, and
are ordered in 5 accordingly to the Jordan=Wigner ordering of the modes, then the effect of U 3 is
trivial. (This can directly be read off from the phase'factors (131) in Appendix C.3.) So, for the
&-locally physical subalgebra, for these very special partitions, one can use the usual Kronecker
product of matrices in explicit numerical or symbelical calculations; while for more general
partitions, which contain mode subsets of non-neighboring modes, the phase factors cannot be
neglected, that is, Kronecker producet can bewused only after mode reordering. Neither the latter
hold without parity superselection in general. (For explicit example, see Appendix C.5.)

7.2. Tensor product structure for vectors for the ¢-locally physical operators. If the
§-locally physical subalgebra is considered only, then we can have a tensor product structure also
in the Hilbert space, written as,for A x € AX,

(98a) (@4x) (R 1)) = @ (Axlix)).
Xce X'et Xee
leading to
(98b) Q 16x) = Te( @ lvx))
Xe¢ Xeg
by (93). Neterthatycontrary to the algebra, the ordering in E is a parameter of the tensor product
structure in the Hilbert space: the transformation |[¢y) — U5|”(/}y>, acting on Hy, depends on

the ordering of the parts of E However, such ordering E can be fixed for every partition &,
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and then can be used for the tensor product structure (93) of the ¢-locally physical Subalgebra
A# Without the parity superselection, this could not be done in the whole algebra Ay for all

orderlngs. Another, related point is that the fermionic canonical embeddings (20b) of AX and
A}'—{ can be realized by the same unitary, e.g., fixing 5: (X, X), we have

(99a) Xy (AX) UXX (AX ® IX)UXX’
(99b) Ty (Bx) =Usx(Ix ® Bx)UL, = Uxx(Ix ® Bg)Ul ¢,
for Ax € .Z and BX S .A , see (22), so these act identically on H, re§pectively Hx of the

U '« x-transformed Hy,

(100a) Ixy (Ax)Uxx (J9x) ® [¥x)) = Uxx (Ax|¥x) ® [x)),
(100Db) Ty (Bx)Uxx (Ivx) ® [¥x)) = Uxx (I¥x) @B [z

Considering pure states, that is, rank-1 projectors, we have that the parity superselection rule
for pure states is

(101) Wx) (x| € AL = |[vxNeHE,

(this follows simply by (83d) and (85d)), that is, a phySical'pure state is given by a state vector
with well-defined fermion number parity (83c). It is also easy towsee by (101) that the product of
canonical embeddings of pure physical states is pure,

(102a) VX €6 [hx) EHF = (R 104 Wl [vv) (0| € A,

Xe¢

where the joint vector |1)y) can be given by (93) and (98b) as

(102b) wy) = Te( @) = @ o).

X8 Xeg

The important point is that such property would not hold without the parity superselection rule,
the products of canonical embeddings of pure states can be non-pure [47]. (It can be nonpositive,
so not even a state. For explicitiexample, see Appendix C.5.)

7.3. Independence of mode subsets: Here we present some detailed results on the properties
of fermionic g—elementary pr%iuct operators in the general case, that is, without superselection,
which illustrate how superselection fits in the general picture. Let us consider a set of operators
{AX £0| Ax € Ax,X(e &}, and let us denote with my := |{X €| Ax EZ}}H, m_ =
{X e¢| Ax E.Z)_(}’ andymgi= |{X € ¢ | Ax € Ax \ (AL UAx )}| the number of even, odd
and neither-even-nor-odd ones (the latter has nonvanishing projection in both subspaces).

First, for sélf-adjoint operators of well-defined parity, AJE( =Ax € .AX , mg = 0, we have

(103a) (® le) = ® Ax < m_=(0orl) (mod4).
Xef Xef
Second, for self-adjoint operators of non-defined parity, A =Ax € AX, we have
= -\t =~ mo=0 and m_ = (0or1) (mod4)
(103b) (@ AX) - Rix = ( )
Xef Xef or (mp=1 and m_ =0 (mod 4))
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and, if additionally Ax > 0, then m_ = 0, and

(103c) R Ax >0 < mo= 0orl.
xeé

From the latter we can recover the known result that product state extension of local states éxists
if and only if all of the local states are physical with at most one exception, proven ‘originally in
[47, 48], from which the main idea of the proof of (103c) is taken.

For the proof of (103a), (®Xe§ AX) ®X€§ (where £ is the reverse orderéd £) which

equals to ® ¥ e{g v if and only if no overall —1 sign appears when the ordering of operators
is reversed, see (88). Even operators do not count when swapping neighboring terms (88);ythe
overall sign comes from swapping odd operators. Having m_ odd operators, the number ‘of those
swappings is (m— — 1)+ (m_ —2)4+---4+2+1= Z:l_l k= $m_(m_ 1), which is‘even, if
and only if m_(m_ — 1) =0 (mod 4), if and only if m_ = (0 or 1) (mod/4). =

For the proof of (103b) having m.y, m_ and mg even, odd and neither-evensnor-odd operators,
the product of them ® Xef A has components in subspaces of local parity. m/gtimes even and
m’_ times odd, such that (m_s_7 m’ )= (my +mo—k,m_+k) fork =0,1,.. . Since these
are orthogonal linear subspaces in Ky, the condition (103a) has to holdior all such local parities:
m_=m_+k:=(0or1) (mod4) for all k=0,1,...,mo, that is; we have the condition

{m_+k|k=01,...,mo} C{0+41,1 441 =01, }.

If my = 0, every operator has well-defined parity, then k& = 0, an¢ we get back the previous
case, m_ = (0 or 1) (mod 4). If mg = 1, then k = 0,1, and the eondition is {m_,m_ + 1} C
{0+4i,1+4 |1 =0,1,...} which holds if aid only if m_ = 0 (mod 4). If mg > 2, then
k=0,1,2,...,mp,and {m_,m_ +1,m_ +2,..ymx+ mg} contains at least three consecutive
numbers, so the condition does not hold. .

For the proof of (103c), first note that_if Ax > Ojthen Tr(Ax) > 0, so positive semidefinite
operators always have even component,‘see (89a).(that is, m_ = 0); and the question is, how
many of them can have odd component too (that is, what are the possible values of mg). Without
loss of generality, assume that the first mg operators have odd component, AXk ¢ .AX or

k=1,2,...,mg. Take the odd parts of the first two, BX1 = A = H (AX1) and BX2 =
Z}z = ﬁ}z(gxz), and BXk = IXk for k = 3,4,. \§| by Wthh form By := ®X€£
Z)_(l ®g)_(2 @fy\(xluxQ). In generaly A, = AX if and only if (A*')Jr = A} and (A )= A_
(because ﬁi(gx)f = ﬁi(ﬁ}), see (%f)b

Modby | wxeé

Bl = T\ (x,0x2) ® A, ®Ax, =By,
see (88). In general, CT =,£0"if and only if (C'|D) € R for all DT = 4D for the same
sign. (CT = +C ifiand only if (C'|D) = +(CT| D) for all D' = D or D' = —D, since both
self-adjoint and skew-self-adjoint operators span the finite dimensional operator algebra; then
(C|D) = £(CH|D) = (€1} £ D) = (C'| D) = (C|D)* for all DT = +D for the same sign.)
So, forming the inuer product

a
<® Ax ’BY> AXl |BX1)(AX2 |BX2) HTr(AXk)

xeé k=3
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(see (30), and (AXk | Bxk) Tr(AXk) >0 for k= 3,4,...,|¢]), we have that the right-hand side
is real, so (®Xe§ AX) ®X€£ Ax on the left-hand side, leading to that, to have self-adjoint
product ®X€£ AX, there cannot be two operators Ay having odd component (so mp<h). On

the other hand, if none or one Ax has odd component (mg < 1), then the operators Lx’y(Ax)
for all X € £ are commuting pa1rw1se see (85b), and, due to the existence of a common set of

spectral projectors, their product HXGE Lx y(AX) @XGEEX is also positives

The mode subsets X € & are called algebraically independent, if the subalgebras,describing
them commute with each other. As we have seen, CAR subalgebras TX,Y(./Z)() of disjoint mode
subsets X € £ do not commute with each other (88), leading to that the.mode,subsets X € ¢
are not algebraically independent. There is also a weaker concept. The' mode subsets X € ¢ are
called statistically independent (also called C*-independent [44, 80, 81]), if, for all states of the
mode subsets, there exist joint state extensions; that is, for all X € &for allpx & DX there exists
wy € Dy, such that ’ny(wy) = px for all X € & As we haye scen, the product extension
Wy = ® Xet px would be a joint extension, however, not a joint, state extension, since it is not a
state in general, it is not positive semidefinite if px € Dy is not physical for at least two X € £,
see (103c). (For explicit example, see Appendix C.5.) Moreover, it can be shown [47] that if
px € Dy are pure for all X € &, then there exists no_joint state extension if (and only if) at
least two px € Dy are not physical.

7.4. Locality of maps. After constructing maps on mode subset Y from maps on mode subsets
X € &, acting properly on fermionic E—elementary produets, (42¢) at the end of Section 3.5, we
mentioned that the same construction would not act properly’on 5_7 -elementary products, ordered
differently than 5’ Having the anticommutation (88), we can now illustrate this, by taking two
anticommuting elements, A x, € "Z)_ﬁ’ A x, € ./Z)_(?, a parity changing map Q x, € g)_ﬁ’ a parity
preserving map ﬁxz € g}z, and 5_7 = (X9 X1,X3, ..., X)), interchanging the first two mode
subsets only, leading to

(@) (@ Ax) = (@0 Y AS Ay, 8.4y, 5... 0 Ax,)
xef xXed Xe€

- (@ﬁ){) (_gxl ®EX2 ®EX3®~..®EX‘§‘

~—

Xeé
\: —Qx, (Ax,) ®Qx, (Ax,) ® Qx, (Ax,) ... & Q¢ (Ag)
=20x, (Ax,) ® Qx, (Ax,) ®Qx, (Ax,) B ... O Qg (Ajg))
=— (Ax)
Xeé

From this, it 48 alse. clearthat for general maps Q x for all X € £, one cannot form §~2y, which
would act as €2y (®X€g, XX) = ®X€gﬁx(gx) for all gordering of £&. However, it can be done
for even maps.

A special case of the above is that of the fermionic map embedding (49c). At the end of
Section 3.64 we mentioned that it is not a strong extension, the second equality does not hold in
(56). Having the anticommutation (88), we can now illustrate this, by taking two anticommuting
elements, Ax € Ay, Bx € A, and a parity changing map Qx € By, leading to

ixy(Qx)(Bx ® Ax) = (Qx 8Ix)(—Ax & Bx) = —Qx(Ax) ® Bx = —Bx ® Qx(Ax).
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From this, it is also clear that for general maps Q x, one cannot form strong extension over the
whole algebra.

Turning to even maps, first, the product @ ¥ e{ﬁ x of the even maps Q x € g} acts properly

on E’ -elementary products of different ordering from 57

(104) (®8:)(® 4x) = @ x(iv).
xeé Xeé Xeé

Indeed, for operators of well-defined parity A x € ./T;(, the same overall sign appears in the two
steps in the calculation

(@ QX) (@ Zxx) - (@ QX) (i®£X> i®QX (Ay) = (£1)? ® Oy (Ay)
Xeg Xeg Xeg Xeg Xeo
since x does not change the parity. Then (104) follows by lineajity. ~ _ N
As a special case of the above, the fermionic embedding Zy,y (2x) of the evén map Qx € By
is a strong extension for the whole algebra Zy (not only on the {X,X }-physical subalgebra
’Z?;&(X’ as we have seen (97a)-(97b) in Section 7.1), since in this case not enly ‘(56a) holds, but
there is equality also in (56b), that is, for /TX € AVX7 EX € VZX, and for S~2X < g},

(105a) ixy(Qx)(Ax ® Bg) = Ox(Ax) @Bx,
(105b) Ixy(Qx)(Bx ® Ax) = Bx ® Q%(Ax).
Indeed, for Ax € A, By € JZ;{, we have R
ixy(Qx)(Bg ® Ax) = +ix y(ﬁx)(fxx ® Bg) = +Qx (Ax) @ Bx = (£1)?Bx & Qx (Ax),
where the lower sign is for the case ex = eg = =1 (two nonphysmal operators anticommute),

and Qx € B does not change the parity (91b), Qx (Ax) € A

As we have mentioned in Section 6.3, in a strict sense; a map can be defined physically
meaningfully only for physical operators AN} On the other hand, by the embedding zx y, due
o (105), an even map Qy € EX can act omhodd-odd parts of a physical operator of a larger
mode subset, as ./Z A++ @ .AX ¢» and, inprinciple, its effect on odd-odd operators can
be completely independent of its effect,on even-even operators, which has consequences for the
notion of local maps.

In the theory of correlation and éntanglement, the characterization with respect to local maps
is essential. In the laboratory, only physically defined maps can be performed, for which we have
the embedding above, working@s a Strongéxtension (105). However, using a single physically

defined Qx can be too restrictive for the definition of locality, so we call a map X-local for a
subset of modes X C Y, if it is of the form

(106&) ﬁy = /IL\X’y(Qx) o ﬁ}t + éy,

with the physically defined map Q x and the physically defined map éy, such that éy(ﬁy) =0

for all Ay € ATt and we calla map &-local for a partition & of Y, if it is of the form

XX
(106b) Qy = ® Qx + Sy,

Xet
with physically defined.maps Qx € g}, and the physically defined map Ey, such that Ey(;ly) =
0 for all Ay € A?. With these we have that ¢-local maps are generated by X-local maps (where
X € ¢), and X-local maps are the special cases of {-local maps (where X € £). The maps éy
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are somewhat arbitrary, containing the operations which we cannot handle locally, since these
act on operators having no physical parts locally. The definition of X-local maps leads to that
these are also strong extensions if this is understood only for locally physical operators.”Special
cases are when Zy = 0 (such X-local maps annihilate .A <), or when Zy = IylAv (such

X-local maps do not change A ) An example for nontrivial action on A - is.an important

special case, when Uy = Tx y(UX) = Ux ®IX (Wlth the physwal unitary UX € A+) acts’as
Qy(Ay) = UyAyUy, that lb Qy = Ad then QX = HX OAd OH}} = Ad~ OHX7 and
By = < °Adgy H_i = Adg oH Snmlaurly7 when Uy = ®Xe€ Ux (product of physical
umtarles UX € .A+) acts as Qy = Ad~ ; then QX = Adﬁx oHX, and Ey.= Adﬁy (H; H?)

Trace preserving completely positive (TPCP) &-local maps are called &-local operations (£-LO).
&-local operations and classical communications (§-LOCC) can also be formulated in the usual
way. That is, when the application of {-LOs may depend on outcomes of measurements performed
locally, that is, described by X-local TPCP maps Qy = Zm Qym, where the measurement
outcomes are given by X-local trace nonincreasing CP maps Qy7m

7.5. Fermionic correlation and entanglement under parity superselection. Turning to
quantum states, let us use the notations 5;5 = 5y N .Z¢ for the physical states, and 5? =
Dy N fl? for the &-locally physical states for the partitioné,€ TI(¥.)0f the mode subset Y C M.

Making use of the parity superselection, for the definition ofié-uncorrelated mode subsets, we
expect factorizing expectation values again, however, this time not for all g—elementary product
operators, but only for £-locally physical ones. Expressingithese with the Hilbert—Schmidt inner
product (1) and the state py € ﬁ}t, we have the following definition for the &-uncorrelated
physical states of mode subset Y (states of the §-uncorrelated mode subset Y)

(107) VX €&, VAx € AL (ﬁy \ ®AX) = T (x| Ax).

Xeg Xeg
where jx = Try. - x (py) is the fermionic reduced state (63), (65). The difference between this and
(77) is in that this condition is givemenly foriphysical operators, so only for the £-even subspace
A# Because of this, the step from (78) o (79) in the derivation in Section 5.2 cannot be done,
We have the result on the €-even subspace only. This leads to the set of {-uncorrelated physical
states of mode subset Y as

(1082) Df e = { P @DF | T (v) = @ Trvix () }.
N Xeg
using the projector (87a)./ (This is the multipartite generalization of the state set Pl, in

[17].) Note that if py\€ 5;, then ﬁxx(ﬁy) € 75;“( for all X € ¢ because of (89b), then
O xee :l’vry,x (py) € 5?, because of (89¢) and (26), this is why ﬁ? could be dropped on the right-

hand side of thercondition. On the other hand, ®X€§ ,Tvry’X (ﬁ? (py)) = ®Xe§ ﬁ} (f[‘\fy,x (py)) =

ﬁ?ﬁ (®Xe§ ﬁxx(ﬁy)) = Qxee ﬁyyx(ﬁy), by (87a), so these are the physical states which are
product in thg &-locally physical subspace. There is no restriction on the other £-local parity
subspagés of D;E. Adthough these states cannot be prepared from pure product physical states
(produet physical states are &-locally physical) by £-LO in general, the correlations in these
states ‘cannot be accessed by £-LO. The other states are -correlated physical ones, contained in
D+ \ D+UHC

We canl write also the states which can be prepared from pure product physical states by
&-LO, leading to the set of £-product physical states of mode subset Y, which can also be called
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strongly &-uncorrelated physical states of mode subset Y (states of the strongly £-uncorrelated
mode subset V) as

(108b) Df e i= {7y € Df | oy = @ Trvx(5v) | < DE,
Xeg

thanks to the tensor product structure in j?, see Section 7.1. (This is the multipartite genera-
lization of the state set P3, in [17].) The inclusion follows from the same reasoning as above. It
can also be seen that £-LO-preparable (-product) states are {-uncorrelated,

(109) D¥ CDf

&-unc — T &-unc’

Note that if py € 15;5, and py € 5§_unc, see (80), then py € ﬁﬁunc because' of (103c)j so we
have D¥

&-unc
subspaces ng which have exactly one nonphysical part, see (103c), that is, when € is such that
{X e¢lex = -1} = 1.

We can write the set of statistical mixtures of £-uncorrelated physical statesswhich can also
be called weakly &-separable physical states of mode subset Y (states of the weakly £-separable
mode subset Y') as

= ﬁg-unc 025;5 The difference between D7 and 55_“6 is restricted to nonphysical

&-unc

= Conv 52_-1111(:'

(110a) D

§-sep
(This is the multipartite generalization of the state set S1, ‘i [17].)

A mode subset Y C M is £-separable that is, separablevithirespect to the partition £ € TI(Y'),
if it can be prepared by the use of £-LOCC only from uncorrelated.&8local sources. So the set of
&-separable physical states of mode subset Y (states of the &-separable mode subset Y) is
(110b) D, = ConvD{ .
(This is the multipartite generalization of the state,set 83, in [17].) The other states are -
entangled physical ones, contained in D}—t\Dﬁsep; to prepare them, some quantum communication
(quantum interaction) is needed among the mode subsets. It can also be seen that &-LOCC-
preparable states are mixtures of £-uncorrelated states,

(111) D D

g-sep = T &-sep’
following from (109).

Note that for the so called Level Tnotions of partial correlation or entanglement [29, 37-39], it
is enough to consider one partition at¥a time; which would allow the use of standard partial trace
and Kronecker product after particular mode reordering to write conditions like (108a), (108b),
(110a) or (110b) in terms of matriz elements, as we have seen. For Level II notions, such as
k-partitionability, k-producibility. orgksstretchability of correlation or entanglement [29, 37-39],
one has to consider many ineompatible partitions simultaneously, and the use of many mode
reorderings in parallel’'would be highly inconvenient. By contrast, applying phase factors in the
use of Try x and ®.i8 straightforward, and much simpler than mode reordering. The same holds
when functions of reduced states are evaluated, which is typically the case of correlation and
entanglement nieasures.

Summing up, we have seen, that the two characteristic properties of correlation and of en-
tanglement are split up [17]. For correlation, factorizing expectation values of &-locally physical
quantities((no correlation) (108a) leads to weaker condition than &-LO-preparability (product-
ness) (108b). Similarly for entanglement, statistical mixtures of uncorrelated modes (110a) leads
to a weaker,condition than £&-LOCC-preparability (separability) (110b).
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8. SUMMARY AND REMARKS

The operator algebra of n fermionic modes is isomorphic to that of n-qubit systemsj.the
difference between them is twofold: the embedding of subalgebras corresponding to modessubsets
and multiqubit subsystems on the one hand, and the parity superselection for fermions on the
other. In this work, these two points were discussed extensively, and illustrated in‘the Jordan—
Wigner representation. Summing up, we emphasize the main points here.

In Section 2, we recalled the Jordan—Wigner representation of fermionic modes.»Because of.the
anticommutation of the fermionic operators, the fermionic occupation cannot be encoded locally
into qubits, as can be seen also in the form I'y of Jordan—Wigner representation (7b). Two bases
(7) are defined in the operator algebra, which are natural in the qubit and,fermionic cases (8),
leading to two isomorphic algebras Ay and /~ly. The map Py connect§ the two bases (10), it is
unitary (11), and although it is not a x-algebra isomorphism, it conneets the products of qubit
and (ordered) fermionic operators (13), so it respects the subsystemy/mode-subset structure. One
can think of the effect of @;1 as transforming out the fermionic natureof ‘the operators, leaving
only the quantum information about the occupation structure, However, one should be careful
with this interpretation, since @y is not positive, and not even self-adjeintness preserving.

In Section 3, we have constructed some advanced tools for the Jordan—Wigner representation.
The way of this turned out to be mainly (i) transforming out the fermionic nature of the operators
by <I>;,1, so that only the occupation properties of thé moedes remain, (ii) then applying the
standard tool for the occupation properties, using the natural tensor product structure for qubits,
(iii) then transforming back by ®y. Based on analogy with the standard basis, by the fermionic
basis we have constructed the fermionic tensor product,(14b) through the unitary map ‘Ilg (15Db);
the fermionic canonical embedding (20b), being thé generdlization of Ty (24); the fermionic
partial trace (34b), (38b), being the ®y-adjoined/version of the qubit partial trace (35); the
fermionic product of maps (42b)-(42¢);¢and,the fermionic embedding of maps (48b)-(48c).

Fermionic systems are usually treated in the algebraic way, when the algebra of the whole
system is considered, then subalgebras deseribingithe subsystems are characterized. Here we
have followed the opposite way, when the algebra of the system is built up from the algebras of
the subsystems, analogously to the qubit casey where this is made possible by the tensor product
structure, being present naturally in qubit systems. So it is important to emphasize again that
the operation which we call, “fermionic temser product” for convenience is not a proper tensor
product, it obeys only the linear but not the algebraic properties. Also, the fermionic tensor
product @ (15) and the usu@l product of canonical embeddings & (26) are different in general,
connected by the unitary map /N\g (28b). The exception is the case of partitions containing
subsets of neighboring imodes, ordered accordingly to the Jordan-Wigner ordering, considered
usually in the literature, when Kg is the identity map (32b). Another important point is that,
since there is no propertensor product structure compatible with the mode subalgebra structure,
the fermionic product andrembedding of maps constructed are not canonical. Nevertheless, the
practical importance,of these constructions is that they provide ways of writing maps acting on
mode subsets(43a)-(43b)s/(48b)-(48c), by \ig and Kg.

From a technical point of view, this formalism, by ®y, \Ilg and /NXE, provides a very convenient
way of book-keeping fermionic phase factors, coming from the anticommutation of the fermionic
creation and annihilation operators. It allows to handle arbitrary mode subsets and arbitrary
partitionings infa uniform way, without the need for ad hoc reordering of the modes. The
resultingformulas (10c), (120b) and (126b) are easy to implement also in numerical program
packages, where concrete matrices and Kronecker products are employed instead of abstract
generated  algebras. Note that standard partial trace and Kronecker product of matrices, i.e.,
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without phase factors, can be used for special mode subsets or partitions only, which can be
reached by applying mode reordering in general (Sections 3.3, 4.4, 7.1 and 7.5). In many cases,
mode reordering is inconvenient, while the formalism presented is straightforward.

In Section 4, we have considered states and reduced states in the qubit and fermionic cases.
We have shown that, as the qubit reduced states (60) are given by the usual partial trace (34a),
the fermionic reduced states (63) are given by the fermionic partial trace (34b), (65). This is
because the state reduction, given by the partial traces, is the adjoint map of the state extension,
given by the canonical embeddings in both cases (36). An important, out-of-the-box result is
the calculation of the fermionic reduced density matrices (69a) (Appendix B.8), using the phase
factors (10c). The fermionic partial trace turns out then to be a trace preserving completely pos-
itive map, since the state reduction (63) itself has this property. Note that statés and reduced
states, as positive normalized linear functionals, could be written without the parity superse-
lection. Superselection is needed for joint state extensions, independence ofanode subsets and
locality of maps. ~

In Section 5, we have considered correlation and entanglement of qubitsdand of fermionic
modes without the parity superselection. For qubits, we recalled thatyfactorizing’ expectation
values of local operators (no correlation), productness and LO-preparability éoincide (75), as
well as mixability from uncorrelated systems and LOCC-preparability (separability) coincide
(76). For fermionic systems, factorizing expectation values of operators,of digjoint mode subsets
(no correlation) and productness (80), as well as mixability from uncorrelated systems (81) could
be defined; however, these could not be interpreted as LO- or LOCC-preparability, since locality
could not be defined at that point, without parity superselection.

In Section 6, we have written out some tools for theparity superselection. We have done
this on the level of Hilbert spaces, operator algebrasand smap algebras. The superselection
leads to subspaces 7—[$ of vectors of well-defined fermiontnumber parity in the Hilbert space
(83c); subspaces ./T}i, of operators of well-defined fermion-operator parity in the operator algebra
(85¢), containing operators which preserve (even) oralter,(odd) the fermion-number parity (86b);
subspaces g}ﬂﬁ of maps of well-defined fermion-map parity in the map algebra (90c), containing
maps which preserve (even) or alter (odd)ithe. fermion-operator parity (91b). On the level
of maps, we have made another distinction;ybeing important conceptionally: the even maps
annihilating odd operators are the physically defined maps. This restriction is given because a
map can be given physically meaningfully only for even operators. Note that different embeddings
into physically defined maps of larger mode subsets make possible the action on globally even,
locally odd operators of /T;(}(

In Section 7, we have considered, the consequences of the parity superselection. We have
written out the tensor productistrieture_in the &-locally physical subalgebra explicitly (93),
(98Db), the independence of made subsets; the locality of maps and the notions of correlation and
entanglement.

Imposing the parity ‘superselectionswhich establishes the commutation of subalgebras descri-
bing disjoint mode subsets, leads to the tensor product structure (93) in the ¢-locally physical
subalgebra .Z? This alsohestores the x-algebraic properties of ® (95), (96), and makes the
fermionic map embedding (48¢) a strong extension (105) for even maps for the whole algebra.
The tensor product structure/in the algebra .Zl? gives rise to a tensor product structure in the

Hilbert space Hy (98b), which works only if the action of the ¢-locally physical subalgebra VZ?
is considered. In this case, one can also express the joint state vector (102b) of pure states given
by local statesvectors (102a).

Without the parity superselection, the algebraic independence (commutativity) of CAR sub-
algebras 'of disjoint mode subsets does not hold. Neither does the weaker statistical independence



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-114649.R2

42 FERMIONIC SYSTEMS FOR QUANTUM INFORMATION PEOPLE

hold, which means that joint state extensions do not exist, since there exist states of disjoint
mode subsets, for which there exists no product state extension [44]. We have given a slightly
modified proof of the result (103c) that the existence of joint extension is guaranteed, if all the
states are physical, with at most one exception [47]. It is also known that two noénphysical
states may not have symmetric purification (pure state extension of the same non-zero part of
the spectrum) [46]. We note that these nonindependence results recalled here have far-reaching
consequences for entropic quantities, which are often used for the quantification of correlation
and entanglement. For example, the triangle inequality for the von Neumann entropy does net
hold in general [44], and, although the strong subadditivity (SSA) of the von Neumann entropy
still holds for the general case [45], the so called MONO-SSA, which is equivalent by purifica-
tion to SSA for the qubit case, does not hold [46]. Such phenomena were also noticed later in
the literature [33, 40-43], and can be avoided by imposing the parity superselection [33, 43],
establishing not only statistical but also algebraic independence.

In the theory of correlation and entanglement, the characterization ef'these notions with
respect to local maps is essential. The tensor product structute (93) is given only in the &-
locally physical subalgebra /T? C .Z;t of the whole physical{ subalgebra/ The appearance of

subspaces like “Z;(:)gxt Xie, C .Z; leads to conceptional novelties of the notions of fermionic

correlation and entanglement, even for globally physical states. By the superselection, X-local
(106a) and &-local (106b) maps can be defined as the embeddingsi(48¢), (105) and products (42¢)
(104) of physically defined maps, supplemented by physicallyndefined maps acting on globally
even operators having locally odd components. In eur .point of wiew the maps are given on the
whole algebra, so sticking to physically defined maps,(even maps annihilating odd operators) is
important, since maps acting on odd operators is not, meanimgful physically.

We have also considered correlation and entanglement of fermionic modes with the parity
superselection. We recovered that the twe _characteristic/ properties of correlation and of entan-
glement are split up [17]. For correlation, factorizing expectation values of &-locally physical
quantities (no correlation) (108a) leads to aweaker condition than £-LO-preparability (product-
ness) (108b). Similarly for entanglement, statistical mixtures of uncorrelated modes (110a) lead
to a weaker condition than {-LOCC-preparability (separability) (110b).

Regarding correlation and entanglement [82,°83], the material covered here is just the begin-
ning of the story for fermions, the mere definition of correlation and entanglement (uncorrelated
and separable states) [17]. "We, mention that, for fermionic modes, entropic entanglement mea-
sures [84-86] and negativity {83] were applied; SLOCC invariant polynomials and entanglement
measures were constructed/for few mode systems [57]; and separability, locality, canonical forms,
and maximally entangled state sets were given for fermionic Gaussian states [35]. We note in
a nutshell that in a scehario When-the distant laboratories of Alice and Bob can share multiple
copies of a state (an/evensstate; having locally even-even and odd-odd parts), the locally odd
parts, which could not be'reached by local physical operations when only a single copy is present,
become accessible, since therlocally odd parts of an even number of copies will be even in each
laboratory, affecting the definition of entanglement. Such situation was already considered for
the case when superselection rules are imposed on qubit systems [14, 15].

Finally, .it is natural to ask, what if ® would be used instead of & in the definitions of
correlation and entanglement? That is, can these be formulated in terms of fermionic tensors,
insteaddof the usual‘algebraic point of view, used above? The short answer is no. Although the
definitions in Se¢tion 7.5 and in Section 5.2 could be repeated with ® instead of @, the problem
is that for' A x 2 0, the fermionic tensor product )y 5(11 x ) is not necessarily positive, not even

for Ax € AL Although this could be handled by redefining positivity with A, but this would
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be f_:dependent in general, and £-dependent in VZ?, so it could hardly carry any meaning more
than a transformation of the original approach.

In conclusion, we would like to emphasize again the nonlocal properties of CAR algebraic
description of fermionic systems and the conceptual relevance of the parity superselection, which
could be out of scope of some parts of the quantum information community. These fundamental
concepts are inevitable for the physically correct investigation of fermionic systems, and future
research in this topic should necessarily rely on these.
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APPENDIX A. ON THE JORDAN—WIGNER REPRESENTATION

A.1l. Identities for the Jordan—Wigner representation. First, for mode ¢ € M, we have
for the phase operator that

Y p D 600! 1169460 + (—1)*6h) (61])

= (=1)"#|oy) (o7 | = (=1)" "EPY .
Using this, we begin with deriving some basic identities as finger-exercises, graduallyfrom simpler

to involved. We will use the multi-index notation, introduced in the main text.
For the whole subsystem/mode subset Y C M, we have

(3a) B T oy @ H(@zkmrvﬂi@@zk) - @B

i ; key key ;
€Y €Y i i< €Y

(112)

being just the standard multipartite basis, and, for the fermionic/case, 7

— —
E}g’u’ (7b) H fy(Ef‘”;) (4b) H <®pki+#; ® E:‘i,#; ® ®Ik)

h ; IN=% keY
i€y ey N i<k

> k(ukﬂt%))

mav) = @(Er IL ) = @(mhi

icy ’;S}? ey
’ ’ ! ’
! + ! +
(1é2) ®<EW’“;(—1)M kei;i<k(”k uk)) - (_1)%;“ ke);:i<k(uk i) ®E{Lmt;
3 K3 N
icy v icY

On the other hand, for a subsystems/mode subsets X C¥ C M, we have

(113c) [T oy (Bl & H(@Ikew“““ﬂ ®®Ik) - RE eI,
jex JjE€X ’Z%’ e jex keX

and, for the fermionic case,

H Ty MJ,HJ (4b) H (@p i+ ®E§”’“} ® ®Ik)

jex jex keY keYy

k<j i<k
: l‘ ’
- @@ ) e @ (1)
lex lex
Koy, s REX T %
Bial 1 XZ L(M—HL;) i )% l(“l—‘r“;)
(134) - ®(Ex’ B e @i
X keX
; 4 > (mtpy)
(112) H S "J Z (metpy) lef e
J ] leX,j<l ® pk
jex keX
i (14n7)
_ (_1))2{ M e £ J<l(ﬂl+ﬂl ®E/'L] #7 ® ® leX k<l
JjeX keX

We use the convention that the empty sum is zero (the additive identity), the empty product is the
(multiplicative) identity, and the empty tensor product is the identity over the one-dimensional
Hilbert space (the tensor product identity).
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5
6 Now we obtain the expansion coefficients in the standard basis (7a). For the whole subsys-
7 tem/mode subset Y C M, we have
8 v, o, (193) Vq‘,,llé valt{'
0 (2 ) = (@) ®* ')
10 (114a)
11 (183) H( VuV HJvNJ) — 51/,”61/,“"
12 €Y
12 which is just the orthonormality of the standard multipartite basis, and, for the fermionic case,
15 (113a) ,
: (|5 BB | @
17 (114b) €Y jeY
::g (11;1a)(_1)i§’ i ke);i<k(“k+“k)6u,u5u’7l-/. ~
20 On the other hand, for a subsystems/mode subsets X CY C M, we have
;; (1131
V R :“‘jh“ 1150) V“w /LJMLJ
23 (v HF ) (®E ®E ®®fk)
24 (114c)
25 18a) H( Vga J Nwﬁ@) H (E:kﬂ/k Ik) _ 5VX,;1,X5VX,;LX5VX,V'X,
;? keX
28 and, for the fermlonlc case,
- 4

29 ( NJ HJ )
30
31 jex
32 (1132) / (r+pp)

(113d) PN (Hi+u) ;LJ W LeX k<l :
33 = (_1);6){ leXj<i (® i ® ® )
34 i€Y JEX
35 . / / , > (mtpg)
36 (114d) (13)(71)],;)(#]legd(uﬁm) H (El{j,uj E/fj,uj) H (EZka pisthet o )

J J 3

37 jEX keX
38 (112) oy 3 (wtm) L > ove X (utn)
39 = (_1).7€X lex,j<l 5VX7”X5VX1NX(_1)IC€X leX k<l oVxVx
40 vl X (nty) )
41 — (71)i€Y leX i<l N0V ORX GV XX VXV R
42 v B (v S
43 — (71)16)/ kEY i<k OV X Hx GVX X fVX VX
44 Summarizing the findings, we have
45 (114a)
46 (115a) (E,';" fol ) Uy
47
48 (s (E;u YO0 o s
49 v, # G (114C)
50 (115C) (E H Iy 3> J ) SYX Mxé”x;ﬂx(;'/xﬂ’x
51 JGX
52 ,u w 114d
53 (115d) (2 H By (7)) U2 v g it g s,
54 JEX
55
56
57
58
59
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with the phase factor

(116&) ;:V/ — (_1)¢eyyike>;i<k(yk+uk)’

which can also be written for all partitions £ € II(Y') as

’ Z Z V; Z (Vk"l’y;c)
(116b) foY = (—1)x X eeiex kexTi<k .

A.2. Phase factors for few modes. Here we show the phase factors fl';’"/7 given imy(116a),
for small mode subsets Y C M. These are written in matrices indexed with multi-indices
vy = (v1,vs,...) ordered lexicographically with respect to the JordanéWigner ordering of the
modes. For |Y| =2, we have

]

N ~

+

I+ 1+

T3
f{1,2} = [+ +
+ +

For |Y| = 3, we have

23 =

Fhtt e+
R
I+1+14+1+
I
S+
=81 I ++1
FHI a1
e AN

For |Y| = 4, we have

RIS

+ 1t
|+
At
L1 ++ 1+

L

f{1,2,3,4} =

(T a0+
P e S
P L+ T+
I+t
Pttt
Pt
et

I ++ T ++ 1 ++ 1 e+l
++1 I+ P+ L+
++ 1 I ++T T +4+4 Pl |

+I+1I+1++1+11+1+

A A
T+
L

o e O
et
L+ ++ 1+

A.3. On the explicit formula of the basis transformation. Here we show the derivation
of (10a)-(10c), which is simply

(117) E';’"/\ Z (Eﬁ’“/ ‘ E}V,’V/)Eg’“/(ll:%) ;’V/E;’D/.
B

A.4. Product“of fermionie/basis elements. Here we show the derivation of the product of
two fermionic basis elements (7b), as

~ 7~ ’ 10b) ’ / / ’
v,V ( e ST SN S 2V A LTl n T2 )
By EyE ="fyR Y By By
/7 ’ 7 7
_ vV e SV TV
= JY fY o EY

D) eyt o v’ ppp’ o Tvp
=0 “fy Iyo Iy® By

v, vetvg)+ > u Betpg)+ > p) Vi) ~
(100)5’//7#(_1)4,2/ 7,k€;:i<k( kt+vg) 12;/ ,k€}%<k( k %) 7%/ lke;:mk( k k)EV’“’/

/ v X (wetvp)+ X w0 (etve) ~
— 51/#(_1)1‘,65/ keY,i<k i€Y keY,i<k E}V/IL.
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5
6 Exploiting the Kronecker-delta, we have
7 v vl
8 E;"”/E?”’ _ 5u,7”(_1)i§/(ut+ul)keé<k( K+ k)E;#
118

2 (118) / X witm) X (etme)
10 = Y #(_1)1@/ keY,i<k E sH .
11
12 Note that the first form here tells us that if at least one of the operators is diagonal, the arising
13 phase factor is the trivial +1.
14
15 A.5. On the product property of the basis transformation. Here we show the derivation
16 of (13), that is, for the mode subsets X CY C M,
17 =
18 V{4, |jeXx}: @Y(H FY(Aj)) = II @ (Tye)):
19 jEX jEX =
20
21 which holds if and only if it holds for the basis elements (2),
22
23 , 11 s 11
24 Vi, iy @Y(H Ly (E; )) = 1 oy &),
25 JjeX JjEX
26
27 . . . .
28 because of linearity. Let us start with the left-hand side

L
29 TR 5c ’ ’ o I
30 by ( H Fy(E; ik )) (11: )(I)y (Z GV X x f¥x M (;VX’VXEY" )
31 jEX l/7l//
32 _ Z FYX X 5V'X,;L’X 51/5(,1/')—( (I)Y(E;j/ul)
33 v,
gg (123) Z SYX (5”3{’“'3((5”5(’”/’? E;’V/
36 v,
37 (7b) v v ue cvo e Ay ViVl
28 - Z(s Xolx §Vx Hx VXV HFY(Ez ’ 1)
39 v, €Y
40 [ grem g Ty (B ifi e X
41 = > II i~ ! >
42 v ieY 6" Ly (B;7™) ifie X
Zi Z 5%/1/715V§7/L§fY(E;’iaV§) ifie X

— ’

45 = T B , )
46 iy S s MTy (B itie X
47 vi v
48 ~ !
49 = Ty (Ef*) ifie X

I
—

» — ny(E;’“”i) ifiecX

w1
W
I

~ . /
H Y ( ;—L]”uj)
54 JjEX
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where we have used ) Ty (E"") =Ty (I;) = Iy in the last step. So we have

5
(119a) oy (T TvE ™) = [ Tv(E")
jex jex
which holds also for X = {j},
(119b) @Y(FY(Efﬁ“q) = Ty (E"),
together leading to our claim.
APPENDIX B. ON FERMIONIC TENSORS ~

B.1. Fermionic tensor product. By the definition (15) andy(10a), the fermionic tensor pro-
duct of the basis elements is given as

(1203) ®E;X’UX — f;;,y’ ® f;X’VXE’;X’VX _ h?,y/ ®E;X,VX’
Xeg Xeg Xe¢

with the phase factor

vy _ v vx Vi — (— X,X’ezs?X#X’ig(uikex;i<k(yk+yk)
(120b) e e (—1) ,

Xeg

using the form (116b) of the phase factors.

B.2. Phase factors for few modes. Here we show the phase factors hg’”/, given in (120b),
for small mode subsets Y. C M. These are written in matrices indexed with multi-indices
vy = (v1,vs,...) ordered lexicographically with respect to the Jordan-Wigner ordering of the
modes. (Note that we use a simplified notation, {1}{2}{3} := {{1}, {2}, {3}}, omitting the curly
brackets and colons in the writing of partitions, since this does not cause confusion.) For Y| = 2,
we have

N

+ 4+ -
— | ++-+
Muw}—[+++-}
+4+ -+
For |Y| = 3, we have
)
R+ -+ et i st
49— 4+ -+ 4+
A HHLA
hfvgpsy = [F+ 5 -+ 255 | hpsyer= | T 3T525 525
-+ -+ -t
4+ -+ -+ o
Lt + -+ — + + +- L+ -+ — — — +-
S+ — — -+ - — -
FH++ -+ + - e i
S S
higyesy = |54+ +-—1|> hipeysy = [+ 3524 -22
-+ - ++-—+-—+--
++++-—++- +4++ -+ 4+
L+ +++ - — +A L+ —++ -+ +-
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B.3. Fermionic canonical embedding. Here we show the derivation of that the standard
(20a) and fermionic (20b) canonical embeddings are unitarily equivalent (22).

oNOYTULT D WN =

~ ’ ~ ’ ~
~ Vx,Vx (2210) Vx,Vx S T_
LX,Y(EX ) = EX ®IX
/o~ I~ ~po v
_ v Vs VX Vx vx,.Vx
11 = E VXV EY ®E¢
VX,V’X

(120a) Ve o VXV VixV's X V) ~vg, Vs
= X Yx - ’ X X _X7 X
14 E : 0 hXX Ex ®EX

15 UX,U’X

(121) / o U T,V g
17 =1 Y Uk gui g TR BN @ B
18 vV
19 (10b) v v vx Uy oz oo
= E U L0V Xf x fprx *EY
XX X
21 VXV

22 (8a) Z ;XEH N7 Z SYR V% f”le’x f'/x7 xE u;,XE{ﬁ,’”/
24 VX

122b) ~ ~ ~ ~
25 "z )Uxx (B> @ Tx) Ul

20a [N
27 (— )UXXLX Y(E;I(X’VX)U;X

Here the fourth equality is

v cu gl (1200)

33 .
3 00 o e s

35 (121) (116a) > ovi > e tvy) DY (VL+V{)5VX’V,X

— (_1)ieY keY,i<k (_1)jex lex,j<l

37 Xy X (mtv)o
3 = (crpegtia T s

f;,u fVX7VXfVX,l/X5UX7 >

42 with
44 Vi owm

(122a) u;f{ = (_1)15)’( leX, i<l

47 That is, we managed'to write h;’;é”ff Y% asa product of two factors, depending on the unprimed
48 or primed indices onlys Now let us have the operator

54 which is diagonal in the standard basis (3), see (8a), with entries £1, so it is unitary.
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B.4. Fermionic product operators for two mode subsets. Here we show the derivation of

the effect of the map Ax g given in (28a).

(14b) I EUX P Vs TRxV Vs
:E:(sp,,p,EY XXXnyX xVx

oo p!
(10b) 5”,M’fVXILXVV’XM’X fonylL,xV’X EVXH;zJ/xM;z EILXV)'(MIXVIX
= Y Y Y Y

wop!

~

(8a) Z shor f}‘:X“XvV'x“'x f}l/‘x"m#’x'fx SV X SHE Y E}"/X“X’WX"IX

B
fllxu)’(»'/lxlt)? f""XV}?vP‘XVIX 5V'X,y.x (S“X’VXEVXMX’MXU/X
Y Y Y

I

/ / 7 / P /
UXV)’(,VXU)’( VX”X7VXV)?EVXVX7VXVX
Y Y Y

/ ’ _ ’ ’ ~
(121’) VXV, VxVx fVxVX VxVx fV,V/EV»V/
- JY Y Y Y

(Here we use the notation that vxpyg : Y — {0,1}4s themfulti-index taking values vx : X —

{0,1} on X and pg : X — {0,1} on X.) From this, we ¢an read off the form

(1232) Ry B8 = 1220
with the phase factors
(123b) l;,)u_(' _ ;XVXW,XV}'( ;:x'/)'(v'/lxl”)‘( f;,l/' (124)(_1)i§)?(l’i+l/i) ke>§<k(uk+yk).

Here the last equality is

’ 7 ’ ’
VXV, VxVx "x”)?yl’xl’)?fu,u’
Y Y Y

v X A+ X v X (mtv)+ X v Y (metvp)+ X v X (mdw)

i
— _1)i€X keX,i<k\ iIEX  1eX,i<l JjEX keX,j<k jex leX,j<l

(124)

x(_l)iex keX,ikk i€EX  1eX, i<l jex T keX,j<k jeX T1eX,j<l

v X Wtv)+ X v X v+ X v 3 (vt X vi 3 ()

X (—1)'€X keX,i<k i€X  leX,i<l jexX T keEX,j<k jeX TleX,j<l

where all but two terms in the exponents are either even (second and fourth terms of the first
phase factor, and first and third terms of the second phase factor) or cancelling each other (first
terms of«the first.and the third phase factors, second terms of the second and the third phase

factors, anddourth terms of the second and the third phase factors).

B&. Fermionic product operators for any number of mode subsets. After having the
explicit form (123) of the bipartite Ay map (28a) in hand, we are able to derive the explicit

form of the multipartite Az map (28b).
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First, note that because of (28a), (16b) and (42b), we can write the multipartite map as
compositions of extensions of the bipartite map as
A(X17X27X3) = A(X1UX27X3) ° (A(Xth) éIXs.)?

X(Xl,Xg,Xg,XQ = /N\(Xluxzuxa,)g) © (K(Xluxz,x3) éi—)@) © (/N\(XI,XQ) éfxsu)@)-

(This can be checked by applying it to elementary fermionic tensors @ Xee A x-) Forfan ordered
partition £ = (X1, Xo, ... ’X\fl)’ this can be written as

—

(125) Ae= 11 (T\(Wr_l,xr) éfm)v
7':2,...,|5|

+— ~
where [] stands for the reverse ordered composition, and we use the notations' W, = U;Zl X,

being nested subsets, and W, =Y \ W, = U‘ir 41 X for the complentent, with respect to Y, as
usual. From this, we can read off the form

(126&) KE(E;/’W/) _ ZE,V/E;,V/7
with the phase factors
4 ST ekl S i)
’ ’ vi+v; Vg v, !
pooy 12 = [[are = (R EE TN T e
r=2 ¥ 1ce<r<id]

with the notation X , = X, U X,..

B.6. Phase factors for few modes. Here we show the phase factors léﬁ’"’, given in (126b), for

small mode subsets Y. These are written in matrices indexed)with multi-indices vy = (v1,1v9,...)
ordered lexicographically with respect to{the Jordan—Wigner ordering of the modes. (Note that
we use a simplified notation, {1}{2}{3} =({1},{2},{3}), omitting the round brackets and
colons in the writing of ordered partitions, since this does not cause confusion.) For |Y| =2, we
have

i 4 3%
layey = {<++ +4—] ’ oy = {+ + +}~
+ 4+ + -+ 4+
For |Y| = 3, we have

o+ + AT P I e
4+ + A+ A +++ 4+ 4+
+4+ 4+ A+ +4+4++++++

l = | TS I = | T+

{123} = | 4+ + 4+ ++4 {1238y = |+ +++++++ |
V- < +4+++++++
e o e +H++++++
L4+t + £+ + L+ +++++++
RS Sl -+ o
(++++++77 +4+ -+ ++ -+
BB S i

oy Sy 225 5 55| sy = [ 23425552
Pt — L+ 4+ ++-+++ -+
—=E 4+ +-+++ -+ 4+
F— 2 + + + - L+ + + — + 4+
r+ = -+ - —
-+ -+ 4+ ++++ -4+
F-+++++ - ++++ -+ 4 -

I -y -+ + -+ I — |+++++--+

BHL2 P Z [+ -+ ++++ - | 3} = [+ -+ ++++|>
—+++++ -+ -+t -+t 4+
+4++-+-++ —4++ -+ ++4+
L+ + -+ — 4+ + +- Lt — =+ + 4+ 4+
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i F =t
e o T -+ 4+ -+
TIEITITE S U S
ey = | s 5531454 | ey = | s+ 5255578
+H++++++ -+ ++ -+
e e -ttt -+
L+ +++ 4+ + 4 L— ++ 4+ — 4+ + +-
- 1 P - —
i i +4+ -+ -+
i e R
I e ittt b -+ -+
oy = | s+ 225555 | lsypypey = |21 8L
i o — 4+ + 4+
e e
L — 4+ + 4 Lb+ — =+ 4+ 44
FE - — 1 S -

e e T
e a T T -y

B e i ittt I R
vy = [ F 2235555 | lgypoyy = |2 00 0 @
— 4+ -+t - -+
—++-++++ o e
Lt — -+ 4 4+ = St -

B.7. Qubit and fermionic partial trace. Here we show that the'effect (69a) of the fermionic
partial trace (35) to the particular mode subset X = {1,2,...\m} coincides with that of the
standard partial trace (34a). Using the phase factors (116a), we have'in general that

[

leX

e

lex 4
i X (vetw) Dvi X (vetrg)

:(_1)i€X keXji<k 1)i€X keX,i<k

Sovio 3 (vktvi)

’ ’
VW SUx Vg — (__1)i€Y keY,i<k
s s = (c) S et

Sovi X (vktvk)

— (_1)i€Y keX,i<k

[T

lex
Yovi 3 vkt

/
= (—1)iex reXi<K f;X’VXé‘VXaV/X_

Now, if X = {1,2,...,m} then therelare no i€ X and k € X such that i < k, so the first phase

factor in the last line is +1, and we have f;’"/(SVX»V'x = f)"(x”’xgl’x;“'x, leading to that the two
phase factors in (69a) cancel each other.

B.8. Reduced density matrices for'few modes. The density matrices Ry 14 = (BY i | py),
being the expansion coefﬁme{s (67a) of the density operators py in the standard basis (7a), and

their reduced density/matgices Ry v , obtained by (69a), are shown for small mode subsets
X CY C M. Note that' all the minus signs in the matrices below follow from the fermionic
nature of the réduction (69a),Containing the phase factors (116a), which are shown explicitly in
Section A.2.

For Y = {l42}pwe have

[R00,00 R00,01 p00,10 pO0,11
01,00 101,01 01,10 01,11

R{1,2} = R10,00 p10,01 p10,10 R10.11 | 5
RIL.00 R11,01 pll10 pllill |

R _ R00,00 , 01,01 R00,10+R¢)1,11'
{1} R10,00 4 R11,01 p10,10 4 p11,11 | 5

R _ 00,00 | ;210,10 00,01 _ p10,11 ]
{2} = | RO1.00_pR11,10 Ro1,014 pi1,11 I
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For Y = {1,2,3}, we have

Ry1,2,3)

Rz =

Ry =

Ry =

Ry

Rygy =

[

Rysy = [

000,000
[R001,000
[R010,000

011,000
[R100,000
R101,000
R110,000
R111,000

r R000,000 | ;100,100
[R001,000 _ ;101,100
[R010,000 _ ;110,100
L R011,000 4 p111,100
000,000 ;010,010
[R001,000 _ ;011,010
R100,000 4 p110,010
| 101,000 _ p111,010
r R000,000 4 ;001,001

RO10,000 4 011,001

R100,000 4 ;101,001
L R110,000 4 p111,001

ROOO,OOO +R001’001

[R000,000 | /001,001

000,001
[R001,001
[R010,001

011,001
R100,001
R101,001
R110,001
R111,001

000,010
[R001,010
R010,010

011,010
R100,010
R101,010
R110,010
R111,010

000,011
001,011
010,011

011,011
R100,011
R101,011
R110,011
R111,011

[R000,001 _ ;100,101
R001,001 | 101,101

010,001 110,101
RO11,001 _ Rp111,101
[R000,001 _ ;010,011
[R001,001 4 011,011
R100,001 _ /110,011
R101,001 4 pi111,011
[R000,010 4 ;001,011
010,010 /011,011
R100,010 4 p101,011
R110,010 4 p111,011

R100,100

R101,101 [000,010

000,100
[RO01,100
[RO10,100

011,100
R100,100
R101,100
R110,100
R111,100

000,101
001,101
010,101

011,101
R100,101
R101,101
R110,101
R111.101

[R000,010 _ ;100,110
R001,010 4 p101,110
R010,010 110,110
R011,010 _ p111,110
[R000,100 4 p010,110
1100 _ 011,110
1100 110,110
1100 _ p111,110
,100_4 /001,101
1100 4 pO11,101
1100 4 p101,101
1100 4 p111,101

R001,011°C
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000,110
RO01,110
R010,110

011,110
R100,110
R101,110
R110,110
RI11.110

000,111
RO01,111
R010,111
011,111
R100,111
R101,111
110,111
1
RI11,111

[R000,011 | 100,111
R001,011 _ 101,111
010,011 _ 110,111
RO11,0114 pil11,111
[R000,101 _ /010,114
R001,101 4 0115111
R100,101 _ /110,111
R101,101 4 piil,il1

R000,110+R001,111

53

RO10,110{ pO11 141
R100,110, p1oL,1i1 |5
RI10,110 pI11,111

RO10,010 4 011,011 000,100 4 001,101 4 pO10,1104 011kl
R100‘000+R101,001+R110,010+R111,011 R100,100+R101,101+R110,110+R111,111

R100,110 _ p101,111

R010,000+R011,001_RIIO,IOO_Rlll,lol R010,010+R011,011+R110,110+R111,111

ROOO’OOO+R01O’010+R100’1OO+R110"110 ROOO,OOI7R010,0117R100,101

R110,111

ROOI,OOO_ROII,OIO_R101.100+R111.110 ROOI,001+R011,011+R101,101+R111,111

.
|
-

It can also be seen that there is no —1 phase factor when the reduction is taken to the first
consecutive modes, 1y, R{1 2}, see Appendix B.7.

L

APPENDIX C. ON THE PARITY SUPERSELECTION

C.1. ¢-local parity eigenspaces for few modes: Because the phase operator (83a), which
defines the parity superselection rule, is diagonal imthe natural occupation number basis (3) we
use, the linear constraints determining the parity subspaces simplify to the vanishing or non-
vanishing of vector or matrix elements in{the 6ceupation number basis (3), (7a) and (7b). (Note
that we use a simplified notation, {1}{2}{3}:={{1},{2}, {3}}, omitting the curly brackets and
colons in the writing of partitions, since this doesmot cause confusion.)

First, consider the Hilbert space Hy. and (83d), (84c). For Y = {1}, the subspaces of vectors
of even, respectively odd number of fermions are

+
Hiyy

51 H

15

ifl} : [ J{ ] ’

For Y = {1, 2}, the subspaces of'vecters,of well-defined local fermion number parities are

++
R [

00

Y 4.
0 } gy [

0

’UOl
0 )
0

0
0:|
10 [ s
0

-+ .
{12} {

and the subspaces of vectors,of even, respectively odd number of fermions are

+ g = 1%
Hiroy =My o) O H g2y [

7j()()

|\

0
11

p— _ +_
2y = My

0
—_ . O
2} [0] :
9
—+ L
Oy [0} :

Using a shorthand-notation for the parity subspaces, we have the following pattern for Y = {1},

Y ={1,2} andY =

i1, 28,

4+
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Second, consider the operator algebra Ay and (85d), (87c). For Y = {1}, the subspaces of
even, respectively odd operators are

Al - [Ao AH Ay [AQ” Ao} '

For Y = {1, 2}, the subspaces of operators of well-defined local parities are

[A0000 ¢ 0 0 0 A0 0
At . 0 A°hOL g 0 AtT LA o 0 0
{1H{2} - 0 0 A0 0. ’ {1}{2} - 0 0 04 A0 | 5
L o 0 0 AL 0 0 A 0
r 0 0 AOO,IO 0 7 0 0 0 ADO,ll
A=t .| o0 0 0 AL A== 0 0 A0S o
{12} - [ a0 o 0 0 ’ {1}{2} - 0 A0.0LTG 0 )
L o AYO 0 o A1L00 g 0 9

and the subspaces of even, respectively odd operators are

[ 400,00 0 A00117 0 A90,01 40010
.,ZJr . 0 AOL,0L gol,10 T ‘A, A0L,000 0\ 401,11
{1,2} * 0 Al001 gl0,10 ) {1, 2} 410,00 o 01 Al011

| 411,00 g 0 AL ] O ALLOL q1100 0

Using a shorthand notation for the parity subspaces, we have the following pattern for Y = {1},
Y ={1,2} and Y = {1,2,3},

Ft b gk FmB - ———
= P N o ——— —— +

4 = —— Fot R

[+7] -+ - -+ Fo— ot R —— +—F— =+
-+ —+ —— +++— | —++ @+ -+ -t
—— =+ 4+t e i i et

e e

————— P S e e A

C.2. &-locally physical subalgebra. To seethow the| parity superselection rule affects our
formalism, note that, for Ax € Ay, B &Ax,

[ix.yv (Ax), 75,y (Bx)] = Ty (A%)ix.y (Bx) — Tx,y (Bx)ix,y (Ax)

= (Axx— Axx)(Ax ® Bx),
with the Ay map (28a), which is given in terms of the phase factors (123b). If Ax € .Z;},
B % € A , we have the restriction for the indices

(127)

S (vetv) = (i)
(128) (C1RE Y = (—1)iEx = +1,

since no other basis element can have nonzero coefficient, see (85d). From this, it quickly follows
that N

> (vitw)) Z (vi+oy,) X (witv) X (Vk+Vk)+ X (witv) X (vetr)
1= ( 1)16 — ( ]_)iex kEX, i< iex keX ik 7
that is,
> (@it X (vwtry) > (wetvl) X (vitv))
(129) (—1)i€x keX,i<k — (_]_)kEX iEX, k<i ’

which is l;; 2% " by (123b), which leads to that Ay ¢ = Ay by (123a) over the {X, X }-even

subalgebra A}} Also, if we consider the general case for the ordered partition 5 , we have that
the phase factor lg'i’"’, given in (126b), can be written as a product of bipartite phase factors, for
which we can.apply the above result.

lu,u’

To write,down the phase factors [~ , there is a need for a fixed ordering of the parts, however,

this is artificial, all choices lead to the same phase factors for the £-locally physical subalgebra.

Page 54 of 62



Page 55 of 62

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-114649.R2

FERMIONIC SYSTEMS FOR QUANTUM INFORMATION PEOPLE 55

C.3. Tensor product structure on the ¢-locally physical subalgebra. Here we show the
derivation of (93), and give the unitary Ug explicitly. First, note that

®Ax 2:6) H LXY EX Zib (®Ax)(15a)Ag<‘I’g(®Ax))

xeé xeé
so we have to derive the action of /NXEO \Tlg on the &-locally physical subalgebra /@; This is the
elementwise product with the phase factors (126b) and (120b) as

(130)

2 e

XX (witv) X (wetv)+ Sovi X (wetg)
— (_1)S<T'i€x'r keXs, i<k X,X'ee, X#X1€X keX' i<k

> (it X (Vk+vk)+2 Sovi X (wetvi)t+ X 3 vid 3 Nwktig)
— (_1)S<T'i€XT kEXg,i< s<ri€Xp kEXg,i<k s>ricXy KEXs,isha

S X vi X wmtv)t X Xovi X (vetvp)
— (_1)s<'r'i€XT kEXg,i<k S>STr i€ X, kEXg,i<k

S X vi X wmtv)t X Xovi X (vetr)
— (_1)s<'r'i€XT kEXg,i<k S>ST i€ X, kEXg,i>k

S Xvi X owtY Sovi X vkt Y Sovioadm kR A3 vi 3w
— (71)s<'r'i€XT keXg,i<k s<ricX, keXg,i<k s>TicX, KeXs,isk s>SricX, keXg,i>k

> v X ok > X Yo

— (71)S<"‘7‘€X1‘ kEXg,i<k (71)3<'F1€X7‘ kEXg,i<k
(The fourth equality is where the superselection is used, namely, > g v (vi +v},) is even for all
X € £ in the &-locally physical subalgebra (85d); the last equality is by noting that, after the
fifth equation sign, the second and third terms aréxthe same, by relabeling the indices i <> k and
r <+ s, and by the same relabeling in the fourth term.), That is, we managed to write lg" v he’ v
for the indices corresponding to the &-locally physical subalgebra as a product of two factors
depending on the unprimed or primed indices,only. Now let us have the operator

~ ~ > Vi > Uk
_ v v,V __ v v,V v __

(131) (_1)1§5<7\§|5‘i€XT k€EXg,i<k
v v

)

which is diagonal in the standard basis (3)jsee (8a), with entries 41, so it is unitary. Then, we

have
Re(Te (R BEYSN mdbe(VeBy)) =12 ne By
Xeg

leading to (93) by linearity

Notice that u%; ¢ain (122a)'i8\a special case of uE in (131). Although this holds for the explicit
formulas, this does not hold for the notions represented by them: the definition (22) leading to
(122a) is meaningfulfor the whole algebra, but the definition (93) leading to (131) is meaningful
only in the £-locally physical subalgebra. _

Note thatsthe ordering of the partition £ has to be fixed for writing Ug (this ordering is a
“parameter” of theitensor product structure in the Hilbert space), however, /~1y — U, E/Ty UL acts
on the &-locally physical subalgebra in the same way, without respect to the ordering. To see this
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lu,u’

on the level of indices, it is enough to notice that is ordering independent in the &-locally

physical subalgebra (see Appendix C.2), while h?’”l is ordering independent in general.

C.4. Phase factors for few modes. Here we show the phase factors uzi, given in (131), for

small mode subsets Y C M. Note that u’, ¢, given in (122a), is a special case of this. These are
written in matrices indexed with multi-indices vy = (v1, v, ...) ordered lexicographically with
respect to the Jordan-Wigner ordering of the modes. (Note that we use a simplified notation,
{1}{2}{3} = ({1}, {2}, {3}), omitting the round brackets and colons in the writingrof ordered
partitions, since this does not cause confusion.) For |Y| =2, we have

U{l}{2}2[++++], u{2}{1}:[+++,]_

For |Y| = 3, we have

Uf1}{2,3) = [+ +++++++], upa gy A+ +t 1],
U{2}{1,3} = [++++++--], u{1,3}{2}=[+++—+++ |,
vy = e ugr2y At ]
upyaysy = [+ + 4] wggE2) = (RO~ -],
wapapey = [F et o] U ER= At -+ -+ ],
Upaysyay = [+ ++++ - - +], sy = |t -+ - - -]

We can also illustrate that although the writing.ef the.matrix elements of U = given in (131),
is ordering dependent, the effect of the ﬁgadjoint is ordering independent. For example, the

adjoint actions of 5{2}{1,3} and 5{1,3}{2} are just the elementwise multiplications with the phase
factors

4+ 4+ FEY -+ -
++++++-% +++—+++-
A+ = B e e
4+ +++-- - — -+ - - —+
4+ gkt — — |© +++ -+
T+ +++ - - B e A S
777777 ++ +4++ -+ ++-
—————— + + e s

which are coinciding for the indices corresponding to the {{2} {1, 3} }-locally physical subalgebra,
-A{1 3} ®A{2} (“4{1 5 @ A{_f3}) ®A{2} AETQJFJ} @ A{1,2,3}’ see at the end of Section C.1.

C.5. Examples. Here we ghow illustrations for properties which do not hold without the parity
superselection.
First, considering thé fermiionic.canonical embedding (20b), we show that

Ty (A )Uxx (Ivx) © W) = Uxx (Ax[vx) © ),
but there exist operators By € Ax and vectors |¢)x) € Hx and |ihg) € Hy such that

Uy (Bx)Uxx (I¥x) ® [¥x)) # Uxx (1¥x) ® Bxlvx)),

where Uy x isithe unitary by which 7x y is given, see (22), so the equality follows directly from
(22). To see the non-equality, using (22), we have

Ul xUsx (Ix @ Bx)Uk (Uxx # Ix ® Bx.
Sifiee the wmitaries Uxy and Uxy are diagonal, we can use that multiplication by diagonal

matrices ffom the left or right means multiplication of rows or columns by the respective diagonal
elements. /Considering the simplest case, when X = {1}, X = {2}, Y = X U X = {1,2}, the
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effect of the unitaries on the left-hand side is equivalent to the elementwise multiplication with
the phase factors
++
]
++
- ——+

in the standard basis (7b). (For the matrix elements of Ug, see Appendix C.4.) Since Ix By

|+++

is block- diagonal we can see that B ¢ with nonvanishing offdiagonal element provides a good
example. So let B{Q} = E{z} [§4], then

010 0 0100
{000 0 } ” [0000]

000 — 0001

000 0 0000
Second, we consider fermionic elementary products (26). Again, let X = {1}, X X =42} and
Y = XUX = {1,2}, and let us have the operators given in the standard basis@as Ax : [ 4 9] and
By : [ L %]. These are self-adjoint, moreover, positive semidefinite if and only<ffal = |b| < 1.

Then the L{l}y{l’Q}(A{l}) and 779y (1,2} (B{Q}) fermionic canonical embeddings (20b) are

0 . Lo oo
8], I{1}®B{2}5[0(1) i —Ob:|7
1 002 1

by which

a®™ —b* 1
B A 7 =D i a7 b ? b o
By ®Apny = Iy ® By) (A © L)) | e a1 S| -

~a*b® a* —b* 1

1 b a —ab
e S D _ b* —ab® a
Ay 8 Bpay = (Apy ®I12y) (I11y @ Bray) - { s T b‘|’

*b*

1

It can clearly be seen that these are not self-adjoint (therefore cannot be positive), if and only
if a # 0 and b # 0, providing example for the violation ofithe second part of (95) and of (96)
without superselection. On the other handysetting A{Q} = I{g} and B{l} = I{l}, we have

(Buy ® Bray) (Apy ® Aot (ByApy) (By Agzy),
since, using (31b),

(I} ® Bezy) (Agy ©Lggy) = By © Apyy # Ay © By,
providing example for the violation 'of the first part of (95) without superselection. (We note that,
because of (31b) and (32a), these'provide examples also for the violation of the similar identities
with & instead of ®, see the end of Section 3.1. The differences between the two kinds of product
is apparent for less simple partitions.) On the other hand, %Z{l} and %§{2} are rank-1 projectors,
representing pure statespif and only. if |a| = |b| = 1, the products of their fermionic canonical
embeddings are not self-adjoint either, therefore not rank-1 projectors, prov1d1ng example for
the violation of the (102a)without superselection. The matrices of B{g} ® A{l} and A{l} ® B{g}

above also illustrate|that neither of these are Kronecker products of the matrices of A{l} and
Bygy if a # 0 and b 7 0, that is, without superselection.
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