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Abstract. In the list coloring problem for two matroids, we are given matroids M1 = (S, I1)4
and M2 = (S, I2) on the same ground set S, and the goal is to determine the smallest number k such5
that given arbitrary lists Ls of k colors for s ∈ S, it is possible to choose a color from each list so that6
every monochromatic set is independent in both M1 and M2. When both M1 and M2 are partition7
matroids, Galvin’s celebrated list coloring theorem for bipartite graphs gives the answer. However,8
not much is known about the general case. One of the main open questions is to decide if there9
exists a constant c such that if the coloring number is k (i.e., the ground set can be partitioned into10
k common independent sets), then the list coloring number is at most c · k. In the present paper, we11
consider matroid classes that appear naturally in combinatorial and graph optimization problems,12
specifically graphic matroids, paving matroids and gammoids. We show that if both matroids are13
from these fundamental classes, then the list coloring number is at most twice the coloring number.14

The proof is based on a new approach that reduces a matroid to a partition matroid without15
increasing its coloring number too much, and might be of independent combinatorial interest. In16
particular, we show that if M = (S, I) is a matroid in which S can be partitioned into k independent17
sets, then there exists a partition matroid N = (S,J ) with J ⊆ I in which S can be partitioned18
into (A) k independent sets if M is a transversal matroid, (B) 2k − 1 independent sets if M is a19
graphic matroid, (C) dkr/(r − 1)e independent sets if M is a paving matroid of rank r, and (D)20
2k− 2 independent sets if M is a gammoid. It should be emphasized that in cases (A), (B) and (D)21
the rank of N is the same as that of M .22

We further extend our results to a much broader family by showing that taking direct sum,23
homomorphic image or truncation of matroids from these classes results in a matroid admitting a24
reduction to a partition matroid with coloring number at most twice the original one.25
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1. Introduction. Given a graph G = (V,E), a proper edge coloring of G is an28

assignment of colors to the edges so that no two adjacent edges have the same color.29

The edge coloring number is the smallest integer k for which G has a proper edge30

coloring by k colors. A classical result of Kőnig [19] states that the edge coloring31

number of bipartite graphs is equal to its maximum degree, while for arbitrary graphs32

Vizing’s [29] celebrated theorem gives an upper bound.33

Assume now that a list Le of colors is given for each edge e ∈ E. A proper list34

edge coloring of G is a proper edge coloring such that every edge e receives a color35

from its list Le. The list edge coloring number is the smallest integer k for which G36

has a proper list edge coloring whenever |Le| ≥ k for every e ∈ E. The List Coloring37

Conjecture [15, 30] states that for any graph, the list edge coloring number equals38

the edge coloring number. The conjecture is wide open, and only partial results are39

known. Probably the most famous one is the celebrated result of Galvin [10], which40

shows that the conjecture holds for bipartite multigraphs.41

Theorem 1.1 (Galvin). The list edge coloring number of a bipartite graph is42
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†MTA-ELTE Egerváry Research Group, Department of Operations Research, Eötvös Loránd
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2 K. BÉRCZI, T. SCHWARCZ, AND Y. YAMAGUCHI

equal to its edge coloring number, that is, to its maximum degree.43

Matchings in a bipartite graph G = (S, T ;E) form the common independent44

sets of two matroids; to see this, define a subset of edges to be independent in the45

first matroid if each vertex in S has degree at most one in it, and define a subset of46

edges to be independent in the second matroid if each vertex in T has degree at most47

one in it. Hence one might consider matroidal generalizations of list coloring. For a48

loopless matroid1 M = (S, r), let χ(M) denote the coloring number of M , that is,49

the minimum number of independent sets of M needed to cover the ground set. We50

call a matroid k-colorable if χ(M) ≤ k. If a list Ls of colors is given for each element51

s ∈ S, then a proper list edge coloring of M is a coloring such that every element s52

receives a color from its list Ls. The list coloring number is the smallest integer k for53

which M has a proper list coloring whenever |Ls| ≥ k for every s ∈ S.54

Analogously, the coloring number χ(M1,M2) of the intersection of two matroids55

M1 and M2 on the same ground set S is the minimum number of common independent56

sets needed to cover S. If a list Ls of colors is given for each element s ∈ S, then57

a proper list edge coloring of the intersection of M1 and M2 is a coloring such that58

every element s receives a color from its list Ls and elements of the same color form59

an independent set in both matroids. The list coloring number χ`(M1,M2) is the60

smallest integer k for which the intersection of M1 and M2 has a proper list coloring61

whenever |Ls| ≥ k for every s ∈ S. Hence Theorem 1.1 states that if both M1 and62

M2 are partition matroids then χ`(M1,M2) = max{χ(M1), χ(M2)}.63

Previous work.. Seymour observed [28] that the list coloring theorem holds for64

a single matroid.65

Theorem 1.2 (Seymour). The list coloring number of a matroid is equal to its66

coloring number.67

Lasoń [20] gave a generalization of the theorem when the sizes of the lists are68

not necessarily equal. As a common generalization of Theorems 1.1 and 1.2, it is69

tempting to conjecture that χ(M1,M2) = χ`(M1,M2) for every pair of matroids70

[17]. No pair M1,M2 is known for which the conjecture fails. However, there are71

only a few matroid classes for which the problem has been settled. Király and Pap72

[18] verified the conjecture for transversal matroids, for matroids of rank two, and73

if the common bases are the arborescences of a digraph which is the disjoint union74

of two spanning arborescences rooted at the same vertex. It is worth mentioning75

that a similar statement does not hold for the case of three matroids as shown by76

the following example due to Király [16]. Let S = {a, b, c, d, e, f} be a ground set77

of size six, and let M1, M2 and M3 be partition matroids with circuit sets C1 =78

{{a, d}, {b, e}, {c, f}}, C2 = {{a, e}, {b, f}, {c, d}} and C3 = {{a, f}, {b, d}, {c, e}}, re-79

spectively. Then {a, b, c} and {d, e, f} is a partition into two common bases. However,80

if La = Ld = {1, 2}, Lb = Le = {1, 3} and Lc = Lf = {2, 3}, then there is no proper81

list coloring.82

In [16], Király proposed a weakening of the problem.83

Problem 1.3 (Király). Does there exist a constant c such that if the coloring84

number of the intersection of two matroids is k, then the list coloring number is at85

most c · k?86

1The ground set of a matroid containing a loop cannot be decomposed into independent sets.
Therefore every matroid considered in the paper is assumed to be loopless without explicitly men-
tioning this. Nevertheless, parallel elements might exist.
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For spanning arborescences, it was observed by Kobayashi [16] that the construc-87

tive characterization of k-arborescences implies that lists of size 3
2k+ 1 are sufficient.88

Another motivation comes from the problem of approximating the minimum num-89

ber of common independent sets of two matroids needed to cover the ground set.90

Aharoni and Berger [1] proved the following interesting result.91

Theorem 1.4 (Aharoni and Berger). Let M1 = (S, I1) and M2 = (S, I2) be ma-92

troids. If S can be decomposed into k1 independent sets in M1 and into k2 independent93

sets in M2, then it can be decomposed into 2 max{k1, k2} common independent sets.94

Note that in terms of approximating the coloring number, Theorem 1.4 states that95

χ(M1,M2) ≤ 2 max{χ(M1), χ(M2)}. The proof of the theorem is highly non-trivial96

and uses topological arguments which do not directly give an algorithm for finding97

the decomposition in question. We propose a conjecture on reduction of matroids to98

partition matroids from which the theorem would easily follow.99

The idea of reducing a matroid to a simpler one goes back to the late 60’s. In100

[5], Crapo and Rota introduced the notion of weak maps. Weak maps were further101

investigated by Lucas [22, 23] who characterized rank-preserving weak maps for linear102

matroids. However, these results did not consider the possible increase in the coloring103

number of the matroid that plays a crucial role in our investigations.104

Given matroids M = (S, I) and N = (S,J ), we say that N is a reduction of M105

if J ⊆ I, that is, every independent set of N is independent in M . In notation, we106

will denote N being a reduction of M by N �M . The reduction is rank-preserving if107

rM (S) = rN (S). In that case, we write N �r M . In terms of weak maps, a reduction108

corresponds to the identity weak map on the common ground set of the two matroids.2109

Bérczi and Schwarcz [4] studied rainbow circuit-free colorings of binary matroids,110

where a circuit is rainbow colored if no two of its elements have the same color. Such111

a coloring can be identified with a reduction to a partition matroid, hence the results112

presented there are closely related to our setting. They proved that every rainbow113

circuit-free coloring of a binary matroid contains a monochromatic cut, and gave lower114

and upper bounds on the maximum size of a color class and the number of colors,115

respectively, in any rainbow circuit-free coloring.116

It is worth mentioning that every matroid M = (S, I) has a reduction to a117

partition matroid N = (S,J ) of the same rank (see e.g. [4]). The sketch of the proof118

is as follows: Fix an arbitrary basis B = {s1, . . . , sr} of M , and add si to the ith119

partition class. Then for an arbitrary element s ∈ S − B, consider the fundamental120

circuit C(s,B) of s with respect to B, and add s to the partition class containing the121

element of C(s,B) ∩ B with the smallest index. If we pick exactly one element from122

every class of the partition thus obtained, we get a basis of the matroid. This can123

be verified using the circuit axioms, not discussed in this paper. Nevertheless, this124

algorithm has no control over the sizes of the partition classes. It can happen that125

some of the classes have a large size compared to the coloring number of the original126

matroid, and such a reduction is not suitable for our purposes.127

Our results.. In the present paper, we consider matroid classes that appear128

naturally in combinatorial and graph optimization problems, and show that if both129

matroids are from these fundamental classes then the constant c appearing in Prob-130

2Just before the submission of the present paper, Im et al. [13] published a work that considers
the matroid intersection cover problem. Their approach is based on partition decompositions of
matroids, a generalization of reductions to partition matroids. Our results improve on their bounds
and the present paper also provides tight examples.
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lem 1.3 can be chosen to be roughly two. In fact, our proof extends to a much broader131

family as we show that taking direct sum, homomorphic image or truncation of ma-132

troids from these classes results in a matroid admitting a reduction to a partition133

matroid with coloring number at most twice the original one.134

A partition matroid3 is a matroid N = (S,J ) such that J = {X ⊆ S : |X∩Si| ≤135

1 for i = 1, . . . , q} for some partition S = S1 ∪ · · · ∪ Sq. Clearly, the coloring number136

of N is χ(N) = max{|Si| : i = 1, . . . , q}. Note that the following are equivalent for137

a matroid M = (S, I): (i) N � M , (ii) every circuit of M intersects at least one of138

the Si’s in more than one element, and (iii) {x1, . . . , xq} ∈ I whenever xi ∈ Si for139

i = 1, . . . , q.140

To illustrate the applicability of reduction, assume that M1 and M2 are matroids141

on the same ground set that are reducible to k-colorable partition matroids N1 and142

N2, respectively. Then, by Theorem 1.1, χ`(N1, N2) ≤ k. As N1 �M1 and N2 �M2,143

this in turn implies that χ`(M1,M2) ≤ k.144

As a first step towards understanding reducibility to partition matroids, we con-145

centrate on matroid classes that appear naturally in combinatorial and graph opti-146

mization problems, specifically graphic matroids, paving matroids, and gammoids;147

see the corresponding sections for the precise definitions. These classes also include148

uniform matroids, laminar matroids and transversal matroids, hence the presented149

results also apply to those. We show that matroids from these fundamental classes150

admit a reduction to a partition matroid with coloring number at most twice the151

coloring number of the original matroid.152

The first two results are for transversal and graphic matroids and are based on153

easy observations. Although transversal matroids are special cases of gammoids, we154

discuss them separately as transversal matroids admit an optimal reduction in terms155

of coloring number.156

Theorem 1.5. Let M = (S, I) be a k-colorable transversal matroid. Then there157

exists a k-colorable partition matroid N with N �r M .158

Theorem 1.6. Let M = (S, I) be a k-colorable graphic matroid. Then there159

exists a (2k − 1)-colorable partition matroid N with N �r M , and the bound for the160

coloring number of N is tight.161

The next result is for paving matroids.162

Theorem 1.7. Let M = (S, I) be a k-colorable paving matroid of rank r ≥ 2.163

Then there exists a d rk
r−1e-colorable partition matroid N with N �M .164

For r = 2, the bound on the coloring number of N can be improved and the165

reduction can be chosen to be rank-preserving.166

Theorem 1.8. Let M = (S, I) be a k-colorable paving matroid of rank 2. Then167

there exists a b 4k3 c-colorable partition matroid N with N �r M , and the bound for the168

coloring number of N is tight.169

It is not difficult to see that every loopless matroid of rank 2 is paving, hence170

Theorem 1.8 gives a tight bound on the coloring number of the reduction N of such171

matroids.172

3In the literature, partition matroids are defined more generally in the sense that the upper
bounds on the intersection might be different for the different partition classes. As all the partition
matroids used in the paper have all-ones upper bounds, we make this restriction without explicitly
mentioning it.
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For r = 3, we can provide rank-preserving reductions at the price of increasing173

the coloring number of N .174

Theorem 1.9. Let M = (S, I) be a k-colorable paving matroid of rank 3. Then175

there exists a (2k − 1)-colorable partition matroid N with N �r M .176

Gammoids form a subfamily of strongly base orderable matroids, a class of ma-177

troids with distinguished structural properties related to basis exchanges. Determin-178

ing the coloring number of the intersection of two strongly base orderable matroids179

was completely solved by Davies and McDiarmid [6]. However, their result does not180

imply any bound on the constant c in Problem 1.3 for the case of gammoids. The181

main contribution of the paper is a proof that any k-colorable gammoid can be re-182

duced to a (2k − 2)-colorable partition matroid for k ≥ 2. This in turn implies that183

the constant c in question is at most 2. The assumption k ≥ 2 is not restrictive, as if184

k = 1 then M is the free matroid on S which is already a partition matroid.185

Theorem 1.10. Let M = (S, I) be a k-colorable gammoid (k ≥ 2). Then there186

exists a (2k − 2)-colorable partition matroid N with N �r M , and the bound for the187

coloring number of N is tight.188

We are not aware of any k-coverable matroid that does not admit a (not neces-189

sarily rank-preserving) 2k-coverable reduction. Based on the above results, we believe190

that the following conjecture holds in general.191

Conjecture 1.11. Every k-colorable matroid can be reduced to a 2k-colorable192

partition matroid.193

It is worth emphasizing that the conjecture asks for a reduction which is not194

necessarily rank-preserving. In [4], a subset of the authors showed that in certain195

cases a constant factor loss in the rank is unavoidable if the covering number of the196

reduction is ought to be bounded, even in the case of binary matroids.197

Recall that the problem proposed by Király asks for the existence of a constant198

c such that if the coloring number χ(M1,M2) is k, then the list coloring num-199

ber χ`(M1,M2) is at most c · k. Conjecture 1.11 and Theorem 1.1 would imply200

χ`(M1,M2) ≤ χ`(N1, N2) = max{χ(N1), χ(N2)} ≤ 2 max{χ(M1), χ(M2)}, where N1201

and N2 are the reductions of M1 and M2, respectively, provided by the conjecture.202

Therefore we would get a value of 2 for the constant c. By the same idea, Conjec-203

ture 1.11 and Kőnig’s classical theorem together would immediately provide a new,204

hopefully algorithmic proof of Theorem 1.4.205

We extend our results to broader classes of matroids by investigating the behav-206

iour of reducibility under standard matroid operations, specifically for direct sum,207

homomorphic image, and truncation.208

Theorem 1.12. Let M = (S, I) be a matroid such that for any S′ ⊆ S the209

restriction M ′ = M |S′ can be reduced to a 2χ(M ′)-colorable partition matroid. Then210

any homomorphic image has the same property.211

Theorem 1.13. The family of matroids M that can be reduced to a 2χ(M)-212

colorable partition matroid is closed under truncation.213

The rest of the paper is organized as follows. Basic definitions and notation are214

introduced in Section 2. Results for the transversal, graphic and paving cases are215

presented in Section 3. The main result of the paper, Theorem 1.10 is proved in216

Section 4. Finally, the connection between matroid operations and reducibility is217

discussed in Section 5.218
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2. Preliminaries. We follow the notation and terminology of [8]. Given a219

ground set S together with subsets X,Y ⊆ S, the difference of X and Y is denoted by220

X−Y . We denote the symmetric difference of X and Y by X4Y := (X−Y )∪(Y −X).221

If Y consists of a single element y, then X−{y} and X∪{y} are abbreviated as X−y222

and X + y, respectively.223

For a graph G = (V,E) and a subset X ⊆ V of vertices, the set of edges induced224

by X is denoted by E[X], while the graph induced by X is denoted by G[X]. Given a225

connected component K of G, a co-circuit of a cut of K is a subset of edges in E[K]226

whose deletion disconnects K. The component is k-edge-connected if the minimum227

size of a cut in K is at least k. The graphs obtained by deleting a subset X ⊆ V of228

vertices or a subset F ⊆ E of edges are denoted by G −X and G − F , respectively.229

The degree of a vertex v with respect to F ⊆ E is denoted by dF (v).230

Let G = (A,B;E) be a bipartite graph with vertex classes A and B and edge231

set E, and let F ⊆ E be a subset of edges. For a set X ⊆ A, the set of neigh-232

bors of X with respect to F is denoted by ΓF (X), that is, ΓF (X) = {b ∈ B :233

there exists an edge ab ∈ F with a ∈ X}. We will drop the subscript F when F is234

the whole edge set. We denote the set of vertices in X incident to edges in F by235

X(F ). A forest (or tree) F ⊆ E is a B2-forest (or B2-tree, respectively) if dF (b) = 2236

for every b ∈ B. The existence of a B2-forest was characterized by Lovász [21].237

Theorem 2.1 (Lovász). Let G = (A,B;E) be a bipartite graph. Then there238

exists a B2-forest in G if and only if the strong Hall condition holds for every non-239

empty subset of B, that is,240

|Γ(X)| ≥ |X|+ 1 for all ∅ 6= X ⊆ B.241

Matroids were introduced by Whitney [32] and independently by Nakasawa [26]242

as abstract generalizations of linear independence in vector spaces. A matroid M243

is a pair (S, I) where S is the ground set of the matroid and I ⊆ 2S is the family244

of independent sets that satisfy the following independence axioms: (I1) ∅ ∈ I, (I2)245

X ⊆ Y ∈ I ⇒ X ∈ I, and (I3) X,Y ∈ I, |X| < |Y | ⇒ ∃e ∈ Y −X s.t. X + e ∈ I.246

The rank of a set X ⊆ S is the maximum size of an independent subset of X and is247

denoted by rM (X). The maximal independent sets of M are called bases. A cut is248

an inclusionwise minimal set X ⊆ S that intersects every basis. A loop is an element249

that is non-independent on its own. Two non-loop elements e, f ∈ S are parallel if250

{e, f} is non-independent.251

Given a matroid M = (S, I), its restriction to a subset S′ ⊆ S is the matroid252

M |S′ = (S′, I ′) where I ′ = {I ∈ I : I ⊆ S′}. Adding a parallel copy of an253

element s ∈ S results in a matroid M ′ = (S′, I ′) on ground set S′ = S + s′ where254

I ′ = {X ⊆ S′ : either X ∈ I, or s /∈ X, s′ ∈ X and X − s′ + s ∈ I}. The dual of255

M is the matroid M∗ = (S, I∗) where I∗ = {X ⊆ S : S −X contains a basis of M}.256

The k-truncation of a matroid M = (S, I) is the matroid (S, Ik) with Ik = {X ∈ I :257

|X| ≤ k}. We denote the k-truncation of M by (M)k. For a set T and map ϕ : S → T ,258

the homomorphic image of M is the matroid Mϕ = (T, Iϕ) where Iϕ = {X ⊆ T :259

there is a set Y ∈ I for which ϕ(Y ) = X}, that is, Iϕ consists of those subsets of T260

that are obtained as the image of an independent set of M .261

The direct sum M1⊕M2 of matroids M1 = (S1, I1) and M2 = (S2, I2) on disjoint262

ground sets is the matroid M = (S1 ∪ S2, I) whose independent sets are the disjoint263

unions of an independent set of M1 and an independent set of M2. The sum M1 +M2264

of M1 = (S, I1) and M2 = (S, I2) on the same ground set is the matroid M = (S, I)265

whose independent sets are the disjoint unions of an independent set of M1 and an266
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t1 t2 t3 t1 t2 t3

S1 S2 S3

Fig. 1: An illustration of the proof of Theorem 1.5. Thick, dashed and dotted edges
are corresponding to three matchings covering S.

independent set of M2. The rank of the sum of k matroids was characterized by267

Edmonds and Fulkerson [7].268

Theorem 2.2 (Edmonds and Fulkerson). Let M1 = (S, I1), . . . ,Mk = (S, Ik) be269

matroids on the same ground set S with rank functions r1, . . . , rk, respectively. Then270

the maximum size of an independent set of M1+· · ·+Mk is min{
∑k

i=1 ri(X)+|S−X| :271

X ⊆ S}.272

As a corollary, we get a characterization for the partitionability of the ground set273

into k independent sets in a matroid.274

Corollary 2.3. Let M = (S, I) be a matroid with rank function r. Then S can275

be partitioned into k independent sets if and only if |X| ≤ k · r(X) for every X ⊆ S.276

Another corollary is a characterization for the existence of k disjoint bases of a277

matroid.278

Corollary 2.4. Let M = (S, I) be a matroid with rank function r. Then M has279

k pairwise disjoint bases if and only if |S −X| ≥ k · (r(S)− r(X)) for every X ⊆ S.280

3. Transversal, graphic and paving matroids. First we consider three basic281

cases: transversal, graphic, and paving matroids. Although the proofs are simple, they282

might help the reader to get familiar with the notion of reduction. Also, we show the283

connection to some earlier results such as Gallai colorings of complete graphs.284

3.1. Transversal matroids. Given a bipartite graph G = (S, T ;E), a set X ⊆285

S is matchable if there is a matching of G covering X. The matchable sets satisfy the286

independence axioms; the matroid obtained this way is a transversal matroid. It is287

an easy exercise to show that the size of T can be chosen to be r where r denotes the288

rank of the matroid (see e.g. [8]). In Section 4, we will use that the rank of a subset289

X ⊆ S in the transversal matroid is r(X) = min{|X| − |Y |+ |Γ(Y )| : Y ⊆ X} by the290

Frobenius-Kőnig-Hall theorem [19, 11, 9].291

Theorem 1.5. Let M = (S, I) be a k-colorable transversal matroid. Then there292

exists a k-colorable partition matroid N with N �r M .293

Proof. Let G = (S, T ;E) a bipartite graph where T = {t1, . . . , tr}, r being the294

rank of the transversal matroid on S. By assumption, the transversal matroid is k-295

colorable, so there exist k matchings F1, . . . , Fk covering every vertex in S exactly296

once. We may assume that none of these matchings is empty. Let Si =
⋃k

j=1 ΓFj
(ti)297

for i = 1, . . . , r (see Figure 1). Then S1 ∪ · · · ∪ Sr is a partition of S with classes298

of size at most k. Pick an arbitrary element sj ∈ Sj for j = 1, . . . , r. The edge set299

{tjsj : j = 1, . . . , r} shows that the picked elements form a matchable set, hence the300
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Fig. 2: An illustration of the proof of Theorem 1.6. The graph G = (V,E) can be
decomposed into three forests. Let S1, S2, S3 and S4 denote the sets of thick, dashed,
dotted and zigzag edges, respectively. Then Si+1 is a minimum cut in one of the
components of G−

⋃i
j=1 Sj for i = 0, . . . , 3. Observe that there is no rainbow colored

cycle in G (in which any two edges receive different colors).

partition matroid defined by the partition is a k-colorable rank-preserving reduction301

of the transversal matroid.302

3.2. Graphic matroids. For a graph G = (V,E), the graphic matroid M =303

(E, I) of G is defined on the edge set by considering a subset F ⊆ E to be independent304

if it is a forest, that is, I = {F ⊆ E : F does not contain a cycle}. Nash-Williams305

[25] gave a characterization for G being decomposable into k forests, or in other words,306

for the graphic matroid of G being k-colorable.307

Theorem 3.1 (Nash-Williams). Given a graph G = (V,E), the edge set can308

be decomposed into k forests if and only if |E[X]| ≤ k(|X| − 1) for every non-empty309

subset X of V .310

Theorem 1.6. Let M = (S, I) be a k-colorable graphic matroid. Then there311

exists a (2k − 1)-colorable partition matroid N with N �r M , and the bound for the312

coloring number of N is tight.313

Proof. Let G = (V,E) be a graph whose graphic matroid M = (E, I) is k-314

colorable and let K ⊆ V be a connected component of G of size at least 2. We claim315

that there exists a cut in K of size at most 2k− 1. Indeed, if every cut of K contains316

at least 2k edges then K is a 2k-edge-connected component and so |E[K]| ≥ k|K| by317

counting the edges around each vertex in K. By Theorem 3.1, this contradicts the318

k-colorability of M .319

Set S0 := ∅ and i := 0. As long as there exists a connected component K in320

G −
⋃i

j=0 Sj of size at least 2, let Si+1 ⊆ E be a minimum cut of K (see Figure 2),321

and update i := i+1. By the above, |Si+1| ≤ 2k−1. Let E = S1∪· · ·∪Sq denote the322

partition thus obtained. We claim that the partition matroid corresponding to this323

partition is a reduction of M . In order to see this, we have to show that every cycle324

of G intersects at least one of the partition classes in at least two elements. Given a325

cycle C, let i be the smallest index with |Si ∩ C| > 0. Then C ⊆
⋃q

j≥i Sj and Si is326

a cut in
⋃q

j≥i Sj , hence |Si ∩ C| ≥ 2. As the deletion of Si increases the number of327

components of G−
⋃i−1

j=0 Sj by exactly one for i = 1, . . . , q, the rank of the partition328

matroid thus obtained is the same as the rank of the graphic matroid of G, concluding329

the first half of the theorem.330

To show that the given bound is tight, let G = (V,E) be a complete graph on331

2k vertices. By Nash-Williams’ theorem, the coloring number of the graphic matroid332

of G is k. Observe that reducing the graphic matroid of G to a partition matroid is333
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equivalent to coloring the edges of the graph in such a way that there is no cycle whose334

edges are colored with completely different colors. An edge coloring of a complete335

graph is called a Gallai coloring if no triangle is colored with three distinct colors,336

which is a weaker restriction than the above. Bialostocki, Dierker and Voxman [2]337

showed that every Gallai coloring contains a monochromatic spanning tree. This338

means that for any reduction of the graphic matroid of G to a partition matroid,339

there is a partition class of size at least 2k − 1.340

Remark 3.2. Theorem 1.6 can be proved in a similar way by observing that any341

graph that can be decomposed into k forests contains a vertex of degree at most342

2k − 1. The advantage of the proof based on cuts is twofold: it provides a rank-343

preserving reduction, and it can be straightforwardly extended to arbitrary matroids344

in the following sense.345

Theorem 3.3. If M = (S, I) is a matroid so that M |S′ has a cut of size at most346

k for any S′ ⊆ S, then M can be reduced to a k-colorable partition matroid.347

The proof of Theorem 3.3 is based on the fact that the intersection of a circuit348

and a cut in a matroid cannot have size 1.349

3.3. Paving matroids. A matroid M = (S, I) of rank r is called paving if every350

set of size at most r−1 is independent, or in other words, every circuit of the matroid351

has size at least r.352

Although paving matroids have a very restricted structure and so are quite well-353

understood, they play a fundamental role among matroids. After Blackburn, Crapo354

and Higgs [3] enumerated all matroids up to eight elements, it was observed that355

most of these matroids are paving matroids. Crapo and Rota suggested that perhaps356

paving matroids dominate the enumeration of matroids [5]. This statement was made357

precise by Mayhew, Newman, Welsh and Whittle in [24]. They conjectured that the358

asymptotic fraction of matroids on n elements that are paving tends to 1 as n tends359

to infinity. Although this remains open, a similar statement on the asymptotic ratio360

of the logarithms of the numbers of matroids and sparse paving matroids has been361

proven in [27].362

First we consider paving matroids of arbitrary rank.363

Theorem 1.7. Let M = (S, I) be a k-colorable paving matroid of rank r ≥ 2.364

Then there exists a d rk
r−1e-colorable partition matroid N with N �M .365

Proof. Consider any partition S = S1∪ · · ·∪Sr−1 into r−1 parts of almost equal366

sizes, that is, |Si| = b|S|/(r − 1)c or |Si| = d|S|/(r − 1)e for i = 1, . . . , r − 1. As M367

is k-colorable, we have |S| ≤ kr and so |Si| ≤ dkr/(r − 1)e. As M is paving, any set368

of size at most r − 1 is independent, hence the partition matroid N defined by the369

partition S1 ∪ · · · ∪ Sr−1 is a dkr/(r − 1)e-colorable reduction of M , as required.370

The bound on the coloring number can be improved when r = 2, and the reduction371

can be chosen to be rank-preserving.372

Theorem 1.8. Let M = (S, I) be a k-colorable paving matroid of rank 2. Then373

there exists a b 4k3 c-colorable partition matroid N with N �r M , and the bound for the374

coloring number of N is tight.375

Proof. Let S = T1 ∪ · · · ∪ Tq denote the partition of the ground set into classes376

of parallel elements, that is, for every x ∈ Ti and y ∈ Tj the set {x, y} is independent377

if and only if i 6= j. We may assume that |T1| ≥ · · · ≥ |Tq|. Note that |T1| ≤ k as378

the matroid is k-colorable. Let i denote the smallest index such that |T1 ∪ · · · ∪ Ti| ≥379
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|S|/3 holds, and consider the partition S = S1 ∪ S2 where S1 = T1 ∪ · · · ∪ Ti and380

S2 = Ti+1 ∪ · · · ∪ Tq. If i = 1, then |S1| = |T1| ≤ k, otherwise381

|S1| = (|T1|+ · · ·+ |Ti−1|) + |Ti| <
|S|
3

+ |Ti| ≤
|S|
3

+ |T1| <
2|S|

3
≤ 4k

3
,382

where we used that |S| ≤ 2k holds as M is k-colorable and r = 2. By the definition of383

i, we have |S2| ≤ 2|S|/3 ≤ 4k/3 as well. Thus max{|S1|, |S2|} ≤ 4k/3 always holds,384

hence the partition matroid N defined by the partition S1 ∪ S2 is a b4k/3c-colorable385

reduction of M .386

The bound b4k/3c on the coloring number of N is tight. Let S be a set of size 2k387

and take a partition S = S1 ∪ S2 ∪ S3 where d|S|/3e = |S1| ≥ |S2| ≥ |S3| = b|S|/3c.388

Consider the laminar matroid M = (S, I) defined by the laminar family {S, S1, S2, S3}389

where X ⊆ S is independent if and only if |X| ≤ 2 and |X∩Si| ≤ 1 for i = 1, 2, 3. It is390

not difficult to see that the coloring number of M is k. Suppose that M is reducible to391

a partition matroid N . The rank of N is either 1 or 2, as M has rank 2. In the former392

case χ(N) = 2k, while in the latter case N is defined by a partition S = P1∪P2. Then393

every Si is a subset of either P1 or P2, as otherwise there exists two elements x, y ∈ Si394

such that x ∈ P1 and y ∈ P2, implying that {x, y} is independent in N but dependent395

in M , a contradiction. Thus P1 or P2 contains at least two of the Si’s, and so has size396

at least |S2|+ |S3| = |S| − |S1| = 2k − d2k/3e = b4k/3c, proving χ(N) ≥ b4k/3c.397

For the proof of Theorem 1.9, we will need two technical statements. The first398

lemma describes the structure of paving matroids [12, 31, 8].399

Lemma 3.4. Let r ≥ 2 be an integer and S a set of size at least r. Let H =400

{H1, . . . ,Hq} be a (possibly empty) family of proper subsets of S in which every set401

Hi has at least r elements and the intersection of any two of them has at most r − 2402

elements. Then the set system BH = {X ⊆ S : |X| = r, X 6⊆ Hi for i = 1, . . . , q}403

forms the set of bases of a paving matroid. Moreover, every paving matroid can be404

obtained in this form.405

The next lemma characterizes the coloring number of paving matroids.406

Lemma 3.5. Let H = {H1, . . . ,Hq} be a (possibly empty) family satisfying the407

conditions of Lemma 3.4, and let M = (S, I) be the paving matroid defined by H.408

Then409

χ(M) = max

{⌈
|S|
r

⌉
,

⌈
|H1|
r − 1

⌉
, . . . ,

⌈
|Hq|
r − 1

⌉}
.410

Proof. Corollary 2.3 implies that χ(M) = max{d|X|/r(X)e : ∅ 6= X ⊆ S}. Since411

r(S) = r and r(Hi) = r− 1 (as every set of size at most r− 1 is independent), we get412

that χ(M) ≥ max{d|S|/re, d|H1|/(r − 1)e, . . . , d|Hq|/(r − 1)e}.413

To see the reverse inequality, take an arbitrary subset X ⊆ S. If |X| ≤ r − 1,414

then r(X) = |X| holds as the matroid is paving, therefore |X|/r(X) = 1. If |X| ≥ r415

and X ⊆ Hi for some i, then r(X) = r − 1 and so |X|/r(X) ≤ |Hi|/(r − 1). Finally,416

if |X| ≥ r and none of the Hi’s contains X, then r(X) = r and so |X|/r(X) ≤ |S|/r,417

proving our claim.418

Now we are ready to prove Theorem 1.9.419

Theorem 1.9. Let M = (S, I) be a k-colorable paving matroid of rank 3. Then420

there exists a (2k − 1)-colorable partition matroid N with N �r M .421

Proof. Let H = {H1, . . . ,Hq} be a (possibly empty) family satisfying the condi-422

tions of Lemma 3.4 that defines M . Without loss of generality, we may assume that423
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|H1| ≥ · · · ≥ |Hq|. We distinguish two cases.424

425

Case 1. |S|/r ≤ |H1|/(r − 1).426

Consider any partition H1 = S1 ∪ · · · ∪ Sr−1 into r − 1 parts of almost equal427

sizes, that is, |Si| = b|H1|/(r − 1)c or |Si| = d|H1|/(r − 1)e for i = 1, . . . , r − 1,428

and let Sr = S − H1. Note that none of S1, . . . , Sr is empty since H1 is a proper429

subset of S of size at least r − 1. Taking any elements s1 ∈ S1, . . . , sr ∈ Sr the set430

X = {s1, . . . , sr} is independent in M as X 6⊆ Hi (i = 1, . . . , q) by |X ∩H1| = r − 1431

and |H1 ∩ Hi| ≤ r − 2 (i = 2, . . . , q). Thus the partition matroid N = (S,J )432

defined by the partition S1 ∪ · · · ∪ Sr is a rank-preserving reduction of M . N is433

clearly χ(M)-colorable as |Si| ≤ d|H1|/(r − 1)e = χ(M) for i = 1, . . . , r − 1 and434

|Sr| = |S| − |H1| ≤ r|H1|/(r − 1)− |H1| = |H1|/(r − 1) ≤ χ(M).435

436

Case 2. |S|/r > |H1|/(r − 1).437

Pick an arbitrary s ∈ S, let Hi1 , . . . ,Hil denote the sets of the familyH containing438

s and let H ′j = Hij −s for j = 1, . . . , l. The sets H ′1, . . . ,H
′
l are disjoint as |Hi∩Hj | ≤439

r−2 = 1 for i 6= j. We may assume that |H ′1| ≥ · · · ≥ |H ′l |. Note that for any set T ⊆440

S−s which does not intersect any H ′j properly, the partition S = {s}∪T ∪(S−T −s)441

defines a partition matroid N = (S,J ) which is a reduction of M .442

If |H ′1| + · · · + |H ′l | < |S|/3, let T ⊆ S − s be a set of size b|S|/2c containing443

H ′1 ∪ · · · ∪ H ′l . Then χ(N) = max{|T |, |S| − |T | − 1} ≤ |S|/2 < 2|S|/3 ≤ 2χ(M).444

If |H ′1| + · · · + |H ′l | ≥ |S|/3, then let j denote the smallest index such that |H ′1| +445

· · · + |H ′j | ≥ |S|/3 and let T = H ′1 ∪ · · · ∪ H ′j . If j = 1, then |T | = |H ′1| < 2|S|/3446

by our assumption |S|/r > |H1|/(r − 1) and r = 3. Otherwise |H1| < |S|/3 and so447

|T | ≤ |S|/3 + |H ′j | ≤ |S|/3 + |H ′1| < 2|S|/3. Thus χ(N) = max{|T |, |S| − |T | − 1} <448

2|S|/3 ≤ 2d|S|/3e = 2χ(M).449

Remark 3.6. Note that Case 1 of the proof does not rely on the fact that r = 3.450

That is, any paving matroid satisfying the assumption of Case 1 has a rank-preserving451

reduction N �r M with χ(N) = χ(M).452

4. Gammoids. The aim of this section is to prove the main result of the paper,453

Theorem 1.10. A generalization of transversal matroids can be obtained with the help454

of directed graphs. Given a directed graph D = (V,A) and two sets X,Y ⊆ V , we455

say that X is linked to Y if |X| = |Y | and there exists |X| vertex-disjoint directed456

paths from X to Y . Let S ⊆ V be a set of starting vertices and T ⊆ V be a set of457

destination vertices. Then the family I = {Y ⊆ T : ∃X ⊆ S s.t. X is linked to Y }458

forms the independent sets of a matroid that is called a gammoid. The gammoid is459

a strict gammoid if T = V . That is, a gammoid is obtained by restricting a strict460

gammoid to a subset of its elements.461

Transversal matroids and gammoids are closely related. Ingleton and Piff [14]462

showed that strict gammoids are exactly the duals of transversal matroids, hence every463

gammoid is a restriction of the dual of a transversal matroid. Moreover, gammoids464

are the smallest class of matroids that includes transversal matroids and is closed465

under duality and taking minors.466

Theorem 1.10. Let M = (S, I) be a k-colorable gammoid (k ≥ 2). Then there467

exists a (2k − 2)-colorable partition matroid N with N �r M , and the bound for the468

coloring number of N is tight.469

Proof. The bound on the coloring number of N is tight. Consider the laminar470

matroid M = (S, I) defined by the laminar family {S, S1, . . . , Sk} where S1 ∪ · · · ∪Sk471
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is a partition of S into subsets of size k − 1. That is, the size of the ground set S is472

k2−k. We define a set X ⊆ S to be independent in M if |X ∩Si| ≤ 1 for i = 1, . . . , k,473

and |X| ≤ k − 1. It is not difficult to see that M is a strict gammoid with coloring474

number k.475

We claim that if N � M is a partition matroid, then χ(N) ≥ 2k − 2. Let476

P1∪· · ·∪Pq denote the partition defining N . Then every Si is a subset of some Pj , as477

otherwise there exists two elements x, y ∈ Si such that x ∈ Pa and y ∈ Pb for a 6= b,478

implying that {x, y} is independent in N but dependent in M , a contradiction. As479

the rank of M is k − 1, we have q ≤ k − 1. By the above, there exists a class Pj that480

contains at least two of the Si’s, and so has size at least 2k−2, proving χ(N) ≥ 2k−2.481

Now let M = (S, I) be a k-colorable gammoid where k ≥ 2. By the result of482

Ingleton and Piff, M can be obtained as a restriction of the dual of a transversal483

matroid. Let R be such a transversal matroid, and choose R in such a way that its484

rank is as small as possible. Let G = (A,B;E) be a bipartite graph defining R with485

S ⊆ A and |B| being the rank of R.486

The high-level idea of the proof is the following. First we show that there exists487

a B2-forest F in G. Then, by using an alternating structure on the components of488

F , we prove that F can be chosen in such a way that every component contains at489

most 2k− 2 vertices from S. Let C denote the set of the connected components of F ,490

and let N = (S,J ) be the partition matroid corresponding to partition classes S(C)491

for C ∈ C. Every component C is a B2-tree, hence it contains a perfect matching492

between B(C) and A(C) − a for any a ∈ A(C). That is, if we leave out exactly one493

vertex from A(C) for each C ∈ C, the remaining vertices of A form a basis of R, and494

so the set of deleted vertices forms a basis in the strict gammoid that is the dual of495

R. This implies that N �M with χ(N) ≤ 2k − 2, thus proving the theorem.496

We start with an easy observation.497

Claim 4.1. G contains k matchings of size |B| such that every vertex in S is498

covered by at most k − 1 of them.499

Proof. Observe that a set X ⊆ S is independent in M if and only if A − X500

contains a basis of R, that is, G − X has a matching covering B. The assumption501

that M is k-colorable is equivalent to the condition that S can be partitioned into k502

independent sets of M , and the claim follows.503

The following claim proves an inequality that we will rely on.504

Claim 4.2. k · (|A| − |B|)− |S −X| ≥ k ·max{|Y | − |Γ(Y )| : Y ⊆ X} for every505

X ⊆ A.506

Proof. Let R be the matroid that is obtained from R by adding k − 1 parallel507

copies of every element in A−S, and adding k− 2 parallel copies of every element in508

S. The ground set A′ of R has size (k− 1)|S|+ k|A− S|. Then Claim 4.1 states that509

R has k pairwise disjoint bases.510

Let X ⊆ A be an arbitrary set and let X ′ be the set consisting of all the parallel511

copies of the elements of X. Then |X ′| = (k− 1) · |X ∩ S|+ k · |X − S| and rR(X ′) =512

rR(X) = min{|X|− |Y |+ |Γ(Y )| : Y ⊆ X}. Recall that |A′| = (k−1) · |S|+k · |A−S|513

and rR(A′) = |B|, hence514

|A′| − |X ′| = (k − 1) · |S|+ k · |A− S| − (k − 1) · |X ∩ S| − k · |X − S|515

= (k − 1) · |A|+ |A− S| − (k − 1) · |X| − |X − S|516

= (k − 1) · |A−X|+ |A− S −X|,517518
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and519

rR(A′)− rR(X ′) = |B| −min{|X| − |Y |+ |Γ(Y )| : Y ⊆ X}520

= |B| − |X|+ max{|Y | − |Γ(Y )| : Y ⊆ X}.521522

By Corollary 2.4 and Claim 4.1, |A′| − |X ′| ≥ k · (rR(A′)− rR(X ′)), thus we get523

(k − 1) · |A−X|+ |A− S −X| ≥ k · (|B| − |X|+ max{|Y | − |Γ(Y )| : Y ⊆ X}).524525

After rearranging, we obtain526

k · (|A| − |B|)− |S −X| ≥ k ·max{|Y | − |Γ(Y )| : Y ⊆ X}527528

as stated.529

Our next goal is to show that there exists a B2-forest in G.530

Claim 4.3. G = (A,B;E) contains a B2-forest.531

Proof. As G has a matching of size |B|, the Hall condition holds for every subset of532

B, thus |Γ(U)| ≥ |U | for every U ⊆ B. Let us call a set U ⊆ B tight if |Γ(U)| = |U |.533

Assume that G does not have a B2-forest. Then, by Theorem 2.1, there exists a534

non-empty tight set in B. For arbitrary tight sets U,W ⊆ B, we get535

|U |+ |W | = |Γ(U)|+ |Γ(W )| = |Γ(U) ∩ Γ(W )|+ |Γ(U) ∪ Γ(W )|536

≥ |Γ(U ∩W )|+ |Γ(U ∪W )| ≥ |U ∩W |+ |U ∪W |537

= |U |+ |W |,538539

hence equality holds throughout, and so U ∩W and U ∪W are also tight. This implies540

that there is a unique maximal tight set ∅ 6= Z ⊆ B.541

Let X = A − Γ(Z). As Z is a tight set, max{|Y | − |Γ(Y )| : Y ⊆ X} ≥542

|X| − |Γ(X)| ≥ |A − Γ(Z)| − |B − Z| = |A| − |B|, thus S − X = Γ(Z) ∩ S = ∅543

by Claim 4.2. Furthermore, every matching of size |B| provides a perfect matching544

between Z and Γ(Z). That is, R is the direct sum of the transversal matroids R′ and545

R′′ defined by G[Z ∪ Γ(Z)] and G[(B − Z) ∪ (A− Γ(Z))], respectively. Therefore M546

is the restriction of the dual of R′′ to S, contradicting the minimal choice of R.547

Take an arbitrary B2-forest F in G. We will need the following technical claim.548

Claim 4.4. Every leaf of F is in S.549

Proof. Suppose to the contrary that F has a leaf vertex a ∈ A− S. Let b ∈ B be550

the unique neighbor of a in F , and let G′ = G− {a, b} denote the graph obtained by551

deleting vertices a and b form G. Let M ′ = (S, I ′) denote the restriction of the dual552

of the transversal matroid defined by G′ to S. As the strong Hall condition holds553

for G, the maximum size of a matching of G′ is |B| − 1. We claim that M = M ′,554

contradicting the minimality of G.555

Take an arbitrary set X ∈ I ′. By definition, G′ −X has a matching P ′ covering556

B − b. Then P ′ + ab is a matching of G−X covering B, showing that I ′ ⊆ I.557

To see the opposite direction, consider any set X ∈ I. By definition, G−X has558

a matching P covering B. Take an arbitrary matching P ′ of G′ covering B − b. Now559

|P | = |B| = |B − b|+ 1 = |P ′|+ 1, hence the symmetric difference P4P ′ contains an560

alternating path Q whose first and last edges are in P , and one of the end vertices of561

Q is b. Then P4Q is a matching of G′ −X covering B − b, implying X ⊆ I ′.562
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We denote the difference |A| − |B| by q. As M is the restriction of the dual of563

R to S, rM (S) ≤ q is clearly satisfied. Moreover, equality holds since, by Claim 4.4,564

every leaf of F is in S, and taking an arbitrary leaf in every component of F results565

a basis of M .566

Let C denote the set of connected components of F . Note that a forest might567

have components consisting of a single vertex of A. We have |C| = |A| − |B| = q568

as |A(C)| = |B(C)| + 1 for each C ∈ C. We call a component C ∈ C large if569

|S(C)| ≥ 2k − 1, normal if k ≤ |S(C)| ≤ 2k − 2, and small if |S(C)| ≤ k − 1. We570

say that a component C ′ ∈ C is reachable from a component C ′′ ∈ C if there exists an571

alternating sequence C1, b1a2, C2, b2a3, . . . , bp−2ap−1, Cp−1, bp−1ap, Cp of components572

and edges such that C1 = C ′′, Cp = C ′, and bi ∈ B(Ci), ai+1 ∈ A(Ci+1) hold for573

i = 1, . . . , p− 1. Such an alternating sequence is called a path, the length of the path574

being p− 1. The distance of C ′ from C ′′ is the minimum length of a path from C ′′ to575

C ′.576

We define a potential function on the set of B2-forests as follows. Let ν � µ1 �577

λ1 � µ2 � λ2 � · · · � µq−1 � λq−1 be a decreasing sequence of 2q − 1 positive578

numbers such that the ratio between any two consecutive ones is at least |A| + 2.579

Recall that |C| = q. For a component C ∈ C, the minimum distance of C from a large580

component is denoted by dist(C). We define dist(C) to be +∞ if C is not reachable581

from any of the large components. The potential of the B2-forest F is defined as582

ϕ(F ) = ν ·
∑
C∈C

max{|S(C)| − (2k − 2), 0} (total violation)583

−
q−1∑
i=1

µi · |{C ∈ C : dist(C) = i}| (number of components at distance i)584

+

q−1∑
i=1

λi ·
∑
C∈C

dist(C)=i

|S(C)|. (number of S-vertices in components at distance i)585

586

Let F be a B2-forest for which ϕ(F ) is as small as possible. The following claim587

concludes the proof of the theorem.588

Claim 4.5. F has no large components.589

Proof. Suppose indirectly that there exists a large component. By applying590

Claim 4.2 with X = ∅, |S| ≤ k · (|A| − |B|) = k · |C|, hence, by the pigeonhole591

principle, there exists a small component as well.592

First we show that there exists a small component that is reachable from a large593

component. Suppose indirectly that this is not true, and let C′ ⊆ C denote the set594

of components that are not reachable from a large component. Note that C′ consists595

of normal and small components. Define X =
⋃
{A(C) : C ∈ C′}. By the definition596

of reachability, Γ(X) =
⋃
{B(C) : C ∈ C′} and so |X| − |Γ(X)| = |C′|. As every597

component in C−C′ is either normal or large and there is at least one large component,598

|S −X| ≥ k · |C − C′|+ 1. Then599

k ·max{|Y | − |Γ(Y )| : Y ⊆ X} ≥ k · (|X| − |Γ(X)|)600

= k · |C′|601

= k · (|C| − |C − C′|)602

= k · (|A| − |B|)− k · |C − C′|603

≥ k · (|A| − |B|)− |S −X|+ 1,604605
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(a) A graph G = (A,B;E) with three
matchings of size |B| such that every ver-
tex in A is covered by at most two of them.

(b) A B2-forest F of G. For simplicity,
every component of F is chosen to be a
path.

C0Cy
1Cx

1

x

b

y a

(c) Alternating structure on the con-
nected components of F .

C0Cy
1Cx

1

x

b

y a

(d) The B2-forest we obtain by substituting
C0 and C1 by C0 + ab+ by + Cy

1 and Cx
1 .

Fig. 3: An illustration of the proof of Theorem 1.10. In the example, k = 3 and
S = A. The only large component of F is C1, all the other components are small.

contradicting Claim 4.2.606

Let C0 be a small component with dist(C0) being minimal. By the above,607

dist(C0) < +∞. Consider a shortest path from the set of large components to C0,608

and let C1 be the last component on the path before C0. By the definition of a path,609

there exists an edge ab with a ∈ A(C0) and b ∈ B(C1). Let x, y ∈ A(C1) denote the610

neighbors of b in C1. The deletion of b from C1 results in two connected components611

Cx
1 and Cy

1 such that x ∈ Cx
1 and y ∈ Cy

1 (see Figure 3).612

Assume first that C1 is a large component. As |S(C1)| ≥ 2k − 1 and |S(C0)| ≤613

k− 1, either |S(C0 + ab+ bx+Cx
1 )| < |S(C1)| or |S(C0 + ab+ by+Cy

1 )| < |S(C1)| by614

Claim 4.4. Hence substituting C0 and C1 either by C0 + ab+ bx+ Cx
1 and Cy

1 or by615

C0 + ab+ by + Cy
1 and Cx

1 decreases the total violation in ϕ(F ), a contradiction.616

Therefore C1 is a normal component, and there is another non-small component617

C2 before C1 on the shortest path from the set of large components to C0, together618

with an edge b′a′ with a′ ∈ A(C1) and b′ ∈ A(C2). We may assume that a′ ∈ Cx
1 . We619

distinguish two cases.620

621

Case 1. |S(Cx
1 )| ≥ |S(C1)| − |S(C0)|622

Modify F by substituting components C0 and C1 by C0+ab+by+Cy
1 and Cx

1 , re-623

spectively. By the assumption, |S(C0 +ab+by+Cy
1 )| = |S(C0)|+ |S(C1)|−|S(Cx

1 )| ≤624

2 · |S(C0)| ≤ 2k − 2, thus no new large component appears. Furthermore, the set of625

components with distance less than dist(C1) does not change. The distance of Cx
1626

remains dist(C1) because of the edge b′a′. If the distance of C0 + ab + by + Cy
1 is627

dist(C1), then the number of components at distance dist(C1) increases. Otherwise,628

the distance of C0 + ab + by + Cy
1 is at least dist(C1) + 1, hence the number of S-629

vertices in components at distance dist(C1) decreases by Claim 4.4. In both cases,630

ϕ(F ) decreases, a contradiction.631
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632

Case 2. |S(Cx
1 )| < |S(C1)| − |S(C0)|633

Modify F by substituting components C0 and C1 by C0 + ab+ bx+ Cx
1 and Cy

1 ,634

respectively. By the assumption, |S(C0+ab+bx+Cx
1 )| ≤ |S(C0)|+|S(C1)|−|S(C0)| =635

|S(C1)|. As C1 is normal, no new large component appears. Furthermore, the set636

of components with distance less than dist(C1) does not change. The distance of637

C0 + ab + bx + Cx
1 remains dist(C1) because of the edge b′a′. The distance of Cy

1 is638

either dist(C1) or dist(C0). In the former case, the number of components at distance639

dist(C1) increases, while in the latter case, the number of S-vertices in components640

at distance dist(C1) decreases as |S(Cx
1 )| + |S(C0)| < |S(C1)|. In both cases, ϕ(F )641

decreases, a contradiction.642

By Claim 4.5, F has no large component. As we have seen before, the partition643

matroid N = (S,J ) corresponding to partition classes S(C) for C ∈ C is a reduction644

of the original gammoid M with coloring number at most 2k − 2. By Claim 4.4,645

S(C) is non-empty for every C ∈ C and rM (S) = |C| = q, hence the reduction is646

rank-preserving.647

For the first sight, the proof seems to provide a polynomial-time algorithm for648

determining the partition matroid, assuming that a digraph D = (V,A) representing649

the gammoid is given. A bipartite graph G = (A,B;E) representing R can be con-650

structed from D (see e.g. [8]). The reductions appearing in the proofs of Claims 4.3651

and 4.4 can be performed in polynomial time, hence we may assume that G contains652

a B2-forest F . Such a forest can be found by [21]. By using the alternating structure653

described in the proof of Claim 4.5, we can modify F to get a B2-forest in which every654

component contains at most 2k − 2 vertices from S. However, it is not clear how to655

bound the number of augmentation steps as the coefficients in the potential function656

can be exponential. An interesting question is whether this procedure terminates657

after a polynomial number of steps.658

5. Matroid operations and reducibility. In this section, we discuss the con-659

nection between reducibility and certain matroid operations such as direct sum, homo-660

morphic image, and truncation. The first of these is straightforward: if matroids M1661

and M2 are reducible to partition matroids N1 and N2, respectively, then M1 ⊕M2662

is reducible to the partition matroid N1 ⊕ N2. Note that the coloring number of663

a direct sum is the maximum coloring number of its summands. In particular, if664

χ(N1) ≤ 2χ(M1) and χ(N2) ≤ 2χ(M2), then χ(N1 ⊕N2) ≤ 2χ(M1 ⊕M2).665

Theorem 1.12. Let M = (S, I) be a matroid such that for any S′ ⊆ S the666

restriction M ′ = M |S′ can be reduced to a 2χ(M ′)-colorable partition matroid. Then667

any homomorphic image has the same property.668

Proof. Consider the homomorphic image Mϕ = (T, Iϕ) for a map ϕ : S → T . We669

have to show that Mϕ|T ′ can be reduced to a 2χ(Mϕ|T ′)-colorable partition matroid670

for any T ′ ⊆ T . Let T ′ = T1 ∪ · · · ∪ Tk be a partition into k = χ(Mϕ|T ′) independent671

sets of Mϕ|T ′. Clearly, the Tis are also independent in Mϕ. For i = 1, . . . , k, let Si672

be an inclusionwise minimal independent set of M such that ϕ(Si) = Ti. Then the673

restriction of ϕ is a bijection between S′ = S1 ∪ · · · ∪Sk and T ′. By our assumptions,674

the restriction M |S′ can be reduced to a 2χ(M |S′)-colorable partition matroid N ′.675

Then N ′ϕ is a reduction of Mϕ|T ′, and since ϕ is a bijection between S′ and T ′, it is676

a partition matroid with χ(N ′ϕ) = χ(N ′) ≤ 2χ(M |S′) ≤ 2k.677

Note that the sum M1+M2 of matroids M1 and M2 is the homomorphic image of678
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their direct sum M1⊕M2. Therefore, if M1 and M2 satisfy the reducibility assumption679

of Theorem 1.12, then so does M1 +M2.680

In the previous theorem we could have replaced the bound 2χ(M ′) by any function681

of χ(M ′). However, factor two plays a crucial role in our next result for truncation.682

Theorem 1.13. The family of matroids M that can be reduced to a 2χ(M)-683

colorable partition matroid is closed under truncation.684

Proof. Let M = (S, I) denote a matroid of rank r that is reducible to a 2χ(M)-685

colorable partition matroid N . As every k-truncation of M can be obtained by a686

series of r− 1, r− 2, . . . , k-truncations, it suffices to prove that the (r− 1)-truncation687

M ′ of M is reducible to a 2χ(M ′)-colorable partition matroid.688

Let S = S1 ∪ · · · ∪ Sq denote the partition that defines N . We may assume that689

|S1| ≥ · · · ≥ |Sq|. If q ≤ r − 1, then N is already a 2χ(M)-colorable reduction of M ′690

and the claim follows by χ(M ′) ≥ χ(M). Hence assume that q = r. Consider the691

partition matroid N ′ defined by the partition classes S1, . . . , Sr−2, Sr−1 ∪ Sr. Then692

N ′ is a reduction of M ′, hence it suffices to prove that N ′ is 2χ(M ′)-colorable.693

If |Sr−1|+ |Sr| ≤ |S1|, then χ(N ′) = |S1| = χ(N) ≤ 2χ(M) ≤ 2χ(M ′). Otherwise694

|Sr−1| + |Sr| > |S1|, and so χ(N ′) = |Sr−1| + |Sr|. Using |S| = |S1| + · · · + |Sr| and695

|Si| ≥ (|Sr−1|+ |Sr|)/2 for i = 1, 2, . . . , r − 2, we get696

|S| ≥ (r − 2) · |Sr−1|+ |Sr|
2

+ |Sr−1|+ |Sr|697

=
r

2
· (|Sr−1|+ |Sr|)698

=
r

2
· χ(N ′).699

700

That is,701

χ(N ′) ≤ 2|S|
r

< 2 · |S|
r − 1

≤ 2χ(M ′),702

concluding the proof of the theorem.703

Remark 5.1. Note that an analogous statement holds if we replace 2χ(M) by704

2χ(M)−1, as we proved χ(N ′) < 2χ(M ′) in the second case. As laminar matroids can705

be obtained from free matroids by taking direct sums and truncations, Theorem 1.13706

provides a simple proof that every k-colorable laminar matroid is reducible to a (2k−707

1)-colorable partition matroid. As laminar matroids form a subclass of gammoids,708

Theorem 1.10 implies the slightly stronger bound of 2k − 2. However, it is not clear709

whether the analogue of Theorem 1.13 holds if we replace 2χ(M) by 2χ(M)− 2.710

As a consequence of our results, we get that Conjecture 1.11 holds for matroids711

that can be obtained from paving matroids, graphic matroids and gammoids by a712

series of direct sums, homomorphic images and truncations.713
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18 K. BÉRCZI, T. SCHWARCZ, AND Y. YAMAGUCHI

REFERENCES723

[1] R. Aharoni and E. Berger, The intersection of a matroid and a simplicial complex, Trans-724
actions of the American Mathematical Society, 358 (2006), pp. 4895–4917.725

[2] A. Bialostocki, P. Dierker, and W. Voxman, Either a graph or its complement is connected:726
A continuing saga, Mathematics Magazine, (2001).727

[3] J. E. Blackburn, H. H. Crapo, and D. A. Higgs, A catalogue of combinatorial geometries,728
Mathematics of Computation, 27 (1973), pp. 155–166.729
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