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Abstract

For an integer k > 2, an ordered k-uniform hypergraph H = (H,<) is a k-uniform
hypergraph H together with a fixed linear ordering < of its vertex set. The ordered Ramsey
number R(H,G) of two ordered k-uniform hypergraphs H and G is the smallest N € N
such that every red-blue coloring of the hyperedges of the ordered complete k-uniform
hypergraph ICE\I;) on N vertices contains a blue copy of H or a red copy of G.

The ordered Ramsey numbers are quite extensively studied for ordered graphs, but
little is known about ordered hypergraphs of higher uniformity. We provide some of the
first nontrivial estimates on ordered Ramsey numbers of ordered 3-uniform hypergraphs.
In particular, we prove that for all d,n € N and for every ordered 3-uniform hypergraph
H on n vertices with maximum degree d and with interval chromatic number 3 there is an
e = e(d) > 0 such that

2—5).

R(H,H) <200

In fact, we prove this upper bound for the number R(G, IC:(f)(n)), where G is an ordered
3-uniform hypergraph with n vertices and maximum degree d and lCéS) (n) is the ordered
complete tripartite hypergraph with consecutive color classes of size n. We show that
this bound is not far from the truth by proving R(H, Kég)(ﬂ)) > 2%(nlogn) for some fixed
ordered 3-uniform hypergraph H.

*An extended abstract version of this paper appeared in the Proceedings of Eurocomb 2021, see [4].
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1 Introduction

For an integer £ > 2 and a k-uniform hypergraph H, the Ramsey number R(H) is the minimum

N € N such that every 2-coloring of the hyperedges of the complete k-uniform hypergraph K ](\’;)
on N vertices contains a monochromatic subhypergraph isomorphic to H. Estimating Ramsey
numbers is a notoriously difficult problem. Despite many efforts in the last 70 years, no tight
bounds are known even for the complete graph K, on n vertices. Apart from some smaller
term improvements, essentially the best known bounds are 2"/? < R(K,,) < 22 by Erdés [17]

and by Erdds and Szekeres [14]. The Ramsey numbers R(Kék)) are even less understood for
k > 3. For example, it is only known that

2Q(n2) < R(KT(L?’)) < 220(71)? (1)

as shown by Erdés, Hajnal, and Rado [16]. A famous conjecture of Erdés, for whose proof

Erdds offered $500 reward, states that there is a constant ¢ > 0 such that R(K,@) > 22",

Recently, a variant of Ramsey numbers for hypergraphs with a fixed order on their vertex
sets has been introduced [2], [6]. For an integer k > 2, an ordered k-uniform hypergraph H is
a pair (H, <) consisting of a k-uniform hypergraph H and a linear ordering < of its vertex
set. An ordered k-uniform hypergraph Hi = (Hy,<1) is an ordered subhypergraph of another
ordered k-uniform hypergraph Ho = (Ha, <3), written H; C Ha, if H; is a subhypergraph of
Hs and < is a suborder of <5. Two ordered hypergraphs Hi and Hs are isomorphic if there
is an isomorphism between their underlying hypergraphs that preserves the vertex orderings
of H1 and Hs. Note that, up to isomorphism, there is a unique ordered complete k-uniform
hypergraph ICT(«Lk) on n vertices.

The ordered Ramsey number R(H,G) of two ordered k-uniform hypergraphs H and G
is the smallest N € N such that every coloring of the hyperedges of ICE\’;) by colors red and
blue contains a blue ordered subhypergraph isomorphic to H or a red ordered subhypergraph
isomorphic to G. In the diagonal case H = G, we just write R(G) instead of R(G,G).

The ordered Ramsey numbers are known to be finite and it is easy to see that they grow
at least as fast as the standard Ramsey numbers. Studying ordered Ramsey numbers has
attracted a lot of attention lately (see the survey by Conlon, Fox, and Sudakov [11]), as there
are various motivations coming from the field of discrete geometry. It is known that ordered
Ramsey numbers can behave quite differently than the standard Ramsey numbers, especially
for sparse ordered graphs [2, 3, [6]. However, so far, the ordered Ramsey numbers have been
studied mostly for ordered graphs only and very little is known about ordered Ramsey numbers
of ordered k-uniform hypergraphs with k& > 3.

In this paper, we focus on 3-uniform hypergraphs and we prove some new bounds on the
ordered Ramsey numbers of ordered tripartite 3-uniform hypergraphs. We also pose several
new open problems in Section [6]

1.1 Preliminaries

For an ordered k-uniform hypergraph H = (H, <) and two subsets U and V of vertices of H,
we say that U and V are consecutive if all vertices from U precede all vertices of V in <.
An interval in H is a subset I of vertices of ‘H such that for all vertices u,v,w of H with
u<v<wanduwel we have v € I.



For integers k > 2 and x > k, we use Kik)(n) to denote the complete k-uniform x-partite

hypergraph, that is, the vertex set of K)(Ck)(n) is partitioned into x sets of size n and every
k-tuple with at most one vertex in each of these parts forms a hyperedge. The ordering
of Kﬁk) (n), in which the color classes form consecutive intervals, is denoted by IC&k) (n). We

sometimes use Kp, , to denote 1652) (n).

The degree of a vertex v in a hypergraph H is the number of hyperedges of H that contain v.
For d € N, a k-uniform hypergraph H is d-degenerate if there is an ordering vy < -+ < v
of vertices of H such that each v; is contained in at most d hyperedges of H that contain a
vertex from vq,...,v;_1.

For a positive integer n, we use [n] to denote the set {1,...,n}. We omit floor and ceiling
sign whenever they are not crucial and we use log and In to denote base 2 logarithm and the
natural logarithm, respectively.

1.2 Previous results

The ordered Ramsey numbers of k-uniform ordered hypergraphs with £ > 3 remain quite
unexplored. Only the ordered Ramsey numbers of so-called monotone hyperpaths are well
understood due to their close connections to the famous Erdds—Szekeres Theorem [17]; see [T,
19, 22]. A monotone hyperpath Pflk) on n vertices is an ordered k-uniform hypergraph where
the hyperedges are formed by k-tuples of consecutive vertices. Note that the maximum degree
of a k-uniform monotone hyperpath is at most k. Moshkovitz and Shapira [22] showed that
R( flk)) = towk—1((2 —o(1))n) for k > 3, where tow, is the tower function of height h defined
as tow; (z) = = and towy,(z) = 2°"r-1(*) for h > 2.

Thus even for 3-uniform hypergraphs H with bounded maximum degree the numbers R(H.)
can grow very fast. We get an exponential lower bound on R(#) even for 3-uniform ordered
hypergraphs ‘H with maximum degree 3. A similar result is known for ordered graphs, as
for arbitrarily large values of n there are ordered graphs M, with n vertices and maximum
degree 1 such that R(M,,) > nf(logn/loglogn) [9 []  This superpolynomial growth rate is in
sharp contrast with the situation for unordered hypergraphs, where the Ramsey number R(H)
of every k-uniform hypergraph H with bounded k and with bounded maximum degree is at
most linear in the number of vertices of H [5] [7, 12, 13|, 20} 23].

Therefore, in order to obtain smaller upper bounds on the ordered Ramsey numbers, it
is necessary to bound other parameter besides the maximum degree. A natural choice is
so-called interval chromatic number, which can be understood as an analogue of the chromatic
number for ordered graphs due to a variant of the Erdés—Stone—Simonovits theorem for ordered
graphs proved by Pach and Tardos [25]. The interval chromatic number x(H) of an ordered
k-uniform hypergraph H is the minimum number of intervals the vertex set of H can be
partitioned into so that each hyperedge of H has at most one vertex in each of the intervals.

For ordered graphs, bounding both parameters indeed helps, as the ordered Ramsey
number R(G) of every ordered graph G with bounded maximum degree d and bounded interval
chromatic number x is at most polynomial in the number of vertices [2, [6]. Since G C K&Z)(n),
this result follows from the following stronger estimate proved by Conlon, Fox, Lee, and
Sudakov [6]: for all d,x € N, every d-degenerate ordered graph G on n vertices with interval
chromatic number y satisfies

E(Q,Kgf) (n)) < n32dlogx' (2)

A natural question is whether we can also get some good upper bounds on ordered Ramsey



numbers of similarly restricted classes of ordered hypergraphs. If the interval chromatic
number is bounded, then we can use a result of Conlon, Fox, and Sudakov [9], who showed
that, for all positive integers x > 3 and n,

R(K®(n)) < 22,

where R = R(K,_1). Since every ordering of K&g)(xn) contains an ordered subhypergraph

3)

isomorphic to Ky’ (n) and every ordered 3-uniform hypergraph on n vertices with interval
chromatic number x is an ordered subhypergraph of IC&S) (n), we obtain the following bound.
Corollary 1. For all positive integers x > 3 and n, every ordered 3-uniform hypergraph H
on n vertices with interval chromatic number x satisfies

R(H) < 222Rx2n2’
where R = R(Ky—1). In particular, if the interval chromatic number x of H is fized, we have
R(H) < 2007,

Note that the last bound is asymptotically tight for dense ordered hypergraphs, as a
standard probabilistic argument shows that R(H) > 20(n*) for every ordered 3-uniform

hypergraph #H on n vertices with Q(n3) hyperedges. In particular, we get R(/Cég) (n)) > 292(n?),

2 Our results

Since the bounds on the ordered Ramsey numbers from Corollary [I] are asymptotically tight
for dense ordered hypergraphs with bounded interval chromatic number, we consider the
sparse case with bounded maximum degree and interval chromatic number. The situation
for ordered hypergraphs seems to be more difficult than for ordered graphs, so we focus on
the first nontrivial case, which is for ordered 3-uniform hypergraphs with interval chromatic
number 3.

Assuming the maximum degree of an ordered hypergraph H with x~(H) = 3 is sufficiently
small, we obtain a better upper bound on R(#) than the estimate 20(n%) we would get from
Corollary [I} We can prove an estimate with a subquadratic exponent even in the more general
setting R(H, IC:(;}) (n)), where, additionally, the interval chromatic number of H is arbitrary.

Theorem 2. Let H be an ordered 3-uniform hypergraph on t vertices with mazimum degree d
and let s be a positive integer. Then there are constants C = C(d) and ¢ > 0 such that

271/(1+cd2))

R(H, K (s)) < t- 206
In particular, for s =t =n and bounded d, we get the estimate
_ _ cd?
R(H, K5 (n)) < 20071000, (3)

The main idea of the proof of Theorem [2| is based on an embedding lemma from [10],
where the authors study Erdés—Hajnal-type theorems for 3-uniform tripartite hypergraphs.
We prove a variant of this lemma, which works for ordered hypergraphs, does not consider



induced copies, and uses the assumption that the maximum degree of H is bounded instead of
assuming that the number of vertices of H is fixed.

Since every ordered 3-uniform hypergraph H on n vertices with x(#H) = 3 is an ordered
subhypergraph of IC§3) (n), we immediately obtain the following corollary.
Corollary 3. Let ‘H be an ordered 3-uniform hypergraph on n vertices with maximum degree
d and with interval chromatic number 3. Then there exists an € = e(d) > 0 such that

R(H) < 20077,

It might seem wasteful to use Theorem [2]in order to obtain Corollary [3] as the ordered
hypergraph H is much sparser than IC:(),?’) (n). However, as noted in [6], this intuition is wrong
already for ordered graphs, as there are ordered matchings M on n vertices with x(M) = 2
and ordered graphs G on N = 2" vertices for some constant ¢ > 0 such that G has edge
density at least 1 — n~¢ and does not contain M as an ordered subgraph. In fact, the best
known upper bounds on R(G) for n-vertex ordered graphs G with bounded maximum degree
and y<(G) = x are derived from the bound (2)) on R(G, ic§f>(n)).

The upper bound is quite close to the truth, as even when H is fixed we get a

superexponential lower bound on R(H, IC33) (n)). We note that since the first version of this
preprint we learned that independently Fox and He (Theorem 1.3 in [I§]) proved the same
lower bound for the unordered Ramsey number and that implies the result of Theorem [4]
However we leave this result here as our proof is much simpler.

Theorem 4. For every t > 3 and every positive integer n, we have
R(Kﬁ-)lalcég) (n)) > 9f(nlogn)

We do not have any nontrivial lower bound in the diagonal case R(H) for H with bounded
maximum degree and y<(H) = 3. We note that even for ordered graphs G with bounded
maximum degree d and x<(G) = 2 the best known lower bound on R(G) (and also on R(H))
is only of order Q((n/logn)?) [3], while the upper bound on R(G) is of order n°@ [2] [6].

Concerning k-uniform hypergraphs with k& > 3, the following result is based on a modifica-
tion of the proof from [8, Proposition 6.3] and gives an estimate on ordered Ramsey numbers
of ordered k-uniform hypergraphs with bounded interval chromatic number. In particular, this
estimate shows that we do not have a tower-type growth rate for R(#) once the uniformity
and the interval chromatic number of H are bounded.

Proposition 5. Let x,k be integers with x > k > 2 and let H be an ordered k-uniform
hypergraph on n vertices with interval chromatic number x. Then there is a constant ¢ such
that

R(H) < 2Rx(xfl)(cx,-b)xfl

9

where R = R(K)((k)). In particular, if the uniformity k and the interval chromatic number x
of H are fixed, we have
R(H) < 2007,

Our understanding of the ordered Ramsey numbers of ordered hypergraphs is still very
limited. Many interesting open problem arose during our study and we would like to draw
attention to some of them in Section [6



3 Proof of Theorem 2

Here we prove Theorem [2] by giving an upper bound on the ordered Ramsey numbers of

ordered 3-uniform hypergraphs with bounded maximum degree versus IC:())S) (n). We prove the
following slightly stronger result.

Theorem 6. Let H be an ordered 3-uniform hypergraph on t vertices with maximum degree d,
let s be a positive integer and p € (0,1/8) be a real number. Then there is a constant C' such
that

E(H, K:z(;ﬂ)(s)) <t 20/(53/2.p730d2.d6+82 10g(1714p))
First, we show that Theorem [6] implies Theorem [2]

Proof of Theorem [ We can assume that s > g2+60d by choosing the constant C' = C(d)
from the statement of Theorem [2] sufficiently large. We then choose p = s~/ (2+60d2), which
gives p < 1/8 by our assumption on s. Since 1 — z > e~ 2? for every z with 0 < z < 1/2, we
obtain (1 — 4p) 5" < €37%” and thus s%log (17—14[))) < 8s%p. By our choice of p, we then get

_ 2 _ 2
32300 _ (2, (2-1/(24600%)

Therefore we can rewrite the upper bound from Theorem [f] as

2-1/(2460d2)

R(H, K§3)(s)) < t. 90 (d+8)s%p  oCs
for sufficiently large C' = C(d), which concludes the proof. O

In the rest of the section, we prove Theorem [6] but we first state some definitions. For a
graph G and two disjoint subsets X and Y of vertices of G, we use d(X,Y") to denote the edge

density between X and Y, that is, d(X,Y) = 7%;?, where e(X,Y) denotes the number of
edges with one vertex in X and with the other one in Y.

For positive real numbers €1, €2, and p, we say that an ordered bipartite graph G with
consecutive color classes U and V' is bi-(1, €9, p)-dense between U and V, if for all sets X C U
and Y C V with | X| > ¢;|U| and |Y| > £2|V| we have d(X,Y) > p.

For positive real numbers € and p and a positive integer m, an ordered 3-uniform hypergraph
H is tri-(e, p,m)-dense, if for all consecutive subsets Vi, Va, Va3 of vertices of H, each of size at
most m, and for all bipartite graphs G12,G1 3, G2 3, each G ; between V; and Vj, for which
there are at least em? triangles with one edge in each G j, at least p-proportion of these
triangles forms hyperedges in H.

The following embedding lemma is based on a similar result from [10].

Lemma 7. Let H be an ordered 3-uniform hypergraph on t vertices with mazximum degree d.
Let e >0 and p € (0,1) be two real numbers with e < 276 pB . 4=3_ If G is a tri-(c, p,n/t)-
dense ordered 3-uniform hypergraph on n > t/e vertices, then H is an ordered subhypergraph

of G.

Proof. Let v1 < --- < vy be the vertices of H = (H, <). For a vertex v; of H with j > 4, we use

degii (j) to denote the number 3 c 3 leN{vi,...,v;}|. Similarly, for vertices v; and vy,

wj€ce

of H and ¢ < j, k, we use deg;j (4, k) to denote the number of hyperedges of H containing vj,
v, and a vertex from {vy,...,v;}. Observe that deg;j(j) < 2d and deg;j(j, k) < d for all j



and k with ¢ < j, k, as the maximum degree of H is d and each hyperedge is multiplied by at
most 2.

We partition the vertex set of G into consecutive intervals Uy, ..., U, each of size n/t. We
embed a copy f(H) of H in G one vertex at time, embedding each vertex f(v;) of f(#H) to Uj.
We proceed by induction on ¢ = 0,1,...,¢ — 1. Assuming that the vertices vq, ..., v; have been
embedded as f(v1),..., f(v;), we show that there are sets Uf, ,,...,U; and graphs G;k with
1 < j < k <t such that the following three conditions are satisfied:

(i) U > C%-n/t, where C} = ,od'degff(j)7

(ii) GZ k 18 a bipartite graph between UZ and U/l€7 which is bi- (5J, et pj ;-)-dense between UZ

and U} with gj = pid? —d-deg3;' () /(4d), & = pld*= d-degz" (k) /(4d), and pj,k = pdegH (s k)7
and

(iii) for every h < i, every edge of G;k forms a hyperedge of G with f(vp,) if {vs, v;, vk} is
a hyperedge of H. Also, for all hy and hy with hy < hg < i, every vertex u € U} with
i < j forms a hyperedge {f(vn,), f(vn,),u} of G if {vp,,vp,,v;} is a hyperedge of H.

For the induction base, assume ¢ = 0 and set Uj 0 = U, for every j € {1,...,t}. For all j
and k with 1 < j < k <t, we let GZ be the complete bipartite graph between UO and Uk.
Then the three conditions are tr1v1ally satisfied.

For the induction step, assume that the vertices vq,...,v; have been embedded for some
1 > 0 while maintaining conditions and We show how to embed the vertex v;1.

We let Wiy1 be the set of vertices w from U}, such that the neighborhood U}(w) of w
in Gi,, ; has size at least p},, ;|Ul| for every j € {i+2,...,t} such that v;; and v; are
contained in a hyperedge of H. Since the graph G!_, j is bi-(e Sy ;,pf +1,j)-dense, there are
at most &%, | |UL, 1| < €l yn/t vertices in U4 that have less than pl+1]|U”\ neighbors in |UZ|.
Using condition and the fact that the maximum degree of H is d, we see that the size
of W;41 satisfies

[Wig1| > |U, +1| - 2d51+1| +1| > |Uzl+1| - 2d51+1n/t >C +1”/t - 2d51+1n/t > C +1n/(2t)

where the last inequality follows from ! ; < C?,,/(4d), as deg “(i41) < 2d.

For a vertex w € W41 and indices j and k such that i+1 < j < k and {vj1,v;, v} € E(H),
we define the graph H;j(w) as a subgraph of G} between Uj(w) and Uy (w) consisting of
edges {x,y} such that {w,z,y} € E(G). We also let W;*,;l be the set of vertices w € W41
such that the graph Hjj(w) is not bi-(e} ol 7’+1,pﬁl) dense between Ui( ) and Uj(w).

By the definition of bi-(¢} RN ARS pﬁl) densrcy, for every w € VV”rl there are sets Yj(w) C
Ui(w) and Yi(w)  Ub(w) such that [Vi(w)| > eUHw)], Vi(w)| > e UE(w)), and
d(Yj(w), Yi(w)) < p2+1 in Hj ,(w). Since w € W41, we have

Vi (w)| = e |Uj (w)| 2 e - piya ;U5 2 €5U5,
where the last 1nequahty follows from 5’“ pfﬂj > 5 as, since {vj+1,v;,v5} € E(H), we

have degz, ’H( ) > degH (7) and degH (i+1,7) <d. Analogously, we obtain |Yi(w)| > & |UL|.
We let Jii1; be the graph connecting each w € VVHl to vertices from Yj(w) and we
analogously define the graph J; i1 ;. The graph sz is b1 (5], 52, pz 1)-dense between U JZ and

7



U} by condition Thus, since |Yj(w)| > €5|U}] and Yy (w)| > €},|UL|, the number of triangles
in the tripartite graph between VV”rl U ;, and U}, formed by Jit1j, Jit1,k, and G;k is at least
it e 1Y) [[Veaw)|.

Suppose for contradiction that | Z'H\ > |Wit1]/(2d) for some j and k withi+1 < j <k
and {viy1,vj,v} € E(H). Then, since |Yj(w)| > &5|Ui| and [Vi(w)| > &} |UL| for every
w E W"H,

Pie D [Yi)Yi(w)] = pf il Wit U UL = 05 ek C5CHIW 7 (n /1),
weWwit!
7,k

where the last inequality follows from condition. Using the assumption |Wi+1| > Wit/ (2d)
and the fact |Wij1| > C%, n/(2t), we can estimate the above expression from below by

Pl yeiehCICLCE [ (4dt)

Our choice of parameters then gives P;; ks?e}%C’}C}%CZ 11/(4dt?) > €/t3. Altogether, there are at
least '
Pk Do Yi(w)|[Yi(w)| > e(n/t)’

i+1
weW. *

triangles in the tripartite graph between W’H, U;, ¢ and Uk formed by Jiy1,j, Jit1,k, and G

Thus, since the ordered hypergraph G is trl (e, p,n/t)-dense, at least p-proportion of these

triangles forms hyperedges in G. Therefore there are at least p - p] k wewitt [Yi(w)][Ye(w)]
b J!k

hyperedges of G between W;zl, UJZ, and U}.

On the other hand, the number of hyperedges of G containing a vertex w € W;',';l and
having an edge in each of the graphs Jit1,;, Jit1.x, and GZ- k is the number of edges of Hj ;(w)
between Y (w) and Yj(w). This number of edges is less than p] Y (w)|[Ye(w)], as we know

that d(Yj(w), Yi(w)) < pﬁl in Hj ;(w). Thus the number of the hyperedges of G is less than

P D W)Y <p-pj Do [Yi(w)llYa(w)l,

i1 i+1
wEWj’k werk

where the least 1nequahty follows from p”l <p- p}}k, as {vit1,vj, v} € E(H) and thus
we have degH Y, k) > degH (j,k). This contradicts the fact that there are at least
P Pk Zwewi+l |Y;(w)||Yx(w)| such hyperedges of G.

Thus |W. ’H] < |[Wit1]/(2d). In particular, the number of vertices w € W;; that do not
lie in any set I/V]’k such that i +1 < j < k <t and {vj11,v;,vx} € E(H) is at least

dWipa| _ [Wigi]
2d 2

(Wiga] — > (Wit > Wi | -
J<k:{vig1,v5v}EE(H)

as we are summing over at most d pairs (j, k), because the maximum degree of H is d.
Since |Wiy1| > Cl1n/(2t), we have at least C!  n/(4t) such vertices and we let f(viy1)
be any of them. Since n > t/e > 4t/C},, at least one such vertex indeed exists. For
every j € {i+2,...,t} such that v;;; and v; are contained in a hyperedge of H, we let



UH'1 Ul(f(vi+1)). We keep U;H = U]Zf for all other values j. Let j and k be indices such
that i+1<j<k<t I{viii,vj,vs} € E(H), we set Gﬁl = H; ;(f(vit1)). For all other
values of j and k, we let G;.';,l be the subgraph of G"L k induced by U 1 and Uy “+1 In particular,

if none of the vertices v; and vy, lies in a hyperedge of H with v;11, we have G"H Gz

To finish the induction step, it remains to verify conditions , and . To ver1fy
condition first observe that if, for j € {i +2,...,k}, the vertex v; is not in a hyperedge
of G with v;11, then, by the choice of C% and C{*, |UI*Y| = |U}| > Cin/t = C1™'n/t, as
degff(j) = degﬂ“(]). Otherwise \U;+1| = \UZ( (vit1))|. Since f(viy1) € Witq, we have
|U]7“( (vit1))] > pz+1’]|U"] Since deg;j( ) < deg<z+ (j) and deg;{i(i + 1,7) < d, we have
pZ:JrL]C'JZ > C’+1 So we obtain |U’+1] > C”ln/t Thus condltlon )| is satisfied.

For condltlon )b let j and k be 1ndlces such that i +1 < j < k < t. Consider first the
case when {UZH,vj,Uk} € E(H). Then Gﬂl = H; 1(f(vit1)). Since f(vj1) does not lie in
any set WiJ,gl such that i + 1 < j < k and {viy1,vj, v} € E(H), the graph H; ,(f(vig1)) is
bi- (e o Hl,pﬁl) dense between Ui(f(vi+1)) and UL (f(vit1)). Thus Gﬁl = Hm(f(vzﬂ))
bi- (e} ’+1 ZH,pﬁl) dense between UZJrl Uz(f(vlﬂ)) and U™ = U} (f(viy1)), which verifies
COIldlthIlnln this case. Now, assume {le, vj, v} ¢ E(H ) If none of the two vertices v; and
vk is in a hyperedge of H with v; 41, then deg<l+1( ) = deg;7_,5 (4)s deg<z+1(k) deg:[i(k:) and
deg““( k) = degH (j, k). In particular, 5] = 63“ 6] = €;+1 and pﬁl = p] - Since Uerl
UZ- U,é“ = U}, and Gﬂl = G;‘,k is b1—(5j, €l pj,k)—dense between U]’ and U}, we see that G;fl is
b1 (€ AR AR pﬁl) dense between U ;H and U™, which again verifies condition It remains
to con51der the case when exactly one of the vertices v; and vy, is in a hyperedge of H with v;41.
By symmetry, we can assume without loss of generality that v; and v;41 are in a hyperedge
of H. Then deg<z+ (J) > degz' (), degﬂﬂ(k) = degz/ (k), and degz/ " (4, k) = degz, (j, k).
In particular, €} > €} gt =gt and P kl = pj - By definition, we have U”rl Ui(f(’l}l+1))
and U} = Uk Let X be a subset of U"H of size at least €l+1]U’+1\ and let Y be a subset

of U;;H of size at least eit U T1| = 5k|Uk,| We want to show that d(X,Y) > p;“,;l in Gﬂl.
The subset X has size at least 5;-|UJ’-\, as |U;+1| = \U;( (vig1))| > pi+1’j|Uj| and our choice
of 53-“ together with the fact deg?f(i +1,7) < d gives 5”1\U;+1| > s;|U;| Thus, since G;'-’k
is bi- (¢} ek,p] )-dense between UZ o U’Jrl and U} D U{™, the density between X and Y is
at least Pik = pZ *1in Gz o Since G;’H is an induced subgraph of Gi k> the density between
X and Y is also at least pm = pﬂl in Gif',;l. Thus Gﬂl is bi—(&téf|r1 ZH, pﬁl) dense between
U ;H and U, ,i“, which verifies condition
We show that Condition is satisfied as well. Let j and k be indices such that
i+2<j<k<t If {up,vj,v,} is a hyperedge of H for some h < i+ 1, then {f(vy),,y}
is a hyperedge of G for every edge {z,y} of GZ'H This is true for h < ¢ by the induction
assumption, as G il GZ 4 For h=1i+1 we have Gﬁl = H; 1,(f(vi+1)) and the claim holds
by the definition of H; k(f(vl+1)) Similarly, for all hy and hy with Ay < hg < i+ 1, every
vertex u € UJH' with ¢ + 1 < j forms a hyperedge {f(vn,), f(vn,),u} of G if {vp,, vh,, v}
is a hyperedge of H. This is because if he < i, then the claim follows from the induction
assumption and the fact Ui+1 - U; For hy = i+1, the triple { f(vn,), f(vn,), z} is a hyperedge
of G for every z € U wl_y z( f(vp,)) by the inductive assumption.
Finally, after we ﬁnd all Vertices f(v1),..., f(v), condition [(iii)] ensures that they determine
a copy of ‘H as an ordered subhypergraph of G. O



We use the following result proved by Conlon, Fox, and Sudakov [I0]. It says that if a
graph G contains many triangles, a 3-uniform hypergraph whose hyperedges form a dense
subset of the set of triangles in G contains a large copy of K. 3(,3) (n).

Lemma 8 ([10]). Let V1, Va, V3 be pairwise disjoint sets of vertices, each of size at most m,
and let G; j be a bipartite graph between V; and V; for all i and j with 1 <1i < j < 3. Assume
there are at least Sm?> triangles in the tripartite graph formed by G192, G1.3, and Go3. Let G be
a 3-uniform hypergraph containing at least (1 — n)-proportion of the triangles in the tripartite

graph, where 0 <n < 1/8. Then G contains a copy of Kég)(s) provided that
62105—283/2(1 B 47])_452 (156>4s “m.

We note that, although it is not explicitly stated in the above lemma, the copy of K§3)(8)
has V; as the ith color class. Thus if the set V3 UV, U V3 is ordered and Vi, Vo, V3 are consecutive
in this ordering, we actually get a copy of the ordered hypergraph lCég)(s).

We now proceed with the proof of Theorem [ which implies Theorem [2]

Proof of Theorem[fl. Let H be an ordered 3-uniform hypergraph on ¢ vertices with maximum
degree d, let s be a positive integer and p € (0,1/8) be a real number. We choose ¢ =
276. p15d2 -d~3 and we let N be an integer such that

2
N > . B e 01082 0g ()

Note that N > t/e. Consider a red-blue coloring x of the hyperedges of IC](\?;). We use G to

denote the ordered 3-uniform hypergraph on N vertices formed by the hyperedges of ICE\?;) that

are blue in y. Similarly, we let G be the hypergraph determined by red hyperedges of ICE\?;)

in x.

If G is tri-(e, p, N/t)-dense, then, since N > t/e¢, Lemma [7| implies that there is a blue
copy of H in x and we are done. Thus we assume that G is not tri-(¢, p, N/t)-dense. That is,
there are three consecutive subsets Vi, Vo, V3 of vertices of G, each of size at most N/t, and
three bipartite graphs G12,G1,3,G2,3, each G;; between V; and Vj, for which there are at
least ¢(N/t)? triangles with one edge in each G ; and less than p-proportion of these triangles
forms hyperedges in G. By the choice of G, at least (1 — p)-proportion of these triangles forms
hyperedges in G.

We show that

621057253/2

(1—4p)*" (1;3)4 < N/t. (4)

Then, by Lemma |8 applied with § = &, n = p, and m = N/t, the ordered hypergraph G
contains a copy of K§3)(s) as an ordered subhypergraph. By the definition of G, all hyperedges
of such copy are red in y, which then finishes the proof.

To estimate (4f), we estimate each of the three terms in the above expression separately by
N1/3. The exponent in the first term in is

log (8)2105_283/2 <923, p—30d2 8§32 < log (N/)

3
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The second term can be estimated by
(1 o 4)0)_452 _ 2—432 log (1—4p) < (N/t)1/3.

Finally, the the third term satisfies

(16>45 = (210 p7 5 )" < o2 < (B,
&

as (2192)* < 2262 for > 2. Altogether, both inequalities in are satisfied. O

4 Proof of Theorem {4

Here we prove a superexponential lower bound on E(IC?) , IC§3) (n)) for any t > 4. First, we
prove the following result, which gives superexponential lower bounds on ordered Ramsey
numbers of 3-uniform hypergraphs ICSF)1 and ICgS) (n) provided that we have a superlinear
lower bound on the ordered Ramsey number R(/C¢, Ky, ) in m. The proof is inspired by the

approach from [g].

Lemma 9. Fort € N, if for m = [n/4] we have 2n < R(ICIS?’),ICmvm)a for some a € (0,1],
then, for each sufficiently large n,

— _ (n+2)/6
H(8) (3 (R(Ke, Knm) — 1)1~
R( §+>1Jc§><n>>z< e .
Proof. We set m = [n/4] and £ = [n/2]. Let R denote the number R(K;, Ky m) — 1 and let
N = (R'=%/e*)(»+2)/6_ Using a probabilistic argument, we find a red-blue coloring y of the

hyperedges of ICE\?;) = (K](\“;’), <) that does not contain a blue copy of Kﬁ)l and with positive

probability does not contain a red copy of /ng) (n).

We use the following two auxiliary colorings. Let x1 be a red-blue coloring of the edges
of Cr that does not contain a blue copy of K nor a red copy of KCp, . Such a coloring exists
by the choice of R. Let x2 be a coloring of the edges of K with colors 1,..., R, where the
color of each edge is chosen uniformly independently at random from [R]. For three vertices
u<v<wof /Cg\?;), we then set x(u,v,w) = x1(x2(u,v), x2(u, w)) if x2(u,v) # x2(u, w) and
we let x(u,v,w) be red otherwise.

Suppose for contradiction that x contains a blue copy of ICSF)1 on some vertices vy, ..., V¢

of ICE\?;). Since all hyperedges of the copy of Kgi)l are blue, our choice of x gives distinct
colors x2(vo,v1), - - ., X2(vo, v¢) and each edge {x2(vo,v;), x2(vo, vj)} such that {vp,vs,v;} is a
hyperedge of the blue copy of ICI(S;)1 is blue in x;. These blue edges determine a blue copy
of IC; in x1, which contradicts our choice of x1.

We now show that with positive probability there is no red copy of K§3) (n) in x by

estimating the expected number of such copies. Consider 3n vertices v1 < --- < v3y, of Kﬁ)

and suppose that these vertices induce a red copy of IC:(),S) (n) in x. We fix i € [n]. Then there
cannot be 2¢ distinct colors with ¢ of them among the colors x2(vs,v;) for n < j < 2n and
with the remaining ¢ of them among x2(v;, v) for 2n < k < 3n. Otherwise such colors form a
red copy of some ordering of Ky, in x1 and every such ordering contains a copy of Ky, m, as

11



¢ >2m — 1. Thus either all the colors x2(v;,vj) with n < j < 2n are contained in the union
of the set {x2(vi,vr): 2n < k < 3n} together with a set of at most ¢ — 1 additional colors
or, similarly, all the colors xa(v;, vg) with 2n < k < 3n are contained in the union of the set
{x2(vi,v;): n < j < 2n} together with a set of at most £ — 1 additional colors.

In the first case, all colors x2(v;,v;) with n < j < 2n are contained in the union of the set
{x2(vi,vg): 2n < k < 3n} together with a set of at most ¢ — 1 additional colors. In particular,
the colors x2 (v, vj) with n < j < 2n and x2(vs, vi) with 2n < k < 3n are all contained in a
set of n + ¢ — 1 colors from [R], as [{x2(vi,vx): 2n < k < 3n}| < n. There are (mj—l) sets
for the possible colors. The probability that each of the colors x2(vs,v;) with n < j < 2n
and x2(vi,v;) with 2n < k < 3n is contained in a fixed set of n + ¢ — 1 colors from [R] is

2n
(LH> . The other case is symmetric. Considering this for every i € [n], we see that the

R
expected number of red copies of IC§3) (n) in x is at most

N\ (,( R ”(n+e—1>2n2
3n n+f—1 R

R n(n+¢—1) n+0—1 2n?
v ) )
<N <2(n+f—1 R
< <N3 <2en+e_1 (n +0— 1)"”1))”
- R

< (N3e2n (Ra—1)"—‘+1>"
< (N3 (&Ra—l)"/z“y —1,

where we used n + ¢ — 1 < 2n < R® and our choice of £ and N. Since the expected number of
red copies of IC;(;’)(n) is less than 1, there is a red-blue coloring y that does not contain a blue
copy of ICt(i)1 nor a red copy of IC:())S) (n). O

We also use the following bounds on Ramsey numbers of complete graphs and complete
bipartite graphs proved by Li and Zang [21].

Theorem 10 ([21]). For every fized integer t > 3 and every integer m > 2, there is a constant
¢ > 0 such that

NG
R(Kt, Km;m) Z C ( ) .
logm
To finish the proof, we now combine all the auxiliary results.
Proof of Theorem[4) It suffices to consider le’), as ordered Ramsey numbers do not decrease
by adding vertices. Let n be a sufficiently large integer and let m = [n/4]. By Theorem [10]

_ 2 _
we have R(KC3, KCpy m) > Q (( 1 )EP In particular, 2n < R(KCs, Ky, m)® for some fixed a < 1

logm

and a sufficiently large n. Lemma [9] thus implies that

> QQ(n logn)

- )

T )Q(Tl)

logm

R K ) = (
which finishes the proof. O
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5 Proof of Proposition

For integers x and k with x > k£ > 2 and an ordered k-uniform hypergraph H on n vertices
with interval chromatic number x, we show that there is a constant ¢ such that

E(H) < 2Rx(xf1)(cxn)xfl

9

where R = R(K{™).
Let N = 2"V 45q consider a red-blue coloring of the hyperedges of £ on [N].

Since the interval chromatic number of H is x, we have H C K&k)(n) and thus it suffices to

show that there is a monochromatic copy of K&k) (n) in our coloring.

Since R = R(Kik)), every ordered subhypergraph of IC](@ induced by an R-tuple of vertices

contains a monochromatic copy of ic§f) in our coloring. Each such copy is contained in (%:;‘)

g\l;) and thus there are at least

=00 ()
(k)

monochromatic copies of y”. Without loss of generality, we can assume that at least half of
these copies has all hyperedges red.
Let G be the ordered x-uniform hypergraph with the vertex set [IN], where a x-tuple of

vertices forms a hyperedge if and only if it induces a red copy of IC&IC) in our coloring. We

R\"L/N R
know that G has at least %(X) (X) > 5% hyperedges, where ¢ = i(x b
(see [15), 24], for example) that every y-uniform hypergraph on N vertices with at least 5];[(—!

hyperedges, where (In N)~1/(x=1) < ¢ < x=3, contains a copy of K&X)(La(ln N)Y&=D 1), Since

R-tuples of vertices of I

)71. It is well-known

4RXxn

4(3)

[e(ln M)V | = > xn,

we have a copy of K;EX) (xn) in G in some ordering. Note that every ordering of K&X) (xn)

contains a copy of K&X)(n) and thus G also contains a copy of IC>(<X) (n). By the definition of G,
the vertices of this copy induce a red copy of IC;k) (n) in the coloring of ICg\lf), which finishes

the proof. 0

6 Open problems

There is a plenty of open questions about ordered Ramsey numbers for ordered hypergraphs,
as this area is still vastly unexplored. Here we offer some of the open problems that we
considered during our study.

We proved estimates on the ordered Ramsey numbers of ordered 3-uniform hypergraphs
with bounded maximum degree and with interval chromatic number 3. However, our bounds
are not tight. Recall that it follows from Theorem [2] and Theorem [ that there are positive
constants c¢1, co, and ¢, all depending on d, such that every ordered 3-uniform hypergraph H
on n vertices with maximum degree d satisfies

2—e

R(H, K (n)) < 207,

13



while there is a fixed G such that
R(gJCZ(;’) <n>) Z 202nlogn_

Thus although the exponents in the bounds are reasonably close in this non-diagonal case,
there is still a gap between them and it would be interesting to close it.

Problem 11. Let d be a fized positive integer and let H be an ordered 3-uniform hypergraph
on n vertices with mazimum degree d. Close the gap between the lower and upper bounds on

R(H, K (n)).

Another interesting problem is to extend the upper bound from Corollary [3] to ordered
3-uniform hypergraphs with bounded maximum degree and fixed interval chromatic number
that is larger than 3. We recall that their ordered Ramsey numbers are bounded from above
by 20(n?) by Corollary |1} In particular, one can ask if the exponent is still subquadratic in the
number of vertices.

Problem 12. Let d and x be fized positive integers. Is there an e = (d, x) > 0 such that, for
every ordered 3-uniform hypergraph H on n vertices with mazimum degree d and with interval
chromatic number x, we have

R(H) < 200w )7

As we discussed in Subsection the monotone hyperpaths are examples of ordered
3-uniform hypergraphs with maximum degree 3 and with an arbitrarily large interval chromatic
number such that their ordered Ramsey numbers grow exponentially. To our knowledge, this
is the best lower bound on ordered Ramsey numbers of ordered 3-uniform hypergraphs with
bounded maximum degrees. Can we obtain better lower bounds?

Problem 13. For a fized d, is there an example of a family {H,} of ordered 3-uniform
hypergraphs H, on n vertices with maximum degree d such that the numbers R(H,) grow
superexponentially in n?

We note that even for K¢ the best known lower bound on E(ICS’)) is of order 22(n*);
see (|1)).

The growth rate of Ramsey numbers of unordered 3-uniform hypergraphs with bounded
maximum degree is only linear in the number of vertices; see [7]. The situation is completely
different for ordered 3-uniform hypergraphs with bounded maximum degree, as we can, for
example, see from the bounds for monotone hyperpaths. In general, we are not aware of any
nontrivial upper bounds on these ordered Ramsey numbers.

Problem 14. What is the upper bound on ordered Ramsey numbers of ordered 3-uniform
hypergraphs with bounded mazximum degree?

Finally, we proved all our upper bounds under the assumption that the maximum degree is
bounded. However, the corresponding bounds for ordered graphs such as hold for bounded
degeneracy, which is a less restrictive assumption. Thus one can also try to strengthen our
results, in particular Theorem [2] and Corollary [3 to ordered hypergraphs with bounded
degeneracy instead of the maximum degree.

14
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