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independent ordinary differential equations (ODEs) using the massively parallel
architecture of graphics processing units (GPUs) are presented. One of the main
difficulties is the minimisation of the memory transactions through the PCI-E bus
between the host (CPU) and the device (GPU) required frequently, for instance, during
the calculation of the Lyapunov exponent, winding number or maximum response
diagram. The second difficulty is the minimisation of the slow global memory
transactions \Red{and memory usage} by exploiting the memory hierarchy of the GPU
architecture. \Red{Finally, a good GPU solver has to treat the possible asynchronous
features of the ODE systems efficiently; for instance, event detection occurring at
distinct time instances or handling the orders of magnitude difference in the required
number of time steps of the different ODE systems.} The program package MPGOS
(written in C++ and CUDA C software environments) can address the aforementioned
issues easily via the addition of user-defined functions that must be implemented
similarly to the right-hand side of the system; via the possibility of the definition of
shared parameters common to all instances of the independent ODE systems;
\Red{via user-programmable parameters to store only the desired properties of the
trajectories; and via an easy was to overlap GPU and CPU computations}. This paper
focuses on the detailed description of the implementation strategies of the program
package.
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Dear Editor,

In the submitted manuscript, | discuss the possible issues and challenges that can appear during the
integration of a large number of independent ODE systems on GPUs. From application point of view, the
manipulation of the trajectory of a non-linear system is usually necessary between several integration
phases (e.g. during the computations of Lyapunov exponent). Such manipulation is usually required even
during in the middle of an integration process in case of non-smooth dynamical system (e.g. in case of
impact dynamics). Moreover, there can be many other problems where the performance of a massively
parallel GPU code can be degraded significantly if the user has to do these manipulations on the CPU side.

The recently developed program package MPGOS addresses these issues. In the present paper | intend
to introduce the implementation strategies to minimise the PCI-E and global memory transactions, to
avoid the necessity of dense output and to exploit the memory hierarchy of the GPUs. These are
mandatory to avoid performance degradation using GPUs.

Since the integration of a large number of independent ODE systems is important in many non-linear
applications (detailed parameter studies or the investigation of multi-stability), | think that this paper suits
to the profile of “Communications in Nonlinear Science and Numerical Simulation” very well.

Thank you for your consideration.
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Ferenc Heged(s
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*Highlights (for review)

Highlights:

e GPU accelerated integration of ODE systems.

e Minimisation of PCI-E and global memory transactions (including the dense output).
e Efficient treatment of non-smooth, impacting dynamics.

e Exploitation of shared memory in the semi-discretisation of PDEs.



Detailed Response to Reviewers

Reviewer #1:

This paper describes a package, developed by the author in C++ and CUDA, that addresses the
massive numerical integration of ODEs exploiting the parallel architecture of graphic
processing units. The paper describes the strategies to optimise the computations as well as its
implementation. The paper is interesting and well-written and it deserves to be published.
However, some clarifications are needed.

Dear Reviewer, | would like to thank you for the effort put into the manuscript,
for the very kind review and for finding the content interesting. | extended the manuscript
according to your suggestions. In addition, 1| included further details and
reorganisation/renaming of the sections. This paper was submitted almost a year ago.
Since then, I have more experience (also with other program packages). Thus, there are
issues | forget to include (e.g., overlapping CPU and GPU computations), or | thought
that some technique should be trivial but testing other program packages it turned out
not to be general (e.g., using a single monolithic kernel or asynchronous solution of the
ODE systems). | hope that you will find the extended content appropriate and interesting
(marked by red colour in the manuscript). I summarized my detailed answer for the
raised issues below.

1) There is little mention to other libraries/packages for the numerical integration of ODEs in
GPUs. The text should mention the advantages/disadvantages of MPGOS when compared with
them.

Thank you for your remark. Now throughout the manuscript, comparison with the
program packages ODEINT (C++) and DifferentialEquations.jl (Julia) are continuously
done (where it was appropriate). In addition, in section Summary, comparison with 2
more program packages were made.

2) | also miss some concrete examples showing the effectiveness of the package. For instance,
at the end of Section 4.1 is it claimed that "the technique described above can have a significant
positive effect on the performance.” An example would be great to show it. A similar comment
can be done about Sections 4.2 and 4.3.

I was thinking a lot how to address this issue efficiently. With some of my colleagues
we already submitted a follow-up paper where such performance comparisons were done
in great details. We used different program packages with different mathematical models
as test cases. And we discussed the efficiencies employing both CPUs and GPUs. The
present manuscript focuses more on the theoretical issues and solution techniques using a
GPU as hardware. Performance characteristics is huge topic, and | did not wanted to
include it to remain focused and avoid self-plagiarism, and the details of the performance
comparisons can already be found elsewhere. Although, the follow-up paper is submitted
recently (thus it is not available for the general readers yet), at least the performance
curves are already published for instance in the official website of MPGOS:
www.gpuode.com (page CAPABILITIES AND REFERENCES). It is clear that my GPU
solver is superior in many ways.

Moreover, the examples are useful to clarify what your package does and what does not.

Thank you very much for this remark. It suggest that the main features of the
program packages is poorly explained. Therefore, I extended the end of Sec. 2 to explain


http://www.gpuode.com/

the storage of the different parameters; included a completely new section (Sec. 3) to
describe the workload distribution. And Sec. 4 (old Sec. 3) is extended considerably to
explain the workflow of the solver better. | felt that it was much more feasible to make
these explanations in Sec. 2-4, rather than in Sec. 5 (old Sec. 4).

3) It is not specified which time steppers are included in MPGQOS, and they should be specified.
Is it possible/difficult for the user to use their own time-steppers? What about implicit time
steppers? Some of them require to solve linear systems (this is specially true for ODEs coming
from discretization of PDES),

Unfortunately, only non-stiff Runge—Kautta solvers are available in MPGOS: a
fourth order classic Runge—Kautta with fixed time stepping, and the adaptive Runge—
Kutta—Cash—Karp method (order five with fourth order embedded error estimation).
However, MPGOS is superior when these solvers are suitable (see again
www.gpuode.com). The code is fully open source; thus, anybody can modify the code and
write an own stepper. However, it is not supported officially with proper interface in the
present version.

so | understand that the solver runs on the GPU, right? Could you explain this a bit? Which
solvers are used?

I included a completely new section (Sec.3) and extended Sec. 4 (old Sec. 3)
considerably to explain in more details how the solver works.

Sometimes these matrices are sparse, how is this handled?

I explained this at the end of Sec. 2. Right now the parameters and also the shared
parameters are stored as 1D linear vector. Therefore, it is the responsibility of the user
for bookkeeping of the physical content of the vector elements, and use them accordingly
inside ODE functions.

4) In Section 6, some issues regarding parallelism are discussed. It is not clear which strategy
is used to distribute tasks when their number is larger than the number of GPUs. It is a static
distribution? a dynamic distribution? This should be discussed a bit.

The aforementioned completely new section (Sec. 3) serves to address this issue and
provide more detailed explanation. The parallelisation strategy is actually very simple, a
single GPU thread is assigned to a single instance of the ODE system. MPGOS also uses a
so-called solver object to manage the workflow and distribute tasks to many GPUs or
overlap CPU and GPU computations, see also Sec. 5.4.

Minor points:

p2, 122: "are" -> "is"
p3, 182: "ordinary differential equation systems" -> "ordinary differential equations”
p3, 185: "have" -> "has"

Thank you very much for finding these typos. They are corrected.
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Abstract

Challenges and efficient solution techniques during the integration of a large number of
independent ordinary differential equations (ODEs) using the massively parallel archi-
tecture of graphics processing units (GPUs) are presented. One of the main difficulties
is the minimisation of the memory transactions through the PCI-E bus between the host
(CPU) and the device (GPU) required frequently, for instance, during the calculation of
the Lyapunov exponent, winding number or maximum response diagram. The second
difficulty is the minimisation of the slow global memory transactions and memory us-
age by exploiting the memory hierarchy of the GPU architecture. Finally, a good GPU
solver has to treat the possible asynchronous features of the ODE systems efficiently; for
instance, event detection occurring at distinct time instances or handling the orders of
magnitude difference in the required number of time steps of the different ODE systems.
The program package MPGOS (written in C++ and CUDA C software environments)
can address the aforementioned issues easily via the addition of user-defined functions
that must be implemented similarly to the right-hand side of the system; via the possi-
bility of the definition of shared parameters common to all instances of the independent
ODE systems; via user-programmable parameters to store only the desired properties
of the trajectories; and via an easy was to overlap GPU and CPU computations. This
paper focuses on the detailed description of the implementation strategies of the program
package.

Key words: ordinary differential equations, non-linear systems, GPU programming,
massively parallel architecture

1 1. Introduction

2 For many physical problems, the governing equations describing the dynamics are
s initial value problems of first-order ordinary differential equation (ODE) systems. Even

*Corresponding author
Email address: fhegedus@hds.bme.hu (Ferenc Hegeddis)

Preprint submitted to Communications in Nonlinear Science and Numerical SimulationSeptember 28, 2020



20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

partial differential equations can be decomposed into a large system of ODEs via suit-
able spatial discretization [1, 2]. Among the simplest models, one can find the classic
Duffing [3-9], Morse [10, 11], Toda [12-15], Lorenz [16-19] and van der Pol [20] equations
which are extensively studied for many decades from the non-linear dynamical point of
view. Examples for more complex systems can be found in a variety of scientific fields:
sonochemistry and bubble dynamics [21-33], engineering [34-40], social science [41-44],
neuroscience [45-47] or a large number of coupled systems to study excitable media
[48-50] or synchronisation and chimera states [51-53].

The aforementioned dynamical models are non-linear systems and the majority of
the studies focuses on the analysis of bifurcation structures and basins of attraction of
co-existing attractors [54-67]. In these cases, a large number of independent instances of
the same ODE system have to be solved with different parameter combinations and/or
initial conditions. The number of the instances can be in the order of hundreds of millions
[68] or even billions [69]. Therefore, such problems are well-suited for the massively
parallel architecture of graphics cards (GPUs) using a simple per-thread parallelisation
strategy [70-74] (one instance of an ODE system is associated to a GPU thread). The
program package MPGOS is designed to efficiently perform detailed numerical analysis
of dynamical systems discussed above by exploiting the high processing power of GPUs.

The investigation of non-linear systems is usually carried out via many integration
phases. At the end of each phase, the manipulation/investigation of the trajectories
is usually necessary. For instance, computing the Lyapunov exponent [75-77] or the
winding number [78-81], a new set of initial conditions needs to be prepared. In bubble
dynamics, the ratio of the maximum and minimum values (compression ratio) is often
a paramount property of the solutions. In systems that can exhibit impact dynamics
[34-36, 58], the detection of impacts and the manipulation of the trajectories according
to an impact law is mandatory.

The aforementioned tasks can easily be done using CPUs only. Even if the employed
code is capable for parallel computations, a CPU operates with only a small number
of threads each having access to a large amount of fast cache. Thus, the overhead to
stop the integration process, manipulate the trajectories and restart the integration has
a minor impact on the overall performance as all the work is done by the CPU on data
that already reside in the cache. The workflow can be separated into two parts inside
a loop: integration part and manipulation part. The integration part is usually done
by an external library that is responsible only to integrate the system over a specified
time domain. Well-tested and highly optimised codes are available for a large variety
of programming languages [82]. The code for the manipulation part has to be written
by the user since it depends on the specific problem and objectives. Thus, developers of
integration packages usually pay little attention to provide a means for trajectory manip-
ulation. However, there are exceptions, e.g., the program package DifferentialEquations.jl
[83] where trajectory manipulation can be done via CallbackFunctions without stopping
the integration process.

Transferring the most resource demanding integration part of the whole computation
to GPUs can cause difficulties during the trajectory manipulation/investigation. Doing
so on the CPU side requires quite slow memory transactions via the PCI-E bus that
might have a serious impact on the performance, especially, if the complete dense output
of all the trajectories has to be copied to the CPU side for further evaluation. If the
program package used do not offer the possibility to do user specified work during or after
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the integration process, the user needs to write its own GPU code to minimise the PCI-E
transactions. In this case, the “decryption” of the data structure of the integrator is
also necessary, which can be a harder task than using the program itself (in particular if
object-oriented programming is involved by the package for data hiding). The trajectory
manipulation (and the related event detection procedure) usually needs at different time
instances of the different ODE systems. Thus, even if a program package offers a means
to manipulate trajectories on the GPU side, this asynchronous behaviour needs to be
handled efficiently and avoid serialisation of the code. Furthermore, GPUs operate with
a massive number of threads (even hundreds of thousands); consequently, a single thread
responsible to integrate a single instance of an ODE system can operate with limited
amount of fast memories (registers and caches). In this sense, another difficulty is how
to provide simple means to the user (without the requirement of GPU programming) to
be able to exploit the memory hierarchy of the GPUs and minimise slow global memory
transactions. In addition, a single monolithic kernel to perform an integration phase
is also mandatory for satisfactory performance. Invoking a kernel for every time steps
causing the reload of the state and other variables again from the slow global memory,
and the compiler has little opportunity to optimise register usage. For detailed discussion
and introduction to GPU programming, the interested reader is referred to the available
handbooks [84-86].

All the challenges described above can be addressed by the program package MP-
GOS via the addition of a handful of user defined functions that have to be implemented
similarly to the right-hand side of the ODE system, for details see Sec.4. Also, it is
a fully asynchronous solver with respect to the independent ODE systems and to the
CPU. Therefore, MPGOS is not merely another software package — written in C++
and CUDA C languages — to integrate ODEs on GPU but an efficient tool to anal-
yse dynamical/non-linear systems. It provides an easy-to-use object-oriented framework
to minimise slow PCI-E and global memory operations, to distribute the workload to
many GPUs and to overlap CPU and GPU computations. An efficient event detection
algorithm is implemented and the user has the possibility to exploit the shared memory
capacity by defining parameters common to all instances of the ODE system. Still, the
package is a modular and general-purpose solver.

The main aim of the present paper is to provide a thorough description of the solution
techniques employed in MPGOS to address the challenges discussed in this section. This
study does not intend to give details of the implementation and program usage, it is
already written in the software manual [87]. Moreover, performance measurements of
different test cases and comparison with other libraries are also omitted to remain focused.
It is a fairly broad subject, and our performance results are published in a separate
paper [88]. The provided performance characteristics and runtime comparisons with
other program packages (including solvers using CPUs) can also be found in the official
website of MPGOS [89] and in its manual [87]. These numerical experiments will be
continuously updated as newer versions of the investigated ODE suits are released. Thus,
the interested user should check these sources regularly. Comparison with other program
packages is done throughout the paper and in Sec. 8.
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2. How MPGOS treats an ODE

The program solves (integrates) a large number of independent ordinary differential
equations of the following form:

T = f(wat§pcp7psp§pac)a (1)

where x is the vector of the state variables, ¢ is the time and pep, psp and pqc are the
vectors of different types of parameters. The dot stands for the derivative with respect
to time. The vector function f has to be the same for all systems; that is, the code
solves many instances of the same system simultaneously described by Eq. (1) but with
different parameter sets and/or initial conditions.

The parameters are divided into three subcategories called control parameters pep,
shared parameters psp and user programmable parameters called accessories pge. The
sets of control parameters are different from instance to instance. The shared parameters
are common for all instances of the investigated ODE system. They are parameters of
Eq. (1); however, their values do not change from instance to instance. This is the reason
they are called shared parameters (shared among all the instances). Shared parameters
are automatically loaded into the fast shared memory of the streaming multiprocessors
of the GPU reducing the required number of slow global memory transactions, see also
Sec.6. This can be extremely important in memory bandwidth limited applications.
The accessories are multi-purpose (user programmable) parameters. Strictly speaking,
they are not parameters of Eq. (1) rather than storages that can be updated after every
successful time step or after every successful event detection. In this regard, the number
of the accessories are independent of Eq. (1), and they are absolutely under the control of
the user. Accessory variables are very efficient tools to continuously calculate, monitor
and store special properties of the trajectories without the requirement for storing the
dense output, for details see Sec. 4.

In the present version of MPGOS, pcp, Psp and pge are stored as a linear, one-
dimensional vectors. It is the responsibility of the user to track the physical content of
each vector elements. For instance, if a matrix has to be specified in psp, that is shared
among all the instances of the ODE system, it is up to the user how the matrix is actually
stored (row-major, column-major, diagonal or only a few elements if it is sparse), and
build-up the right-hand side accordingly.

3. Parallelisation strategy and distribution of the workload

The main purpose of using GPUs is to perform large parameter studies. Typically
millions of instances of a system at different parameter sets or initial conditions need to
be solved. In practice, these instances are not solved one at a time on a GPU. Instead, one
creates smaller chunks of problems and integrate only a moderate number of instances
on a single GPU. The reasons are the limited amount of global memory or the efficient
usage of other GPU resources, the distribution of the workload to different GPUs or the
overlap of CPU and GPU computations. Still, this moderate number can be in the order
of tenth or hundreds of thousands.

A C++ object called solver object is responsible for performing integration phases
on a chunk of problems. Upon defining a solver object, memory allocations immediately
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take place on both the host (CPU) and device (GPU) side. To be able to do this, a
few template parameters and the serial number of the GPU have to be specified. A
solver object has a proper interface to set-up the parameters, initial conditions and other
properties of an instance of the ODE system, to synchronise data between the host and
the device, and to perform an integration phase; for the technical details see the manual
of MPGOS [87]. In an application, multiple solver objects can be defined each assigned
to a single GPU. For a single GPU, however, multiple solver objects can be associated,
see Fig.1. Since every GPU related operations of the solver object are asynchronous
with respect to the CPU, the control flow immediately returns back to the CPU after
initiating a kernel launch for integration. Therefore, CPU and GPU computations can
easily be overlapped by assigning at least two solver objects to a GPU. Meanwhile, a
solver object performs the integration; the CPU can fill-up (or modify) the other with
proper data and perform the corresponding data transfer between the CPU and GPU.
MPGOS provides tutorial examples for such computations.

Association
to a Device

Initialisation

\

Figure 1: Initialisation of solver objects on a CPU. The collection of template parameters and the serial
number of the employed GPU are necessary information for the memory allocations.

The parallelisation technique is straightforward. A single instance of the ODE system
is assigned to a single GPU thread. That is, the different threads work on a different
set of data (parameters, initial conditions, time domains or accessories). It is called
per-thread approach [70-72]. The technique is depicted in Fig. 2. The thread hierarchy
is a simple 1D organisation of block of threads. Thus, no special care has to be taken
for workload distribution; only the block size must be specified as an integer multiple of
the warp size (32 in the present CUDA architectures), and to launch a sufficiently large
number of threads to utilise the GPU fully.

It is to be stressed that each instance of an ODE system is solved asynchronously.
That is, they have their own integration time domain, internal time stepping and error
control. They can even be stopped at different time instances by a user-defined termi-
nation evaluated during runtime. Therefore, the different instances can have a different
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blockldx.x

e
A4 @ >

Figure 2: Parallelisation strategy inside a solver object.

number of total time steps; however, instructions during a single step are performed in
a lock-step way inside a warp. Naturally, this approach causes some amount of thread
divergence as the performance in a warp is determined by its slowest thread (the thread
needs to carry out the largest number of time steps). If a thread finished its integration
in a warp, it becomes idle. In spite of the presence of thread divergence, this technique
still outperforms any alternative solutions (e.g., packing many instances into a single
monolithic ODE system), see Sec. 7 for details.

4. Control flow of the solver

In order to thoroughly understand the techniques of MPGOS to handle the challenges
discussed in Sec. 1, further details of the control flow of the integration procedure need to
be introduced. The main difficulty is to work out a framework in which the user can easily
manipulate the trajectories and extract information from the solutions continuously “on
the fly” during the integration. This can be achieved via a handful of pre-declared user-
defined device functions (including the right-hand side of the ODE) that are called at
specific points of the solver work flow. Inside the function bodies, the user has access
to every variable. In fact, any kind of control flow can be implemented according to the
requirements. The detailed discussion of their implementations and their restrictions are
beyond the scope of the present paper, but can be found in the manual of the package
[87]. Nevertheless, the function body of the user-defined device functions can be given
as simply as in case of a right-hand side function in MATLAB, and the user does not
need confident knowledge of GPU programming or how an instance of the ODE system
is associated to a GPU thread.

The simplified block diagram of the control flow is presented in Fig.3 and can be
summarised as follows. Via the built-in C++ object (solver object), a member function
is called to perform an integration phase in a time domain spanned between tg and ¢;.
Every thread has its own instance of the ODE system, time domain ¢y and ¢, initial
conditions, control parameter set, shared parameters and accessories. All these variables
are loaded into the fastest register memory of the GPU. Thus, if the ODE system is
simple enough and fits completely into the registers, the application is extremely fast as
global memory operations are necessary only at the beginning and at the end of each
integration phases. In case of complex or high dimensional ODE systems, register spill
can occur. However, without prefetching data into the registers, these variables have
to be loaded from the global memory anyway. Naturally, parameters defined as shared
Psp are loaded into the shared memory. Next, during an initialisation procedure, the
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special user-defined device function is called labelled as Initialisation() in Fig.3. Its
purpose is to initialise the integration process. This can be regarded as pre-processing;
for a possible application, see Sec.5.1.

Allocate Solver
Registers | Solverl) ‘—{ Object

Shared Memory

Management

Initialisation }- - - - - - - - - - - - - - - - - —— e —— - - Initialization()

Is Integration No Stepper, od .

— > [ - - - - — - - - - — — - - - - - — - - - - Funct
Finished? Error Estimation » OdeFunction()
2 A *
Yes [ Estimate dit ft
> > | Estimate dt for
Is Accepteds Next Time Step
(]
z v
A Event Fun'ction ———————————— ¥ EventFunction()
Estimate a New dt Evaluation
to Repeate Time Step *
Is Event No
Stepped Over? ) HpdateiState
3
> Action After . X
\4 Successful Time Step - ActionAfterSuccessfulTimeStep()
Adjust dt for *
Next Time Step, Yes
Reject Step Is Event Yes . )
Detected? » ActionAfterEventDetection()
EventFunction | _ _,_ g\ entrunction()
Re-evaluation
v Check User
Termination

Check Time Domain T
End Reached, <
Adjust dt If Required

Y

Update Time Step
A4
' Finalisation '— ———————————————————————————————— —-» Finalization()

Figure 3: The control flow of the integration procedure and the list of the user-defined functions called at
specific points of the integration phase. The functions marked by black colour code are the conventional
functions usually used by existing libraries (e.g., MATLAB). The program package MPGOS uses the
additional four (red) functions as well.

In case of a false stop condition (end of the time domain or stoped by the user),
the solver performs an integration step, estimates the local error of the solution, ac-
cepts/rejects the current step and estimates a new time step. Using algorithms with
fixed time stepping, the error and time step estimations are omitted. The stepper —
as in case of any other libraries — successively calls the right-hand side of the ODE
system named as 0deFunction() in Fig.3. As of the present version of MPGOS, only
the following steppers are available: the classic fourth-order Runge-Kutta scheme with

7



205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

fixed time stepping; and the adaptive, fifth-order Runge-Kutta-Cash—Karp method with
fourth-order embedded error estimation.

In case of an accepted step, an additional series of instructions are performed. For
instance, the detection of events take place if the number of the user-specified event
functions are higher then zero. An event occurs at the zero value of the correspond-
ing event function. First, the values of the event functions are retrieved by calling the
user-defined device function named as EventFunction() (it is called by every thread).
There is a built-in root-finding algorithm based on the bisection method to find the re-
quested special points within the prescribed tolerance. Based on the values of the event
functions, a modified (reduced) time step is calculated if the current time step is too
large to detect the event within the tolerance. In this case, the current step is consid-
ered as rejected. If an event is successfully detected, the user-defined device function
ActionAfterEventDetection() is called. In this way, the trajectories can be manipu-
lated at specific conditions defined by the event functions. This “inter-processing” feature
of the program package MPGOS is important to handle, e.g., non-smooth dynamical sys-
tems efficiently, see Sec.5.2.

If the time step is accepted and none of the events is stepped over, the current state
is updated and stored (if the dense output is enabled) and the user-defined function
ActionAfterSuccessfulTimeStep() is called (e.g., to manipulate the trajectories). This
is another possibility for “inter-processing”. The two types of inter-processing features
(action after a detected event or action after a successful time step) serves not only to
manipulate the trajectories but also to collect specific information about the solutions
without storing the dense output; an application is provided in Sec.5.3. The overuse of
global memory via the dense output can also lead to the underutilisation of the GPU
due to the reduced number of residing threads, see Sec. 6.2 for more details.

Inside both the user-defined device functions ActionAfterEventDetection() and
ActionAfterSuccessfulTimeStep (), the user can initiate the stopping of the integra-
tion procedure by setting the value of a specific function argument to 1. This is called
user-termination and provides a great flexibility for the extent of the integration as any
kind of control logic can be implemented inside the above mention device functions.

Eventually, after the final successful time step, the function Finalisation() is called.
It has a very similar purpose as the device function Initialisation(); namely, “post-
processing”, see Sec. 5.1 for a possible application.

Inspecting Fig. 3, one might conclude that a large amount of thread divergence is
presented during the integration due to a large number of conditional statements in the
general workflow. However, the program package is highly templatised; thus, if certain
features are not necessary (e.g., event detection), the corresponding portion of the code
is eliminated at compile time. In addition, the computation of a single step (always done
by every thread) is much resource-intensive compared to any task in the complex control
flow procedure afterwards. For example, if a single thread in a warp steps over an event,
the time step adjustment procedure is invoked only for that specific thread while the rest
of the threads are idle. Then, all the threads in the warp perform another time step that
needs an order of magnitude large number of instructions. Because of the asynchronous
treatment of the instances of the ODE systems, during the precise location of the event
of a specific thread, the rest of the threads can proceed further with the integration.

It must be stressed that most of the available libraries to integrate ODE systems
operate only with user-defined functions highlighted by the black colour code in Fig. 3.
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In contrast, MPGOS provides much more flexibility to the user to intervene into the
integration process and avoid computations on the CPU side (avoid extremely slow PCI-
E memory transactions and/or reduce the global memory usage). The interventions can
be done via the four additional user-defined function marked by red in Fig. 3.

There are also exceptions in the literature. The program package ODEINT [90,
91], for example, uses observers called after every successful time step. It is a similar
feature than the function ActionAfterSuccessfulTimeStep() of MPGOS. However, no
root-finding is implemented in ODEINT to locate events precisely. In the ODE suite
DifferentialEquations.jl [83], via CallbackFunctions, the same features can be achieved as
in the case of MPGOS; however, in its present version, the code packs the large number
of instances of the ODE system into a single monolithic function that makes the event
detection on the GPUs extremely inefficient, see the corresponding results in the follow-
up publication [88] or the website of the program package [89]. Parenthetically, ODEINT
also builds-up a monolithic ODE system.

5. Resolving the issues with the PCI-E memory transactions

This section collects a few “real-life” examples to demonstrate how the extension of
the user-defined device functions can help to avoid expensive PCI-E memory transactions;
thus, to prevent performance degradation. Keep in mind that these examples are not ex-
haustive, there is a large variety of other problems the user-defined functions can address
efficiently depending on the tasks and requirements. Moreover, it must be emphasised
again that this section discusses the proposed issues theoretically. For implementation
considerations and runtimes, see references [87-89]. As an alternative approach to hide
the large latency of PCI-E memory transactions, the role of overlapping CPU and GPU
computations is also discussed.

5.1. Pre or post-processing

As a first example, let us consider the computation of the largest Lyapunov exponent
of second order non-linear oscillators [3, 11, 12]. Their general form written into a first
order system is

&1 = T, (2)
Ty = f(xth) + g(t)7 (3)

where the function g(t + T') = g¢(t) is periodic in time with period T. For further
calculations, the extension with the linearised equations is necessary [81]:

.’i‘g = T4, (4)
L _of L of
T4 = o T3+ o1 Zq. (5)

Observe that Egs. (2)-(3) are independent from Egs. (4)-(5); that is, there is a one-
directional coupling. Integrating Egs. (2)-(5) over the time domain (0,7") several times,
the largest Lyapunov exponent can be calculated as [75]

1 & d;
~ 1
Amaz & N Zi:l In <di1 > (6)
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where N is the number of the integration phases of length 7" and

di = \J23,4(T) + a3 ,(T) (7)

is the distance of the trajectory in the linearised subspace from the origin at ¢ = T and
at integration phase i. For ¢ = 0, the distance dy can be calculated from the initial
conditions. As it is arbitrary, the initial distance is usually chosen to be unity (dy = 1).
Observe that due to the periodicity of the vector field, the time domain (0,7 can be
fixed for every integration phase. In Eq. (6), the meaning of d;_; and d; are the initial
and the final distances of a single integration phase, respectively.

In practice, the numerical behaviour of the above proposed problem is ill-conditioned.
In long term, for chaotic and periodic attractors, the distance d; tends to infinity and
zero, respectively. This phenomenon introduces spurious numerical errors. Therefore,
after every integration phase, the trajectory corresponding to the linear subspace of the
system is normalised onto the unit circle:

_ x3,i-1(T)

$3,z‘(0) = T) (8)
_ 2,1 (T)

1’4,1’(0) - di—l : (9)

This means that the initial distance of each integration phase is always unity, and the
calculation of the largest Lyapunov exponent can be simplified to

N
1
Amaz & 7om ;m (dy). (10)

There are two kinds of optimisation possible via the user-defined device functions.
First, the normalisation procedure by Egs. (8)-(9) can be implemented inside the Initial
isation() or Finalisation() functions, see again Fig.3. Second, the sum of the dis-
tances in Eq. 10 can be accumulated into an accessory parameter pg. inside the function
Finalisation(). In this way, PCI-E memory transactions are necessary only two times:
before the first and after the last integration phase. For chaotic attractors, in order to
obtain A, within a few percent error, thousand or even tens of thousands of integration
phases are usually necessary. Thus, the technique described above can have a significant
positive effect on the performance.

5.2. Inter-processing

A complex control flow problem occurs when a massively parallel hardware architec-
ture is used for mechanical systems exhibiting non-smooth impact dynamics [34-36, 58].
For simplicity, consider only autonomous systems of the form

& = fi(xi;pj), (11)

where i =1---nand j =1---k. Here n is the dimension of the state space and k is the
number of parameters. Moreover, let us consider a hypersurface in the state space with
dimension n — 1 given by an implicit form as

Fim(aci) = O7 (12)
10
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on which the mechanical system exhibits an impact. That is, if a trajectory reaches this
surface at a time instance t;,,, an impact law

zi(th,) = riwi(ty,,) (13)

has to be applied, where r; is a factor for the individual components. In most of the cases,
r; = 1 but only for the velocity components: the absolute velocity vector perpendicular
to the surface needs to be reversed with a certain kinetic energy loss factor described by
r;. Therefore, r; is often called the Newtonian coefficient of restitution. From a technical
point of view, an event detection algorithm is necessary to locate the intersection of
the trajectory with the hypersurface defined by Eq. (12); next, the trajectory has to be
“thrown away” to another point in the state space according to the impact law given by
Eq. (13).

In parameter studies, during the integration of a large number of instances of Eqgs. (11)
over the time domain (tg,¢;) having different parameter sets or initial conditions, the
trajectories corresponding to the different instances can have different numbers of impacts
(including no impact) at different time instances. In a conventional single threaded CPU
approach, this phenomenon causes no major problem. One can process the instances
one-by-one and handle the impacts as follows: stop the integration, apply the impact
law on the trajectory separately from the integrator and restart the integration with the
new initial conditions.

Using the massively parallel architecture of GPUs, where the large number of in-
stances are integrated in parallel, the handling of the impacts is not straightforward.
It must be stressed that it is very likely that the instances are mot impacting exactly
at the same time. Keep in mind again that the parallelisation strategy is very simple;
namely, a single instance is associated to a single thread. What the program should do
if a thread is impacting? Stop the whole integration only for a single thread? Or treat
the impacting thread as idle and continue the integration with the rest of threads until
all the threads are stopped at an impact or at the end of the time domain? In this case,
the thread divergence can be overwhelming. In addition, where should the impact law
be applied (CPU or GPU side)? Doing it on the CPU side, the required PCI-E memory
transactions can further degrade the performance.

The program package MPGOS offers a quite simple solution for the aforementioned
problem. The impact law can be implemented via the user-defined function ActionAfter
EventDetection() called after a successful impact detection. Naturally, the function is
called only for the thread that is impacting causing some amount of thread divergence
in a warp (smallest execution unit, a collection of 32 threads). However, the evaluation
of the impact law a few times in a warp requires far less computations compared to the
one of the total integration process. More importantly, the computation does not have
to be stopped as the impact law is applied automatically via the user-defined function
ActionAfterEventDetection() on each thread individually. The strength of this ap-
proach is demonstrated on the model of a pressure relief valve throughout the second
tutorial example of the manual [87]. The model is adopted from [36]. According to
the detailed discussion in Sec. 7, in this specific example, the asynchronous integration
technique of the different instances of the ODE systems are also mandatory.
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5.3. Elimination of the need of dense output

Special properties of the computed trajectories of a dynamical system are often the
keen interest of their analysis. For instance, to create amplification or resonance dia-
grams, the global maximum of a specific component of the solution is needed. An integral
quantity (e.g. work done) can be approximated from the dense output by summarising
the product of the values of the solution at the time instances with the corresponding
time steps:

N
W ij(ti)Ati~ (14)
i=1

As a final example, in the field of bubble dynamics, both the minimum and the maximum
values of a computed bubble radius are important to obtain the compression ratio [92, 93].
In many cases, even the elapsed time between the maximum and minimum radii is also
interesting [94] (how fast the compression is taking place).

In a traditional approach, the dense output of the trajectories are required to extract
the aforementioned quantities. Even using CPUs, this means a large amount of extra
work as all the data have to be processed again and loaded from the system memory to
compute units of the CPU core(s). In case of GPUs, the situation is much worse due
to the large amount of data transfer through the PCI-E bus. Keep in mind that the
complete dense output has to be copied to the CPU side for a massive number of threads
(not only the initial conditions and parameters). Otherwise, the user has to write his/her
own GPU code to do the job on the GPU side.

Combining the usage of the user-programmable parameters (accessories pqe) and the
user-defined device function ActionAfterSuccessfulTimeStep(), the computation of
the dense output and its copy to the system memory of the CPU can be completely
“by-passed”. Inside this function, all the important variables can be accessed by the
user (state variables, parameters, accessories, the actual time instance or the actual time
step). Therefore, the only task is to allocate enough user-programmable accessories for
each quantity and to write a suitable control flow that updates them. For example, the
control logics

Pac,1 = max(pac,la Ty )7 (15)
Pac,2 = min(paa,% T )7 and (16)
Pac,3 = Pac,3 + Ti At (17)

accumulate the maximum, minimum and the approximated integral of the i*" component
of the solution into three accessories. Here, the notations x; and At means the actual
state of the i*" component and the time step during the call of the function ActionAfter-
Successful TimeStep(), respectively. The main strength of the proposed approach is that
during the update of the accessories, the computed states at the current time step are
still reside in the fast register memory of the GPU; thus, the computations presented via
Egs. (15)-(17) are fast. Moreover, only the values of some accessory variables need to be
transferred to the CPU side as a final result instead of the whole dense output.

5.4. Owerlapping CPU and GPU computations
Another approach to hide the very low latency of the PCI-E memory transactions
is to use multiple solver objects and overlap CPU and GPU computations and PCI-
E memory transactions. The simplest workflow is depicted in Fig.4, where two solver
12



378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

objects are defined (Solver Object-1 and Solver Object-2) and associated to the same
GPU. Accordingly, only half of the total number of the instances are handled by a
single solver object. Inside the constructor, MPGOS assigns different CUDA streams
to each solver objects. Since every GPU related task initiated by the CPU (including
memory transactions via the PCI-E bus) are asynchronous with respect to the CPU,
after dispatching a task to a GPU, the control immediately returns back to the CPU.
Therefore, the CPU can do useful work on a solver object (one half of the instances) and
initiate the synchronisation of the data between the Host and the Device meanwhile the
other solver object performs the integration on the other half of the instances. In Fig. 4,
the term “Working on SO-1,2” also includes the synchronisation of the data between
the Host and the Device. The horizontal dashed lines represent synchronisation points
between the CPU and the GPU. MPGOS offers a very easy way to define multiple solver
objects and such synchronisation possibility, see also the related tutorial examples in the
manual [87].

Solver Solver
Object-1 Object-2

[
E
[
(] o .
(] L] °
(] ° °
\/

Figure 4: The simplest workflow of overlapping CPU and GPU computations and PCI-E memory trans-
actions.

The techniques described in this section and in Sec.5.1 can be equally efficient. The
former one put more computations to the GPU side, and the latter one makes the work-
load between the CPU and the GPU more evenly distributed. The most efficient option
depends on the problem and on the ratio of the peak processing power of the employed
hardware. Although the PCI-E memory transactions can be easily overlapped with use-
ful GPU computation with the technique introduced in Fig.4, the storage of the dense
output is still not advisable due to the possible underutilisation of the GPU, see Sec. 6.2
for more details.
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6. Minimisation of the global memory transactions and usage

In this section, the global memory-related issues are discussed; that is, the high la-
tency and possible negative effect on the utilisation of the GPU. Guidelines are provided
to overcome these difficulties, minimise the negative effects and avoid performance bot-
tlenecks due to memory bandwidth limitation.

6.1. The tmportance of monolithic kernels

Loading/writing into the global memory during a kernel launch is the second most
expensive memory operation in GPU programming (the slowest is the PCI-E memory
transaction). Although the access time of a variable in the global memory is high (the
latency is approximately 600 clock cycles), this is the only memory type present in a
device in large amount (few to tens of GBs). Therefore, its usage is usually necessary.
In order to bridge the huge performance gap between the global memory bandwidth
and the throughput of the computational units — as in case of all the high-performance
computing devices — a multi-level cache hierarchy is implemented into the architecture of
GPUs. In addition, GPUs has a large register file (fastest memory type). In this way, the
frequently used data can be loaded into the fast on-chip cache or into the registers of the
GPU and can be kept there to minimise the number of the global memory transactions.
Without such intensive data reuse, it is impossible to “feed” the compute units of the
GPU with enough data.

Consequently, any performant solver has to build-up a single monolithic kernel that
performs an integration phase in a single launch. Thus, during the computation of a time
step, all (or most of) the data from the previous computations are still residing in the fast
registers or shared memory for reuse. Dispatching only the stepper and the error control
part of the computations to the GPU, an individual kernel function have to be called
for every time step. Therefore, at the beginning of every step, all the required variables
have to be loaded from the global memory again, preventing any data reuse. The present
version of the already mentioned ODE suits ODEINT [90, 91] and Differential Equations.jl
[83] do not use monolithic kernels. This is one of the main reasons for the orders of
magnitude larger runtimes compared to MPGOS, see the references [87, 89] (results may
change as newer versions of the ODE suits are released).

6.2. Underutilisation of the GPU due to dense output

To hide any kind of latency (both memory request or execution dependency), GPUs
follow the memory throughput-oriented design. As mentioned before, GPUs use a huge
register file per streaming multiprocessor, e.g., 65536 entries of 32 bit registers (Kepler
or newer architectures), which is considered significant even though a streaming mul-
tiprocessor handles a massive number of threads (e.g., a maximum of 2048 in Kepler
architecture). In contrast, an equivalent number for the Ivy Bridge CPU architecture
(single core) is 144 x 8 = 1152 entries of 32 bit registers. Thus, the strategy of the GPU
to hide latency is to use a massive number of threads with a large register file. The
context switch between the warps has practically no delay; consequently, the streaming
multiprocessor has high flexibility to select some eligible warps for execution, while some
others are waiting for data arriving from the global memory or from a previous com-
putation. Because of the large number of registers, a single warp can usually perform
many instructions before stalling due to a data request. As the decrease of the latency
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is not a high priority, the throughput of the global memory bandwidth can be increased
drastically.

The above-mentioned design works well only if enough threads are residing on a GPU
and on a streaming multiprocessor. When a large number of time steps has to be stored
during an integration phase, the amount of the global memory can be the major limiting
factor of the number of the simultaneously launched GPU threads. This might result in
a significant decrease of the occupancy and the ability of the warp scheduler to select an
eligible warp for execution and thus hide latency. This is another reason why the storage
of the dense output has to be avoided if feasible, for some specific examples see Sec. 5.3.

6.3. Exploitation of the shared memory

In contrast to CPUs, where the cache is hardware managed, in GPUs, a major part
of the cache is user-programmable and it is called shared memory. It is shared as all the
threads in the same block of threads can see its content. Therefore, shared memory is
also used for data exchange between the threads, and quantities needed for every thread
can be loaded from the global memory only once and broadcasted to all threads.

From the program package MPGOS point of view, shared memory is a perfect place to
store parameters common to all instances of the ODE system studied. Such parameters
are called shared parameters psp, introduced in Sec.2 and are automatically loaded into
the shared memory of the GPU, see again Sec.4. For single variables, the usage of
shared memory has minor significance as a common parameter can be “hard-code” into
the right-hand side implementation of the ODE system. However, there are complex
situations where the hard-coding is inconvenient. Let us consider, for instance, the partial
differential equation (PDE) of heat transfer in a liquid domain in spherical coordinates
(only in the radial direction):

oT oT 1 0 ( A\ 20T )

where T'(r,t) and u(r,t) are the temperature and velocity fields as a function of time
t and the spatial (spherical) co-ordinate r, respectively. The material properties are
the density p, specific heat at constant pressure C'p and the thermal conductivity A.
The velocity field can be obtained by solving hydrodynamic equations. For example, in
case of a radially pulsating gas bubble placed in the centre of the radial coordinate and
assuming incompressibility, this velocity field can even be approximated by analytical
means as a function of the radius of the pulsating bubble and its derivative [95]. The
exact computation of u(r, t) and the underlying governing equations, and the formulation
of the boundary conditions are out of the scope of the present discussion.

The main focus here is the semi-discretisation of Eq. 18 in the spatial co-ordinate r to
decompose it into a system ODEs of initial value problem, and the possible exploitation of
the shared memory of the hardware (GPU). For the semi-discretisation, many techniques
exist in the literature [1, 2]. In most of the cases, the discretised system can be written
into a matrix form as

T:—u®(DT)+plch()\(r®r)®(DT)), (19)
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where the vectors T' and w are the discretised temperature and velocity fields evaluated
at the grid points of a spatial discretisation scheme:

rT:(rl,r2,~-~7‘n). (20)

Matrix D is the differentiation matrix whose structure and values depend on the em-
ployed semi-discretisation technique and mesh. The notation ® stands for the element
wise multiplication. The advantage of the above formalism is that a derivative with
respect to r is transformed into a multiplication with D; thus, the implementation of
Eq. (19) is straightforward.

Now let us assume that a large parameter study has to be performed with different
material properties and/or boundary conditions. If the equations are discretised with
the same algorithm and grid, the differentiation matrix D becomes identical between all
the instances of Eq. (19). Therefore, it is a perfect candidate to store its values in the
shared memory of the GPU. It is highly unlikely that the compiler will recognise that
the values of D are used by all the threads and that it will be kept in the fast on-chip
cache (that part of the shared memory which is handled automatically by the hardware).
Defining D as a shared parameter pgp, MPGOS can ensure that the matrix values will
be kept in the fast shared memory. Similarly, as the quantity r ® r depends only on
the grid of the discretisation, its values can be precomputed on the CPU side and stored
also in the shared memory of the GPU as shared parameter pgp,. Keep in mind that in
MPGOS, all the shared parameters are packed into the linearly stored vector ps, that
is passed to the user-defined device functions summarised in Fig.3. Therefore, it is the
responsibility of the user for the “bookkeeping” of the physical content of the vector of
shared parameters.

Observe that in this way, the major part of the variables in Eq. (19) can be kept in the
fast on-chip memory of the hardware. This makes the computations fast and efficient.
Observe also that hardcoding the values of D and r ® r is a cumbersome task and far
from flexible. Even in older GPU architectures, the available amount of shared memory
is at least 48 KB. That is, altogether 6144 number of double-precision floating point
numbers can be stored. Therefore, in the limit case (a single block resides in a streaming
multiprocessor), the aforementioned technique works well up to a resolution (grid size)
of n = 77. For a detailed example, the interested reader is referred to one of our previous
publications [96], where millions of instances of a coupled ODE-PDE system is solved
in a large dimensional parameter space in order to calculate the spherical stability of a
single gas bubble placed in a highly viscous liquid.

7. The importance of the asynchronous solution technique

According to the discussion in Sec. 3, the program package MPGOS employs a simple
per-thread parallelisation strategy: one GPU thread is responsible to integrate one in-
stance of the ODE system. It has to be stressed again that every instance has its own time
domain and time stepping; that is, they are not shared between the threads and every
instance can progress with its own “rhythm” asynchronously. This means that MPGOS
handles a multitude of lightweight instances of an ODE systems, which are completely
“separated” (besides the shared parameters). Therefore, in case of adaptive algorithms,
this can cause a certain level of thread divergence as the different instances might need
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different number of time steps to complete. The execution time of the smallest execution
unit — a warp that is a block of 32 number of threads — is determined by its slowest
thread. It is hard to avoid such an overhead [97] and its amount is problem dependent.

Another commonly employed approach is when every instance of the ODE shares the
same time domain and time stepping. It allows one to implement the multiple instance
into a single monolithic ODE system. Although the system to be solved is monolithic,
it is composed by the collection of replicated and independent sets of equations (sub-
systems). In this way, the right-hand side can be written in a vectorised from and can
be evaluated on a GPU [83, 90, 98]. The advantage of this technique is that the high
processing power of GPUs can be exploited without the necessity to “reinvent the wheel”
and reimplement existing algorithms/libraries.

The common time stepping, however, might have a severe consequence. Even if only
one sub-system has to slow down (decrease the time step) due to a rapidly varying state
variable, the complete monolithic ODE system is slowed down. Since the collection of the
independent sets of equations has different but usually close parameter /initial condition
combinations, it is very likely that the sub-systems in the monolithic ODE has similar
trajectories. This implies slow down not only once but as many times as the number of
combined sub-systems. In a worst-case scenario, the runtime can be even higher than
the one of solving the independent sub-systems serially using a CPU. This phenomenon
can be clearly seen in the runtimes of the program packages ODEINT [90, 91] and
DifferentialEquations.jl [83] for certain problems [87-89].

Another issue with the monolithic ODE system and the common time stepping is
the impossibility to stop the integration of the distinct instances at different values of
the time. That is, all the instances have to advance in time and stop the integration
synchronously. This loss of flexibility makes the efficient treatment of autonomous ODE
systems almost impossible. For instance, during the analysis of periodic orbits, a suitable
Poincaré section has to be defined. Since the system is autonomous, the time domain of
a single integration phase (integration from Poincaré section to Poincaré section) can be
different from instance to instance of the ODE. In case of a single monolithic system, the
proper handling of such situation is not trivial and needs a complex control logic (e.g.,
storing the point of the Poincaré section, and discard the rest of the results if further
integration is needed due to another instance).

8. Summary

The conventional way of thinking of an initial value problem is a task where a system
of ordinary differential equations has to be integrated between the time instances ty and
t1, store the dense output (if required) and detect special states of the trajectory called
events (again if necessary). In many integrator packages, a little or no opportunity is
usually offered to ease the post-processing of the trajectories, their manipulation dur-
ing the integration phase, not to mention overlapping CPU and GPU computations or
explicit exploitation of shared memory.

The lack of the aforementioned features of the integration packages become severe
if the massively parallel architecture of GPUs is employed. For the post-processing
of the results between a large number of integration phases, expensive PCI-E memory
transactions are necessary; unless, the overlapping of CPU and GPU computations are
supported. This can have a significant negative impact of the overall performance of the
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application (even if the GPU integrator itself is highly efficient). Otherwise, the user
has to write its own kernel function to do the job on the GPU side or reimplement the
numerical schemes to fit the problem to their needs [70-74, 99-105]. The program pack-
age MPGOS offers a set of functionalities described throughout this paper to minimise
the slow PCI-E memory operations and avoid the related performance degradation. In
addition, it also offers the possibility to define shared parameters to minimise the sec-
ond slowest global memory transactions. The package builds up a monolithic kernel to
ensure data reuse and solves the instances of the ODE system asynchronously. Still, it
is a modular and general-purpose program package.

Throughout the paper, comparisons of the functionality of MPGOS were continuously
done with ODEINT and DifferentialEquations.jl since we have direct experience with
these ODE suits. But, there are other few general-purpose, GPU capable packages in
the “market”. For example, ginSODA is suitable for solving stiff ODE systems; however,
according to its publication [106], it lacks the aforementioned special features of MPGOS
(e.g., event detection, pre or post-processing). The ODE suit SUNDIALS developed at
the Lawrence Livermore National Laboratory (LLNL) [107, 108] also has support for
dispatching workload to GPUs. However, the provided examples for parallel execution
use spatially discretised PDEs. This suggests that the only way for parameter studies is
to use a monolithic ODE function, which has severe drawbacks, see again Sec. 7.
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