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ON THE KREIN-VON NEUMANN AND FRIEDRICHS
EXTENSION OF POSITIVE OPERATORS

Zoltan Sebestyén and Zsigmond Tarcsay

Dedicated to Seppo Hassi on the occasion of his 60th birthday

1 Introduction

In his profound paper (von Neumann, 1931), J. von Neumann introduced the concept of the adjoint
of a densely defined possibly unbounded operator J : K — H between two Hilbert spaces as the
operator J* : H — K, having the domain

dom J* ={g e H: Ik € K suchthat (Jk|g) = (k|k') Vk € dom J},

by setting
J*g =k, ge&dom J*.

Although the adjoint operator behaves nicer than the original one (because it is always closed), it is
not necessarily densely defined. An essential question arises therefore: when is the domain dom J*
a dense subspace of H? Von Neumann himself gave an elegant answer to that question. Namely, he
proved that J* is densely defined if and only if .J is a closable operator. Moreover, in that case the
second adjoint J** of .J exists and it is equal to the closure J of .J:

J=J.

At the same time, J**J* and J*J** are positive self-adjoint operators in the Hilbert spaces H and
IC, respectively. Note also that we have

dom (J**J*)Y/2 = dom J* and dom (J*.J**)/2 = dom J**
on the domains, and
ran (J**J*)Y2 =ran J* and ran (J*J**)Y? = ran J*

on the ranges. Here, for a given positive self-adjoint operator A, A'/2 denotes the unique positive
self-adjoint square root of A; see, e.g., (Sebestyén & Tarcsay, 2017).

However, if J is not closed, then J*J and JJ* are not self-adjoint operators in general. In fact,
it is not even clear whether those operators are densely defined, and therefore it is also a non-
trivial question whether they have any positive self-adjoint extensions at all. From classical works
by Friedrichs, Krein, and von Neumann, we know that a densely defined positive and symmetric
operator may be extended to a positive self-adjoint operator, see, e.g., (Friedrichs, 1934; Krein,
1947; von Neumann, 1931). In that case, there exist two distinguished self-adjoint extensions A
and A of any positive symmetric operator A, such that

Ay < Ap,
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and every positive self-adjoint extension A of A is between A nvand Ap: Ay < A < Ap. The
smallest extension Ay of A is called the Krein-von Neumann extension, while the largest extension
Ap of A is called the Friedrichs extension.

The problem of the existence of positive self-adjoint extensions has its relevance even in the non-
densely defined case. Although the Friedrichs extension exists only for a densely defined operator,
the smallest extension always exists if there exists any extension, see, e.g., (Sebestyén & Stochel,
1991) and also (Sebestyén & Stochel, 2007; Hassi, 2004).

In the present paper we revise the main result Theorem 1 of Sebestyén & Stochel (1991) and give
some new characterizations for a not necessarily densely defined positive symmetric operator to
admit positive self-adjoint extensions. More specifically, in Section 2 we collect some new properties
for an operator to be closable. Based on this new characterization of closability, we establish in
Section 3 the correct version of the "duality theorem" stated in Jorgensen, Pearse & Tian (2018:
Theorem 5). In Section 4 we give a short proof of the fact that the "modulus square" operator 7T
of any densely defined operator 7" always has a positive self-adjoint extension, cf. (Sebestyén &
Tarcsay, 2012: Theorem 2.1). At the same time, we shall see that this is not the case with T7™*; that
operator might be even non-closable. However, we are going to establish necessary and sufficient
conditions for the extendibility of 77. In particular, our construction of the Krein-von Neumann
extension in Section 4 will be used to exhibit a counterexample to (Jorgensen, Pearse & Tian, 2018:
Theorem 5). Finally, in Section 5 we treat the problem of the existence of the Friedrichs extension
of a densely defined positive symmetric operator. In particular, we discuss there the case when the
Friedrichs extension of the operator 77T is identical with T™7T**.

2 Closable operators

Let J be a densely defined operator between the real or complex Hilbert spaces K and H. Note that
J is closable if for each sequence (g, )neny C dom J, such that g, — 0 and Jg, — h, it follows
that A~ = 0. On the other hand, a profound theorem by von Neumann tells us that J is closable if and
only if J* is densely defined, that is,

(dom J*)* = {0}.

In the following theorem, we give an extension of von Neumann’s result and collect some new
characteristic properties for an operator J to be closable. For further characterizations of closability
and closedness, see, e.g., (Popovici & Sebestyén, 2014; Sebestyén & Tarcsay, 2016; 2019; 2020).

Theorem 2.1. Let J be a densely defined operator between the real or complex Hilbert spaces K
and H. Then the following properties are equivalent:

(1) J is closable;
(i) (dom J*)*+ = {0},
(iii) (dom J*)* N (ran J)*+ = {0},

(iv) (dom J*)*+ Cran (I + JJ*).
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Proof. (i) = (ii) Consider a vector h € (dom J*)=, then

(0,h) € {{=T"k,k}: k € dom J*} = G(J).
Since J is closable, this implies i = 0.
(i1) = (iii) This implication is trivial.

(iii) = (i) Consider a sequence (gn)nen C dom J such that g, — 0, and Jg,, — h. Then
h € ran J = (ran J)**. On the other hand, for every f € dom J*

(F1h) = lim (F|Jgn) = lim (J*f | ga) =0,

lim
n— oo
which means that h € (dom J*)+. Consequently, h = 0 by (ii) and therefore .J is closable.

(i1) = (@iv) This implication is clear.

(iv) = (ii) We are going to show that dom J* is dense in #. To this aim, take g € (dom J*)*. By
(iv), there exists h € dom JJ* such that g = h + JJ*h. In particular, h € dom J* and one has

0=(g|h) = (h+JJ"h|h) = (h|h) + (JT*h|h) = ||h]|* + || J*A]}*,

so that h = 0. This implies that ¢ = 0 and therefore (iv) implies (ii). O

3 Duality theorems

Let #1 and #2 be Hilbert spaces with a common vector subspace D. In Jorgensen, Pearse & Tian
(2018: Theorem 5) a necessary and sufficient condition is stated for the existence of a positive and
self-adjoint operator A on #; with the duality property

(ASDWJ)l:(SDW))za 9077/)€Da

cf. also (Jorgensen & Pearse, 2016: Theorem 4.1). Unfortunately, there is a simple but serious
error in their proof and the statement itself is not true in that form either (a counterexample will be
exhibited in Example 4.2 below). In Theorem 3.3 we are going to establish the correct form of that
statement. Its proof depends on the following lemma.

Lemma 3.1. Let H and K be Hilbert spaces and let J : I — H be a densely defined linear operator
between them. Then the following three statement are equivalent:

(i) ran J C dom J*;
(ii) J is closable and dom J C dom J*J**;

(iii) there exists a positive self-adjoint operator A in K such that dom J C dom A and

(Ag k) = (Jg| Jk), g,k € dom J. 3.1
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Proof. (i) = (ii) Since ran J C dom J*, it follows that
(ran J)**+ C (dom J*)* = H © (dom J*)*,

and, consequently,
(dom J*)* N (ran J)*+ = {0}.

Applying Theorem 2.1 we see that .J is closable. On the other hand, ran J C dom J* implies that
dom J = dom J*J C dom J*J**.

(ii) = (iii) If J is closable, then A := J*J** is a positive self-adjoint operator in #, and by (ii) one
has dom J C dom A. On the other hand,

(Aglk) = (J"T"g|k) = (J"g[Jk) = (Jg| Jk),
for every g,k € dom J.

(iii) = (i) Suppose that A is a positive operator with dom J C dom A which satisfies (3.1). Let
k € dom J be arbitrary, then for every g € dom J

(Jg|Jk) = (Ag| k) = (9] Ak),
which implies Jk € dom J*. Therefore, ran J C dom J*. O
Remark 3.2. Let J be a closed operator. Then the inclusion
dom J C dom J*J** (3.2)

is only possible if .J is continuous and everywhere defined on H1, see, e.g., (Tarcsay, 2012: Lemma
2.1). This suggests that Lemma 3.1 is only relevant if .J is a closable but not a closed operator.

The erroneous observation in the proof of (Jorgensen, Pearse & Tian, 2018: Theorem 5) is that (3.2)
holds true provided that both J and J* are densely defined. This makes it necessary to provide
the following correct version of (Jorgensen, Pearse & Tian, 2018: Theorem 5), which can also be
considered as a noncommutative version of the Lebesgue-Radon-Nikodym decomposition theorem.

Theorem 3.3. Let H1 and Hs be real or complex Hilbert spaces which contain a common linear
manifold D as a vector space. Suppose that D is dense in H1 and set

D*:={h € Hy: 3Cy, >0 suchthat |(¢|h),| < Chll¢ll, Ve € D}.
Then the following two conditions are equivalent:

(i) D CD* inHoy;

(ii) there exists a positive self-adjoint operator A in Ho such that D C dom A in H; and

(Ap[¥)y = (¢[¥)2 @Y eD. (3.3)

Proof. Let J be the operator from D C H; to H, defined by the identification Jp = ¢, ¢ € D.
Then J is a densely defined operator such that its adjoint J* has domain D*: dom J* = D*. The
desired equivalence follows now from Lemma 3.1. O
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4 Von Neumann’s problem on positive self-adjoint extendibility

Given a positive symmetric operator A in a real or complex Hilbert space /C, the question arises
whether there exists a positive self-adjoint extension of A. If the operator in question is densely
defined, then we know from classical papers by Friedrichs, Krein, and von Neumann that the operator
has a positive self-adjoint extension, see (Friedrichs, 1934; Krein, 1947; von Neumann, 1931); cf.
also (Ando & Nishio, 1970; Arlinskii et al., 2001; Prokaj & Sebestyén, 1996a;b; Schmiidgen, 2012).
However, uniqueness of the extension occurs only in the very special case when the operator in
question is essentially self-adjoint. In all other cases, the set of positive self-adjoint extensions is an
operator interval [Ax, Ar], where Ay is the smallest (the so-called Krein-von Neumann) extension,
while Ap is the largest (the so-called Friedrichs) extension of A. Recall that the partial ordering
among the set of positive self-adjoint operators is given by

A<B <= (I+B)'<{I+A)"
Equivalently, by means of the square roots, one has A < B if and only if
dom BY2 C dom AY? and |AY2k|? <|BY?k|?>,  Vk e dom B2

The problem of the existence of positive self-adjoint extensions has its relevance even in the non-
densely defined case, and was treated in detail by Sebestyén & Stochel (1991), see also (Sebestyén
& Stochel, 2007; Hassi, 2004).

In the next result we revise (Sebestyén & Stochel, 1991: Theorem 1) on the existence of the Krein-
von Neumann extension of a positive and symmetric operator A. In this case it is convenient to
introduce the linear space D, (A) by

D.(A)={keK:sup{|(Ag|k)|: g€ dom A, (Ag|g) <1} < +co}. 4.1)

Theorem 4.1. Let A be a positive and symmetric operator on a real or complex Hilbert space K.
Then the following statements are equivalent:

(1) D.(A) asin (4.1) is dense in K;
(ii) for every sequence (gn)nen C dom A and k € K such that
(Agn|gn) =0 and Agn, —k,
it follows that k = 0;

(iii) there exist a Hilbert space £ and a densely defined linear operator V. : K — & such that
dom A C dom V, (V(dom A))* = {0}, and

(Vg,Vh)e = (Ag| h)k, g € dom A, h € dom V; 4.2)

(iv) there exists a positive self-adjoint extension of A.

If any, and hence all, assertions of (1)-(iv) are satisfied, then there exists the smallest positive exten-
sion Ay of A.
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Proof. (i) = (ii) Assume that (Ag|g) = 0 for some g € dom A. Then sup |(4g, k)| < oo for all
k € D.(A), which implies (Ag, k) = 0. Since D, (A4) C K is dense by (i), it follows that Ag = 0.

This means that
<Ag7Ah>£ = (Ag | h)IC? 9, h S dOm A7 (43)

defines an inner product on ran A. Denote by £ the completion of that space and consider the natural
inclusion operator J4 : £ Dran A — K,

Ja(Ag) = Ag € K, g € dom A. 4.4)

Clearly, ran A forms a dense linear manifold in £ by definition, so that J4 is densely defined. On
the other hand, one has
dom J} = D.(4), 4.5)

thanks to the identities
(Ja(Ag) | W) = (Aglh),  g€dom A, heK,

and
(Ag,Ag)e = (Ag| 9k, g € dom A.

From (4.5) and (i) we see that J is densely defined and therefore J4 is closable. From this it
follows that A fulfills (ii).

(i) = (iii) Note that the condition in (ii) implies that (4.3) defines an inner product. With the
notation as in the proof of the implication (i) = (ii), (ii) expresses that the canonical inclusion
operator J4 : £ — K is closable. Its adjoint J : K — £ is therefore a densely defined operator
such that

(Jag, Ah)e = (9| Ja(Ah))c = (9| Ah) = (Ag, Ah)g, g,h € dom A,

whence we conclude that
Jig=Ageé, g € dom A. (4.6)

As a conseqence, J; provides a factorization for A in the sense of (iii):
(Jag: Jah)e = (Ag, Jah)e = (Ag|h)c, g € dom A, h € D.(A). @.7)
Moreover, by (4.6) we see that
Ji(dom A) = {Ag: g € dom A},

where the right-hand side is dense in ‘H by definition. Hence, V' := J; satisfies all requirements of

(iii).

(iii) = (iv) Let V : K — & be a densely defined closable operator satisfying the properties in (iii).
By (4.2) we conclude that Vg € dom V* for every g € dom A and that

V*Vg = Ag, g € dom A. (4.3)

This means that dom V* includes the dense set V (dom A), and therefore V' is closable. Moreover,
by (4.8) we see that A C V*V C V*V**, i.e., the positive self-adjoint operator V*V** extends A.
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(iv) = (i): Let B be a positive self-adjoint extension of A. Then for every £ € dom B'/2 and
g € dom A with (Ag|g) < 1, we obtain that

(Ag k)| = [(Bg | k)| = [(B'/*g| B'/?k)|
< |B2gll|Bk|| = (Ag|9)"/2| B2k < || B'/?K],

whence k € D, (A). This implies that
dom BY? C D,(A), 4.9)
where the former subspace is dense in K. Hence, D, (A) is dense in K, i.e., (i) holds.

Finally, let any, and hence all, assertions of (i)-(iv) be satisfied. First note that the operator J4
defined in (4.4) is closable by (i). Hence, from (4.6) and (4.7) it follows that

Ay = J3" T, (4.10)
is a positive self-adjoint extension of A. Furthermore we have
D, (A) = dom J% = dom (J*J4)'/? (4.11)
and the density of ran A in 7 implies for every k € D, (A) that

ICTE T 2RI% = || Tak]2

sup {|(Ag, Jik)e|* : g € dom A, (Ag, Ag)e < 1}
sup {[(Ja(Ag) |k)ic|* : g € dom A, (Ag|g)c <1}
=sup {|(Ag|k)c|*: g € dom A, (Ag|g), < 1}.

Next we show that A as in (4.10) is the smallest self-adjoint extension of A. Let therefore B be any
positive self-adjoint extension of A. Since the positive self-adjoint operator B has no proper self-
adjoint extension, applying the above construction for B, we infer that B = J5* J5. By the inclusion
(4.9) we have dom B'/2 C dom Al/z, see (4.10) and (4.11), and from the above calculation we
obtain that, for every k € dom B'/2,

|ANE|? = || (T35 T5) k1% = sup {|(Ag | k)| : g € dom A, (Ag|g) <1}
sup {|(Bg|k)|*: g € dom B, (Bg|g) <1}
(5 T5) k| % = || BY K|}

A

Hence Ayx < B, as it is stated. O

As was mentioned in the previous section, the statement of (Jorgensen, Pearse & Tian, 2018: Theo-
rem 5) is not correct, as with the notation used in Theorem 3.2, they assert that the existence of the
positive self-adjoint operator A satisfying (3.3) is equivalent to D* being dense in 2. Based on the
preceding theorem and its proof, it will be shown by a counterexample that their assertion is not true
in general.

Example 4.2. Consider an unbounded positive self-adjoint operator A in a Hilbert space K and set

D =ran A.
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Denote by £ the "energy space" associated with A and by J the corresponding inclusion operator
J : & Dran A — K as in the proof of Theorem 4.1. Then D is a common vector subspace of £ and
JC such that D C & is dense. Furthermore,

D* :={k € K : 3Cy > 0 suchthat |(¢|k)%| < Chllel|? V¢ € D}
={k € K: 3C; >0 such that [(Ah|k)%| < Cx(Ah|h)x Vh € dom A},

from which we conclude that
D* =D,.(A) = dom J*,

so D* C K is dense. Suppose that the conclusion of (Jorgensen, Pearse & Tian, 2018: Theorem 5)
is true, then by that theorem the density of D* in K implies that there exists a positive self-adjoint
operator A : £ — £, D C dom A, such that

(A, p)e = (2] @)k, peD.

From this we conclude that
(J(Ah) | Ak)x = (Ah| Ak)x = (Ah, A(AE))g, h € dom A,

which in turn means that Ak € dom J* and J*(Ak) = A(Ak). As a consequence we see that
ran A C dom J*, and since dom A C dom J* holds true as well, we obtain that

K =dom A+ran A C dom J*.

So J* is an everywhere defined bounded operator on /C, and therefore so is A = J**J*. This is in
contradiction to the assumption that A is an unbounded operator.

Thanks to a classical result of J. von Neumann (von Neumann, 1931) we know that 77T and TT™
are positive self-adjoint operators whenever 1" is densely defined and closed. In Sebestyén & Tarcsay
(2014) we proved the converse of that statement: if both 7% and TT* are self-adjoint then 7T is
necessarily closed, see also (Gesztesy & Schmiidgen, 2019) and (Sandovici, 2018) for the case of
linear relations. This means that if 7" is not closed (or not even closable), then either 7*T" or 1T (or
even both) fail to be self-adjoint. In fact, 77 might even be non-closable; however, surprisingly,
T*T behaves well. Namely, it was proved in Sebestyén & Tarcsay (2012: Theorem 2.1) that 7T
always has a positive self-adjoint extension. We provide a short proof of that result.

Theorem 4.3. Let T : K — H be a densely defined linear operator between the real or complex
Hilbert spaces K and H. Then T*T has a positive self-adjoint extension.

Proof. Consider the positive symmetric operator A := T*T'. We are going to show that
dom T C D, (A).
Indeed, for g € dom A and k € dom T, we have

(Ag|k)* = (T*Tg| k) = (Tg| Tk)* < (Tg|Tg)(Tk|Tk)
= (T"Tg| g)(Tk|Tk) = (Ag | 9)(Tk|Tk).

Hence D, (A) is dense in K. Thus A has by Theorem 4.1 a positive self-adjoint extension. O
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In the next result we deal with the positive extendibility of 77™*.
Theorem 4.4. Let T : KK — H be a densely defined operator between the real or complex Hilbert

spaces K and H. Then the following two statements are equivalent:

(i) TT* has a positive self-adjoint extension;

(i1) T|dom T nranT* is a closable operator.

Proof. The positive symmetric operator A := TT™ has a positive self-adjoint extension if and only
if it satisfies condition (ii) of Theorem 4.1. That is, according to that result, 7" has a positive
self-adjoint extension if and only if for every sequence (h,,) C dom TT* and every vector f € H
the conditions

(TT*hy | hy) = |T*hn|> =0  and  TT*h, — f,

imply that f = 0. Evidently, this is equivalent to the closability of the restriction of 7" to the set
ran 7% N dom 7. O

In the following example, we show that 77" may have a bounded positive self-adjoint extension in
some cases even if 7" is not even closable.

Example 4.5. Let IC be a separable Hilbert space and consider two orthonormal bases in it
{enm: n,meN} and {f,: neN}
Let us define the operator 7" on the vectors e,, ,, by setting
Tepnm :=mfn, n,m € N,

and then extend it by linearity to dom T := span {e, m, : 1, m € N}. It follows from this definition
that dom T™* = {0}. In order to see this, observe that for z € dom T and n € N we have

1 1
(z| fn) = E(z | Tenm) = %(T*z | €n.m)s

for any m € N. Letting m — oo gives that (z | f,,) = 0 and, hence, z = 0. Consequently, T is non-
closable (in fact, 7" is a maximal singular operator), but A = 0 is a (bounded) positive self-adjoint
extension of T7*.

The previous example demonstrated that 77 can behave nicely even though 7' is singular. However,
as the following example illustrates, there exists an operator 7" such that 77" is non-closable.

Example 4.6. Consider a maximal singular operator 7" in a Hilbert space /C, that is, an operator such
that dom 7* = {0} (take e.g. the operator T" from Example 4.5). Consider the following operator

J:K2dom T — K x K, Jg={9,Tg}.

Then it is easy to verify that dom J* = IC x dom 7™ = K x {0}, and J*{k,0} = k. In particular,
dom JJ* =dom T x {0}, and

JJ*{g,0} = {g,Tg}, g € dom T.
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Furthermore, we claim that .J is not closable. Indeed, take any nonzero k € /C, then there exists a
sequence (g, )nen in dom T such that g,, — 0 and T'g,, — k. Then

ST {gn, 0} = {gn, Tgn} — {0, k},
which means that J.J* may not be closable.
Theorem 4.7. Let T : KK — H be a densely defined closable linear operator, such that
dom T C ran T*. (4.12)

Then T**T* agrees with the Krein-von Neumann extension of TT™.

Proof. Denote by £ the completion of ran 77 under the inner product
(TT*h, TT*f) == (TT*h| f) = (T*h|T*f), h, f € dom TT*.

By the construction of the proof of Theorem 4.1, the Krein-von Neumann extension of 77 is of the
form J**J*, where J is the natural inclusion operator from £ O ran TT* into H:

J(TT*h) =TT"h, h € dom TT™.
Note that by (4.12) we have the identity dom T' = {T*¢g : g € dom TT*}. Consequently,
dom (J**J*)Y/2 = dom J* = D, (TT*)
= {h EH: sup{|(TT*f\h)| . f €dom TT™, |T*f||* < 1} < —l—oo}
= dom T* = dom (T**T*)'/2.
At the same time we have that

[(J**T*) 2R = ||T*h||Z
=sup {[(TT*f,J*h)?| : f € dom TT*, |T*f|*> <1}
=sup{|(T*f|T*h)\2 : f€dom TT™, |T*f|* < 1}
= ||T*h|%,

for every h € dom T™. We have therefore proved that 7**7™ < J**J*, and since J**J* is the
smallest positive self-adjoint extension of 77", we obtain that T**T™* = J** J*. O

5 The Friedrichs extension

A densely defined positive symmetric operator A on a real or complex Hilbert space /C always has a
positive self-adjoint extension. Indeed, the generalized Schwarz inequality

I(Ag|h)|? < (Ag|g)(Ah|R),  g,h € dom A

implies that dom A C D,(A) and, therefore, A admits a positive self-adjoint extension according
to Theorem 4.1. In particular, by the same theorem, the Krein-von Neumann extension Ay of A
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exists. In that case it is known that the so-called Friedrichs extension, that is, the largest positive
self-adjoint extension, exists as well. Using the procedure described in Theorem 4.1, we prove the
existence of the Friedrichs extension. Our method is very similar to that of Prokaj & Sebestyén
(1996a), but somewhat simpler.

Theorem 5.1. Let A be a densely defined positive symmetric operator in the real or complex Hilbert
space K. Then there exists the largest positive self-adjoint extension Ap of A.

Proof. Let us recall the construction of the proof of Theorem 4.1 and consider the energy Hilbert
space £ and the inclusion operator J4 : £ D ran A — K defined by

Ja(Ag) = Ag, g € dom A.

By (4.5) we have dom J} = D,(A) O dom A, and therefore we may consider the restriction ) 4
of J} todom A, 1ie.,

QA = J:fl|domA'

By (4.6),
Qag=Ag €€, g € dom A.

On the other hand, from Q4 C Jj we get J3* C Q% and Q%" C J}3, whence it follows that
Ap = Q% Q7% is a positive self-adjoint extension of A. We claim that A is the largest among
the set of all positive self-adjoint extensions of A. Indeed, let B D A be any positive self-adjoint
extension of A. Repeating the above process we apparently have B = Q5Q% . Then

dom (Q%Q*)'/? = dom Q% = dom Q4
={keK: Ikn)nen Cdom A, k, — k, (A(kn, — km) | kn — km) — 0},

and, accordingly,

dom (QQ3)Y? = {k € K : I(kn)nen C dom B, ky, — k, (B(kn — km) | kn — km) — 0}
D{keK: Ikn)nen Cdom A, k, — k, (A(kn — Em) | kn — km) — 0}
= dom (Q4 Q)"

Finally, for & € dom (Q*%Q*%*)"/? C dom (Q%Q%")"/?, take (ky)nen C dom A such that
kn —k and (A(kn, — km) | kn — km) — 0,
then Q 4k, — Q7% 'k in &, and hence
1(AR) 2RI = (@AQE) K> = Q7 kIE = I [[Qukall2 = lim (Ak, |ky).
Moreover, since B D A,
|BY2E|? = (QQE)Y2KI? = lim (B | ky) = lim (Aky | k).
As a consequence we see that Ap > B, as desired. O
Theorem 5.2. Let T : K — H be a densely defined linear operator satisfying

ran 7' C dom T*. 5.1
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Then T is closable and the Friedrichs extension of the positive symmetric operator T*T is equal to
(T*T)p =TT (5.2)

Proof. Condition (5.1) guarantees, according to Lemma 3.1, that 7" is closable. Hence, T** exists
and T*T** is a positive self-adjoint extension of 77T, thanks to von Neumann, see (Schmiidgen,
2012: Proposition 3.18). Our duty is therefore to establish identity (5.2). To this end we need only
to prove the domain inclusion

dom (T*T)3/? 2 dom (T*T**)/2, (5.3)
because we know that dom (T*7)}/? C dom (T*7*)!/2 and that
IT*T) 22 = (T T*) k|2, & € dom (T*T){%,
see the proof of Theorem 5.1. First we note that
dom (T*T7**)Y/? = dom T** = {k € K : I(kn)nen C dom T, ky, — k, Thky, — Tky, — 0}

Recalling the proof of Theorem 5.1, let us denote by £ the "energy space" associated with 7T, that
is, the completion of ran 77T endowed with the inner product

(T*Tk, T*Tf) = (Tk|Tf), k,f € dom T*T.
Consider the operator @) :  — £ given by dom () = dom 7*7T = dom T,
QI™Tk) =TTk € &, k€ dom T,

then we have (T*T)r = Q*Q**, again according to the proof of Theorem 5.1. Consequently, the
domain dom (T*T);/ ? can be described as follows:

dom (T*T)}/? = dom (Q*Q**)"/? = dom Q**
={k e K: Ikp)nen C dom T, k,, — k, |T*Tk,, — T*Tk,,||> — 0}
={k € K: Ikp)neny C dom T, k,, — k, ||Tky,, — Tk ||z — 0}
= dom T** = dom (T*T"**)"/2,

This proves identity (5.3) and therefore (T*T) p = T*T™**, as is claimed. O

Acknowledgement: The authors are extremely grateful to Henk de Snoo and Rudi Wietsma for
carefully reading the manuscript and for their invaluable suggestions.

Acknowledgement: The corresponding author Zs. Tarcsay was supported by DAAD-TEMPUS
Cooperation Project "Harmonic Analysis and Extremal Problems" (grant no. 308015), by the Janos
Bolyai Research Scholarship of the Hungarian Academy of Sciences, and by the UNKP—20-5-ELTE-
185 New National Excellence Program of the Ministry for Innovation and Technology. "Application
Domain Specific Highly Reliable IT Solutions" project has been implemented with the support pro-
vided from the National Research, Development and Innovation Fund of Hungary, financed under the
Thematic Excellence Programme TKP2020-NKA-06 (National Challenges Subprogramme) funding
scheme.



Acta Wasaensia 177

References

Ando, T. & Nishio, K. (1970). Positive selfadjoint extensions of positive symmetric operators. 7o-
hoku Math. J. 22, 65-75.

Arlinskii, Y.M., Hassi, S., Sebestyén, Z. & de Snoo, H.S.V. (2001). On the class of extremal exten-
sions of a nonnegative operator. Oper. Theory Adv. Appl. 127, 41-81.

Friedrichs, K. (1934). Spektraltheorie halbbeschrinkter Operatoren und Anwendung auf die Spek-
tralzerlegung von Differentialoperatoren. Math. Ann. 109, 465-487.

Gesztesy, F. & Schmiidgen, K. (2019). On a theorem of Z. Sebestyén and Zs. Tarcsay. Acta Sci.
Math. (Szeged) 85, 291-293.

Hassi, S. (2004). On the Friedrichs and the Krein-von Neumann extension of nonnegative relations.
Acta Wasaensia 122, 37-54.

Jorgensen, PE.T. & Pearse, E. (2016). Symmetric pairs and self-adjoint extensions of operators, with
applications to energy networks. Complex Anal. Oper. Theory 10, 1535-1550.

Jorgensen, P.E.T., Pearse, E. & Tian, F. (2018). Unbounded operators in Hilbert space, duality rules,
characteristic projections, and their applications. Anal. Math. Phys. 8, 351-382.

Krein, M. (1947). The theory of self-adjoint extensions of semi-bounded Hermitian transformations
and its applications, I. Mat. Sbornik 62, 431-495. (In Russian.)

Neumann, J. von (1931). Uber Funktionen von Funktionaloperatoren. Ann. of Math. 32, 191-226.

Popovici, D. & Sebestyén, Z. (2014). Operators which are adjoint to each other. Acta Sci. Math.
(Szeged) 80, 175-—194.

Prokaj, V. & Sebestyén, Z. (1996). On Friedrichs extensions of operators. Acta Sci. Math. (Szeged)
62, 243-246.

Prokaj, V. & Sebestyén, Z. (1996). On extremal positive operator extensions. Acta Sci. Math.
(Szeged) 62, 485-492.

Sandovici, A. (2018). Von Neumann’s theorem for linear relations. Linear and Multilinear Algebra
66, 1750-1756.

Schmiidgen, K. (2012). Unbounded Self-adjoint Operators on Hilbert Space. Springer Science &
Business Media: Dordrecht.

Sebestyén, Z. & Stochel, J. (1991). Restrictions of positive self-adjoint operators. Acta Sci. Math.
(Szeged) 55, 149-154.

Sebestyén, Z. & Stochel, J. (2007). Characterizations of positive selfadjoint extensions. Proc. Amer.
Math. Soc. 135, 1389-1397.

Sebestyén, Z. & Tarcsay, Zs. (2012). T*T always has a positive selfadjoint extension. Acta Math.
Hungar. 135, 116-129.

Sebestyén, Z. & Tarcsay, Zs. (2014). A reversed von Neumann theorem. Acta Sci. Math. (Szeged)
80, 659-664.



178  Acta Wasaensia

Sebestyén, Z. & Tarcsay, Zs. (2016). Adjoint of sums and products of operators in Hilbert spaces.
Acta Sci. Math. (Szeged) 82, 175-191.

Sebestyén, Z. & Tarcsay, Zs. (2017). On square root of positive selfadjoint operators. Period. Math.
Hungar. 75, 268-272.

Sebestyén, Z. & Tarcsay, Zs. (2019). On the adjoint of Hilbert space operators. Linear and Multilin-
ear Algebra 67, 625-645.

Sebestyén, Z. & Tarcsay, Zs. (2020). Range-kernel characterizations of operators which are adjoint
of each other. Adv. Oper. Theory 5, 1026—-1038.

Tarcsay, Zs. (2012). Operator extensions with closed range. Acta Math. Hungar. 135, 325-341.

Department of Applied Analysis and Computational Mathematics, E6tvos Lordnd University, Pdzmany Péter
sétany 1/c, Budapest H-1117, Hungary, and

Alfréd Rényi Institute of Mathematics, Redltanoda utca 13-15, Budapest H-1053, Hungary

E-mail address: tarcsay @cs.elte.hu

Department of Applied Analysis and Computational Mathematics, E6tvos Lordnd University, Pdzmany Péter
sétany 1/c, Budapest H-1117, Hungary
E-mail address: sebesty @cs.elte.hu



	ON THE KRE˘IN-VON NEUMANN AND FRIEDRICHSEXTENSION OF POSITIVE OPERATORS

