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CRITICAL CENTRAL SECTIONS OF THE CUBE

GERGELY AMBRUS

ABSTRACT. We study the volume of central hyperplane sections of the cube. Using Fourier
analytic and variational methods, we retrieve a geometric condition characterizing critical
sections which, by entirely different methods, was recently proven by Ivanov and Tsi-
utsiurupa. Using this characterization result, we prove that critical central hyperplane
sections in the 3-dimensional case are all diagonal to a (possibly lower dimensional) face
of the cube, while in the 4-dimensional case, they are either diagonal to a face, or, up to
permuting the coordinates and sign changes, perpendicular to the vector (1,1,2,2).

1. HISTORY AND RESULTS

Let @, = [—1,1]" denote the standard n-dimensional cube, which is the unit ball of
the o-norm on R™. It is a classical question to study the (n — 1)-dimensional volume of
sections of (),, with hyperplanes containing 0. Determining which central sections are of
minimal and maximal volume had been at the center of attention for over a century, as
this question was already rooted in the works of Laplace [LI812] and Pélya [P1913]. Yet,
it was not before the 1970’s that Hadwiger [H71] proved that minimal hyperplane sections
are parallel to facets of @, and thus they are of volume 2"~!. A few years later, Hens-
ley [H79] independently re-proved this result using probabilistic methods and also gave
an upper bound on the volume of central hyperplane sections. In his celebrated work,
Ball [B86] proved that maximal hyperplane sections are orthogonal to the main diagonal of
a 2-dimensional face of Q,,, hence, their volume is v/2 - 2"~!. Extensions of these estimates
to lower dimensional sections were proven by Vaaler [V79], Ball [B89], and Ivanov and Tsi-
utsiurupa [IT21], while alternate proofs were given by Nazarov and Podkorytov [NP00], and
Akopyan, Hubard and Karasev [AHKI9]. Non-central sections were estimated by Moody,
Stone, Zach and Zvavitch and Konig [K21]. Further extensions to unit balls of
¢,,-norms were studied by Meyer and Pajor [MP88|, Koldobsky [K98], Eskenazis [E19], and
Liu and Tkocz [LT20]. Generalizations to Gaussian measures were given by Zvavitch [Z08],
Barthe, Guédon, Mendelson and Naor and Koldobsky and Konig [KK12], while
the analogous question for perimeters was studied recently in [KK19]. Aliev deter-
mined maximal sections with respect to a certain normalization. The closely related prob-
lem of estimating volumes of central slabs was discussed by Barthe and Koldobsky [BK03]
and by Konig and Koldobsky [KK11]. For related results and further discussions, see [K05]

and [KYO0S].

Date: August 2, 2021.

2020 Mathematics Subject Classification. 52A40, 52A38, 49Q20.

Key words and phrases. Cube sections, volume, variational methods, Fourier analytic tools.

Research of the author was supported by NKFIH grant KKP-133819 and by the EFOP-3.6.1-16-2016-
00008 project, which in turn has been supported by the European Union, co-financed by the European
Social Fund.

1



2 CRITICAL CENTRAL SECTIONS OF THE CUBE

Determining minimal and maximal sections is only the tip of the iceberg when studying
the behaviour of Vol, 1(Q, N a') as a function of a € S"~! (the unit sphere in R").
One is tempted to believe that local extremizers are perpendicular to a main diagonal
of a k-dimensional face of ), — we are going to call these k-diagonal directions and the
corresponding hyperplane sections as k-diagonal sections. Hence, up to permuting the
coordinates and changing signs, k-diagonal directions are of the form (ﬁ, ceey ﬁ, 0,...,0)
where the number of non-zero coordinates is k. Without specifying k, we will also simply
refer to diagonal directions and diagonal sections.

As a first step in the analysis, it is essential to compare the volumes of diagonal sections.
By probabilistic methods, the Central Limit Theorem implies that the volume of k-diagonal
sections for k ~ n is about /6/m - 2"~!, which is slightly less than the volume of 2-
diagonal sections, that is /2 - 27!, In their recent work, Bartha, Fodor, and Gonzélez
Merino [BFGM21] proved that for each fixed n > 3 the volume of k-diagonal sections form
a strictly increasing sequence for k > 3, which is sandwiched between the values taken
at k = 1 and k = 2. Considering sections of arbitrary dimension, by using geometric
methods, analyzing local modifications, and studying the relationship with frames, Ivanov
and Tsiutsiurupa [IT21] established necessary conditions for sections in order to have locally
maximal volume.

In this note we apply Fourier analytic methods to study critical central hyperplane
sections: these are the sections a=NQ,, whose normal vector a is a critical point on S%~! with
respect to the volume of the central section of @),. Such normal vectors will be referred to
as critical directions. We retrieve the main condition of Ivanov and Tsiutsiurupa [IT21] (see
Theorem 1.1, Condition 4 therein) for (n — 1)-dimensional sections being locally maximal.
Yet, the Fourier analytic approach yields a more transparent proof for the statement. Our
argument is reminiscent of the work of Koldobsky and Kénig [KK11] — for that connection,
see the remark following the proof of Theorem

Below and later on, S; denotes the side of (),, corresponding to the ith coordinate being 1.
That is, S; = {x = (z1,...,2,) € Qn : z; = 1}. The vectors a,x € R" will always have
coordinates a = (ay,...,a,) and x = (x1,...,2,). As mentioned before, S"~! is the unit
sphere of R"™.

Theorem 1. The unit vector a = (a1, ...,a,) € S"" 1 is a critical direction with respect to
the central section volume function Vol,_1(Qn, Nat) if and only if there exists some > 0
for which

Vol,, (conv (0 U (S Nat)) = u(1 — a?)
holds true for each k =1,...,n.

The condition guaranteed by Theorem [1| may be used to calculate critical directions.
With the aid of probabilistic methods, we demonstrate this for n < 4.

Theorem 2. Forn = 2,3, critical central hyperplane sections of Qy are exactly the diagonal
sections.

Theorem 3. For n = 4, critical central hyperplane sections of Q4 are either diagonal, or

their normal vector is (\/#1—0, J%’ \/%—0, \/%—0) up to permuting coordinates and changing signs.

2. A GEOMETRIC CHARACTERIZATION OF CRITICAL SECTIONS

Theorem [I| will be proved using Fourier analytic tools and variational methods — see [K05]
for detailed theoretical background. Naturally, the following classical formula, dating back
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to Polya [P1913], lies at the core of the arguments: For any unit vector a € S"~ 1

2n—1 co N . it
(2.1) Vol_1(Qn Nat) = / T ar.
T

—o0 5 a;t

Here and later on, sin(0)/0 is understood to be 1.
We will use the following generalization of (2.1)). For arbitrary non-zero a € R”, introduce
the parallel section function sa(.) defined on R as

(2.2) sa(r) = Vol,_1(x € Qn : (x,a) =7).

Note that sa(r) is the (n—1)-dimensional volume of the hyperplane section of @Q),, orthogonal
to a at distance é‘ from the origin. In particular, s,(r) is not invariant under scaling of a.
Furthermore, introduce the normalized central section function o(.) defined on R™ \ {0}
as
™

(2.3) o(a) = Zn—_lsa(O).

For a continuous random variable X, let fx(.) denote its density function, Fx(.) its
distribution function, and @x(.) its characteristic function.

Let now Xi,...,X, be independent random variables, each distributed uniformly on
[—1,1]. The joint distribution of Xji,..., X, induces the normalized Lebesgue measure
on @y,. Accordingly, for arbitrary a € R™ and r € R,

P(}izn;aiXiﬂ <5> = 2inVoln(ern: ‘(x,a) —r‘ <5>.

Thus, letting € — 0, we deduce by ([2.2))
1
(24) fz?:l a; X; (T) = msa(r)'

We may express fyn g x, (r) using the inverse Fourier transform. As is well known, the
characteristic function of > | a;X; is given by

n .
sin a;t
(2.5) o ax () =]] ,tz
i Y
and hence, by standard Fourier inversion,
1 < I sina;t
2.6 noax (r)=— . tdt.
(26) o) = g7 [T ot

Therefore, by ([2.4]),

2" a| [ sinagt
2.7 = —_ tdt
(2.7) Sa(r) - /_Oo Zl_[l pye cos T

and, by (12.3)), we recover (2.1)):

© M gina;t
(2.8) o(a) = e,
[

After these technical preparations, we are ready to prove the main result of the paper.
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Proof of Theorem [l Assume that a € S"~! is a critical direction. Since the constraint on
a is expressed by the equation af + ...+ a2 = 1, and o(a) is differentiable, the method of

Lagrange multipliers implies that there exists a constant A € R so that foreach k =1,...,n,
(2.9) A 0 (a)
. ap = —of(a).
k Oay,

Referring to (2.8, the Leibniz integral rule shows that for each k with ay # 0,

(2.10) ia(a) _ /oo H sina;t (cos art Sinzakt) dat.
aCLk —00 z#k ait ak akt

Thus, multiplying (2.9) by ay leads to

&0 sin a;t

- cos ait dt

(2.11) Aai +o(a) = /

—00 Lk a;t

for each k (note that the above equality is trivial if a; = 0).
Next, we calculate the value of A. To this end, let ¢(t) := pyn 4, x, (). Then by (2.5),

R sin a;t n
o'(t) =~ g <H - -cosakt> — — - p(t).
t - a;t t
k=1 i#k

Thus, summing (2.11)) over k =1,...,n leads to

whenever n > 2.

Introduce a; = (ay,...,ax_1,0a%41,---,0n) € R"1 By (2.7), equation (2.11)) translates
to

(2.12) o(a)-(1—a?) = / H PN cos agtdt = S Sa,
—0 L ait 202, /1 —a?

Consider now the (n — 2)-dimensional section

(ak)-

SpNat ={xeQ,: (x,a)=0and z;, = 1}.
Then (see also [KK19])

(2.13) VOln_g(Sk N aL) = Sgk(—ak) = Sz, (ak)
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An elementary geometric computation shows that the distance between 0 and Sy, N a™’ is

\/1172 = 1/|ag|. Therefore, by (2.12)) and (2.13)),
—a?

L _
Vol,,(conv (0 U (S N ai)) — Vol,—»(SxNa™) sz (ar)

(n—=Dlar] (0 —1)[a|
. 2" %0 (a) (1 — a2
=1, (b 0

A couple of remarks are in order. First, it is easy to check that by summing the volume
formula above over all the cones spanned by the sides of @), one recovers (2.3). Second,
note that the result shows that sz, (a) # 0 for each k, which via and translates
to the condition

(2.14) Jax] <D lai.

ik
Finally, we would like to point out that the above proof is in the same spirit as the one
given by Koénig and Koldobsky [KK11] used for determining central slabs of the cube of
extremal volume. This connection is not gratuitous: for each ay # 0, applying an orthogonal
projection of Q,, Na’ onto Sj shows that

1
sa(0) = a—k\foln_l(x € Qn-1:|(x,ar)| < ag).

Yet, the two problems behave quite differently: for the question regarding the volume of
slabs, the 3-dimensional case is already surprisingly complex with a large number of critical
sections, while for the present problem, the behaviour of o(a) is still fairly simple when
n = 4, as shown by Theorem [3]

3. CRITICAL SECTIONS FOR n = 2,3

Our goal in this section is to prove that critical central hyperplane sections are all diagonal
when n < 4. That amounts to showing that given a normal vector a which is a critical
direction with respect to o(a), all of its non-zero coordinates are equal up to sign changes.

We start the proof of Theorem [2] by noting that for n = 2 the statement follows by
an elementary geometric observation: maximal sections are 2-diagonal, minimal sections
are 1-diagonal, and the length of the central sections changes monotonously between these
extrema. Therefore, we have to study the case n = 3.

Let a € S”! be a critical normal direction. If a; = 0 holds for some k, then aj; needs
to be a critical direction for Sy as well. Therefore, we may assume that all coordinates of
a are non-zero. Furthermore, by symmetry, we may assume that ap > 0 for each k < n.
Then, our goal is to show that all the coordinates aj are identical.

We will compare two coordinates, say, a; and as. Formulae and yield

1 1
1-d? fsipaxi(ar) = 1-a& I5i s aixi(a2)-

Since
1 ai+taz
fz#l a; X; (Cll) = % . fz?:3aixi($) dz
1—a2
and
1 az+ay
fzi;& aiX; (a2) = T@l fZ?zzs a; X; (l‘) d.%',

az—ai
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this is equivalent to

1— CL2 ai+tag 1— 012 as+a1
(3.1) ’ / Fson o, (2) da 1 / fson o, (2) da.

a2 1—az a1 2—a1

The above equation must hold true for any pair of coordinates in place of a; and as as well.

Proof of Theorem [ for n = 3. We may assume that 0 < a1 < a2 < a3 < 1. By (2.14),
a3 < ag + aq1. Therefore, the sum of any two of the coordinates is larger than the third one,
while their difference is smaller than that. Thus, (3.1)) reads as

1—a%(1+a2—a1):1—a%(1 ag—a1>
a ai

2 2a3

2 2as3
which implies that
(3.2) ay +as —as — alag — a%ag —ajagaz =0
if a1 # ao.
First, assume that all three coordinates of a are different. By swapping the role of a1, as
and ag above, modifies to
a1 —ao +az — a1a§ — a%ag —ajasaz =0
—a1 +ag + az — agag — a%ag — ajasaz = 0.
Summing the above equations along with results in
(a1 + az + a3)(1 — ajag — ajaz — azaz) =0,
hence,
aiag + ajasz + agaz = 1.
Since a? + a3 + a3 = 1, this leads to
(3.3) (a1 — az)? + (a1 — az)?® + (ag —az)* = 0

which shows that a1 = a2 = a3 = 1/\/§ must hold.

Second, assume that two coordinates are equal, and the third is different from them.
Without loss of generality, we may suppose that as = ag (the same argument applies to the
other cases as well). Then transforms to

(3.4) a1(1 — 2a3 — ajas) = 0.

Since a% + 2a§ =1 and a; > 0, this implies that a; = a9, which contradicts our assump-
tion.

Thus, all the critical directions are diagonal. As is well known, (1,0, O)J‘ﬂQg is a minimal
section, while ( 12, %,0)L yields the maximum. Based on , we may calculate the

S

Hessian of o(a):

(e%9) sina;t (cosajt  sinajt cosagt  sinayt o

(3 5) 82 a f—oo Hi;éj,k a;t ( aj a?t ar a%t dt, if i 7& k
. O' f—

aajaak fOO H sina;t ( 2sinagt  2cosaipt  tsinayt dt lfJ L

—oo LhiFk it ajt aj ay ) .

At a = (%, %, %) we obtain that the eigenvalues of the Hessian are 3@“, —3‘{5’”, —3‘?“.

Therefore, the Hessian is indefinite, thus, 3-diagonal directions are saddle points (see also
Figure [1)). O
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FIGURE 1. Plot of Voly(Q3 N (sina, cos asin 3, cos accos B)*), the area of
central sections of @, for n = 3, with « € [0,7/2] and 8 € [0, 7].

4. CRITICAL SECTIONS IN THE 4-DIMENSIONAL CASE

Proof of Theroem[3. Similarly to the 3-dimensional case, the argument is based on .
Yet, the 4-dimensional case requires a longer discussion and case study. In order to simplify
the subsequent arguments, we denote the coordinates with b1, bs, b3 and by momentarily,
which will be substituted by the coordinates of a in various order later.

Let thus 0 < b1 < bs and 0 < by < by with

(4.1) b2 + 03402+ b3 = 1.
By comparing by and bo, (3.1)) shows that

1— b% b1+b2 1— b% ba+by
(42) 2 [ @ de =20 [T (@) de,
2 b1—b2 1 ba—b1
Note that
LEEL for — by —by <@ <bg—by
(4.3) fooxorbuixa (%) = { 557 for b3 — by <o < by — b3
—Lrhaths for by — by <o < by +bs

We will consider four cases according to the signs of (by + ba) — (bg + bs) and (b1 + bg) —
(b2 +b3).

Case A. by + b < b3 + by and by + b3 < by + by. Then, since by — by < by — b3, by "
(4.2) leads to

(b2 — b1)[(b1 + b2 + b3 — bs)*(1 + b1ba) — 8b1babs (b1 + bo)].
Therefore, either b1 = by holds true, or

(4.4) (by 4 by 4 bg — bg)*(1 + biby) = 8bybobs(by + by).

Case B. b; + by < b3+ b4 and bg + bg > b1 + by. Comparing by and by by now leads to
(4.5) (b3 — b2)(1 4 b3 — 2bo(bs + by)) = (1 — b3) (b3 — by)>.
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Case C. by + by > bs + by and by + b3 < by + by. In this case, (4.2)) simplifies to

ni1 =) (5 + ) = - (5 - )

Thus, either by = by, or
(4.6) by + by — by — byb3 — biby — biboby = 0.

Case D. by + by > bs + by and by + b3 > by + bs. Now, equation (4.2) may be written as
— 2 B 9
bl(l—b§)<1— (b1 — b2 + b3 + ba) ) :bg(l—b%)(bl by + b3 + by)

8bsby 8b3b4 ’
which leads to
(4.7) 8b1b3ba(1 — b3) — (b — ba + bs + by)? [b1 + by — bTby — bib3| = 0.

Let now a = (aj,a2,as3,a4) € S 3 be a critical direction with none of its coordinates being
0. We may assume that 0 < a1 < ag < a3 < aq.

We will study two cases according the sign of (a1 + a4) — (a2 + a3). Suppose first that
a1 + aq4 < ag + a3z. It is easy check that the conditions of Case C are satisfied in all the
three substitutions below:

(4.8) (b1,b2,b3,bs) := (a2, a4,a1,a3) or (as,as,ai,az) or (az,as,al,as).

Applying these substitutions, we proceed as in the proof of Theorem [2]
If a9, a3z and a4 are all different, then we have

(ag — az)? + (az — as)? + (a3 — aq)? = —24d2
which yields that a; = 0, a contradiction.

Assume next that two of as, a3 and a4 are equal, and the third one differs from them.
The either aa = a3 or a3 = a4. Suppose that as = as, then as # a4. Applying the first
substitution in (4.8]), equation (4.6 simplifies to

as(1 — 2a3 — azay) = 0,
which by a4 > 0 and 1 — 2a2 = a? + a? implies that
a3 + a3(ag — az) =0,
which is impossible.

Thus, we must have that ag = a4 for all critical directions for which a1 + a4 < as + ag
holds. Apply the following substitution:

(b1,ba, b3, by) := (a1, a2, a3, as)
which belongs to Case B. Then (4.5)) simplifies to

(a3 — a?)(1 + a3 — 4azas) = 0.
Therefore, either a; = aq, or, using ,

a? + 2(ay — a3)* =0,
which contradicts to a1 > 0.
Thus, a1 = a2 and a3 = a4. Taking the first substitution in yields that either
a1 = as, in which case a is a 4-diagonal direction, or by ,
a1(1 — ajaz — 2a3) = 0.

By (4.1)), this is equivalent to
a1(2a1 — a3) =0
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which is only possible if ag = 2a;. Accordingly,

1 1 2 2
(4'9) a= < ) ) 9y )'
V10 v/10 /10 /10
In this case, (3.1) indeed holds for any pair of coordinates of a, therefore, a is a critical
direction.
Second, assume that a1 + a4 > a9 + a3. In this case, conditions of Case D are satisfied
for each of the following three substitutions:

(410) (bla 627 b37 b4) = (ala a4, a, CL3) or (CLQ, a4,0aq, a3) or (a3> a4,0a1, G/Q).
Taking the difference of (4.7)) under the first two substitutions above, we obtain that
(a1 +ag +az — a4)2(a1 — ag)(a4(a1 + a9 + CL4) — 1) =0.
Equation (2.14) for k& = 4 shows that the first term above may not be 0. Thus, either
ap = ag, or
1
(4.11) a1 +as = — — aq.
a4
Applying the same argument for the other two pairs of substitutions of (4.10) yields the
same conclusion for a; and ag, and for as and as.

Assume first that aj,as and ag are all different. Then (4.11)) implies that 1/ay — ag =
a1 + as = a1 + az, which leads to as = ag, a contradiction.

Therefore, we deduce that out of the coefficients a1, as, az, at least two must be equal.
Let us first assume that not all three of these are the same. The subsequent argument is
going to be symmetric with respect to permuting the coordinates 1,2,3, therefore we may
assume that a1 = a9, and they differ from ag.

By the analogue of , (a1 +as+aq)ay = 1. By , we also have 2a? + a% +a?=1.
Moreover, taking the substitution
(b1, ba, b3, by) := (a1,as3,a1,a4)
which belongs to Case A, implies that
(2a1 + ag — a4)2(1 + ajag) = 8a%a3(a1 + as).

Utilizing a computer algebra software reveals that the only positive solution to the system
of polynomial equations

(a1 + a3+ aq)ag =1
20 + a3 +ai=1
(2a1 + asz — a4)2(1 + ajas) — 8&%&3(&1 +a3)=0

is given by a1 = J%’ az = a4 = \/%, which yields (4.9) again.
Finally, assume that a; = ag = a3. Then by (4.1) and (4.7)) via (4.10), a; and a4 satisfies
the following system of polynomial equations:
3a? +ai=1
8a3(1 —a?) — (3ay — aq)?(a; + aq)(1 — a1aq) =0

Moreover, because of (2.14]) we also have a; > —— = 0.2887. Again utilizing a computer

V12
algebra software shows that among positive numbers, the above system of equations has two
solutions: either a1 = a4 = % which yields that a is a 4-diagonal direction, or a; ~ 0.2142

and a4 ~ 0.9286 which does not satisfy the above constraint.
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Thus, critical directions are either diagonal or they are of the form , up to per-
mutations and sign changes. It is easy to check that these indeed satisfy (3.1) for any
pair of coordinates. Out of these possibilities, 1-diagonal sections constitute global min-
ima, 2-diagonal sections yield global maxima. As seen before, 3-diagonal directions are

saddle points. At a = (1,1, 1 1) (3.5 yields that the eigenvalues of the Hessian of o(a)

2:2:22
are 8; ) —%’r, —%”, —%’T. Therefore, the Hessian is indeﬁnite and accordingly, 4-diagonal

directions are saddle points. Finally, at a = ( f \ﬁ) the eigenvalues of the

Hessian are calculated as 4/ %857@ —4/ %w, \/ 7r, 7, which shows that this case

constitutes saddle points as well.

ﬁ\

O

5. CONCLUDING REMARKS

This piece of research stemmed from the recent result of Bartha, Fodor and Gonzélez
Merino [BEGM21] who calculated the volumes of central diagonal questions of the cube.
The natural question arises: may this result be used to give an alternate way to determine
minimal /maximal central sections of the cube? To that end, it would be sufficient to show
that all directions a € S9! which are critical with respect to o(a) are diagonal. However,
Theorem |3 shows that this is not true. Yet, in the 4-dimensional case, non-diagonal critical
points constitute only saddle points. Therefore, the following question remains open: Is it
true that all the locally extremal central sections are diagonal? If so, that would yield an
alternate proof to the celebrated result of Ball [B86] vie [BEGM21].

Even though it is not true that critical sections are all diagonal, it holds in the following
“approximate asymptotic sense”. Assuming that the a;’s are fairly equal, the Central

Limit Theorem implies that > 7" 5 a;X; is close to a standard normal variable. Let g(z) =
1

me_m2/ 2 be the standard Gaussian density. Introduce the function

o 7,2 s o T2
G(r,s) = ! /2 g(x)dx = ! (erf(s) — erf(s — 2r)).

T 2r

Then (3.1 reads approximately as
G(a1,a1 + az) = G(az, a1 + az).

This can be shown to imply a; = as. Of course, this heuristic argument does not exclude
non-diagonal critical directions when the distribution of Y ;a;X; differs substantially
from the normal distribution.

I only became aware of the neat article of Ivanov and Tsiutsiurupa [IT21] after proving
Theorem I find it amusing that the two entirely different approaches yield essentially
the same condition for critical sections.

The methods used in the present paper may be applied to other problems regarding
volumes or perimeters of sections as well. In particular, the problem of estimating volumes
of central sections of the simplex is subject to a forthcoming paper.

Finally, I would like to express my gratitude to F. Fodor and G. Ivanov for the illumi-
nating discussions on the topic.
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