UNEXPECTED BEHAVIOUR OF FLAG AND S-CURVATURES ON THE
INTERPOLATED POINCARE METRIC

SANDOR KAJANTO AND ALEXANDRU KRISTALY

ABSTRACT. We endow the disc D = {(x1,22) € R? : 23 + 23 < 4} with a Poincaré-type Randers
metric Fi, A € [0, 1], that ’linearly’ interpolates between the usual Riemannian Poincaré disc model
(A = 0, having constant sectional curvature —1 and zero S-curvature) and the Finsler-Poincaré
metric (A = 1, having constant flag curvature —1/4 and constant S-curvature with isotropic factor
1/2), respectively. Contrary to our intuition, we show that when A 1, both the flag and normalized
S-curvatures of the metric Fx blow up close to 9D for some particular choices of the flagpoles.

1. INTRODUCTION

In Finsler geometry, both the flag curvature (replacing the sectional curvature from Riemannian
geometry) and S-curvature (a typically Finslerian notion which gives the covariant derivative of the
distortion along geodesics) play crucial roles in the study of various non-Riemannian phenomena.
Unlike in Riemannian manifolds, Finsler manifolds with constant flag curvature and constant S-
curvature (i.e., there exists an isotropic factor ¢ € R such that S(z,y) = (n + 1)cF(x,y) for every
(x,y) € TM, where n = dim(M)) are far to be fully classified. An important class of Finsler
manifolds where these curvature notions can be efficiently analysed represents the Randers metrics
that appear as solutions of the famous Zermelo navigation problem. Indeed, if (M, g) is a complete
n-dimensional (n > 2) Riemannian manifold and W is a vector field on (M, g) describing the
influence of the wind/current, the paths of optimal travel time appear as geodesics with respect to
the metric defined by

F(z,y) = Vgz(y,y) + Waly), x€M, yeT,M, (1.1)

see Bao, Robles and Shen [2]. Metrics of the form (1.1) are called of Randers-type, which are
typically Finsler metrics whenever |Wy|, = /g%(W,, W) < 1 for every & € M, where g* stands for
the co-metric of g. Although Randers metrics are well understood in a broad sense, see e.g. Cheng
and Shen [3], surprising phenomena continuously appear as peculiar features of the non-Riemannian
character of such structures, see e.g. Kristdly and Rudas [5] and Shen [7, 8.

The present paper provides another surprising facts about the aforementioned curvatures of
Randers spaces. For simplicity of presentation, we focus on a 2-dimensional case which is modelled
on the disc

D = {(z1,22) € R? : 22 + 23 < 4},
endowed with a special Randers metric

Fx(w,y) = a@)lyl + MVb(x),y), == (21,22) € D, y = (y1,52) € D =R?, (1.2)
where A € [0,1] and a,b: D — [0, 00) are the functions
4 4+ |z|?
Hereafter, | - | and (-,-) denote the usual norm and inner product in R2.
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We note that F) interpolates between two famous metrics. On one hand, for A = 0 the metric in
(1.2) reduces to the usual Riemannian Poincaré disc model having constant sectional curvature —1
and zero S-curvature. On the other hand, the metric (1.2) for A = 1 turns out to be the Finsler-
Poincaré metric of constant flag curvature —1/4 and constant S-curvature with isotropic factor 1/2,
investigated by Bao, Chern and Shen [1, §12.6]; we also note that in the 2-dimensional case, the
flag curvature and Finslerian-Gaussian curvature coincide. Since the 1-form W = AVb is closed for
every A € [0, 1], it follows that the geodesics of F) are trajectory-wise the same as the geodesics of
the underlying Riemannian metric Fy(z,y) = a(x)|y|, i.e., Euclidean circular arcs which meet the
boundary 9D at Euclidean right angles, and Euclidean straight rays that emanate from/toward the
origin.

Having these particular features of the metric Fy concerning the geodesics (for every A € [0, 1])
and the curvatures (for A € {0,1}), the following natural question arises: are the flag and S-
curvatures of F)\ constant for any A € (0,1)7 After some computations we realized that the answers
to these questions are negative.

Accordingly, — if we restrict our attention e.g. to the flag curvature, — we conjectured that there
should be two bounded functions [, and u) serving as sharp upper and lower bounds of the flag
curvature of F) for every A € [0, 1], with the ends lp = up = —1 and 1 = u; = —1/4. Surprisingly, it
turns out that the lower bound [y is neither bounded nor continuous. More precisely, by using the
notation K)(z,y) for flag curvature with non-zero flagpole y € T,,D (noticing that the transverse
edge is not relevant in the 2-dimensional case, see [1]) our first main result can be stated as follows:

Theorem 1.1. Let A € (0,1). Then
1 1
h=—-—F7—"-=—<K < = N eTD\ {0}.
Furthermore, both inequalities are sharp; more precisely, for every a > 0 one has

lim Ky (z,—az) =10\ and lim K) (z,az) = uy.
|| 72 |z| 72

Obviously, one has limy\ o K (z,y) = —1 for every (z,y) € TD \ {0}. However, while the upper
bound u) behaves as expected, the lower bound has an essential discontinuity at A = 1, i.e.,

)1\1/ml |i1|22 Ky (z,—azx) = )1\1/‘1111 [y = —o0, Va > 0. (1.4)

Instead of S-curvature, we shall consider the normalized S-curvature Sy = fﬁ of the metric F)
on T'D \ {0}, A € (0,1); in particular, whenever Sy is isotropic (i.e. Sx(x,y) = 3c(x)Fy(z,y)), the
isotropic factor ¢(x) and Sy coincide. Similarly to Theorem 1.1 we can state:

Theorem 1.2. Let A € (0,1). Then

— A
0 < Si(z,y) < 5 = w), V(z,y) € TD \ {0}.

(1-A%)
Furthermore, both inequalities are sharp; more precisely, for every a > 0 one has

lim Sy (z,+az) =0 and lim S x,aRix = wy,
e 5 ) i, S (0T (@) = s

where Rf: R2 — R? stands for the rotation with angle + arccos(—\) around the origin.
It is clear that limy\ Sy (z,y) = 0 for every (z,y) € TD \ {0}, as expected. However,

/l\l/ml lii‘ggg,\ (Jr,aRf\E(x)) = )1\1/‘ml wy = 400, Va > 0, (1.5)

thus for a specific setting the normalized S-curvature of F\ blows up as well.
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Relations (1.4) and (1.5) seem to be paradoxical with the behaviour of the usual Finsler-Poincaré
metric Fy. However, these situations remind us to the density of the canonical measure of the
interpolated metric F), given by

_ 16 16Xz
R = e ( (4 + [[?)

see Shen [6] and Farkas, Kristdly and Varga [4]; indeed, while lim|, o (z) = 0, it turns out that
for every fixed A € (0,1) the function o, blows up close to the boundary 0D (i.e., |z| *2).

Usually, the explicit computation of the flag and S-curvatures is not an easy task, see e.g. Bao,
Chern and Shen [1, §12.6]. However, another by-product of Theorems 1.1&1.2 is that we are able
to develop an explicit computation for the curvatures of F) which could be instructive for further
Randers metrics even in higher dimensions.

The paper is structured as follows. In Section 2 we provide a formula for the flag curvature of
a 2-dimensional manifold endowed with a generic Randers metric given by (1.2). In Section 3 we
turn our attention to the special case when a,b: D — (0,00) are defined by (1.3), establishing the
precise dependence of the interpolated flag curvature K by the parameter A € [0,1]. Finally, in
Sections 3 and 4 we provide the proof of Theorems 1.1 and 1.2, i.e., we discuss the extrema of the
flag curvature K and normalized S-curvature Sy with respect to the point € D, the direction of
flagpole y € T,,D and parameter X\ € [0, 1].

2
2> b ‘TEDa (1.6)

2. FLAG CURVATURE FORMULA FOR A CLASS OF SPECIAL RANDERS SPACES

In this section we deduce a general formula for the flag curvature of the 2-dimensional manifolds
endowed with the (parameter-free) Randers metric

F(z,y) = a(@)lyl + (Vb(x),y),  (z,y) €TD, (2.1)

where a,b: D — (0,00) are arbitrarily fixed smooth functions verifying the structural assumption
|Vb(z)| < a(z) for every x € D; furthermore, when dealing with Theorems 1.1 and 1.2, we shall
consider the parameter-depending case b := Ab with A € (0,1).

Throughout this section denote L = %2 In case of a and b we use lower indexes to denote the
partial derivatives with respect to the components of © = (z1,22) € D. In case of F' we use lower

indexes to denote the partial derivatives with respect to the components of y = (y1,%2) € R?; for
example, a1 = (%11, alg = %, F = g—i, etc. Moreover, we use the usual summation convention
Ty = Thyr + Taye.

Our strategy is the following. In the first step we explicitly compute the metric tensor

0’L
gij =
0y;0y;
and its inverse ¢g*. In the next step we compute the geodesic spray coefficients
A g 0’L
G'=g¢YG;, where G; = ——y.
975 7 OOy Yk

Finally we use the formula of the flag curvature from [1, relation (12.5.18)], given by
F?K = Gy~ Caay¥2 + Gy — Capg)

+2(C'Gy,y, + GGy, + GG, + GGy, )
~ (G Gy, + GGy, +2G,, G ) (2.2)

where G' = %i, and the subscripts denote partial derivatives.



4 SANDOR KAJANTO AND ALEXANDRU KRISTALY

In our computations we frequently use the expressions of partial derivatives of F' that we express
below, i.e.,

OF Yi
— be: — b,
oz az|y| + 05iYs, 53/@ a|y‘ + 0
0*F 0*F Y 0*F Oi i Yilsi
———— = a;ily| + bsiiys, =a; 2L + by, —— =a—2 —aP, ije{1,2}.
0,07 iyl + beigys Oxidy; 'yl oyidy; Wl P " .2}

2.1. Metric and co-metric. The metric tensor can be written as

9L Yi ij YiYj
g-~::F-F-+FF~:<a+b->< +b> (a]—a 2 )
Y oyioy; Y Y wl )\l Fi—Tk

in particular, one has

and
3
detg = MES
Its inverse ¢g*/ has the components
2 2
1 _ ‘3/|3 Y1
2 J1
T <“\ N > T E
2 2
22 ‘3/|3 Y2
b J2
! aF3< Wit > T E
3
12 Yl Y1y2
=—"—|a=+b =+
o =g (ol +o >(| N ) F2
2.2. Geodesic spray coefficients. Since
oL OF 0L OF OF 0*F
gk = oy and oo = o P
ox ox oxk oy ox* Oy ozt oy
we have
L OL _ OF OF b F O’F P OF
7 OOy, Yk dx;  dyj 8a:k 0x1,0y; Y Ox;j
and )
- y; OF 0°F oOF
Gl _ l]G F Z] . ,
F oy Vet O <axkayjy’“ axj)

where we use relation % = g F} that follows by Euler’s theorem for homogeneous functions. We
focus on the second term. Observe that

0’F oF o, ik YjYk

= Yk — + bjkyr — ajly| + bsjys = ax = — ajlyl;
J 8xk8yj 6xj \yI J ! o |y‘ ’

in particular,

Y1 nD
and Bj = ol (a1ys — azyl):—my

y2.D

Y2
By = = (agy1 — a1y2) =
|y |yl
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where D = asy; — a1y2. By using these expressions it yields that

D|y|?F. D|y|?F
F(g"By + ¢'2B,) = |ﬂ? 2 nd F(g¥ By + ¢2B?) = — ’g|F 1’
whence
y1 OF Dly[*F
Gl ==
F (%Ukyk + aF
G2 — yo OF . D‘y’2F1

- faxkyk aF

2.3. Computation of flag curvature. In the sequel we compute the flag curvature K by using
formula (2.2) and certain computational/technical tricks. In our computations we use the following
auxiliary notations:

1 0F Dly|?
5 Bxkyk’ v 2q P = y1u + Lo, q = Yau 1Y, (2.3)
thus we have
gl_p_yuthv oz 4_pu-hv

F F F F
Since the first term of (2.2) involves derivatives with respect to x = (x1, z2), while the latter two
terms have only derivatives in y = (y1,y2), we compute them in two separate steps. In the following
computations, for p,q,u and v, we use lower indexes to denote partial derivatives with respect to
Yi-
Step 1. We have

-1 piFF = pF; =2  qlF —qF;
Gp="F — and G, =""F%—
where
p1 = u + yrui + Frov + Fhoy, @1 = your — Friv — Froy,
P2 = yrug + Fhrov + Frvg, g2 = u+ youz — Frov — Flug.
Accordingly, we have
—1 —1 —9 —9
61 - (Gmlyz - Gx2y1)y2 + (G.’Ezyl - leyz)yl

- 803:1 (@m — @fnyl) + aal”z (éilyl - é;v@

_ 0 (pr—qy | Fay—py)) | 0 (ayi—pye  Fi(py —ay)
9z F F2 F F2

8:62

By Euler’s theorem, it follows that
P2y2 — @2y1 = (Y1u2 + Faov + Fove)ys — (u + youo — Frav — Flug)yy = Foo — uyy
q1y1 — p1y2 = (Yaur — Fuiv — Fron)yn — (u+ yrun + Fiov + Favr)ys = —Fop — uys
qy1 — py2 = (you — F1v)yr — (y1u + Fav)ys = —Fv,
thus

Ug Y1+ Uanl2 | U1 Foy +y2Fe,) | 0(Fi)a, — (F2)z)
= (0o = (W)ae) - = b =
N Fivg, — Fovy,  v(F1Fy, — FoF,)

. - = . (2.4)
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2
Since v = D2|Z‘ , where D = asy; — ayy9, its partial derivatives can be expressed as
~ax(3yi +y3) — a1 (2y1y2) _a2(2y1y2) — a1 (3yE + v3)
V1 = 24 3 V2 = 2 )
_3agyr — a1y2 _G2y2 —a1y1 _agy1 — 3a1y2
v = — 4 V12 = — 4 Vo = — a

In the sequel we introduce the notations Dy = bay1 — b1y2, w = azoy? + a11y5 — a12(2y192), and for
any tensor T let T' = g—gyi. Now let #; be the i-th term in (2.4). We express each term separately,
namely

N = (12)s; — (V1)
_ (a12(2y192) — a11(3y3 + y1))a — (a2(2y192) — a1(3y3 + 7)) a

2a?
~ (a22(3yF + 13) — a12(2y192))a — (a2(3y7 + v3) — a1 (2y1y2))az
2a?
_ a+3w +62+3D2
N 2a 202
‘ _ _u$1y1 + Umyz _ _Fzzx]yly] _ ‘y|5+,5
2 F 2F 2F
o = YO En tpFy) ut (yla+b)?
’ F? F? 2F2
o = V((F1)ey — (F2)ey) _ v(agy1 + bialy| — a1ya — baly| D[y
4 F Fly| 2aF
o, = Fives = Fovay _ (ay1 + bafy)) [yl*((azoys — arzyz)a = (azys — arya)as)
b F y[F 2a2
~ (ay2 + baly)) |yl ((ar2y1 — ar1yz)a — (a2y1 — arya)ar)
Y| F 2a*
_ alylw + bily[*(azeys — aroy) + boly[*(anys — aroyr)  aly| D? + D* — DDya
2aF 2a2F ’
o — U Fe — BFy) _ v((ay + byl (asly] + be) — (ay2 + bafyl)(arfy] + b1))
6=~ 2 - 2
F lylF
__Dlyl(aly|D + a(y1bs — y2b1) + |y[*(braz — baar) + |y[(brba — bab1))
N 2aF? ’

Step 2. For further computations we need the following second order derivatives of G*:

e (puiF — pFi)F = 2(p F — pF1)
yiyr F3 )
o (p12F + p1Fs — po Iy — pFi2)F — 2(p1 F — pF1) Fy
Yyiy2 F3 ’
=2 (qeF + @ —qF — qF2)F —2(q@F — qFh)F
Yy2yr F3 ’
—2 (qeol’ — qF92)F — 2(qoF — qF»)

Y292 F3 9
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where

p11 = 2u1 + y1uir + Fr12v + 2F1201 + Fovng,
P12 = u2 + y1uie + Fiaov + Faovy + Fiavg + Fouge,
q12 = u1 + Your2 — Fri2v — Frive — Fiavr — Fogg,
q22 = 2uz + Yougy — Fioov — 2F19v9 — F1vgg.

Thus, one has

€2 = é16?1411/1 + 62@52?;2 + 626;1242 + éléizyl
_ p(puF —pFu)F —2(mF — pF1)F, n q (g22F — qF22)F — 2(qeF — qF2) 1
F F3 F F3
q (p12F + p1Fs — polt — pFi2)F = 2(p F — pFi)
F F3
iy (12F + @2F1 — 1 Fo — qF12)F — 2(q2F — qF2) |y
F 3
PPt qgee +qpi2 +pqiz  PPFun + P Fag + 2pgFi
B F? F3
2P+ 20F + p0 B+ pa Py + g By +ap By (R + gF)?
F3 4 ’

=l =2 =2 1 =2
€3 = Gy1 Gy1 + Gyz Gyz + 2Gy2 Gy1
P @+ 2pq1 | (pFE A qFb)? oPPLFL + 40P + pa1 By + qpa Py
- F?2 * F4 B F3 ‘

We observe that

(pp11 4 qg22 + qpi2 + pq12) D3+ 3 +2p2q1 PP Fi + ¢*Fao + 2pgFio
- -y
F2 F2 F3
o1 B+ g Py + pgo Fy + qpi Fo (DF1 + qFY)?
3 +3 1 .

262—63:2

—2 (2.5)

Now we may simplify 2es — e3. Let &; be the i-th term in (2.5). By using Euler’s theorem for the
2-homogeneous function v and 3-homogeneous v in y, it turns out that
+ + + 1
*1 = 2pp11 qQZ2F2qp12 pa2 = ﬁ[16u2 + 4U(F22)1 — F1U2)) + 8U(F2U1 - Fﬂbg)
+ 2U(F12U1F2 — Fungg — F2201F1 + F12U2F1) + 21)(U11F22 + 022F12 — 21)12F1F2)],

s - P+ @ + 2pan
2 — — F2

10u? 4 2u(Fyv; — Flug) + 6v(u1 Fy — ugFy) + 20%(F2, — F11Fyo)

+ 20(Fi2Fpv1 + FiaFivs — Fos Fivy — FiiFovs) + (Fovy — Fivg)?,
& — 2]92}711 + ¢*Fog + 2pqFi2  23(F3F + FEFa — 2F FaFl)
3= 3 - 3 )
o PL+ q@ P+ pge P+ qpiFa 8?4+ 2u(Fpur — Fivg)
&, = 2 3 - 2 )
(pF1 + qF2)?  3u?
s T p2

&; =3
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In conclusion, it yields

u? 20X (FEFy + FiFe — 20 FaFre)  2v(Fouy — Flus)
262 —e3 = ﬁ — F3 + F2
21}(’1}11F22 + ’U22F12 — 2’()12F1F2) (F2U1 — F1U2)2 26

Denoting the i-th term in (2.6) by <{»; we obtain

u? _ (aly[ +b)?

¢1= T
 23(FiFu + FiFyp — 2R FF) D2y
02 =- F3 T 2aF”
2
0y = 2P i) _ D]y,
211(’1)11F22 + U22F12 — 2U12F1F2) (F2U1 — F1U2)2
Qu+ 05 = 2 - 2 7

D? N 3D’D? @® aDD,
a? 4a?2F2 40?2 2d2F°

Summing up the spades and diamonds and performing some slight simplifications, it turns out that

_a+3w  |yla +b  3(lyla+b)* | alylw + bilylP(azsys — arays) + boly[*(ar1ys — asayn)

F?’K =
2a 2F 4F? 2aF
_ 3Dly|(aly|D + a(yiba — yob1) + |y[*(b1az — baar) + |y|(brb2 — bab1))
2aF?
~2 2 ~ 27 212
+ 10D DD D#b 3D*D
+ 1T At ) (2.7)
4a a*F 2a°F 4a* F

One can see that the last formula contains w, D and variables with tilde. Our experience shows that
performing those substitutions provide a formally more complicated formula. However, under some
physically motivated, reasonable assumptions the above formula can be significantly simplified; we
present this result in the next subsection.

2.4. Effect of radial symmetry. When the function z — F'(z,y) from (2.1) is radially symmetric
for every y € R? (i.e., a = a(|z|) and b = b(|z])), we can assume without loss of generality that
xo = 0, y; = cost, yo = sint. In that case we have ay = a2 = bo = b1o = b112 = bogo = 0. Under
these assumptions (2.7) reduces to

a11(2a + by cost(1 + 2sin?t)) + aga(2a + 2by costcos®t)  byyg cos®t + 3byog costsin? ¢

2
PR = 2aF 2F
4aa?  2aa2by cost(cos®t + 11sin?t) n a?b? cos® t(cos? t + 12sin%t)  3a?b?sintt
4a?F? 4a?F? 4a?F? 4a?F?
3(b11 cos?t 4 bagsin? )2 3ay cost(byy(cos?t — sin? t) 4 2bgg sin? t)
4F? + 2F?
3CL1 b1 b22 Sin2 t
T oaF? 28)

where x = (1,0) € D is the position and y = (cost,sint) is the flagpole, with ¢ € [0, 27).
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3. BEHAVIOUR OF THE FLAG CURVATURE ON THE INTERPOLATED POINCARE METRIC

Let A € [0,1]. By using formula (2.8), we are going to express the flag curvature K for the
interpolating Poincaré metric (1.2) whenever the functions a,b: D — (0, c0) are given by (1.3). For

simplicity, let §_ = ﬁ, 0r = ﬁlx%; thus @ = 40_, by = 16210_04 and the metric (1.2) reduces to

Fy(z1,t) = 40_ + 1621 Ad_d4 cost, x1 €[0,2), t €10,27).

Since the calculations are tedious, we only indicate the major steps and present the important
intermediate results.

Step 1. We express the derivatives of a and b in terms of x1, 04 and J_.

Step 2. Using these expressions (from Step 1) we substitute them into (2.8). After a suitable
rearrangement of the terms, the resulting expression takes the form

_ Op+ O\ + O\

K
A Ff )

where
Op = —6463 — 64225%
O1 = 1 costd? & (—4485_ + 1920, ) + 2 costs> 64 (—44852 — 19247
+ 27 cos(3t)62 5, (—646% — 1285_5, — 6457),
Oy = xf cos(4t) (—326%6% — 646363 — 3262 6%)
+ 27 cos(2t) (—7685% 03 — 8962162 6% — 256270% 6% — 1282762 41)
+ (19202 6% — 962162 6% — 192210% 6% — 96216267 ) .
Step 3. Using the expressions for 6_ and d4, it follows that

Ka(z1,1) 4(4 + 22)* (1621 cos(t)(4 + 22)(16 + 2022 + x7) + 6423 cos(3t)(4 + 22))
A1, t) =

C4(4+ 22 + 4z Acost)t 4(4 + 22 + 4z A cost)?
 \*(32a] cos(4t) + 1627 (48 + 3227 + 3a7) cos(2t) — 3(256 — 64af + 2f))
4(4 + 22 + 41 A cost)?

. (3.1)
We observe that for A € {0,1}, one has
1
KO(xlvt) =-1, K1($1,t) = 715 V:El € [052)7 te [0,271')

Hereafter, let A € (0,1). We have

0Ky 0 e (=16 + 21)A(—1 + A?) cos t(16 + x] — 8zF cos(2t)) 0
ory 4+ 22 + 4x1 A cost o

0Ky _ o . =14+ aD)A=1+ )16 + 21 — 8z cos(2t)) sint _
ot 4+ 22 + 4x1 X cost N

The above equations show that the extremal values of K occur when t € {0,7/2,7,37/2} and
either 1 = 0, or 1 " 2; on Figure 1 one can see both the special directions corresponding to these
values and the evolution of K (x1,t) by fixing different values of \. We consider the following three
cases:
Case 1: If the position x = (z1,0) and the flagpole y = (cost,sint) are orthogonal in the
Euclidean sense, that is either z1 = 0 or ¢t € {w/2,37/2}, then formula (3.1) reduces to

_ 32 _
K)\(Oat) = K)\(jlaﬂ-/2) = K/\(f1737r/2) =—-1+ T) VT, € [07 2)7 te [07277)'
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(A) —4 < Kyjp < —4/9; K{,, = ~13/16. (B) =9 < K3 < —9/25; KJ )3 = —2/3.

(C) =16 < K34 < —16/49; K1, = —37/64. (D) =25 < Ky5 < —25/81; K5 = —13/25.

FIGURE 1. Representation of K)(zi,t) for the choices A\ € {1/2,2/3,3/4,4/5},
where ¢t € [0,27) and 1 € [0,2). The special directions ¢ € {7/2,37/2} (green),
t = 0 (red) and t = 7 (blue) correspond to Cases 1-3, respectively. The sharp in-
equalities and the curvatures on transverse directions (KAT) are presented as well.
The ’valley’ along the blue curve decreases to —oo whenever A 7 1, see also (1.4).

Case 2: If x = (z1,0) approaches the rim of the disc and the flagpole points “outward”, i.e.,
x1 /2 and t = 0, then .
Ky)(27,0) = —m.
Case 3: If = (z1,0) approaches the rim of the disc and the flagpole points “inward”, i.e.,
x1 /2 and t = 7, then
1
(1=N)2
Proof of Theorem 1.1. Cases 1-3 prove Theorem 1.1; indeed, since we provided sharp upper and

lower bounds of K, one has for every A € (0,1) that
1 1
- < K t - 2), t 27).
(1 — )\)2 < )\(arl, ) < (1 +)\)2, Va1 € [0, ), S [0, 71')

We can also observe that when A 1 the lower bound tends to —oc. O

lim K __
zf% Az, )
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4. BEHAVIOUR OF THE S-CURVATURE ON THE INTERPOLATED POINCARE METRIC

According to Chern and Shen [9], the S-curvature of an n-dimensional Finsler manifold (M, F)
can be calculated by
0G" 0
S=———yYm=—1 ,
OYm Y Orm nor

where G' = % are the geodesic spray coefficients and

B Vol(B"(1))
- Vol{y € T,M : F(x,y) <1}

is the density function of the natural measure (B"(1) denotes the Euclidean unit n-ball and Vol is
the canonical Euclidean volume). In order to obtain an expression of degree zero, we normalize the
S-curvature by considering ﬁ on TM \ {0}.

For the interpolated Poincaré metric (1.2) with functions a,b : D — R from (1.3), the density
function of the natural measure is

or, (x) = a(@)2(1 — A2[bla(2)?)?,

UF(.%')

where a(z) = ﬁ and |b|,(z) = %, see (1.6).

Similarly to the previous sections without loss of generality we can assume that o = 0, y; = cost,
yo = sint, thus we get the following

_ S

Sy = ﬁ(wat) =

MO 4+ 01X + 02)?)
2((4 + 22)2 — 162222) (4 + 22 + 4x1 A cos t)?’

where
Op = (4 +23)%(16 + ] — 822 cos(2t))
01 = 8x1(—4 + 22)*(4 4 23) cos t
0y = 1623 (=822 + (16 + z7) cos(2t)).

We observe that if A =0 or A = 1 then F)\ has constant S-curvature, since

go(lil,t) =0, §1($1,t) = Va1 € [0, 2), t e [0,271’).

1
27
Suppose that A € (0,1). If extremal values of Sy are attained then the following equations hold:

a5 L e 21(4 4+ 2HN(=1 4+ N2) (421 ) + (4 + 23) cos t) sin t _

ot (4 +2%)2 — 1622)2)(4 + 22 + 421 X cos t) ’

5% _ o x;(xil — 162)/\()\2 - 1)2(305t T o,

0z ((4+27)? — 1629A2) (4 + a7 + 4z1 A costt)

where T' = (1221 (4 + 22)2X + (4 + 22)((4 + 22)% + 4822 )2) cos t + 64x3)\3 cos(2t)) > 0.

The second equation holds when x1 = 0, 1 * 2 or cost = 0, while the first equation holds
when 1 = 0, sint = 0, or both x; 2 and cost = —\; Figure 2 illustrates the special directions
corresponding to these values and the evolution of Sy(x1,t) for various values of . The following
three cases should be considered:

Case 1: If 1 =0, then

— A
S)\(Ovt) == 57

vt € [0, 27).

We also observe that Sy (z1,7/2) = Sx(x1,37/2) = %, Vxy € [0,2).
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- —T - —T
(C) 0< S7/8 < %—g, 57/8 = 7/16, tmax ~ 2.64. (D) 0< 315/16 < 132—10, 515/16 = 45/32, tmax =~ 2.79.

FIGURE 2. Representation of Sy(z1,t) for the choices A\ € {1/2,3/4,7/8,15/16},
where ¢ € [0,27) and x; € [0,2). The special directions ¢ € {n/2,37/2} (green),
t € {arccos(—A), 2m —arccos(—A)} (red) and ¢t € {0, 7} (blue) correspond to Cases 1-

3, respectively. The sharp inequalities, the curvatures on transverse directions (grf)
and the values ty,ax = arccos(—\) (in radian) are presented as well. The ’peaks’
along the red curves increase to +00 whenever A 1, see also (1.5).

Case 2: If 1 2 and cost = —\, then

— A
x111§25>\(x17t) = m

Case 3: If 1 /2 and sint = 0, then
lim g)\(xl,t) =0.

1,2
Proof of Theorem 1.2. The above Cases 1-3 prove Theorem 1.2. Since we provided sharp upper
and lower bounds of S, one has for every A € (0,1) that
— A
0<S 1) < ——~, V1 € [0,2), t €[0,27).

We can also observe that when A 1 the upper bound tends to +o0.
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