X Birkhduser



Frontiers in Mathematics

Adyvisory Editors

William Y. C. Chen, Nankai University, Tianjin, China

Laurent Saloff-Coste, Cornell University, Ithaca, NY, USA

Igor Shparlinski, The University of New South Wales, Sydney, NSW, Australia
Wolfgang Sprofig, TU Bergakademie Freiberg, Freiberg, Germany

This series is designed to be a repository for up-to-date research results which have been
prepared for a wider audience. Graduates and postgraduates as well as scientists will
benefit from the latest developments at the research frontiers in mathematics and at the
“frontiers” between mathematics and other fields like computer science, physics, biology,
economics, finance, etc. All volumes are online available at SpringerLink.

More information about this series at http://www.springer.com/series/S388


http://www.springer.com/series/5388

Nicusor Costea * Alexandru Kristaly ¢
Csaba Varga

Variational and
Monotonicity Methods
in Nonsmooth Analysis

Birkhauser .



Nicusor Costea Alexandru Kristaly

Department of Mathematics and Computer Department of Economics
Science Babes-Bolyai University
University Politehnica of Bucharest Cluj-Napoca, Romania

Bucharest, Romania Institute of Applied Mathematics

Obuda University
Budapest, Hungary

Csaba Varga

Department of Mathematics
Babes-Bolyai University
Cluj-Napoca, Romania

ISSN 1660-8046 ISSN 1660-8054 (electronic)
Frontiers in Mathematics
ISBN 978-3-030-81670-4 ISBN 978-3-030-81671-1 (eBook)

https://doi.org/10.1007/978-3-030-81671-1
Mathematics Subject Classification: 35A15, 35A16, 47130, 49J52, 35B38, S8E05, 35Q91

© The Editor(s) (if applicable) and The Author(s), under exclusive license to Springer Nature Switzerland AG
2021

This work is subject to copyright. All rights are solely and exclusively licensed by the Publisher, whether the
whole or part of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology now
known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication does
not imply, even in the absence of a specific statement, that such names are exempt from the relevant protective
laws and regulations and therefore free for general use.

The publisher, the authors, and the editors are safe to assume that the advice and information in this book are
believed to be true and accurate at the date of publication. Neither the publisher nor the authors or the editors
give a warranty, expressed or implied, with respect to the material contained herein or for any errors or omissions
that may have been made. The publisher remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

This book is published under the imprint Birkhduser, www.birkhauser-science.com, by the registered company
Springer Nature Switzerland AG.
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland


https://doi.org/10.1007/978-3-030-81671-1
http://www.birkhauser-science.com

To my wife Diana and my son Nicholas. 29

N. Costea 3o

To my wife Tiinde and my children Marot, Bora, 31
Zonga, and Bendegiiz. 32

A. Kristdly =3

To my wife Ibolya, my son Csaba, and my sister 34
Irma. 35

Cs. Varga 36



The present book provides a comprehensive presentation of a wide variety of nonsmooth
problems arising in nonlinear analysis, game theory, engineering, mathematical physics,
and contact mechanics. The subject matter of the monograph had its genesis in the early
works of F. Clarke, who paved the way for the modern development of nonsmooth analysis.

Our initial aim is to cover various topics in nonsmooth analysis, based mainly
on variational methods and topological arguments. The present work includes recent
achievements, mostly obtained by the authors during the last 15 years (four main parts,
divided into 13 chapters), putting them into the context of the existing literature.

Part 1 contains fundamental mathematical results concerning convex and locally
Lipschitz functions. Together with the appendices, this background material gives the book
a self-contained character.

Part II is devoted to variational techniques in nonsmooth analysis and their appli-
cations, providing various existence and multiplicity results for differential inclusions,
hemivariational inequalities both on bounded and unbounded domains. The set of results
for unbounded domains is the first systematic material in the literature, which requires deep
arguments from variational methods and group-theoretical arguments in order to regain
certain compactness properties.

Part III deals with variational and hemivariational inequalities treated via topological
methods. By using fixed point theorems and KKM-type approaches, various existence and
localization results are established including Nash-type equilibria on curved spaces and
inequality problems governed by set-valued maps of monotone type.

Part IV contains several applications to nonsmooth mechanics. Using the theoretical
results from the previous parts we are able to provide weak solvability for various
mathematical models which describe the contact between a body and a foundation.
We consider the antiplane shear deformation of elastic cylinders in contact with an
insulated foundation, the frictional contact between a piezoelectric body and an electrically
conductive foundation, and models with nonmonotone boundary conditions for which we
derive a variational formulation in terms of bipotentials.
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Preface

At the end of each chapter we listed those references that are quoted in that part. A

master bibliography also appears at the very end of the monograph.

We really hope the monograph will be useful, providing further ideas for the reader.
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1.1 Basic Properties

Unless otherwise stated, throughout this chapter, X denotes a real Banach space. For a
functional ¢ : X — (—00, +00], we denote by D(¢) the effective domain of ¢, that is,

D(p) ={ueX: o) <-+oo}.
The epigraph of ¢ is the set
epi(p) :=={(u, 1) € X xR: o) < a}.

Definition 1.1 A functional ¢ : X — (—o00, 400] is said to be lower semicontinuous
(Ls.c.) if for every A € R the set

o <Al:={ueX: ou) =i}
is closed.
We recall next some well-known elementary facts about l.s.c. functionals.

(i) The functional ¢ is l.s.c. if and only if epi(¢) is closed in X x R;
(ii) ¢ isls.c.if and only if for every sequence {u,} in X such that u, — u we have

liminfo(u,) > ¢u);
n—oo

(iii) If ¢1 and ¢y are l.s.c., then @1 + ¢ is 1.s.c.;

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021 3
N. Costea et al., Variational and Monotonicity Methods in Nonsmooth Analysis,
Frontiers in Mathematics, https://doi.org/10.1007/978-3-030-81671-1_1
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4 1 Convex and Lower Semicontinuous Functionals

(iv) If (¢i)ier 1s a family of l.s.c. functionals then their superior envelope is also l.s.c.,
that is, the functional ¢ defined by

@(u) = sup ; (u)
iel
is L.s.c.;
(v) If X is compact and ¢ is L.s.c., then inf,ex ¢ (u) is achieved.

Definition 1.2 A function ¢ : X — (—00, +00] is said to be convex if
oAu 4+ (1 —2)v) <row)+ (1 —XeW), Yu,velX, VAel0,l1].
We have the following elementary properties of convex functionals:

(i) The functional ¢ is convex if and only if epi(p) is a convex set in X x R;
(ii) If ¢ is a convex functional, then for every A € R the set [p < A] is convex. The
converse is not true in general;
(iii) If ¢1 and ¢, are convex, then @1 + ¢; is convex;
(iv) If (¢i)ier is a family of convex functionals then their superior envelope is also
convex, that is, the function ¢ defined by

o) = S_u?w(u)-

is convex.

The following theorem provides useful information regarding the continuity of convex
functionals.

Theorem 1.1 Let ¢ : X — (—o00, +00] be a convex functional such that ¢ # +o0o. Then
the following statement are equivalent:

(i) @ is bounded above in a neighborhood of uo,
(ii) @ is continuous at uop;
(iii) int(epi(p)) #
(iv) int(D(p)) # D and @linyp(p)) is continuous.

Proof (i) = (ii) Taking a translation if necessary, we may assume that ug9 = 0 and
¢(0) = 0. Let U be a neighborhood of 0 such that ¢(u) < M for all u € U. Fix
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1.1 Basic Properties 5

g€ (0,M]andlet V := (¢/M)U N (—&/M)U be a symmetric neighborhood of 0. Let 37

u € V be fixed. Then (M /e)u € U and 38
w< oM +(1—€) O < M=¢ (1.1)
U=\ & M) =" '
On the other hand, (—M/¢)u € U and 39
1 e/ M e
0=¢0) < _
YO= 1y et 1+(8/M)(p( u®)
1 e/M
< ) + M,
1+ (e/M) 1+ (/M)
thus showing that 40
pu) = —e&. (1.2)
From (1.1) and (1.2) we deduce that 41

lpw)| <e, YuelV,

therefore ¢ is continuous at u = 0. 42
(ii) = (i) Follows directly from the continuity of ¢ at ug. 43
(i) = (iii) Let U be a neighborhood of u such that ¢(u) < M for all u € U. Then 44

U C int(D(p)) and 45

{(u,A) e X xR: ue U, M < A} C epi(p),

which shows that int(epi(¢)) # 9. 46
(iii) = (i) Fix (u, ) € int(epi(¢)). Then there exist a neighborhood U of u and ¢ > 0 47
such that 48

U x[L—¢&,A+e] Cepi(p).
Then U x {M} C epi(p) for M € [A — ¢, A + €], therefore 49
o) <M, Vuel.

(i) = (iv) Again, without loss of generality, we may assume uo = 0. Let U be a so
neighborhood of ug such that p(u) < M, forallu € U. Then U C D(¢), therefore s

int(D(p)) # @. 52



6 1 Convex and Lower Semicontinuous Functionals

For the second statement, fix u € int(D(¢)). Due to the convexity of D(¢) there exists
A > 1 such that vg := Au € D(¢). Set

Vi=u-+ .
)\-
Then V is a neighborhood of u and any w € V satisfies w = u + )‘Alv for some
v € U. Thus
ow) =@ vo + v @(vo) + Qv
Vi = .
= 0 2 0

This shows that ¢ is bounded above on a neighborhood of u and, since (i) < (ii), it
follows that ¢ is continuous at u.

(iv) = (i) Pick any u € int(D(¢)). Then ¢ is continuous at u, therefore it is also bounded
above on a neighborhood of u. O

The following theorem identifies the kind of continuity of a convex functional on the
interior of the effective domain.

Theorem 1.2 (Lipschitz Property of Convex Functionals) Let ¢ : X — (—o00, +00]
be a proper convex L.s.c. functional. Then ¢ is locally Lipschitz on int(D(¢)).

Proof The proof will be carried out in 3 steps as follows.

Step 1. If ¢ is locally bounded above at ugy € int(D(¢)), then ¢ is locally bounded at uy.
Assume ¢(u) < M in B(ug, r) C int(D(¢)). Then for each u € B(uo, r) the
element v := 2ug — u € B(ug, r) and

W) + ¢(v) W)+ M
@(ug) < v v = ¢ ,
2 2
thus proving that ¢ (u) > 2¢(ug) — M, i.e., ¢ is also locally bounded below at ug.
Step 2. If ¢ is locally bounded at uy € int(D(¢)), then ¢ is locally Lipschitz at u.
Assume |¢(u)| < M for all u € B(ugp,2r), fix u,v € B(ug,r), u # v and
define

d:=|v—ul andw::v—i—;(v—u).
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1.1 Basic Properties 7

Step 3.

: . d r
Then w € B(ug, 2r) and, since v = dgr Wt gl u, we have

r

d
< .
p) < d+r<p(w)+ r+d<p(u)
Thus
d 2Md  2M
p) —pu) < J (p(w) — o)) < = lv — ull.
+r r r
wis locally Lipschitz on int(D(¢)).

In view of the previous two steps, we only need to show that ¢ is locally
bounded above. For each n > 1 define

En :=[p <n].

Then E;, is closed for each n > 1 due to the lower semicontinuity of ¢ and
o
int(D(p)) C | En.
n=1

It follows, by the Baire Category Theorem, that int(E,,) # < for some ng > 1.
Suppose B(ug, r) C int(Ey,). Then ¢ in bounded above by ng on B(ug, r). Since
int(D(¢)) is open, if u # v € int(D(¢)), then there exists & > 1 such that
w:=u—+ u —u) € int(D(¢)). Then the set

1 —1
U::{ w+ M b:beB(uo,r)}
I I

is a neighborhood of v € int(D(g)). Thus, for any z € U one has
1 u—1
i) = o)+ no,
2 2

so ¢ is locally bounded above. O

Proposition 1.1 Assume that ¢ : X — (—00, +00] is convex and Ls.c. in the strong
topology. Then ¢ is weakly L.s.c., i.e., it is lower semicontinuous in the weak topology T,

of X.
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8 1 Convex and Lower Semicontinuous Functionals

Proof For every A € R the set

o <il:={ueX: okx) <A}
is convex and (strongly) closed. Then, by Theorem A.5 it is weakly closed and thus ¢ is
weakly Ls.c. O
1.2  Conjugate Convex Functions and Subdifferentials

Definition 1.3 Let ¢ : X — (—00, 400] be a proper functional. We define the conjugate
function ¢* : X* — (—00, +00] to be

@* (&) == sup {{¢, u) — pu)}.
ueX

Note that ¢* is convex and 1.s.c. on X*. In order to check this we point out that for each

u € X, the functional ¢ — (¢, u) — ¢(u) is convex and continuous, therefore 1.s.c. on X*.

In conclusion ¢*(¢) is convex and L.s.c., being the superior envelope of these functionals.
Remark 1.1 We have the inequality

(Cou) <o) +¢"(5), YueX, VieX, (1.3)

which is called Young’s inequality.

Theorem 1.3 Assume that ¢ : X — (—00, +00] is convex Ls.c and proper. Then ¢* is
proper, and in particular, ¢ is bounded below by an affine continuous function.

Proof Fix ug € D(p) and Ao < ¢(ug). Applying the Strong Separation Theorem in the
space X x R with A := epi(¢) and B := {(ug, A9)} we obtain the existence of a closed

hyperplane H : [A = «] that is strictly separating A and B. Since X > u = A(u,0) is a
linear and continuous functional on X, it follows that there exists £ € X* such that

A, 0) := (¢, u),
and

A, A) = (¢, u) + AA0, 1), V(u,A) e X x R.
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1.2 Conjugate Convex Functions and Subdifferentials 9

There exists & > 0 such that
Ao, 2o) +6 <a < A(u,r) —e, V(u, L) €epi(p),
which leads to
(Couo) + 20A0, 1) <a < (&, u) +9w)A0, 1),  Vu € D(p).

It follows that A(0, 1) > O (just set u = ugp). Moreover,

1 o
<_A(0, 1){, u> —p(u) < _A(O, 1y’ Yu € D(p).

Setting & := —¢/A(0, 1) and 8 := o/ A(0, 1) we conclude that ¢*(§) < +o00 and ¢(u) >
(6, u) + B. O

If we iterate the operation *, we obtain a function ¢** defined on X**. Instead, we
choose to restrict ¢** to X, that is we define

@™ (u) == sup {(¢,u) — ")} (u € X).
cex*

Definition 1.4 For a given functional ¢ : X — R the limit (if it exists)

. o(u+tv) — o)
im s

(1.4)
t\0 t

is called the directional derivative of ¢ at u in the direction v and it is denoted by ¢’ (u; v).
The function ¢ is called Gateaux differentiable at u € X if there exists ¢ € X™ such that

o' (u;v) =, v), VYvelX. (1.5)

In this case ¢ is called the Gateaux derivative (or gradient) of ¢ at u and it is denoted by
Vo(u).

We point out the fact that, if the convergence in (1.4) is uniform w.r.t. v on bounded subsets,
then ¢ is said Fréchet differentiable at u and ¢ in (1.5) is denoted by ¢'(u) (the Fréchet
derivative). Needless to say that if ¢ is Fréchet differentiable at u, then it is also Gateaux
differentiable at u# and the two derivatives coincide, whereas the converse is not true in
general.
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10 1 Convex and Lower Semicontinuous Functionals

Definition 1.5 Let ¢ : X — (—o00, +00] be a proper convex L.s.c. functional. Then the 119
subdifferential of ¢ atu € D(¢p) is the (possibly empty) set 120

dpu) :={¢ e X*: ({,v—u) <o) —pw),Yv € X},
and dp(u) := D ifu & D(p). 121

In general, d¢ is a set-valued map from X into X*. An element of d¢(u), if any, is called 122
subgradient of ¢ at u. As usual, the domain of d¢, denoted D(d¢), is the setof all u € X 123

for which dg(u) # 9. 124
Let us provide the following simple (but important) examples. 125
Example 1.1 Consider ¢(u) := |ju]|. It is easy to check 126
0, if <1,
+00, otherwise.

It follows that 127

@ (u) = sup (¢,u),

51l <1
rex*
therefore p** = . Moreover, 128
Bx+, ifu =0,
dp(u) =
o) ! “ﬂi‘ﬂ), otherwise,
where By is the closed unit ball of X* and J is the normalized duality mapping i.e., 129

J) = {¢ € X" gl = fulland (¢ u) = ]2}
For more details regarding the duality mapping check out Chap. 5. 130
Example 1.2 Given a nonempty set K C X, we set 131

0, ifuek,
Ix () := .
+00, otherwise.
The function Ik is called indicator function of K. Note that I is proper if and only if 132
K # @&, Ik is convex if and only if K is a convex set and /g is Ls.c. if and only if K is 133
closed. 134
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The conjugate function

I (¢) = sup(¢, u),
uek

is called the supporting function of K.
It is readily seen that D(dlx) = K, 01k (u) = O for each u € int(K) and

dxu)=Nkw)={c e X" : (t,v—u) <0, Vve K}.
Recall that for any boundary point u € K the set Nk (u) is the normal cone of K at u.
Example 1.3 Let ¢ : X — (—o00, o0] be convex and Gateaux differentiable at u. Then
dpu) = {Veu)}.
Indeed, due to the convexity of ¢ we have

pu+t(v—u)) <tp(w)+ {1 —-1em), YveX,Vrel0,l1].

Thus

pUHIE =IO =00 2 o) — g,

and letting r N\ O we get that Vo (u) € dp(u).
For the converse inclusion, let ¢ € dg@ () be fixed. Then

(C.w—u)<pw) —e), YwelX,
Taking w := u + tv we get

l‘ —_
(E,v>5¢(u+vt) oW e xvi = 0.

Letting t N\, O we obtain
(¢,v) < (Vo),v), VYvelX.
Replacing v with —v in the above relation we get that £ = Vp(u).

Proposition 1.2 Let ¢ : X — (—00, 400] be a proper convex l.s.c. functional. Then
u € D(¢) is a global minimizer of ¢ if and only if 0 € d¢(u).
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12 1 Convex and Lower Semicontinuous Functionals

Proof The point u € D(gp) is a global minimizer of ¢ if and only if
0<¢ —el), VYvelX.
But,
(0,v—u)=0, VYvelkX,
thus showing that 0 € dg(u). |

We point out the fact that there is a close relation between d¢ and d¢™* as it can be seen
from the following result.

Theorem 1.4 Let X be a reflexive space and ¢ : X — (—00, +00] be a proper convex
functional. Then the following assertions are equivalent:

(i) ¢ € dp(u);
(i) o) +¢* (&) = (¢, u);
(iii) u € 3p*(2).

In particular, 3¢* = (3¢) ™" and p** = ¢.
Proof According to Young’s inequality we have
9 () + o) = (¢, u), YueXV¢eX,

and equality takes place if and only if 0 € 9¢(u), with ¢(u) = ¢(u) — (¢, u). Hence
(i) and (i7) are equivalent. On the other hand, if (ii) holds, then ¢ is a global minimizer
of & > ¢*(&) — (&, u), therefore u € d¢™. Hence (ii) = (iii). Since (i) and (ii) are
equivalent for ¢* we may write (iii) as

9 () + ™ W) = (¢, u).

Thus, in order to complete the proof it suffices to prove that ¢*™* = ¢. We show this in two
steps as follows:

Step 1. If ¢ > 0, then ¢™* = ¢.
One can easily check that ¢**(u) < ¢(u) for all u € X. Assume by
contradiction there exists uo € X such that ¢™* (1) < ¢(up). We apply the Strong
Separation Theorem in X x R with A := epi(g) and B := (ug, ¢**(up)). As in
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1.2 Conjugate Convex Functions and Subdifferentials 13

the proof of Theorem 1.3 there exist a closed hyperplane H : [A = o] strictly 170
separating A and B and ¢ € X* such that 171

(¢, u) +AA0, 1) > a > (¢, uo) + 9™ (o) A0, 1),  V(u, 1) € epi(p). (1.6)
It follows that A(0, 1) > O (fix u € D(¢) and let . — +00). We cannot deduce 172
that A(0, 1) > 0 as we may have ¢(ug) = +oo. For a fixed ¢ > 0, since ¢ > 0 173
we get using (1.6) 174
(Cou) + (A, 1) + &)pu) = o, Vu € D(p).
Thus 175

9" (§) < B,

=— A(Oﬁ)_ﬂ_j and 8 1= — A(O,al)—i-s‘ The definition of ¢**(ug) then implies 176
that 177

@™ (o) = (€, uo) — " (€) = (&, uo) — B,

and this shows that 178

(¢ uo) + (A0, 1) + £)9™ (uo) = e,

which obviously contradicts the second inequality of (1.6). 179

Step 2. ¢** = ¢. 180
According to Theorem 1.3, D(¢*) # &, therefore we can fix {yp € D(¢*) and 181

define 182

¢ (u) = @) — (¢o, u) + ¢*(%0)-

Then ¢ is convex, proper, l.s.c. and satisfies ¢ > 0 and, due to Step 1, ¢** = ¢. 183
On the other hand 184

¢ () = ¢*(& + L) — ¢™(20),

and 185

™ () = @™ (u) — (5o, u) + ¢*(%0)

Using the fact that ¢** = ¢ it follows at once that ¢™* = ¢. O 186
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Proposition 1.3 If ¢ : X — (—o00, +00] is proper, convex and Ls.c., then D(3¢) is a
dense subset of D(p).

Proposition1.4 If ¢ : X — (—o00,+400] is proper, convex and Ls.c., then
intD(¢) C D(3¢).

Theorem 1.5 Let ¢ : X — (—00, +00] is proper, convex and l.s.c. functional. Then the
following conditions are equivalent:

(i) 4 — +ooas lu| — +oo.

(ii) R(d¢) = X* and (39)~! = d¢* maps bounded sets into bounded sets;

Proof (i) = (ii) If (i) holds, then for each ¢ € X* the functional ¢ : X — (—o00, +00]
defined by

) = o) — (¢, u)

is convex, l.s.c. and coercive, therefore it attains its infimum on X (see Corollary 1.1
in the next section). Thus 0 € d¢(u) = d(p(u) — (¢, u)) or, equivalently, ¢ € dp(u).
Moreover, if {¢} remains in a bounded subset of X*, then so does {(3¢) ! (¢)}.

(ii) = (i) By Young’s inequality we have

) = (¢, u) = @*(), YueX,VieX" (L.7)
Fix u € X and let o € X be such that ||| = |lu|| and (¢o, u) = ||u||>. Then taking

L= qu go in (1.7) we get

A
@) = Mlull — ¢* (”u” 4“0) . Vue X, Vi>0,

which combined with the fact that ¢* and d¢* map bounded sets into bounded sets
yields the desired conclusion. =]

Definition 1.6 A bipotential is a functional B : X x X* — (—o00, +00] satisfying the
following conditions:

(i) foranyu € X, if D(B(u, -)) # <, then B(u, -) is proper convex L.s.c.; forany ¢ € X,
if D(B(-, ¢)) # &, then B(-, {) is proper convex l.s.c.;
(ii) B(u,¢) > (¢, u) forallu € X and all ¢ € X*;
(iii) £ € B(,)(u) < u € 3B, )(§) < Bu, ) = (¢, u).
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1.3 The Direct Method in the Calculus of Variations 15

1.3 The Direct Method in the Calculus of Variations

Theorem 1.6 Let M be a topological Hausdorff space, and suppose that
¢ : M — (—o0,+00] satisfies the Borel-Heine compactness condition, that is, for
any o € R the set

[p<al:={ueM: ¢u) <a}, (1.8)

is compact.

Then ¢ is uniformly bounded from below on M and attains its infimum. The conclusion
remains valid if, instead of (1.8), we assume that any sub-level-set [¢ < o] is sequentially
compact.

Proof Suppose (1.8) holds. We may assume that ¢ # 4o00. Let

consider a sequence {a,} such that o, \( ®p, as n — oo and let K,, := [¢ < oy]. By
assumption, each K, is compact and nonempty. Moreover, K,+1 C K, for alln € N*, By
the compactness of K, there exists a point u € (1), Kn, satisfying

o) <oy, Vn=>no.
Taking the limit as n — 0o we obtain that
< =1 f s
$(u) < ag = inf ¢

and the claim follows.

If instead of (1.8) each [¢ < «] is sequentially compact, we choose a minimizing
sequence {u,} in M such that ¢ (u,) — «p. Then for any @ > «g the sequence {u,} will
eventually lie entirely within [¢ < «]. The sequential compactness of [¢ < «] ensures that
{un} will accumulate at a pointu € ) ¢ < «] which is the desired minimizer. |

a>a0[

Remark 1.2 If ¢ : M — R satisfies (1.8), then for any « € R the set
{ueM: ¢(u) >a}=M\[¢p <a]

is open, that is, ¢ is lower semicontinuous. Respectively, if each [¢ < «] is sequentially
compact, then ¢ will be sequentially lower semicontinuous.

Conversely, if ¢ is sequentially lower semicontinuous and for some @ € R, the set
[¢ < «] is (sequentially) compact, then [¢ < «] will be (sequentially) compact for all
a < a and again the conclusion of Theorem 1.6 will be valid.
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16 1 Convex and Lower Semicontinuous Functionals

Theorem 1.7 Suppose that X is a reflexive Banach space with norm || - ||, and let M C X
be a weakly closed subset of X. Suppose ¢ : M — (—o00, +00] is coercive on M with
respect to X, that is,

¢(m) — +ooas ||u|| - oo, (ue M),

and sequentially weakly lower semicontinuous on M with respect to X, that is, for any
u € M, any sequence {u,} in M such that u, — u we have

¢(u) < liminf ¢ (uy).
n—0o0

Then ¢ is bounded from below on M and attains its infimum in M.

Proof Let ag := infy ¢ and assume {u,} is a minimizing sequence in M, that is,
¢ (un) — o, as n — 00. By coerciveness, {u,} is bounded in X and, since X is reflexive,
the Eberlein-Smulian theorem ensures the existence of u € X such that U, — u.But M is
weakly closed, therefore # € M, and the weak lower semicontinuity of ¢ shows that

¢ (u) < liminfe(u,) = ap,
n—oQ
i.e., u is a global minimizer of ¢. m]
A direct consequence of Proposition A.8 and Theorem 1.7 is the following.

Corollary 1.1 Let X be a reflexive Banach space and let K C X be a nonempty, closed
and convex subset of X. Let ¢ : K — (—00, +00] be a proper convex Ls.c. function such

that

lim  ¢(u) = +oo. (1.9)
ek

u
llul| =00

Then ¢ achieves its minimum on K, i.e., there exists some uo € K such that
up) = inf¢.
¢ (uo) n ¢
Proof Fix any u € K such that ¢ (1) < 400 and consider the set

K:=(veKk: ¢() <op@)}.
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17

Then K is closed, convex and bounded and thus it is weakly compact. On the other hand,
¢ is also l.s.c. in the weak topology 1. It follows that ¢ achieves its minimum on X, i.e.,

there exists ug € K such that
$(uo) < p(v), Vv eK.

IfveK\ I?, we have ¢ (1g) < ¢(u) < ¢p(v). Thus ¢p(ug) < ¢p(v), Yv € K.

1.4  Ekeland’s Variational Principle

Theorem 1.8 (Ekeland’s Variational Principle [3]) Let (X, d) be a complete metric

space and let ¢ : X — (—o00, +00] be a proper, lower semicontinuous and bounded

from below functional. Then for every ¢ > 0, A > 0, and u € X such that
$u) =inf¢ + e,
there exists an element v € X such that

(@) ¢(v) < P(u);
(i) d(v,u) < );
(iii) ¢p(w) > ¢(v) — erd(w, v), Vw € X.

Proof 1t suffices to prove our assertion for A = 1. The general case is obtained by
replacing d by an equivalent metric Ad. We now construct inductively a sequence {u,}

as follows: up = u, and assuming that u, has been defined, we set
Spi={weX: ¢p(w)+ed(w,up) < pun)},
and consider two possible cases:

(a) infs, ¢ = ¢ (u,). Then define u,,41 1= up;
(b) infs, ¢ < ¢(u,). Then choose u,41 € S, such that

¢ uny1) < iglffﬁ + ; <¢(un) - 1§lf¢) = ; <¢(un) +i§}lf¢> <¢un).  (1.10)

We prove next that {u,} is a Cauchy sequence. In fact, if (a) ever occurs, then {u,} is

stationary for sufficiently large n and the claim follows. Otherwise,

ed(un, Unt1) = ¢ (un) — ¢(nt1).

(1.11)
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18 1 Convex and Lower Semicontinuous Functionals

Adding (1.11) fromn tom — 1 > n we get

ed(un, um) < ¢n) — ¢ (upm). (1.12)
Note that {¢(u,)} is a decreasing and bounded from below sequence of real numbers,
hence it is convergent, which combined with (1.12) shows that {u,} is indeed Cauchy.

Since X is complete, there exists v € X such that v := lim,_, o u,,. In order to complete
the proof we show that v satisfies (i) — (iii). Setting n = 0 in (1.12) we have

ed, um) + ¢(um) < ¢(u), (1.13)
and letting m — oo we get
ed(u,v) + () < du). (1.14)
In particular, this shows that (i) holds. On the other hand,
¢) —¢w) < p(u) —inf¢ <&,

which together with (1.14) shows that (ii) holds.
Now, let us prove (iii). Fixing n in (1.12) and letting m — oo yields v € S,, therefore

veﬂSn.

But, for any w € ﬂnzo S, we have
ed(W, up1) < ¢(Uny1) — (W) < G(unt1) — i§f¢- (1.15)
It follows from (1.10) that
¢@upt1) — igf¢ < ¢un) = pUny1),
therefore
ngngo (¢(”n+l) - iglfaﬁ) =0.
Taking the limit as n — oo in (1.13) we get ed(w, v) = 0, hence

() S = (). (1.16)

n>0
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One can easily check that the family {S,} is nested, i.e., S,+1 C S, thus for any w # v it 280
follows from (1.16) that w ¢ S,,, for sufficiently large n. Thus, 281

¢ (w) + ed(w, un) > ¢(un).
Letting n — oo we arrive at (iii). |
Corollary 1.2 Let (X,d) be a complete metric space with metric d and let 282

¢ : X — (—o00,400] be a proper, lower semicontinuous and bounded from below 283
functional. Then for every ¢ > 0 and every u € X such that 284

$u) =inf¢ + e,

there exists an element u, € X such that 285
(1) ¢(ug) < d(u); 286
(i) d(ue, u) < /e; 287
({ii) ¢(w) > d(ue) — J/ed(w, ug), Yw € X. 288
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2.1 The Generalized Derivative and the Clarke Subdifferential 4

AQI Unless otherwise stated, throughout this section X denotes a real Banach space. 5

AQ2
Definition 2.1 A function f : X — R is called locally Lipschitz if every pointu € X &

possesses a neighborhood N,, C X such that 7
|fu) — f2)| = Klluy —uzll,  Vui,uz € Ny,
for a constant K > 0 depending on N,. 8

Definition 2.2 The generalized directional derivative of the locally Lipschitz function o
f X — Ratthe point u € X in the direction v € X is defined by 10

t i
fo(u; v) := lim sup fw ) f(w).
w—u t
N0
A natural question arises: 11
(Q1): What is the relationship between the generalized directional derivative fo(u; v) 12

and the derivative notions from classical analysis? 13
The next two results make connections of this kind. Suppose first that the classical 14
(one-sided) directional derivative of a function f : X — R exists, i.e., 15

f(u—l—tv)—f(u).

"(u; v) = 1li
S (u; v) lim .
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22 2 Locally Lipschitz Functionals

Proposition 2.1 If f : X — R is a continuously differentiable function, then
FOou;v) = f(u;v), Vu,veX. 2.1

Proof Fix u,v,w € X. Fort > 0 sufficiently small, the function g(¢) := f(w + tv) is
continuously differentiable with derivative g’(r) = f'(w + rv; v). By the classical mean
value theorem, there exists s € (0, ¢) such that

Jw+t) = fw) _ g@) —g0) _

. . g = f(w+sv;v).

Now, if w — u in X and t — 0 in R, due to the continuity of the differential of f, the
desired relation yields. O

Proposition 2.2 If f : X — R is convex and Ls.c., then f is locally Lipschitz and the
following equality holds

FOou;v) = f(u;v), Vu,veX.

Proof According to Theorem 1.2 any convex l.s.c. functional is locally Lipschitz on the
interior of its domain and since X = int(X) it follows that f is locally Lipschitz on X.

The convexity of f : X — R guarantees the existence of the one-sided directional
derivative f'(u; v). Fix u,v € X and an arbitrary small number § > 0 such that the
Lipschitz condition

If(w) = f@)| < Kllw—ul, VYw e B(u,?).
Due to Definition 2.2 and to the convexity of f, one has

t —
fOu;v) =1lim  sup  sup fw+1v) = f(w)
ENO w—u<es 0<r<e t

’ fw+ev) — f(w)
=lim sup .
ENO || y—u| <es €

Since f is locally Lipschitz, then

fwHev) — fw)  flu+ev)— fu)

& &

< 26K,
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2.1 The Generalized Derivative and the Clarke Subdifferential 23

for ||lw — u]| < &6 and ¢ € (0, 1). One has 29

fu+ev) — fu)
&

FOusv) < 12% +28K = f'(u; v) + 28K.
&

If § tends to 0 we have fO(u; v) = f(u; v). |
Useful properties of the generalized directional derivative are given below. 30
Proposition 2.3 Let f : X — R be a locally Lipschitz function. Then 31

(i) For every u € X the function fO(u; -) : X — R is positively homogeneous and 32
subadditive (therefore convex) and satisfies 33

IO v) < K|vll, VYoveX. (22)

Moreover, it is Lipschitz continuous on X with the Lipschitz constant K, where 34

K > 0is a Lipschitz constant of f near u. 35
(ii) fo(-; ) X x X — R is upper semicontinuous. 36
(i) fOu; —v) = (—f)Ou;v), Vu,veX. 37
Proof (i) Let A > 0. The positive homogeneity of f°(u; -) follows from 38
tAV) — A tAV) —
POt — timeup T @ F D L@ A k) = f @)
w—u t w—u tA
™NO N0
= Afo(u; V).

Relation (2.2) follows easily from Definition 2.2. To verify the subadditivity of 39
fo(u; -) let v, v» € X be fixed. One has 40

F9%us 1 + ) = limsup fw 1wy +v2) — f(w)

w—u t

N0

. fw+t+v) — fw+iv) | fw+tv) — f(w)
< lim sup + lim sup

w—u 1 w—u t

N0 N0

< O v) + £Owus vp).
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For arbitrary vy, v2 € X, using the Lipschitz constant K on a neighborhood of u, we 41
obtain 42

fw+rtv) — fw) = fw+tv) — fw+tv) + f(w+tv) — f(w)
< Klvy —v2llt + f(w + tv2) — f(w),

if w is close to u and ¢ > 0 is sufficiently small. Then 43
FOu;vn) = Koy = vall + fOus v2).

Interchanging v and vy, assertion (i) is now completely verified. 44
(ii) To prove the upper semicontinuity of fO(-,-), let {u,} and {v,} be sequences in X 45

such thatu, — u € X andv, — v € X, asn — oo. Let us fix sequences {w,} C X 46

1

and {t,} C RY, with [|w, — u,| +1#, < , and 47

FOun; vp) < J(wn + 1pvn) — f (wa) n 1.

tn n
Then 48
fo(un; ) — 1 < Sy +t,0) = f(wn) + f(wn + tyvn) — f(wy +t,0)
n n
t —
< Sy +6,0) — f(wy) + K, — v,
In
where K > 0 is the Lipschitz constant of f around u. Letting n — 0o, one has 49
t —
lim sup fo(un; vy) < limsup f Qo+ twv) = f (wn) < fo(u; V).
n— 00 n—oo t}’l
(iii) Fixu,v € X. Then 50
0 . fw —1tv) — f(w) . —fw—tv+1tv)+ f(w—tv)
[ (u; —v) = limsup = lim sup
w—u t w—u t
™NO N0
= (=N’ v).

O

Definition 2.3 Let f : X — R be alocally Lipschitz function. The Clarke subdifferential s
dc f(u) of f atapointu € X is the subset of the dual space X* defined as follows 52

e f(u) == [; € X*:(z,v) < fOusv), Yo e X] .



2.1 The Generalized Derivative and the Clarke Subdifferential 25

In the following result we prove the most important properties of the Clarke subdiffer- s3
ential. 54

Proposition 2.4 Let f : X — R a locally Lipschitz function. Then the following ss
assertions are true: 56

(i) Foreveryu € X, oc f (u) is a nonempty, convex and weak*-compact subset of X*. st
Moreover, 58

I« = K, V¢ €dcfu),

with K > 0 the Lipschitz constant of f near u. 59
(ii) Foreveryu € X, fO(u; -) is the support function of dc f (u), i.e., 60

FOu; v) = max {(¢, v): ¢ € dcfu), Yv € X}

(iii) The set-valued map oc f : X ~» X* is closed from s — X into w* — X*; 61
In particular, if X is finite dimensional, then dc f is an u.s.c. set valued map; 62
(iv) The set-valued map oc f : X ~» X* isu.s.c. from s — X into w* — X*, 63

Proof (i) Proposition 2.3 and the Hahn-Banach Theorem ensure that there exists e4
¢ € X* satisfying 65

(€. v) < fPuv), Yo e X.
Hence dc f(u) # &. The convexity of dc f () follows easily from Definition 2.3. 66
Let ¢ € dcf(u) and v € X be fixed. Using Definition 2.3, relation (2.2) and e7
Proposition 2.3 we obtain 68
—Kvl < =(=Hw; v) < (g v) < s v) < K.
Therefore |(¢, v)| < K||v]||, and one has 69
11« = K, V¢ € dc f(u). (2.3)
Since d¢ f (u) is weak™ closed, the boundedness in (2.3) and the Banach-Alaoglu 7o

Theorem guarantee that d¢ f (1) is weak*compact in X*. 71
(ii) Suppose by contradiction that there exists v € X with 72

FOu; v) > max{(¢,v) : ¢ € dc fw)). (2.4)
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(iii)

(iv)

2 Locally Lipschitz Functionals

Again, the Hahn-Banach theorem ensures the existence of & € X™* such that
(€.v) = fOu; v) and (£, w) < fO(us w), Yw € X.

Therefore & € d¢ f (1), which contradicts (2.4).

Fix some v € X and assume that the sequences {u,} C X and {¢,} C X* are such
that u, — w in X and ¢, € ¢ f(u,), with ¢, — ¢ in X*. Taking into account
Proposition 2.3 (ii) and passing to the limit in the inequality (£, v) < f%(u,; v) we
obtain

(¢, v) < limsup fO®up; v) < fOus v),
n—oo
which shows that ¢ € d¢ f(u).
We need to prove that for all u,v € X and ¢ > 0 there exists § > 0 such that
whenever £ € dc f(v) and ||[v — u]| < &, one can find § € d¢ f (u) satisfying

I =&, v)] <e.

Arguing by contradiction, assume this is not the case, i.e., there exist u,v € X,
€0 > 0 and sequences {u,} C X and {¢,} C X*, with ¢, € ¢ f (1) such that

1
lun —ull < " and (¢, — &, v)| = €0, V& € dc f(u). 2.5)

From (i) we deduce ||, ||« < K, for sufficiently large n. Thus, up to a subsequence,

¢y — ¢ for some ¢ € X*. Then the assertion (iii) implies { € dc¢ f(u), which
clearly contradicts (2.5). O

Proposition 2.5 Let f,g : X — R be a locally Lipschitz functions. The following
assertions hold:

(@)

(ii)

For every A € R one has
dc(Af)(u) = Adc f(u), Yu € X;
Forallu € X

dc(f +&)w) C dc f(u) + dcg(u).

Proof (i) Clearly the relation holds A > 0. Thus it suffices to justify it for A = —1,

which follows actually from Proposition 2.3-(iii).
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(i7) Since the support functions of the left- and right-hand side (evaluated in a fixed point
v e X)are (f + g)o(u; v) and fo(u; v) + go(u; v), respectively, it suffices to prove
that

(f +°w; v) < fOu; v) + g ).
This is in fact a straightforward consequence of Definition 2.2. O
Proposition 2.6 Let f : X — R be a locally Lipschitz function. Then

(@) If f is Gateaux differentiable at u € X, then its Gateaux derivative V f(u) belongs
to dc f (u).

(ii) If, in addition, X is convex and f : X — R is a convex function, then the generalized
gradient dc f (u) coincides with the subdifferential of f at u in the sense of convex
analysis, for every u € X. Moreover, f°(u; v) coincides with the usual directional
derivative f’(u; v) for every v € X.

Proof (i) The Gateaux derivative f’(u) satisfies

Jfu+1v) = f(u)

; < fo(u; v), Yv € X.

v ,0) = fl(u;v) =1i
(Vf@u),v) == f(u;v) Jim
Therefore, by Definition 2.3 this means that V f (1) € dc f (u).
(i7) This is in fact a consequence of Proposition 2.4-(ii), Proposition 2.2 and of the
convexity of f. O

Remark 2.1 If f : X — R is continuously differentiable at u € X, then d¢c f(u) =
{f’(w)}. More generally, f is strictly differentiable at u € X if and only if f is locally
Lipschitz near u and d¢ f (1) reduces to a singleton which is necessarily the strict derivative
of fatu.

Theorem 2.1 (Lebourg’s Mean Value Theorem [16]) Let X be an open subset of a
Banach space X and u,v be two points of X such that the line segment [u,v] =
{A—tu+1tv:0=<t <1} C X.If f: X — Risa locally Lipschitz function,
then there exist w € (u, v) and ¢ € dc f (w) such that

JW) = fu) =, v—u).

Proof The function g : [0, 1] - R given by g(¢) := f(u 4t (v — u)) is locally Lipschitz.
First, we shall prove that

dcg(®) C (dcf (u+1t(w—u)),v—uj.
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28 2 Locally Lipschitz Functionals

Since the above closed convex sets are actually intervals in R, it suffices to prove that
max{dcg(r)s} < max{s(dc f(w +1(v —u), v —u)},
for s = £1. To this end, we point out that

max(acg (s} = ¢%t: 5) = limsup S T 7 8®

1 A
N0
. fu+@+r)w—u)— fu+t—u)
= lim sup N
N
< limsup fw+as@w—u) = fw) _ PO+ 1w — )t (v —u))
w—u+t(v—u) A
A0

=max{{(dc f(u +t(v—u)v,s(v —u))}.
Now, if we introduce the function 4 : [0, 1] — R given by h(¢) := g(¢) +1(f(u) — f(v))

then h(0) = h(1) = f(u). But this implies that & has a local minimum or maximum at
some #y € (0, 1). By Propositions 2.4-(ii) and 3.2 we have

0 € dch(to) C dcg(to) + fu) — f(v).

Therefore, for w := u + fo(v — u), the following inclusion holds

Jf ) — f(u) € dcg(to) C (dc f(w), v —u).

O
Definition 2.4 A locally Lipschitz function f : X — R is said to be regular atu € X, if
the one-sided directional derivative f/(u; v) exists forall v € X and f Ou; v) = I (u; v).
The function f is regular on X, if f is regular in every pointu € X.

Theorem 2.2

(i) Let X,Y be two real Banach space and F : X — Y a continuously differentiable
mapping and let g : Y — R be a locally Lipschitz function. Then one has

dc(go F)(u) C dcg(F(u)) o F'(u), VYu € X. (2.6)

Equality holds in (2.6) if, for instance, g is regular at F (u).
(ii) Let f : X - Randh : R — R be two locally Lipschitz functions. Then

dc(ho f)u) C co™ (dch(fw)) - dc fw)), Yu € X, 27

118

119

120
121
122

123

124
1

N

5
126

127

128
129

130
131



2.1 The Generalized Derivative and the Clarke Subdifferential 29
where the notation co®" stands for the weak*-closed convex hull. Furthermore, if h
continuously differentiable at f(u) or if h is regular at f(u) and f is continuously
differentiable at u, in (2.7) the equality holds and the symbol co becomes superfluous.

Proof

(i) By Proposition 2.4-(ii) it suffices to show that
(g 0 F)°u; v) < max {(¢, F'(w)v) : ¢ € dcg(Fu)}, Yo € X. 2.8)
Due to Lebourg’s mean value theorem (see Theorem 2.1), one has
(o F)(w+1v) —(go F)(w) = (&, F(w +rv) — F(w)),
for some & € dcg(y) and y € (F(w), F(w + tv)). Then, the classical mean value
theorem guarantees that F (w + rv) — F(w) = tF’(x)v, for a point x € (w, w +tv).
Thus we obtain
F tv) — F
(g0 F)2u: v) = limsup & ° )W T =(80B)W) e, F )
w—u t w—u
N0 N0
< max{(¢, F'(u)v): ¢ € dcg(F(u))}.
Suppose now that g is regular at F'(u). By Proposition 2.4-(ii) and the regularity
assumption for every v € X we get
max (¢, F'()v) = g(F w); F'(u)v) = g (Fw); F'(u)v)
L€dcg(F(u))
i g(Fu) +tF' (wyv) —g(Fw) . (g0 F)u+1tv) —(goF)(u)
= lim = lim
N0 t N0 t
< (g0 F)’(u; v),
which yields the equality in (2.6).
(i7) Fix v € X. Applying twice Theorem 2.1, for every w close to u € X and sufficiently

small + > 0 one gets the existence of £ € dch(s) C R, s € (f(w), f(w + tw)) and

¢ € dcf(x)withx € (w, w + tv) C X such that

(ho f)(w+1v) —(ho f)w) =§(f(w+1v) — f(w)) =&, 1v).

Then, according to Proposition 2.4-(iii),

(ho /)°(u; v) < max{&(Z,v) : ¢ € dcf(w), € € dch(fw))}.

(2.9)
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30 2 Locally Lipschitz Functionals

Then the inclusion (2.7) holds true. The proof of the assertion regarding the equality
in (2.7) follows in a similar manner as in the statement (i). In the mentioned cases the
symbol co is not necessary in (2.7) due to Remark 2.1. O

Proposition 2.7 Let ¢ : [0, 1] — X be a function of class C and let f : X — R be
a locally Lipschitz function. Then the function h : [0,1] — R given by h = f o ¢ is
differentiable a.e. t € [0, 1] and

(1) < max {(¢,¢'(1)) : ¢ €dcf(Pp)}.

Proof The function £ is clearly locally Lipschitz, thus differentiable for a.e. t € [0, 1].
Suppose that 4 is differentiable at # = 7. Then

o J @ +2) = fet) _ . f@)+ @' (to)x + 0(1) — f(¢(10)

W) = ,\h—>0 A ,\h—>0 A
_ f(@(t0) + @' (10)A) — f(@(10))
= l1im
A—0 A
<1 f(p(to) + 5+ @' (10)1) — f(@(t0) +5)
< Iim sup N
N

= [ (10); ¢'(10)) = max{(¢, ¢'(10)) : ¢ € dc f($(t0))}-
O

Theorem 2.3 Suppose that X, Y are two Banach spaces, X is reflexive and X — Y, i.e.
X C Y and the embedding mapping is continuous, and assume that X is dense in Y. Let
f Y — R be alocally Lipschitz continuous function and let f = fl|x. Then for every
u € X, one has Bcf(u) C dc f (u).

In order to prove this result, we need the following lemma.

Lemma 2.1 Suppose that in Theorem 2.3 f is convex. Then for every u € X we have

dc f(u) = dc f (w).

Proof 1In this case, the generalized gradient d¢ f (1) is the same as the subdifferential in
the convex analysis. By definition, it is easy to see that af (u) C 9 f (u). But we know that
dfw)NY* Caf(u). Infact,if ¢ € 3 f(u) NY*, then

o~ o~

(Cov—u)+ fw) = f(v), (2.10)
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2.1 The Generalized Derivative and the Clarke Subdifferential 31

for each v € X. The fact that X is densein Y, ¢ € Y* and f is continuous in Y guarantee
the extension of the inequality (2.10)to allv € ¥, i.e.

G, v—u)y+ fw) < f(v), YveVl.

This means ¢ € df (u). Since X is reflexive, Y* is dense in X*, so that df (1) is dense in
d f (1) in the weak*-topology of X*. For every ¢ € 9 f(u) there exists ¢, € df (u) such
that (¢,, v) — (¢, v) forevery v € X. But,

[(Cns 0} < NGnlly<llvlly < K]y,

provided by Proposition 2.3, then

(¢, v}l = Klvlly.

This implies that £ may be continuously extended onto Y. Thus ¢ € Bf(u) NY* C of (u).
O

Proof of Theorem 2.3 It is clear that the function v > f(u; v) is convex and continuous
onY and f 0(u, Ix > fo(u, -). Since the generalized gradients coincide with the convex
subdifferentials, the conclusion of this theorem follows directly from Lemma 2.1. m]

We close this section with some properties of partial Clarke subdifferentials.

Proposition 2.8 Let h : X1 x X2 — R be a locally Lipschitz function which is regular at
(u, v) € X1 X X2. Then the following hold:

(i) och(u,v) C aéh(u, V) X agh(u, v), where aéh(u, v) denotes the (partial) general-
ized gradient of h(-, v) at the point u, and th(u, v) that of h(u, -) at v.

(ii) ho(u, viw,z) < h?(u, v, w) + hg(u, v;z) forall w,z € X, where h?(u, v, W)
(resp. hg(u, v; z)) is the (partial) generalized directional derivative of h(-, v)
(resp.h(u,-)) at the pointu € R (resp.v € R) in the directionw € R (resp. z € R).

Proof
(i) Fix ¢ := (¢1, &) € dch(u, v). It suffices prove that ¢ belongs to Eéh(u, v), which
is equivalent to show that for every w € X one has (¢, w) < h(l)(u, v; w). The latter
coincides with

By, v w) = B (u, v; w, 0) = KO, v; w, 0),

which clearly majorizes ({1, w).
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32 2 Locally Lipschitz Functionals

(ii) Letus fix w, z € X. Proposition 2.4-(ii) ensures that there exists { € dch(u, v) such
that

R, v; w, 2) = (¢, (w, 2)).

By (i) we have ¢ = (¢1, {2), where ¢ € aéh(u, v) (i € {1,2}), and using the
definition of the generalized gradient, we obtain

RO, v w, 2) = (g1, w) + (&2, 2) < B(u, v; w) + "9 (u, v; 2).
Oa

Remark 2.2 Tt is worth to note that in general we have no equality in Proposition 2.8
(b). Indeed, let us consider for instance 7 : RZ — R, defined by h(u,v) :=
max{|u|>/2, |v]>/?}. Tt is clear that A is regular on R2, but for every o, 8 > 0,
ho(a, s B, B) = hY (e, a; B) = hy (@, &; B) = 5a°/2/2.

2.2 Nonsmooth Calculus on Manifolds

In this section we present some basic notions and results from the subdifferential calculus
on Riemannian manifolds, developed by Azagra et al. [2] and Ledyaev and Zhu [17].
Moreover, following Kristély [15], two subdifferential notions are introduced based on the
cut locus, and we establish an analytical characterization of the limiting/Fréchet normal
cone on Riemannian manifolds (see Corollary 2.1) which plays a crucial role in the study
of Nash-Stampacchia equilibrium points, see Sect.9.1. Before doing this, we first recall
those elements from Riemannian geometry which will be used in the sequel; we mainly
follow do Carmo [11].

Let (M, g) be a connected m-dimensional Riemannian manifold, m > 2 andlet TM =
Upem (p, TpyM) and T*M = Upey(p, T[;"M) be the tangent and cotangent bundles to
M. For every p € M, the Riemannian metric induces a natural Riesz-type isomorphism
between the tangent space T, M and its dual T;M ; in particular, if § € T;‘M then there
exists a unique We € T, M such that

(&, V)gp =8p(We, V) forall V e T,M. 2.11)
Instead of g, (We, V) and (&, V), , we shall write simply g(Wg, V) and (¢, V), when

no confusion arises. Due to (2.11), the elements & and Wg are identified. With the above
notations, the norms on 7, M and T;,"M are defined by

IEllg = 1Wellg = e (We, We).
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2.2 Nonsmooth Calculus on Manifolds 33

The generalized Cauchy-Schwartz inequality is also valid, i.e., for every V € T, M and
Ee T,j‘M ,

€, Vgl = gl VIl (2.12)

Let & € T;kM ,k e N and & € T;‘M . The sequence {&} converges to &, denoted by
limg & = &, when py — p and (&, W(pi))y — (&, W(p))g as k — oo, for every C™
vector field W on M.

Leth : M — Rbea C! functional at p € M; the differential of & at p, denoted by
dh(p), belongs to T;‘M and is defined by

(dh(p), V), = g(gradh(p), V) forall V € T, M.

If (x!, ..., x™) is the local coordinate system on a coordinate neighborhood (U, ¥) of
p € M, and the local components of dh are denoted h; = gft , then the local components
of gradh are h! = g'ih j- Here, g'/ are the local components of g~

Lety : [0,7] — M be a C! path, » > 0. The length of y is defined by

.
Ly = [ 17
0
For any two points p, g € M, let
dyg(p,q) =inf{Lg(y):yisa c! path joining p and g in M}.

The function d, : M x M — R is a metric which generates the same topology on M as
the underlying manifold topology. For every p € M and r > 0, we define the open ball of
center p € M and radius r > 0 by

Bg(p,r)={qeM:dy(p,q) <r}.

Let us denote by V the unique natural covariant derivative on (M, g), also called the
Levi-Civita connection. A vector field W along a C! path y is called parallel when VW =
0. A C parameterized path y is a geodesic in (M, g) if its tangent y is parallel along
itself, i.e., Vyy = 0. The geodesic segment y : [a,b] — M is called minimizing if
Le(y) = dg(y (@), y (b)).

Standard ODE theory implies that for every V € T, M, p € M, there exists an open
interval Iy > 0 and a unique geodesic yy : Iy — M with yy(0) = p and yy(0) = V.
Due to the ‘homogeneity’ property of the geodesics (see do Carmo [11, p. 64]), we may
define the exponential map exp,, : TyM — M as exp,(V) = yv(1). Moreover,

d exp,,(0) = idr, . (2.13)
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34 2 Locally Lipschitz Functionals

Note that there exists an open (starlike) neighborhood U of the zero vectors in 7 M and
an open neighborhood V of the diagonal M x M such that the exponential map V +—
eXpy(yy (V) is smooth and the map 7 x exp : U — V is a diffeomorphism, where 7
is the canonical projection of 7M onto M. Moreover, for every p e M there exists a
number 7, > 0 and a neighborhood U such that for every ¢ € U, the map exp, is a
C*° diffeomorphism on B(0,r,) C T, M and U C exp, (B(0,7p)); the set U is called
a totally normal neighborhood of p € M. In particular, it follows that every two points
q1.q2 €U p can be joined by a minimizing geodesic of length less than r,. Moreover, for
every qi, q2 € l}p we have

lexp,, (q2)llg = dg(q1. q2). (2.14)

The tangent cut locus of p € M in T, M is the set of all vectors v € T, M such that
y(t) = exp,(tv) is a minimizing geodesic for ¢ € [0, 1] but fails to be minimizing for
t € [0, 1+ ¢) foreach & > 0. The cut locus of p € M, denoted by C, is the image of the
tangent cut locus of p via exp,,. Note that any totally normal neighborhood of p € M is
contained into M \ Cp.

Let (M, g) be an m-dimensional Riemannian manifold and let f : M — R U {400} be
a lower semicontinuous function with dom( f) # . The Fréchet-subdifferential of f at
p € dom(f) is the set

ar f(p) ={dh(p) : h € C'(M) and f — h attains a local minimum at p}.

The following properties are adaptations of earlier Euclidean results to Riemannian
manifolds.

Proposition 2.9 ([2, Theorem 4.3]) Let (M, g) be an m-dimensional Riemannian mani-
fold and let f : M — R U {400} be a lower semicontinuous function, p €dom(f) # @
and & € T;M. The following statements are equivalent:

(i) § € drf(p);
(ii) Foreverycharty : Uy, C M — R" withp € Up, if ¢ =& ody~ (Y (p)), we have
that
(fo ™D () +v) = f(p) = (¢, v)g

lim inf > 0;
v—0 vl

(iii) There exists a chartyr : Uy, C M — R" with p € Up,, if ¢ =& odyr~ (Y (p)), then

i (foy™H(W(p) +v) — f(p) — (¢, v)g
im inf

v—=0 vl
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2.2 Nonsmooth Calculus on Manifolds 35

In addition, if f is locally bounded from below, i.e., for every q € M there exists a
neighborhood U, of q such that f is bounded from below on Uy, the above conditions
are also equivalent to

(iv) There exists a function h € C'(M) such that f — h attains a global minimum at p
and & = dh(p).

The limiting subdifferential and singular subdifferential of f at p € M are the sets
L f(p) = {lim& : & € 9r f (pr). (Pi f(pi)) = (p. f ()}
and

doo f (p) = {lim tii = & € O £ (p1), (pe, f(P)) = (P, (D)), 1k — 0"}

Proposition 2.10 ([17]) Let (M, g) be a finite-dimensional Riemannian manifold and let
f M — RU {400} be a lower semicontinuous function. Then, we have

() 9r f(p) C AL f(p), p € dom(f);
(i) 0 € 3o f(p), p € M;
@@ii) If p edom(f) is a local minimum of f, then 0 € oF f(p) C I f(p).

Proposition 2.11 ([17, Theorem 4.8 (Mean Value Inequality)]) Ler f : M — R be
a continuous function bounded from below, let V be a C* vector field on M and let
¢ : [0,1] - M be a curve such that ¢(t) = V(c(t)), t € [0, 1]. Then for any r <
fc(l)) — f(c(0)), any ¢ > 0 and any open neighborhood U of c([0, 1]), there exists
me U, & e dpf(m)suchthatr < (§,V(m)),.

Proposition 2.12 ([17, Theorem 4.13 (Sum Rule)]) Ler (M, g) be an m-dimensional
Riemannian manifold and let fi1, ..., fu : M — R U {400} be lower semicontinuous
functions. Then, for every p € M we have either 3L(lei1 (p) C leil ar fi(p), or
there exist Ef° € 0o f1(p), l =1, ..., H, not all zero such that Z{il & =0.

The cut-locus subdifferential of f at p € dom(f) is defined as
da f(p) ={E € TyM : f(q) — f(p) = (£.exp, ' (q))g forallg € M\ Cp},
where C), is the cut locus of the point p € M. Note that M \ C, is the maximal open

set in M such that every element from it can be joined to p by exactly one minimizing
geodesic, see Klingenberg [13, Theorem 2.1.14]. Therefore, the cut-locus subdifferential
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36 2 Locally Lipschitz Functionals

is well-defined, i.e., exp;l(q) makes sense and is unique for every g € M \ C,,. We first
prove

Theorem 2.4 ([15]) Let (M, g) be a Riemannian manifold and f : M — R U {400} be
a proper, lower semicontinuous function. Then, for every p € dom(f) we have

de1 f(p) C Ipf(p) COLf(p).

Moreover; if f is convex, the above inclusions become equalities.

Proof The last inclusion is standard, see Proposition 2.10-(i). Now, let £ € 9., f (p), i.e.,
fl@) — f(p) = (¢, exp;l(q)) ¢ forall g € M\ C,. In particular, the latter inequality
is valid for every g € Bg(p,r) for r > 0 small enough, since Bg;(p,7) C M \ Cp
(for instance, when Bg(p,r) C M is a totally normal ball around p). Now, by choosing
Y= exp;l : Bg(p,r) — T, M in Proposition 2.9-(ii), one has that f(expp v) — f(p) >
(§,v)g forallv € TyM, |lv|| < r, which implies & € 9F f(p).

Now, we assume in addition that f is convex, and let & € 91 f(p). We are going
to prove that £ € 9. f(p). Since &€ € dr f(p), we have that £ = limy & where & €
3 f (). (pi. f(pi)) = (p. f(p)). By Proposition 2.9-(ii). for Y = exp,! : Up, —
Tp, M where U . C M is a totally normal ball centered at p, one has that

f(expp, v) = f(pi) — (6k, v)g =0

lim inf
v—=0 vl

(2.15)

Now, fix ¢ € M \ C,. The latter fact is equivalent to p € M \ Cy, see Klingenberg [13,
Lemma 2.1.11]. Since M \ C, is open and py — p, we may assume that py € M\ Cy, i.e.,
q and every point py is joined by a unique minimizing geodesic. Therefore, V; = exp;kl (q)
is well-defined. Now, let y () = exp o (Vi) be the geodesic which joins pi and g. Then
(2.15) implies that

lim inf F @) — f(pk) — Gk, tVidg

> 0. (2.16)
>0+ I Viell

Since f is convex, one has that f (yx(¢)) < tf(y (1)) + (1 — 1) f (1 (0)), t € [0, 1], thus,
the latter relations imply that

f@) = f(p) — (. exp, (@)

8
> 0.
de(pk, q)

Since f(px) — f(p) and & = limy &, it yields precisely that

f(@ = f(p) — (& exp, ' (9))g = 0,

i.e., & € 9. f (p), which concludes the proof. O
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2.2 Nonsmooth Calculus on Manifolds 37

Remark 2.3 1f (M, g) is a Hadamard manifold (i.e., simply connected, complete Rieman-
nian manifold with nonpositive sectional curvature), then C, = @ for every p € M; in
this case, the cut-locus subdifferential agrees formally with the convex subdifferential in
the Euclidean setting.

Let K C M be a closed set. Following Ledyaev and Zhu [17], the Fréchet-normal cone
and limiting normal cone of K at p € K are the sets

Np(p; K) =0pdk (p) and Np(p; K) = 3.8k (p),

where 8k is the indicator function of the set K, i.e., §x (¢) = 0if g € K and §g (q) = 400
ifqg ¢ K.

The following result—which is one of our key tools to study Nash-Stampacchia
equilibrium points on Riemannian manifolds—it is know for Hadamard manifolds only,
see Li, Lopez and Martin-Marquez [18] and it is a simple consequence of the above
theorem. To state this result, we recall that a set K C M is geodesic convex if every
two points p,g € K can be joined by a unique geodesic segment whose image belongs
entirely to K.

Corollary 2.1 Let (M, g) be a Riemannian manifold, K C M be a closed, geodesic
convex set, and p € K. Then, we have

Nr(p: K) = NL(p: K) = 8udx (p) = {5 € Ty M : (. exp;, ' (9))g < 0 for all g € K}

Proof Applying Theorem 2.4 to the indicator function f = §x, we have that Np(p; K) =
NL(p; K) = 0,8k (p). It remains to compute the latter set explicitly. Since K C M \ C),
(note that the geodesic convexity of K assumes itself that every two points of K can be
joined by a unique geodesic, thus K N C, = ) and 5k (p) =0, 6x(q) = +ooforqg ¢ K,
one has that

£ € 30k (p) & Sk (q) — Sk (p) = (£, exp, ' (q))g forallg € M\ C,

< 0> (¢, exp;l(q))g forallg € K,
which ends the proof. O
Let U C M be an open subset of the Riemannian manifold (M, g). We say that a

function f : U — R is locally Lipschitz at p € U if there exist an open neighborhood
U, C U of p and a number C, > 0 such that for every q1, g2 € U,

[ f(q1) — f(q2)| < Cpdg(qi, q2)-
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38 2 Locally Lipschitz Functionals

The function f : U — R is locally Lipschitz on (U, g) if it is locally Lipschitz at every
pel.

Fix p € U,v € T,M, and let U, C U be a totally normal neighborhood of p. If
q € U p» following [2, Section 5], for small values of |¢], we may introduce
v.

og0(t) = equ(tw), w = d(exp;1 Oepr)exp;l(q)

If the function f : U — R is locally Lipschitz on (U, g), then

flog0®) — flq)

fo(p; v) = limsup .

qg—p, t—>0t

is called the Clarke generalized derivative of f at p € U in directionv € T,M, and

dc f(p) = co(dL f(p))

is the Clarke subdifferential of f at p € U, where ‘co’ stands for the convex hull. When
f:U — RisaC! functional at p € U then

dc f(p) =0Lf(p) = 0r f(p) ={df(p)}, (2.17)

see [2, Proposition 4.6]. Moreover, when (M, g) is the standard Euclidean space, the
Clarke subdifferential and the Clarke generalized gradient agree, see Sect.2.1.

One can easily prove that the function fO(-;-) is upper-semicontinuous on TU =
Upev TpM and fO(p; -) is positive homogeneous and subadditive on 7, M, thus convex.
In addition, if U C M is geodesic convex and f : U — R is convex, then

F(exp, () — £ (p)

t (2.18)

f2(p;v) = lim

t—0t

see Claim 5.4 and the first relation on p. 341 of [2], similarly to Proposition 2.2 on normed
spaces.

Proposition 2.13 ([17, Corollary 5.3]) Let (M, g) be a Riemannian manifold and let f :
M — R U {+o00} be a lower semicontinuous function. Then the following statements are
equivalent:

(i) f islocally Lipschitz at p € M;
(ii) Oc f is bounded in a neighborhood of p € M,
(iii) 900 f(p) = {0}.
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2.2 Nonsmooth Calculus on Manifolds 39

Proposition 2.14 Ler f,g : M — R U {+o00} be two proper, lower semicontinuous
Sfunctions. Then, for every p € dom(f) N dom(g) with d.; f(p) # ¥ # 9.8 (p) we have
Oct f(p)+0c18(p) C 9 (f+8)(p). Moreover, if both functions are convex and f is locally
bounded, the inclusion is equality.

Let f : U — R be a locally Lipschitz function and p € U. We consider the Clarke
0-subdifferential of f at p as

df(p)=1{&eT;M: fO(piexp,'(9)) = (£.exp, ' (q)), forallg € U\ Cp}

={EeTiM: fOp:v) = (£, v)g forallv € T,M}.

Theorem 2.5 ([15]) Let (M, g) be a Riemannian manifold, U C M be open, f : U — R
be a locally Lipschitz function, and p € U. Then,

3.f(p) = 31 (fO(ps exp, ' (N)(p) = IL(f(ps exp, ' ON(p) = dc £ (p).-

Proof The proof will be carried out in several steps as follows.

Step 1. d0.f (p) = et (f(p exp, ' (D))
It follows from the definitions.

Step 2. 80/ (p) = aL(fO(p: exp,' () (p).

The inclusion “ C ” follows from Step 1 and Theorem 2.4. For the converse,
we notice that £0(p; exp;1 (+)) is locally Lipschitz in a neighborhood of p; indeed,
fO(p; -) is convex on T, M and exp, is a local diffeomorphism on a neighborhood
of the origin of T, M. Now, let & € 3, (f°(p; exp;l(-)))(p). Then, £ = limy &
where & € dr (f(p; exp;l(-)))(pk), pr — p. By Proposition 2.9-(ii), for ¥ =
exp;1 : U, = TpM where U, C M is a totally normal ball centered at p, one
has that

- FOp; exp, (pr) +v) — fO(ps exp,, ! (pr)) — (& ((d exp ) (exp,, ! (pr))), v)

>0,
v—0 vl

(2.19)

In particular, if g € M\ C), is fixed arbitrarily and v = ¢ exp;1 (g) fort > 0 small,
the convexity of f%(p; -) and relation (2.19) yield that

FO(psexp, (@) = (& ((d exp,)(exp), ' (p))), exp;, ' (@)
Since & = limy &, px — p and d(expp)(O) = idTpM (see (2.13)), we obtain that
FO(piexp, () = (5. exp, ' (@))g,

i.e., & € 9y f(p). This concludes Step 2.

353
354
355

356

357
358

359
360

361

362
363

364

365

366

367

368

369

370
371

372
373

374

375



40
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Step 3. 9 f(p) = dc f(p).

First, we prove the inclusion do f(p) C dc f(p). Here, we follow Borwein
and Zhu [3, Theorem 5.2.16], see also Clarke, Ledyaev, Stern and Wolenski [7,
Theorem 6.1]. Let v € T, M be fixed arbitrarily. The definition of f O(p; v) shows
that one can choose #x — 0% and gx — p such that

fO(P; V) = kl-m f(aqk,v(tk)) - f(Qk).

1
—00 174

Fix ¢ > 0. For large k € N, let ¢; : [0, 1] — M be the unique geodesic joining
the points g and oy, (%), i.e, ck(t) = equk(t exp;k1 (0g,v(tk))) and let Uy =
Urelo,11Bg (ck(t), ety) its (etx)—neighborhood. Consider also a C* vector field V
on Uy such that ¢ (r) = V(ck(?)), t € [0, 1]. Now, applying Proposition 2.11
with ry = f(ck (1)) — f(ck(0)) — etk, one can find my = my (#, gk, v) € Uy and
& € OF f (my) such that rp < (&, V (my))g. The latter inequality is equivalent to

Sog0)) = flgr) _ n

" (6, V(mp) /i) g -

Since f is locally Lipschitz, dr f is bounded in a neighborhood of p, see
Proposition 2.13, thus the sequence {£x} is bounded on TM. We can choose
a convergent subsequence (still denoting by {£;}), and let £, = limy &. From
construction, &1, € dr f(p) C dc f(p). Since my — p, according to (2.13), we
have that limg_, oo V (my)/tx = v. Thus, letting k — oo in the latter inequality,
the arbitrariness of ¢ > 0 yields that

FO(psv) < (€L, V).

Now, taking into account that f°(p; v) = max{(£, v)g : & € do f(p)}, we obtain
that

max{(£,v)g : £ € A f(P)} = fO(p; v) < (EL, v)g < sup{(€, v), : & € dc f(p)).

Hormander’s result (see [7]) shows that this inequality in terms of support
functions of convex sets is equivalent to the inclusion dg f (p) C dc f(p).

For the converse, it is enough to prove that d;, f(p) C do f(p) since the latter
set is convex. Let £ € dr f(p). Then, we have § = limy & where & € oF f (pk)
and py — p. A similar argument as in the proof of Theorem 2.4 (see relation
(2.16)) gives that forevery g € M \ Cp, and k € N, we have

—C U exp,! (@) — f(p) — (&, 1 exp, ()¢

>0
—1 N
1—0* Iz expp, ¢l
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2.3 Subdifferentiability of Integral Functionals 41

Since || eXp;quH = dg(pk,q) = co > 0, by the definition of the Clarke
generalized derivative f and the above inequality, one has that

£O(prs exp, (@) = (. exp, )l ())s-

The upper semicontinuity of £°(-; -) and the fact that & = lim, & imply that
£O(piexp, (@) = lim sup £ (prs exp,l (@) = lim sup(g. exp,l(9))g = (E.exp, ' (9))g.

i.e., & € 9y f(p), which concludes the proof of Step 3. |

2.3  Subdifferentiability of Integral Functionals

This section is concerned with the study of the Clarke subdifferential of integral func-
tionals. First we consider the case of functionals defined on function spaces (Lebesque or
Orlicz) on a bounded domain, see Clarke [6] and Costea et al. [9]. In the case of Lebesgue
spaces on unbounded domains we present a result due to Kristély [14].

For this let T a positive complete measure space with u(7) < oo. We denote by
LP(T,R™) the space of p-integrable functions, where p > 1, m > 1.

Let j : T x R™ — R be a function such that j(-, y) : T — R is measurable for every
y € R and satisfies either

[j(x, y) — jx, y)| < k(@)|y1 = 2|, Vyi,y» € R"andae.x €T, (2.20)

for a function k € L9(T) with [1, + ; = 1,o0r j(x,:) : R" — Ris locally Lipschitz for

a.e. x € T and there is a constant ¢ > 0 such that
2] < c(1 4 |y|P7h), forae. x € T,Vy e R", V¢ € 92 j(x, y). (2.21)
The notation || used in (2.20), (2.21) stands for the Euclidian norm in RY, while 8% Jjx,y)

in (2.21) denotes the generalized gradient of j with respect to the second variable.
We are now in position to handle the functional J : L? (T, R™) — R defined by

J(u) = / jx,u(x))dw, VueLP(T,R™), (2.22)
T

The following two cases will be of particular interest in applications:

(i) T := Q2 and pu := dx for some bounded domain 2 C RY;
(ii) T :=0Qand u :=do.
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Theorem 2.6 ([1]) Under either (2.20) or (2.21) the function J : LP(T,R™) — R
defined in (2.22) is Lipschitz continuous on bounded subsets of L? (T, R™) and satisfies

ocJ (u) C / E%j(x, u(x))dw, Vu e LP(T,R™), (2.23)
T

in the sense that for every ¢ € dcJ (u) there exists € € L9(T,R™), such that

and

(¢.v) = / Ev(x)du, VveLP(T,R™),
T

E(x) e B%j(x, u(x)), forae.x €T.

Moreover, if j(x,-) is regular at u(x) for a.e. x € T, then J is regular at u and (2.23)
holds with equality.

Proof The first step of the proof is to check that J is Lipschitz continuous. Suppose that
(2.20) is verified. Then using the Holder inequality it is straightforward to establish that J
is Lipschitz continuous on L? (T, R™).

Assume now that (2.21) holds. For a fixed number » > 0 and arbitrary elements u, v €
LP(T,R™) with |lu|lr <r, ||v]lLr < r we have

|J(u) = J (v)] S/le(x,u(X))—j(x,v(X))ldM

IA

clfT(1+|u(x>|"—1 + )P D u(x) — v(x)| dp

1+ Py -
([ (14 e o)

p—1

&) </T(1+|M(X)|p+|v(x)|p)dﬂ) "= vl

-1
p p
p

7 »
du lu—vlr

IA

IA

IA

c3llu —vllre,

with the constants c1, ¢2, ¢3 > 0 where ¢3 depends on r. The inequalities above have
been derived by using the Lebourg’s mean value theorem, i.e. Theorem 2.1, assumption
(2.21) and Holder inequality. The Lipschitz property on bounded sets for J is thus verified.

The map x +— jg(x, u(x); v(x)) is measurable on 7. Since j(x, -) is continuous, we
may express jg (x, u(x); v(x)) as the upper limit of

Jxy +avx) — jx, y)
)\‘ 9
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2.3 Subdifferentiability of Integral Functionals 43

where A N\ O taking rational value and y — u(x) taking values in a countable dense subset
of R™. Thus jg (x, u(x); v(x)) is measurable as the “countable limsup” of measurable
functions of x.

The next task is to prove (2.23). To this end we are firstly concerned with the proof of
the inequality

JOu; v) < / jg(x, u(x);v(x))du, Yu,v € LP(T, R™). (2.24)
T

Assuming (2.20), it is permitted to apply Fatou’s lemma that leads directly to (2.24).
Suppose now that the assumption (2.21) is satisfied. Thus using again Theorem 2.1 we
obtain

Jx, u(x) —{—)\v(;)) — J(x, u(x)) = (&, v(x)),

for some & € dcj(x, u*(x)) and u* € [u(x), u(x) + Av(x)]. We can now also use
Fatou’s lemma to obtain (2.24).

The final step, that we only sketch is to pass from (2.24) to (2.23).

Here the essential thing is to observe that, in view of (2.24), any ¢ € dc J (1) belongs
to the subdifferential at 0 € L” (T, R™) (in the sense of convex analysis) of the convex
function on L? (T, R™) mapping v € L? (T, R™) to

f J e u(x); v(x)) dp € R. (2.25)
T

The properties and the subdifferentiation in Ioffe and Levin [12] applied to (2.25) yield
(2.23). Finally, we are dealing with the regularity assertion in the statement. Under either
of hypotheses (2.20) or (2.21) we may apply Fatou’s lemma to get, if the regularity of
j(x, -) atu(x) is imposed,

J rAv) —J /
timipt 0T e an = [ S uw: v du.
AN0 A T T
Combining with (2.24) it is readily seen that J,(u; v) exists and J/(u; v) = Jo(u; v),
whenever v € LP (T, R™), which means the regularity of J at u. Moreover we induced
the equality:

JOu: v) = / JhCe, u(x); v(x))du, v e LP(T, R™).
T
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44 2 Locally Lipschitz Functionals

If we combine the right-hand side (2.23), the regularity assumption for j(x, -) with the
above formula we get

(¢ v) = / (), v(@) dpe < J%u; v), Yo € LP(T, R™),
T
therefore ¢ € d¢J (u). This completes the proof. O
The next result appears in the paper of Costea et al. [9] and it is a generalization of the
above result of Aubin-Clarke in the sense that Orlicz spaces are taken instead of Lebesgue
space.
For this let ¢ : R — R be an admissible function which satisfies

l<g™ < <p+ < 00, (2.26)

let ® the N-function generated by ¢ and assume 2 : 2 x R — R is a function which is
measurable with respect to the first variable and satisfies one of the following conditions:

(h1) there exists a € LY () s.t.fora.e.x € Qandallt, 5 € R
[h(x, 1) — h(x, )| < a(x)|rr — 123
(hy) thereexistc > 0and 8 € LY () s.t.forae.x € Qandallr e Ra
1§l < B(x) +colr]), VE € drh(x,1).
Define next H : L®(Q2) — R via the instruction
Hu) := /Qh(x,u(x))dx. (2.27)

Theorem 2.7 ([9]) Assume either (hy) or (h2) holds. Then, the functional H defined in
(2.27) is Lipschitz continuous on bounded domains of L® () and

acH(u)g/ 02h(x,u(x))dx, Vu e L®(Q), (2.28)
Q

in the sense that for every & € 0dcH (u) there exists { € LY (2) such that t(x) €
Béh(x, u(x)) fora.e. x € Q and

(£, V) =/ c(x)v(x)dx, Vve L®(Q).
Q
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2.3 Subdifferentiability of Integral Functionals 45

Moreover, if h(x, -) is regular at u(x) for a.e. x € Q, then H is regular at u and (2.28) 474
holds with equality. 475

Proof Let M be a bounded domain of L®(2) and let u1, us € M. If (h1) holds, then the 476
Holder-type inequality for Orlicz spaces shows that 477

[H(u1) — Hu2)| < 2|a|ox|lui — uzlo,
hence H is Lipschitz continuous on M. 478
If (hy) is assumed, then Lebourg’s Mean Value Theorem ensures that there exist w € 479
L®(Q) and E e LY (£2) such that w(x) lies on the open segment of endpoints u(x) and 480
uz(x), E(x) € dch(x, w(x)) fora.e. x € Q and 481
h(x, up(x)) — h(x, u2(x)) = £ (x) (1 (x) — uz(x)), forae. x € Q.
According to Clément et al. [8, Lemma A.5], 482

we L(Q) — o(lw]) € L* (),

which combined with the Holder-type inequality for Orlicz spaces leads to 483
|H(u1) — H(u2)| < / |h(x, u1(x)) — h(x,uz2(x))| dx =/ 12 (o) |1 (x) — ua(x)| dx
Q Q

S/Q(ﬂ(XH-C(P(Iw(X)I))Iul(X)—uz(X)Idx
= 2(IBlox +clo(wDlep) [u1 — uzle.

In order to prove that H is Lipschitz continuous on M we only need to show that 4s4
lo(|lw])|e* is bounded above by a constant independent of u1 and uy. Clearly we may 485

assume |@(Jw])|p+ > 1. The fact that (see Clément et al. [8, Corollary C.7]) 486
1 n 1 _
ot " (p7H
ensures that 487

ot

1< lo(whle: < lpQuhlt ™ = lequhl §/QCI>*((p(|w|))dx.

488



46 2 Locally Lipschitz Functionals

Using Young’s inequality, we have

2t
Q¥ (p(1) < D(1) + D (p(1) = to(t) < / @(s)ds < ®(21),
t

and from the As-condition we get

/@*(go(|w|))dxsc1+c2/ o (|w)) dx.
Q Q

Fix M > 1 such that |v|p < M, for all v € M. Obviously |w|p < M and the above
estimates show that

low)|ox < c1 +caM? .

The definition of the generalized directional derivative shows that the map x
hO(x, u(x); v(x)) is measurable on Q. Moreover, each of the conditions (%), (h2) implies
the integrability of hO(x, u(x); v(x)). Let us check now that

HOu; v) < / hO(x, u(x); v(x)) dx, Yu, v € L*(). (2.29)
Q

If (h1) is assumed, then (2.29) follows directly from Fatou’s lemma. On the other hand, if
we assume (/2) to hold, then by Lebourg’s mean value theorem we can write

h(x, u(x) + tv(:)) — h(x, M(.X)) — C(.X)U(-x)a

for some ¢ € L® () satisfying ¢(x) € drh(x, i(x)) for a.e x € 2, with &(x) lying in
the open segment of endpoints u(x) and u(x) + tv(x), respectively. Again, Fatou’s lemma
implies (2.29).

In order to prove (2.28) let us fix & € 02 H (u). Then (see, e.g., Carl et al. [4, Remark
2.170)) &€ € 0H O(u; -)(0), where 9 stands for the subdifferential in the sense of convex
analysis. The latter and relation (2.29) show that & also belongs to the subdifferential at O
of the convex map

L®(Q) > v > / hO(x, u(x); v(x)) dx,
Q

and (2.28) follows from the subdifferentiation under the integral for convex integrands
(see, e.g., Denkowski et al. [10]).
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For the final part of the theorem, let us assume that A (x, -) is regular at u(x) for a.e. s07
x € Q. Then, we can apply Fatou’s lemma to get

Ho(u; v) = limsup ;

AN

Hw 4+ tv) — H(w) - lim

N0 t

. / lirninfh(x’ ulx) +rtv(x)) —h(x, ux)) d
Q

1\0

=/h’(x,u(x);v(x))dx=/ hO(x, u(x); v(x)) dx > HO(u; v),
Q Q

t

which shows that the directional derivative H'(u; v) exists and

H'(u; v) = H®u; v) =/ hO(x, u(x): v(x))dx, Vv e L2(Q).
Q

. Hu+tv) — H(u)
inf

O

In the last part of this section we prove an inequality for integral functionals defined on

unbounded domain.

Let f : RY x R — R be a measurable function which satisfies the following growth

conditions:

There exist ¢ > 0 and r € (p, p*) such that

(D) 1 f(x,8)| < c(s|P~! + |s|"~1), for a.e.

x € RN, Vs € R;

(f{) the embedding X — L"(RN) is compact.

Let F : RV x R — R be the function defined by

t
F(x,1) :=/ f(x,s)ds, for ae.x € RN, Vs € R.
0

For a.e. x € RN and for every t, s € R, we have:

FG0) = Fe )l < etle =l (J0P ™ 4+ 15127 1o 15171

(2.30)

2.31)

where ¢ is a constant which depends only on ¢, p and r. Therefore, the function F(x, -)

is locally Lipschitz and we can define the generalized directional derivative, i.e.,

on(x, t;s) = limsup
T—1,A\0

foreveryt,s € Randa.e. x € RV,

Fx,t+As) — F(x, 1)
A

I

(2.32)
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48 2 Locally Lipschitz Functionals

Remark 2.4 The following two propositions remain true under the growth condition ( f),
but we observe that it is enough to consider only the case when the function f has the
growth | f(x, s)| < c¢|s|?~! fora.e. x € RV, Vs e R. For the sake of simplicity we denote
by h(s) = c|s|?~" and in the sequel we basically use only the fact that the function 4 is
convex, h(0) = 0, and monotone increasing on (0, 00).

Proposition 2.15 The function ® : X — R, defined by ®(u) = fRN F(x,u(x))dx is
locally Lipschitz on bounded sets of X.

Proof For every u, v € X, with |Ju]|, ||v|| < r, we have
|®(u) — (V)| < /RN |F(x, u(x)) — F(x, v(x))|dx

=c /RN lu(x) — v)|[A(lu(x)]) + ~(Jv(x)D]dx

1 1
<o (/ lu(x) — v(x>|1’dx) ’ [(f (h(|u(x>|)ﬂ’dx) !
RN RN
l/
+</ (h(|v(x)|)1”dx>" dx:|
RN

< callu = vllp[IR(uDll 4+ 1 (vD 1)

= C(l/l, U)”l/l N U”?

where ; + pl, = 1 and we used the Holder inequality, the subadditivity of the norm || - ||
and the fact that the inclusion X <> LP(RY) is continuous. C(u, v) is a constant which
depends only on u and v. O

Proposition 2.16 [f the condition ( f1) holds, then for every u, v € X, we have
®Ou; v) < / F2(x, u(x); v(x)) dx. (2.33)
RN

Proof Due to Remark 2.4, it suffices to prove the proposition for a such function f which
satisfies only the growth condition | f (x, 5)| < c|s|P~1. Let us fix the elements u, v € X.
The function F (x, -) is locally Lipschitz and therefore continuous. Thus F20 (x, u(x); v(x))
can be expressed as the upper limit of

F(x,y+tv(x)) — F(x,y)
t‘ 9
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2.3 Subdifferentiability of Integral Functionals 49

where ¢t N\, O takes rational values and y — u(x) takes values in a countable subset
of R. Therefore, the map x > on(x, u(x); v(x)) is measurable as the “countable
limsup” of measurable functions in x. From condition (f;) we get that the function
x > FY(x, u(x); v(x)) is from L' (RV).

Using the fact that the Banach space X is separable, there exists a sequence w, € X
with ||w, — u|| — 0 and a real number sequence #, — 07, such that

D (wy, + tyv) — P(wy)

., (2.34)

(I)O(u; v) = lim
n—0o0

Since the inclusion X < L?(R¥) is continuous, we get ||w, —u|| » — 0. In particular,
there exists a subsequence of {w, }, denoted in the same way, such that w,(x) — u(x) a.e.
x € RY. Now, let ¢, : RY — R U {400} be the function defined by

F(x, wa(x) + tav(x)) — F(x, wp(x))
on(x) = — :

+etlv)|[A(lwa (x) + 10 (0)]) + A(Jwa (x))].

We see that the functions ¢, are measurable and non-negative. If we apply Fatou’s
lemma, we get

/ liminf ¢, (x) dx < liminf/ on(x) dx.
R n—0o0 RN

N n—>0o0

This inequality is equivalent with

/ lim sup[—¢, (x)] dx > lim sup/ [—@n(x)]dx. (2.35)
R RN

N n—oo n— oo
For the sake of simplicity we introduce the following notations:

(l) QDI(.X') — F(x,wy (x)+t,0(x))—F (x,wn(x)) .
n \ >

In

(i) ¢r(x) = e1lv@)IA(wa(x) + 1)) + ~(Jwa ()]

With these notations, we have ¢, (x) = —(pnl (x) + (pz (x). Now we prove the existence of
the limit b = lim,_, fRN (p,%(x) dx. Since ||w, — ull, — 0, in particular, there exists a
positive function g € L?(RY), such that |w,(x)| < g(x) a.e. x € R, Considering that
the function /4 is monotone increasing on positive numbers, we get

|92 < c1lv)[h(g(x) + o)) +h(g(x)], ae. x e RY.
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50 2 Locally Lipschitz Functionals

Moreover, (p%(x) — 2ct|lv(x)|h(Ju(x)]) for a.e. x € R¥. Thus, using the Lebesque
dominated convergence theorem, we have

b= lim (p,f(x)dxzf 2¢1 o) |h(Ju(x))) dx. (2.36)
N RN

n—oo R

If we denote by I = limsup,,_, o, fRN [—@n(x)] dx, then using (2.34) and (2.36), we have

I = lim sup/ [—@n ()] dx = ®°(u; v) — b. (2.37)
RN

n—oQo

In the next we estimate the expression I = fRN limsup,,_, ., [—®n(x)] dx. We have the
following inequality:

/ lim sup ¢, (x) dx —/ lim @2(x)dx = I. (2.38)
R ]RN n—oo

N n—oo

Using the fact that w, (x) — u(x) a.e. x € RN and t, — 0T, we get

/ lim ¢200) dx = 2¢, / W)l dx.
R RN

N n—>00
On the other hand, we have

Fx,y+1t — F(x,
/ limsup(p}i(x)dx 5/ lim sup (x,y+tv(x)) (x,y) &
RN n—00 RN ysu(x), 1—0+ t

:/ Fg(x,u(x);v(x))dx.
RN

Using the relations (2.35), (2.37), (2.38) and the above estimations we obtain the desired
result. O
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3.1 Locally Lipschitz Functionals

In 1981, Chang [1] used the properties of the Clarke subdifferential to develop a critical
point theory for locally Lipschitz functionals that are not necessarily differentiable. The
main details and notions are given below.

Proposition 3.1 ([1]1) Ler f : X — R be a locally Lipschitz function. Then the function
Ayt X — R defined by Ay(u) := infrcyc fay IS5, is well defined and it is lower
Semicontinuous.

Proof Since dc f (1) is a nonempty, convex and weak™ compact subset of X* and the
function ¢ + |||« is weakly lower semicontinuous and bounded below, it follows that
for every up € X there exists ¢op € dc f (1) such that

oll« = inf .
ol ;eacf(uo)“m*

Now, we prove that the function u +— Ay (u) is lower semicontinuous. Fix ug € X,
arbitrary. Arguing by contradiction, there exist sequences {u,} C X and {¢,} C X™* such
that

tn > w0, T nFhp () < % (@0), G € D f () and Nl = ().

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021 53
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Frontiers in Mathematics, https://doi.org/10.1007/978-3-030-81671-1_3
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54 3 Critical Points, Compactness Conditions and Symmetric Criticality

Using the fact that the set valued map u +— d¢ f(u) is weak*-upper semicontinuous we
choose a subsequence {¢y, } such that ¢,, — ¢o € dc f(up). But

liminf (| &y, 1 = [1ollx = A £ (uo),
k—o00
which is a contradiction. O

Definition 3.1 ([1]) Let f : X — R be a locally Lipschitz function. We say that u € X is
a critical point of f,if A y(u) = 0, or equivalently 0 € dc f ().

Proposition 3.2 Ifu € X is a local minimum or maximum of the locally Lipschitz function
f: X — R, then u is a critical point of f.

Proof Using Proposition 2.5-(i) for A = —1 we see that it suffices to consider the case
when the point # € X is a local minimum. Then, for sufficiently small # > 0, f (u +tv) >
f(u). Thus

PO v) > limsup T TS
N0 t

s

which ensures that 0 € d¢ f (u). |

A sequence {u,} C X is called Palais-Smale sequence for f if A f(u,) — Oasn — oo.
So a Palais-Smale sequence is a sequence of “almost critical points” and it is readily seen
that any accumulation point of such a sequence is a critical point f. It is well-known that
Palais-Smale sequences do not necessarily lead to critical points, therefore the following
compactness condition is usually imposed.

Definition 3.2 Let f : X — R be a locally Lipschitz functional. We say f satisfies
the Palais-Smale condition if any Palais-Smale sequence {u,} C X such that { f (u,)} is
bounded possesses a (strongly) convergent subsequence.

Sometimes it is useful to work with weaker compactness conditions, such as the Cerami
condition, given below.

Definition 3.3 Let f : X — R be a locally Lipschitz functional. We say f satisfies the
Cerami condition at level ¢ € R (in short, (C).-condition) if any sequence {u,} C R
satisfying

(@) f(up) = casn — oo;
@) (L+ llunlDAyg(un) — Oasn — oo,
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3.2 Szulkin Functionals 55

possesses a (strongly) convergent subsequence. If this holds for every level ¢ € R, then we
simply say that f satisfies the Cerami condition (in short, (C)-condition).

Remark 3.1 If f € C'(X,R), then it is readily seen that f is locally Lipschitz and
Ar@) = || f'(w)ll«. Then u is a critical point of f if and only if f'(u) = 0, i.e., the critical

point in the sense of Chang reduces to the usual notion of critical point. Also, the (PS),
and (C). compactness conditions reduce to their counterparts from smooth analysis.

3.2 Szulkin Functionals

Let X be a real Banach space and [ a functional on X satisfying the structure hypothesis
(see Szulkin [10]):

H) I := ¢ + ¢, where ¢ € C'(X,R) and Y X — (—o00, +00] is proper, Ls.c. and
convex.

Definition 3.4 ([10]) A point u € X is said to be critical point of I if u € D(y) and if it
satisfies the inequality

(@', v—u)+ Y@ — Y@ =0, VveX. (3.1
Note that X can be replaced by D(v) in (3.1). Now, we recall some basic facts on the
functionals which verify the structure hypothesis (H). Here and hereafter such functionals
will be called Szulkin functionals.
Remark 3.2 The inequality (3.1) can be formulated equivalently as

—¢'(u) € Y u).

A number ¢ € R such that /~!(c) contains a critical point will be called a critical value.
We shall use the following notations:

K = {u € X : u is critical point of 1};
I.=lueX:I(u)<c}, K.={uek:Iu)=c}

Proposition 3.3 If I satisfies (H), each local minimum is a critical point of 1.
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56 3 Critical Points, Compactness Conditions and Symmetric Criticality

Proof Let u be alocal minimum of /. Using convexity of v it follows that for small 7 > 0,
0<I((1—tu+tv)—Iw) =pu+tlw—u)—ew)+yv(1—-tu+1tv) — )
e+t —u) — o) +1(¥ @) —¥@).

Dividing by ¢ and letting # — 0 we obtain (3.1). O

Definition 3.5 ([10]) We say that [ satisfies the Palais-Smale compactness condition at
level c, denoted (PS)., if any sequence {u,} C X satisfying

G) I(u) > ceR;
(ii) there exists &, C R, &, N\ 0 such that

(@' n), v —un) + ¥ () = Yup) = —enllv —uall, Vv €X; (3.2)
possesses a (strongly) convergent subsequence.

As before, a sequence satisfying (i) and (ii) will be called Palais-Smale sequence. If
(PS). holds for every ¢ € R we say that [ satisfies the Palais-Smale condition, denoted
by (PS).

It will be proved in the sequel that condition (£ S),. can be also formulated as follows:

(PS).: Any sequence {u,} C X satisfying:

) I(uy) —» c €R;
(ii) there exists ¢, € X™*, such that £, — 0 in X* and

(@ (Un)sv — up) + Y (V) — Y (up) = (En, v — Up); (3.3)
pOSSCSSGS a convergent subsequence.

Lemma 3.1 Let X be a real Banach space and y : X — (—o00,+00] a Ls.c. convex
Sfunctional with x(0) = 0. If

x W) = —llull, VueX,
then there exists { € X* such that ||¢|| < 1 and
xw) = (g, u), VuelX.

Proposition 3.4 Conditions (PS). and (PS),, are equivalent.
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3.3 Motreanu-Panagiotopoulos Functionals 57

Proof 1t suffices to prove that (3.2) and (3.3) are equivalent; it is clear that (3.3) implies
(3.2), so suppose that (3.2) is satisfied.
Letu :=v — u, and

1
x(u) = e [(‘p/(”n)a u) + Y (u+up) — ‘/f(”n)] .

n

Then (3.2) is actually x(u) > —|lu| for all u € X. According to Lemma 3.1 there is a
L € X* with ||, || < 1 and x(u) > (¢, u). Choosing ¢, = €,¢, one has

(@' ), v = un) + Y () = Y (un) _ <€n >
jetl s U—Up .
En &n
Hence (3.3) is satisfied and ¢, — 0 because &, — 0. |
Proposition 3.5 Suppose that 1 satisfies (H) and (PS)q and let {u,} Palais-Smale

sequence. If u is an accumulation point of {u,}, then u € K.. In particular, K. is a
compact set.

Proof We may assume that u,, — u. Passing to the limit in (3.2) and using the fact that
lim,— o0 ¥ (u,) > ¥ (u), we obtain (3.1). Hence u € K. Moreover, since the inequality
(3.1) cannot be strict for v = u, lim,,_, oo ¥ (1) = ¥ (u). Consequently, I (u,) — I(u) =
candu € K. If {u,} C K., then I (u,) = c and (3.2) is satisfied with &, = 0. It follows
that a subsequence of {u,} converges to some u € X. By the first part of the proposition,
u € K.. Hence K, is compact. O

3.3  Motreanu-Panagiotopoulos Functionals

In this subsection we present some results from the critical point theory for Motreanu-

Panagiotopoulos functionals (see [7]), i.e., functionals satisfying the structure hypothesis:

(H') I := h + ¥, with h : X — R locally Lipschitz and ¢ : X — (—o00, +00] convex,

proper and L.s.c.

Definition 3.6 ([7]) Anelement u € X is said to be a critical point of 1 := h + ¢, if
RO(u; v — u) + ¥ (v) — Y(u) > 0,V € X.

In this case, I (u) is a critical value of 1.

We have the following result, see Gasinski and Papageorgiou [2, Remark 2.3.1].
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58 3 Critical Points, Compactness Conditions and Symmetric Criticality

Proposition 3.6 An element u € X is a critical point of 1 = h + , if and only if 9
0 € dch(u) + 0y (u). 100

Definition 3.7 The functional / := h + i is said to satisfy the Palais-Smale condition at 101

level ¢ € R (shortly, (PS).), if every sequence {u,} C X satisfying 102
(i) I(up) > casn — oo; 103
(ii) there exists {¢,} C R such that g, \( 0 and 104

RO (s v — ) 4+ Y () — Y () > —enllv — unll, Yo € X,

possesses a convergent subsequence. 105
If (PS), is verified for all ¢ € R, then [ is said to satisfy the Palais-Smale condition 106
(shortly, (PS)). 107

Remark 3.3 The Motreanu-Panagiotopoulos critical point theory contains as particular 108
cases both critical the point theory in the sense of Chang as well as in the sense of Szulkin. 109
More precisely, we have the following: 110

(i) If ¥ = 0 in (H’), then Definition 3.6 reduces to Definition 3.1 and Definition 3.7 111

reduces to Definition 3.2; 112
(i) If h € CYX;R) in (H’), then Definition 3.6 reduces to Definition 3.4 and 113
Definition 3.7 reduces to Definition 3.5. 114
3.4  Principle of Symmetric Criticality 115

Let G be a group and let 7 a representation of G over X, that is 7(g) € L(X) for each 116
g € G (where £(X) denotes the set of the linear and bounded operator from X into X), 117

and 118

e m(e)u =u,vVu € X, 119

© nm(g1gu = m(g1)(m(g2)u), Vg1, 8 € GVu € X, 120

where e is the identity element of G. 121

The representation 7, of G over X™* is naturally induced by 7 through the relation 122
(2 (9)C, u) = <§, n(g*l)u>,Vg €G,reX*andu € X. (3.4)

For simplicity, we shall often write gu or g¢ instead of w(g)u or m.(g)¢, respectively. 123
A function s : X — R (or h : X* — R) is called G-invariant if h(gu) = h(u) (h(g¢) =



3.4 Principle of Symmetric Criticality 59

h(¢))foreveryu € X (¢ € X*)and g € G. A subset M of X is called G-invariant (or M*
of X*)if

gM ={gu:ueM}C M (orgM* C M*). VgegG.

The fixed point sets of the group action G on X and X* (other authors call them G-
symmetric points) are defined as

Z:XGzz{ueX: gu=u, Vg € G},
3= (X" :={¢ e X*: g{ =¢, Vg € G}.

Hence, by (3.4), we can see that { € X* is symmetric if and only if ¢ is a G-invariant
functional. The sets ¥ and X, are closed linear subspaces of X and X*, respectively. So
Y and X, are regarded as Banach spaces with their induced topologies. We introduce the
following notations:

. C(I;(X) ={p € C'(X,R): ¢ is G-invariant};
o L5(X) ={p € Lip;,o(X,R) : ¢ is G-invariant}.

The principle of symmetric criticality for C! —functionals reads like this:
(PSC) If ¢ € Cé;(X)and (p|x) (u) =0, then ¢'(u) = 0.

Theorem 3.1 (Palais [8]) The principle (PSC) is valid if and only if £, N L+ = {0},
where ©1 :={¢ € X* : (¢,u) =0, Yu € ).

Proof “«<” Suppose that =, N =+ = {0} and let ug € X be a critical point of ¢|5. We
must show ¢’ (ug) = 0. Because ¢(ug) = ¢|x(ug) and ¢(ug + v) = ¢|x(ug + v) for
all v € ¥, we obtain

(@' (o), v)x* x = ((¢2) (U0), v)z* 5.

for every v € X, where (-, -)s+ v denotes the duality pairing between ¥ and its dual
>*. This implies ¢’ (o) € L+. On the other hand, from the G-invariance of ¢ follows
that
: - e(gu+itv) —g(gu) . put1g7v) — pu)
(@' (gu), v) = lim ; = lim ,
— t—

= (¢'(w), g "v) = (g¢' (), v)
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60 3 Critical Points, Compactness Conditions and Symmetric Criticality

forall g € G and u, v € X. This means that ¢ is G-equivariant, i.e.

@' (gu) = g¢'(u), (3.5

forevery g € G and u € X. Since ug € X, we obtain go’(ug) = ¢'(ug) forall g € G,
ie. ¢ (ug) € Zy.
Thus we conclude ¢’ (1) € T, N T+ = {0}, that is, ¢’ (ug) = 0.

“=” Suppose that there exists a non-zero element ¢ € X, N £+ and define ¢, (-) by
@« (u) := (¢, u). Itis clear that ¢, € Cé(X) and (¢4)'(-) = ¢ # 0, so @, has no critical
point in X.

On the other hand ¢ € X+ implies ¢|x = 0, therefore (¢«|x)'(u) = 0 for every
u € X. This contradicts the principle (PSC). Therefore the condition Xy N X+ = {0} is
necessary for the principle (PSC). O

We assume next that the following condition holds:

(A1) G is a compact topological group and the representation w of G over X is
continuous, i.e., (g, #) — gu is a continuous function G x X into X.

In this situation for each u € X, there exists a unique element Au € X such that

(¢, Au) = /G(g,gu)dg, Vi e X*, 3.6)

where dg is the normalized Haar measure on G. The mapping A is called the averaging
operator on G. The averaging operator A has the following important properties:

* A: X — X isacontinuous linear projection;
e If K C X is a G-invariant closed convex, then A(K) C K.

Moreover, if we denote by I'g(X*) the set of G-invariant weakly*-closed convex
subsets of X*, we have

Lemma 3.2 The adjoint operator A* is a mapping from X* to 3. If K € T'g(X™), then
A*(K) C K.

Proof We first prove that for all { € X* implies A*¢{ € X. By the right invariance of the
Haar measure, we get

Agu = Au, Vge G,VueX.
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3.4 Principle of Symmetric Criticality 61

Therefore for every g € G and u € X we have

(gA*C,u) = (¢, Ag ™ u) = (¢, Au) = (A*C, u),

thatis A*¢ € .

In the sequel we prove A*(K) C K. Suppose that there exists an element { € K such
that A*¢ ¢ K. We apply the Hahn-Banach theorem in X* with the weak™ topology 7.
Then there exists u € X, ¢ € R and ¢ > 0 such that for every w* € K we have

(A*é‘au> SC_S <C§ <Evu>‘
By putting & := g~ !¢ € K forall g € G, we get
<§,AM> S c—€&< CS <C7gu>a
which contradicts (3.6). |
We have the following result due to Palais [8].
Theorem 3.2 [f(Al) is satisfied, then (PSC) is valid.
Proof We verify the condition £, N £+ = {0}. Let ¢ € =, N =+ fixed and suppose that
¢ # 0. Because ¢ € X, the hyperplane H = {u € X : (¢, u) = 1} becomes a nonempty
G-invariant closed convex subset of X. Thus, for any u € H, we have Au € H N X and
because ¢ € =1 we have (¢, Au) = 0. This contradicts the fact that Au € H. O
We present next a version of the principle of symmetric criticality for locally Lipschitz
functions due to Krawcewicz and Marzantowicz [5]. Let ¢ : X — R be a G-invariant
locally Lipschitz function. Using the Chain Rule we obtain that gdc¢ (1) = dce(gu), i.e.
the set d¢(u) is G-invariant.
We consider the following principle:
(PSCL) :If g € LE(X) and 0 € dc(¢|x)(u) then 0 € dce(u).
Theorem 3.3 If (Al) is satisfied then (PSCL) is valid.
Proof Without loss of generality we may suppose that u = 0 is a critical point of ¢|x.

Let A : X — X be the averaging operator over G. Since, ¢°(0; -) is a continuous convex
function, then

0°(0; Av) < /G ¢°(0; gv)dg = /G (90 )°0; v)dg = fG ¢%(0; v)dg = ¢°(0; v).
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62 3 Critical Points, Compactness Conditions and Symmetric Criticality

Let us remark that for v € ¥ we have (¢|x)° (0; v) < ¢°(0; v) and A*X* = =, = (2)*.
Thus

IO = [we i w,v) = @0 v), Vo ez
clwes.: wuv=e0v, wex]
— {w € A*X*: (w,v) = (w, Av) < @*(0; Av) < ¢°(0; v), Vv € X}
C A% (3ce(0)).

Therefore, if 0 € 3¢ (¢|x)(0) then 0 € A*(dc¢(0)) and, since A*(dc@(0)) C dc(0), this
implies that 0 € dc¢(0) and the (PSCL) is satisfied. |

Now, we suppose that G is a compact Lie group and let M be a Banach G-manifold
modelled on the Banach space E. Let us recall that, for each g € G, there is a
diffeomorphism g : M — M defined by g(x) = g - x, x € M. The G-action on T*(M) is
defined as follows: if (x, w) € T*(M),i.e. w € T}(M), then g - (x, w) = (gx, w’), where
w' = (Tyg ) w.

Suppose that ¢ : M — R is a G-invariant locally Lipschitz functional. It follows that

g-dcop(x) = (T*g ™ H(Bcp(x)) = (Bl 0 &) (gx) = dcp(gx), (3.7)

i.e.,

g - dce(x) = dce(gx), (3-8)

forevery g € G, x € M.

This means that the generalized gradient dcp : M — T*M of a G-invariant functional
¢ is G-invariant. We denote by M ¢ the fixed point set (symmetric point set) of the action
G over M. Now, let x be a symmetric point of M. There is a natural linear representation of
G on Ty M givenby g — Dg(x). The action G is called linearizable at x if there exists an
open U € Vy(x) G-invariant neighborhood of x and a diffeomorphism ¢ : U — ¢(U),
where ¢(U) C Ty (M) is open and G-equivariant such that the map g o go 9™ : @(U) —
T M is the restriction to ¢(U) of the linear map Dg(x). We observe that if (U, ) is a
chart at x such that U is invariant and ¥ (x) = 0, where ¢ : U — E and E = T M, by
identifying E with T, M, we can define

o(y) = fG (Dg() - ¥)(g~ ydg. v eU.
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3.4 Principle of Symmetric Criticality 63

The map ¢ linearizes the action of G about of x. Thus we have

Proposition 3.7 Any action of a compact Lie group G by diffeomorphisms on a Banach
manifold is linearizable at symmetric points.

Since E¢ is a closed linear subspace of E and ¢(U N M%) = ¢(U) N E¢ we conclude
that M© is a submanifold of M.

Using Proposition 3.7 we see that the (PSCL) remains true for G-Banach manifold M,
when G is a compact Lie group.

Theorem 3.4 Let x € MC and ¢ : M — R be a locally Lipschitz G-invariant function.
Then x is a critical point of ¢ if and only if x is a critical point of € = ®|y6 - MC - R

In the next we give a direct application of Theorem 3.4 which is very useful in the study
of eigenvalue problems. For this we consider a Hilbert space (H, (-, -)), a locally Lipschitz
function f : H — Rand h : H — R a C!-function such that ¢ € R is a regular value
of h,ie. W' (x) #0,if h(x) = a. Then S = h~1(0) is a C'-manifold of H whose tangent
space T, S at any u € S is expressed by

T.S =h ()~ 1(0) = {x e H : (W(u), x) =0}
The generalized gradient dc (f|s)(u) of f|s atany u € S is given by

(z, vh(u))

3 — L N
cUlsw {Z 7 Al

W) :ze acf(u)} ,
where i (1) means the gradient of % at u, that is the element vh(u) € H satisfying
(h'(u), v) = (Vh(u),v), YveH.

Now, let G be a compact Lie group which acts linearly and isometrically on H. We
suppose that the functions f and & are G-invariant. We introduce the notations:

Y:={uecH: gu=uvgeG)and S’ :=5Nx.

As above, we get that SY is a submanifold of S and 7, S¢ = {fwe X :(dh),(w) =0} for
every u € SY. As a direct consequence of Theorem 3.4 we have

Corollary 3.1 0 € oc(flsc)(m) & 0 € dc(fls)(u).

We denote by @ (X) the set of functions ¢ : X — (—00, +00] which are convex, proper
and lower semicontinuous. Recall that I'g (X™) is the set of G-invariant weakly*-closed
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64 3 Critical Points, Compactness Conditions and Symmetric Criticality

convex subset of X* and let @ (X) denote the set of all G-invariant functionals belonging
to ®(X).

We first consider the following principle.

(PSCI) : Forevery ¢ € ®;(X) and all K € I'g(X™) it holds that:

els)w) NK|s # & = dpu) N K # I,
where K|y = {¢|x : ¢ € K} with (¢|x, u)x, v+ = ({,u)x x+ andu € Z.

Remark 3.4 The principle (PSCI) is a generalization of the classical (PSC), of the
(PSCL), and includes in particular the principle for Szulkin type functionals.

To conclude this we observe that for every J € C! and u € ¥ we have
() @ = (') ls. (3.9)
Indeed, for every h € X, J'(u) satisfies:
Ju+h) = J)+ (J'(u), h) + o(h)
and (J'(u)) |5 satisfies
J(u+h) =) +((J @)z, h)x +o(h)

for every h € X. Noticing that u, u +h € X imply J(u + h) = J|s(u + h) and J (u) =
JIs (), we get that (J|5)’ () = (/') 5.

Now, let J € C(l;(X) and put K = {—J'(u)} with u € X, then by virtue of (3.5), we
get K € T'g(X*). Therefore, in view of (3.9), we find that (PSC1I) yields
(PSCI) :Forallg € ®g(X) andall J € Cé(X), it holds that

I(ple) )+ (J1x) () 0= d¢) + J'(u) 0.

Remark 3.5 Principle (PSCI)’ corresponds exactly to the Szulkin type functions, see
Remark 3.2. Moreover, in particular, take ¢ = 0, then 0 (¢|x) (¥) = d¢(u) = 0. Thus,
(PSCI) with ¢ = 0 gives the classical principle of symmetric criticality (P SC). Finally,
let ¢ : X — R be a G-invariant locally Lipschitz function. For u € X, let us choose
K = 0¢(u) and v = 0. Then (PSCI) reduces to (PSCL) since we obviously have
d(Y|x)m) € 9y¥(u)|x. By a mild modification of the above arguments, the principle
of symmetric criticality has been extended to Motreanu-Panagiotopoulos functionals by
Kristaly et al. [6] and to continuous functions by Squassina [9].
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3.4 Principle of Symmetric Criticality 65

Proposition 3.8 For all ¢ € ©g(X), the subdifferential d¢ of ¢ is G-equivariant, i.e. for 256

every g € G andu € X we have d¢(gu) = gop(u).
Proof First, we prove that dp(gu) C gde(u). Let ¢ € d¢p(gu). Then we have
P(v) — (1) = p(gv) — p(gu) > (¢, gv — gu) = (g7 ¢, v —u),

for all v € X. This implies g~ '¢ € d¢(u) and hence ¢ € gdg(u).
Moreover, the above relation with g replaced by g~! gives

ggp(u) = gdgp(g ™" gqu) C gg ™' dp(gu) = dp(gu),
which completes the proof. O
If we take K := —J'(u) + 0y (u) with J € C(l;(X), Y € ®g(X) andu € X, then (3.5)
and Proposition 3.8 assure that K € I'g(X™). Then (PSCI) can be reformulated in the

following way:
(PSCI)" :Forall ¢, € ®g(X) andall J € Cé(X), it holds that

3 (@lx) @)+ J1x) ) =3 (Y¥lx) ) 20 = dp) + J'(u) — 3y ) 30,

provide that 8 (¥|x) = 0y () |x.
We consider the following further hypotheses:

(B1) X is reflexive and the norms of X and X* are stricly convex;
(B2) The action of G over X is isometric, i.e., ||gu|| = ||u]|, forall g € G and u € X.

One can prove the following results.

Theorem 3.5 Assume that (B1) and (B>) are satisfied. Then the principle (PSCI) is
valid.

Theorem 3.6 Assume that (A}) is satisfied and dp + 9 I is maximal monotone. Then the
principle (PSCI) is valid.

The proofs of these results are fairly technical, so we will omit them. However, an
interested reader can consult Kobayashi [3], and Kobayashi and Otani [4].
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4.1 Deformations Using a Cerami-Type Compactness Condition

In this section we present two deformation results for locally Lipschitz functions defined
on Banach spaces. These results extend those of Chang [2] and Kourogenis-Papageorgiou
[7].

Let us consider f : X — R to be a locally Lipschitz function. Our approach is based
on using a general compactness condition which contains as particular cases both the
Palais-Smale and Cerami compactness conditions. More precisely, we consider a globally
Lipschitz functional ¢ : X — R such that ¢(«) > 1,Vu € X (or, ¢(u) > «, for some
a > 0).

Definition 4.1 We say that the function f satisfies the (¢ — C)-condition at level c (in
short, (¢ — C).) if every sequence {u,} C X such that f(u,) — c and @ (u,)Ar(uy) — 0
has a (strongly) convergent subsequence.

As pointed out before, the (¢ — C).-condition contains the (PS), and (C). compactness
conditions, respectively. Indeed if ¢ = 1 we get the (PS).-condition and if ¢(u) :=
1 + ||u|| we have the (C).-condition.

Throughout in this chapter we use the following notations for the locally Lipschitz
function f : X — R and a number ¢ € R:

fC={ueX: fwu)<c}, fer=weX: f(u) > cl,
Ke={ueX:apu) =0, f)=c}, (Ko)s:={ueX: du K <8},

(Ko)s := X \ (Kc)s-

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021 69
N. Costea et al., Variational and Monotonicity Methods in Nonsmooth Analysis,
Frontiers in Mathematics, https://doi.org/10.1007/978-3-030-81671-1_4
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70 4 Deformation Results

We need the following result in order to obtain the existence of a suitable locally Lipschitz
vector field.

Lemma 4.1 Let X be a Banach space and let f : X — R be a locally Lipschitz function
satisfying the (¢ — C).-condition with ¢ : X — R a globally Lipschitz function such
that o(u) > 1, Yu € X. Then for each § > 0 there exist constants y,e > 0 and a
locally Lipschitz vector field A : f~'([c — e,c 4+ €]) N (Ko)§ — X such that for each
ue fl(c—ec+ehn (K.)§ one has

[A@)I =< @(u) 4.1)
and
Ay =) ¥ eacf ). 4.2)
Proof From the (¢ — C).-condition we get y, ¢ > 0 such that

pryu) =y, 4.3)

foreachu € (K.)§and ¢ — e < f(u) < ¢+ €. Assuming by contradiction this not the
case, we could find a sequence {u,} C (K.)§ suchthat f(u,) — cand @(u,)A r(u,) — 0.
Using the (¢ — C).-condition we obtain a convergent subsequence of {u,} (denoted again
by {u,}), say u, — ug € (Kc)g. Since f is continuous and A s is lower semicontinuous
we obtain that f(ug) = c¢ and @(ug)Ar(ug) = 0. This implies up € K., which is a
contradiction. Thus (4.3) holds.

Letug € f~'([c—e,c+e)N (Kc)§ and &o € d¢ f (uo) be such that A 7 (o) = ||l
Then we have B¢, N dc f (uo) = @, where B, 1= {£ € X* : ||&|| < r},r > 0. Using the
separation theorem in X* endowed with the weak*-topology we obtain that there exists
some hg € X suchthat ||hgl| = 1 and (&, ho) < (¢o, ho) < (¢, ho) for each & € B¢ and
¢ € dc f (xp). From Corollary A.2 and (4.3) we get

sup (£, ho) = 150l > v
§€B) g @(uo)

Therefore (¢, ho) = ll5oll > 5,04,
dc f (u) is weakly*-upper semicontinuous, for each u € f Y e—ec+ehn (K.)§ there
exists ro > 0 and hp € X such that for every v € B(ug, ro) and every { € d¢ f(v) we have
(¢, ho) > Z(p);v)' The set of all such balls {B(ug, rg)} covers f_l([c —&,c+¢e]) N (K.
By paracompactness there is a locally finite covering {V;};c; subordinated to it. If we
consider the functions p; : X — R defined by p; (1) := dist(u, X \ V;) for all u € X, then

the functions p; are Lipschitz continuous and p; |x\v;= 0.

for every ¢ € dc f(up). As the set-valued map u +—

23
24

25
26
27
28
29

30

31

32
33
34
35
36
37
38
39
40
41

42

43

44

45

46

47

48
49



4.1 Deformations Using a Cerami-Type Compactness Condition 71

Foreveryu € | J;c; Vi, let Bi(u) := Zjl:il(zi(“) and A(u) := @(u) Y _;c; Bi(x)h;, where

h; plays the same role for u; as hg for ug. It follows that the function A : f’1 ([c—e,c+
e]) N (K¢)§ — X is locally Lipschitz and for every u € f’1 ([c — &, ¢ + €]) we have

IA@)] < @) Y Bi()lIhill = pw)

iel
and
(. AW) = 9@ Y A& ) > D V5 € def ).
iel
Thus properties (4.1) and (4.2) are satisfied. O

The next result can be proved in the same way as the above; thus we will omit it.

Lemma 4.2 Let X be a Banach space and let f : X — R be a locally Lipschitz function
and S C X a subset. Suppose that the numbers ¢ € R, ¢,8 > 0 are such that

by () > ‘t;, Vi e (e =26, ¢+ 26]) N Srs. (4.4)

Then there exists a locally Lipschitz vector field A : f’l([c —2e,c+2e]) NSy > X
such that:

(@) 1A = 1;
(b) forevery ¢ € dc f(x) we have (¢, A(u)) > 288.

The next result is a quantitative deformation lemma for locally Lipschitz functionals
and it appears in the paper of Varga and Varga [15].

Theorem 4.1 Let X be a Banach space and let f : X — R be a locally Lipschitz function
and S a subset of X. Let ¢ € R and ¢,8 > 0 be numbers such that (4.4) holds. Then there
exists a continuous function n : [0, 1] x X — X with the properties:

@) n0,u) = u, foreveryu € X;
@ii) n(,-) : X — X is homeomorphism for every t € [0, 1];
(iii) n(t,u) =u, foreveryu ¢ f~'([c —2¢e,c+2e]) N Sas and t € [0, 1];
@iv) In(t,u) —ul|l <6, forallu € X andt € [0, 1];
() fu) — f((t,u)) = 2¢t, fort € [0, 1] with n(t,u) € f~'([c —2¢, c + 2¢]) N Sas;
i) n(1, fENS) C fo8
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72 4 Deformation Results

Proof We introduce the sets
A:=8s0fYc—2e,c+2eD)and B:= S5 N f ' ([c — &, c +€]),
and define ¢ : X — R by

dist(u, X \ A)
V(u) = di . :
ist(u, X \ A) + dist(u, B)

The function ¢ is locally Lipschitz. Using Lemma 4.2 we get a locally Lipschitz vector
field A : A — X such that conditions (a) and () hold.
Let V : X — X be the vector field given by

0, otherwise.

Vi : —Y@AW), if ueA s

The vector field V is locally Lipschitz and ||V (u)|| < 1, for every u € X, hence the
corresponding ODE

!é(:, u) = V(o (t, u)): “6)

o0, u) =u,
has a unique global solution o (-, u) for every u € X. Letn : [0,1] x X — X be the
function given by 7n(t, u) := o (6¢t, u). For each ¢ € [0, 1] the function (¢, ) : X — X is
a homeomorphism and n(0, u) = u forevery u € X. Thus (i) and (ii) hold.

From (4.6) it results that n(z, u) = u for every u ¢ f’l([c — 2¢, ¢ + 2¢]) N S5 and
t € [0, 1]. Therefore (iii) is true. In order to prove (iv), note that

in(t, u) = jto((?t, u) =385 (8t,u) =8V (o(8t, u)),

SO
t d 13
/ n(s,u)ds = 8/ V(o (s, u))ds.
o ds 0
Thus
1
In(, u) —nO,u)|| < 5/0 V(o (s, u))ds|l <3,

which proves (iv).
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4.1 Deformations Using a Cerami-Type Compactness Condition 73

For every u € X we consider the function 2 : R — R given by () := f(n(t,u)).
Using Proposition 2.7 we obtain

d
h'(s) <  max <§, n(s, u)> =  max ({,86(8s,u))
cedefisaw)) |~ ds cede f(n(s,u))

=4 max (¢, V(o (8s,u))) =—6 min
¢€dc f(n(s,u)) £ ¢€dc f(n(s,u)

(&, ¥ (o (8s, u)) Ao (85, u)))

- —2¢, ifn(s,u) € A
0, ifn(s,u)e X\ A.

From this we obtain that if n(¢, u) € A, then

t
f@) = fn(t,u)) =h0) —h(u) = —/ W (s)ds = 2et,
0

with n(t,u) € A and ¢ € [0, 1]. Therefore the function f is decreasing along the path
n(,u).

Now let # ¢ A a fixed element. Then ¥ (u) = 0, hence V (#) = 0. Using the Cauchy
problem (4.6) we obtain 1 (¢, u) = u for every t € [0, 1]. Thus (v) is proved.

In order to prove (vi) fix u € ft® N S. We shall prove that f(n(l,u)) < ¢ — &.
Therefore we can suppose thatu € (¢ \ f¢7°)N S, ie. f(u) < c+e, f(u) > c—eand
u € S.If we assume by contradiction that £ (n(1, u)) > c—e, then f(u)— f(n(1,u)) < 2e.
On the other hand, if # € [0, 1] and n(¢,u) € A then f(u) — f(n(t,u)) > 2et and the
contradiction completes the proof. O

In the sequel we prove a very general deformation result which unifies several results
of this kind; it appears in the paper of Kristaly et al. [8].

Theorem 4.2 Let f : X — R be a locally Lipschitz function on the Banach space X
satisfying the (¢ — C).-condition, with ¢ € R and a globally Lipschitz functionp : X — R
with Lipschitz constant L > 0 and ¢(u) > 1, Vu € X. Then for every gy > 0 and every
neighborhood U of K. (if K. = O, then we choose U = &) there exist a number (0 < & <
&g and a continuous function n : X x [0, 1] — X, such that for every (u,t) € X x [0, 1]
we have:

(@) lln(u,t) —ul < p)re"!;

(b) n(u,t) = u, forevery u ¢ f_l([c —&p,c+eol)andt €10, 1];
(© f@, 1) < fu);

d) n(u,t) #u= fu,1)) < fQ).

(e) n(fete, 1) c feeuU;

(f) n(fe\U, 1 C f°
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74 4 Deformation Results

Proof Fix gy > 0 and a neighborhood U of K. From the compactness of K. we can find
6 > 0 such that (K.)3s € U. Moreover, the proof of Lemma 4.1 guarantees the existence
of y > 0and 0 < ¢ < &g such that p(u)As(u) > y forall u € f_1 ([c=¢e,c+eh N
(Kc)§. We consider the following two closed sets:

A={ueX: |fu)—c|>e}U(Kos @7
Bzz{ueX: |fu) —c| < ;}H(KC)ES. 4.8)

Because A N B = @ there exists a locally Lipschitz function ¢ : X — [0, 1] such that
¥ = 0 on a closed neighborhood of A, say A, disjoint of B, ¥|p = 1and 0 < ¢ < 1. For

instance, we can take ¥ (1) := G %’ij()u B’ Yu € X.

Let V : X — X be defined by

V() = ! —(x)-Aw), uec f Y c—e,c+ehN (Ko 9)

0, otherwise,

where A (u) is constructed in Lemma 4.1. The vector field V is locally Lipschitz and by
the same lemma, foru € f~'([c —e,c +€]) N (Kc)§ we have

V@)l = @)l A < ¢(u) (4.10)

and
14
(¢, V@) = =y )¢, Aw)) = —I/f(u)z, V¢ € dc fu). (4.11)
Since V is locally Lipschitz and ||V (u)| < ¢(0) + L||lu||, the following Cauchy problem:

{ N, 1) =Vnu,1) ae. onl0,1] 4.12)

n(u,0)=u

has a unique solution 1 (u, -) on R, for each u € X. By (4.10) we have
13 t t
(e, 1) —ul| S/O IV (n(u,s))lds S[O w(n(x,S))dS=fO lp(n(u,s)) — ¢u)lds
t t
+/ @u)ds < L/ (e, s) — ullds + @(u)t.
0 0

Using Gronwall’s inequality we get ||(u, t) — u|| < @(u)te™!, therefore the assertion (a)
is proved.
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4.1 Deformations Using a Cerami-Type Compactness Condition 75

Ifu¢ f_l([c —¢&,c+¢]),thenu € A, so (1) = 0. By (4.9) it follows that V() = 0
and from (4.12) we obtain that n(u, t) = u, for each t € [0, 1]. This yields (b).

Next, for a fixed u € X, let us consider the function %, : [0, 1] — R given by &, (¢) :=
f(n(u, t)). Using the chain rule we have

d d
hy(t) <  max < , (x,t)>= max (¢, V(n(x,1)))
dr ceaFonran \" di”! ceacFonean o
a.e. on [0, 1]. Therefore, taking into account (4.11), we infer

ihu(t) < —W(n(u,t))g <0ifn(u, 1) € f~ (e — &, c+ &) N (Ko, (4.13)

and clearly, by (4.9)

ihu(t) <0, if n@u, 1) ¢ £~ (c — &, c+ &) N (K5

Hence property (c) holds true.
In order to prove property (d), suppose that n(u, ) # u. First, we show that

n(,s) € f~ (e =& c+ &) N (Ko, Vs €[0,1]. (4.14)
On the contrary, there would exist s9 € [0, ¢] such that n(u, so) € A. This implies that
V(n(u, sp)) = 0. Using the uniqueness of solution to the Cauchy problem formed by the
equation in (4.12) and the initial condition with the initial value n(u, s9), we see that
n(u, T+ so) = n(u, so), vr € R.
Letting T := t — sp and T := —sp one obtains n(u,t) = u, which contradicts our

assumption. Thus the claim in (4.14) is true.
Using (4.13) and (4.14) it follows that

t d t
Fa) — fu, 1) = - / s = / Y0, $))ds. (4.15)
o ds 2 Jo
We show that there is s € [0, ¢] such that

Y(n(u,s)) #0, (4.16)

for otherwise, if ¥ (n(u, s)) = 0, Vs € [0, ], then V (n(u, s)) = 0, Vs € [0, ¢]. By (4.12),
we get that n(u, -) is constant on [0, ¢], which contradicts 1 (u, ) # u. It results that (4.16)
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76 4 Deformation Results

is valid. Since ¢ > 0, from (4.15) and (4.16) we infer that f(n(u,t)) < f(u), which
proves assertion (d).
Let us prove next assertion (e). Let p > 0 be such that (K.)35 C B(0; p). We choose

g 8
O<s§min{ voor

4 g e L(p(0) +Lp)1}, 4.17)

and proceed by contradiction. Let u € f¢7¢ be such that f((u, 1)) > ¢ —¢ and n(u, 1) ¢
U. Since, by (¢), f(n(u,1) = f(u) < c+eand f(n(u,1) = f(nu,1)) for each
t €0, 1], we get
c—e< f(nu,t)) <c+e, Vtel01] (4.18)
We claim that
n(fu} x [0, 1) N (Ke)2s # 2. (4.19)
Suppose that (4.19) does not hold, i.e,
n(fu} x [0, 1) N (Ke)os = 2. (4.20)
First, we show that
n(u,t) € B, Vtel0,1]. (4.21)
The fact that n(u, t) € f_1 ([c — g, c+ g]) follows from (4.17) and (4.18). By (4.20) one

has that n(u, t) € (K.)5s. Consequently, from (4.8) we conclude that (4.21) is established.
On the basis of (4.21) and (4.13) we may write

1 1
d Y
f) —fnu, 1)) = hy(0) — b, (1) = —/ d hy(t)dt > / Y (n(u, 1))dz.
o dr 0o 2
Then, combining (4.21) and the definition of v it is clear that
v
f) = f(n(u, 1) = 5 (4.22)
On the other hand, from (4.18) we obtain that

f@) — f(nu, 1)) < 2e. (4.23)

From (4.22) and (4.23) we get ’2’ < 2¢, which contradicts (4.17). This justifies (4.19).
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4.1 Deformations Using a Cerami-Type Compactness Condition 77

The next step in the proof is to show that there exist 0 < #; < f, < I such that
dist(n(u, t1), K.) =28, dist(n(u, ), K;) = 36 (4.24)
and
28 < dist(n(u,t), K;) <38, Vi <t <t. (4.25)

Denote by g(¢) := dist(n(u, 1), K.), Vt € [0, 1]. In view of (4.19) we have that {r €
[0, 1] : g(r) <28} # @. Thus it is permitted to consider

1 :=sup{tr € [0, 1] : g(r) < 26}.

Since it is known that (K.)3s C U and n(u, 1) ¢ U, we derive that n(u, 1) ¢ (K.)3s. This
means that g(1) > 34. Since g(#1) < 24 it is necessary to have #; < 1. The definition of #;
implies g(¢) > 26 for all ¢+ € (¢1, 1] (which is the first inequality in (4.25)). Letting ¢ | 1
we deduce that g(#1) > 25. We obtain that g(¢1) = 26, so the first part in (4.24) is proved.
Taking into account that g(1) > 34, we see that {t € [#1,1] : g(¢t) > 35} is nonempty.
Then we can define

t = inf{t € [11, 1] : g(¢) > 35}.
Since g(t2) > 36 and g(¢1) = 24 itis clear that#; < f,. By the definition of #, we have that
g() <36 forallty; <t < 1y, s0(4.25) holds. In addition, letting ¢ 1 £, we get g(f2) = 34,

so (4.24) holds, too.
Let us show that

4e
h—1Nn < . (4.26)
14

From (4.25) it follow_s that 7_](u, t) ¢ (K.)2s, Vt € [t1, t2], while (4.18) and (4.17) imply
nw,t) € f~' ([e = 5. ¢+ 5]). ¥t € [11, 12]. The definition of the set B in (4.8) yields

nu,t) € B, Vteln, nl]
Using the definition of v, (4.13) and (4.18) we see that
14 v [ 2 d
(—1) = / Y(n(u,1)dt < —/ hy (£)dt = hy (11) — hy(12)
2 2 Jy n dt

= f(mu, 1) — f(n(u, 1)) < 2e.

Thus (4.26) is proved.
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78 4 Deformation Results

We need the following inequality 174
ln(u, 12) — n(u, t)ll = 6. (4.27)
To check (4.27) consider a point v € K, so that 175

dist(n(u, 11), K¢) = lIn(u, t1) — v|| = 28.

Here the compactness of K, and the first part in (4.24) have been used. Then, on the basis 176
of the second part in (4.24) we can write 177

G, 22) = n(u, DIl = I, 2) — vl = lIn(u, 11) —vl| = 36 — 26 = 6.

Therefore (4.27) holds. 178
Using (4.12), (4.10) and the Lipschtz property of ¢ we can write 179

[5)

IIV(n(u,S))IIdSS/ @(n(u, s))ds

n

16}

I, 12) — nGu, )| < /

5l

n
=f o, $)) — p(n G NS + o, 1)) (02 — 11)
n

16}
< / Llin(u, s) — n(u, 1)|lds + ¢(n(u, 1)) (&2 — 11). (4.28)
51
By (4.28) and Gronwall’s inequality we get 180
I, 22) =G, )|l < @(n(u, 1)) (12 — 1)e" =71 (4.29)
From (4.27), (4.29), (4.26) and the Lipschitz property of ¢ we deduce that 181

4e |
3 < lIn(u, r2) —n(u, )|l < y e~ p(n(u, 1))

4
< VSEL(¢(0)+LII77(MJ1)II)- (4.30)

In view of (4.24) and the choice of p to satisfy (K.)3s C B(0; p) we have n(u,t;) € 182
(K¢)3s C B(0; p). This property and (4.17) yield from (4.30) that 183

©

4e | )
= e (O +Lp) =,
y 2

which is a contradiction and the proof of (e) is now complete. 184
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In order to show (f), since (K.)3s C U it is enough to prove that

n(freN\ (Ko)zs, 1) € fO7°. (4.31)

Let us denote
Ci=(fTN\ TN (K5
To check (4.31), we note that it is sufficient to verify that
n(u,1) e f%, VYueC, (4.32)
because for u € ¢ we have f(n(u, 1)) < f(u) < ¢ — &, due to the nondecreasing
monotonicity of f(n(u, -)).
To show (4.32), denote by
D= (fT\ )N (KOS,
2
First, we verify that
4e
YueC, dt, € (0, such that n(u, t,) ¢ D. (4.33)
v
To this end, we prove the following inclusion

4
{t>0: n,t)eD, ¥V el0,1]} C (o, 8), Vu e C. (4.34)
y

Indeed, if n(u,t) isin D C B, Vtr € [0,t], we have v (n(u,7)) = 1, VT € [0,1].
Therefore, by (4.13), we have ddr hy(t) < —Z,Vt € [0, t]. From this and (4.18) we obtain

t d 7/
2e > hy, (0) — h,(t) = —/ d hy(t)ydr > " t,
o art 2

sot < 4;. Thus (4.34) is satisfied.
We are now in the position to prove (4.33). We proceed by contradiction. Assuming

that there exist u € C such that n(u,t) € D, Vt € (O, ‘if], by (4.34), we arrive at the
contradiction

de de
e{t>0:n(u,t)ED,VrE[O,t]}C(O, ),
14 14

which proves (4.33).
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80 4 Deformation Results

Let us show that for every u € C, it is true that
n{u} x [0, 1) N (Ke)sp # & = F1o € (0, 13] such that n(u, 10) € £, (4.35)
with

58
ty = inf{t € 10,1 : distO(u. 1), Ko) < ) }

where the set ’t e [0, 1] : dist(n(u,t), K.) < 52‘3 ] is nonempty in view of (4.25). If (4.35)
were not true it would exist u € C with n({u} x [0, 1]) N (K)ss # & and f(n(u,t)) >
c—¢,Vt € [0, 13]. Hence n(u, t) € D, Vt € [0, 3]. This follows2 from the definition of #3
and since u € C. The inclusion in (4.34) implies that

4
< . (4.36)
14

Introduce
t4 :=sup{t € [0, 13] : dist(n(u,t), K.) > 36}.

Since u € C, then u € (Kc)§5 , thus the set {r € [0,3] : dist(n(u,t), K;) > 36} is
nonempty. By the definitions of 73 and #4 it follows that

n,0) € (FN L0 (Ko \ (Kog ), Vi € L, 1)
Note that

)
In(u, 13) — n(u, )|l = (4.37)

5
Indeed, by the definition of #4 we have

In(u, 13) —nu, )|l > lInCu, t4) — vl — In(u, t3) — vl|
> 38 — In(u, t3) —vll, Vv € K.
This leads to

) 58 8
In(u, t3) — n(u, ta)l| = 36 — dist(n(u, 13), K.) =36 — ) = o

so (4.37) is verified.
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4.1 Deformations Using a Cerami-Type Compactness Condition

Using (4.12), (4.10) and the Lipschitz property of ¢ we can write

13

IV (1, $))|lds < / ©((u, s))ds

14

3

I, 13) — 1, )] < /

14

81

13
= f le(mu, s)) — e(n(u, t4))1ds + @(n(u, 1)) (13 — t4)
14

3
< [ L) = . lds + p0rtu )6~ o).
14
By Gronwall’s inequality we get

Inu, 13) — 0@, ta)|| < @(n(u, ta)) (13 — t4)e= B4,

(4.38)

Using (4.37), (4.38), the Lipschitz property of ¢, the inclusion (K.)3s C B(0; p) and

(4.36), we have that

) _
Inu, 13) — nu, ta)|| < e“SDo(nu, t2)) (53 — ta)

IA

IA

4
eL(@(0) + Liln(u, ta) D13 < e*(9(0) + Lp) ;.

This contradicts the choice of ¢ in (4.17), therefore (4.35) is true.

In order to complete the proof of (f), letu € C. From (4.33), there exists #, € (0, ‘;5]

such that n(u, t,) ¢ D. This means that

s t) € X\ fTHUSTEUKD g,

On the other hand, n(u,t,) € f+¢ since, asu € C, f(n(u,t,)) < f(u) < c + e&.

Consequently, we deduce that n(u, t,) € f°° U (K,) 5 Two cases arise:

(D) nu, t) € fF
(2) ’7(’47 tu) € (Kc)Szé

In case (1) we have directly that

F@, D) < fnu,t,)) <c—e,

which ensures the desired conclusion.

Should (2) occur, we make use of property (4.35). Therefore, we find 7y € (0, #3] such

that n(u, t9) € f°7¢. Thus we may write f(n(u, 1)) < f(n(u, t9)) < c —e.
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82 4 Deformation Results

Remark 4.1 1f we choose ¢ = 1 or ¢(u) := 1 + |lu| then we obtain the deformation
lemmas of Chang [2] and Kourogenis-Papageorgiou [7], respectively.

4.2 Deformations with Compactness Condition
of Ghoussoub-Preiss Type

The following variant of Palais-Smale condition is an extension to the locally Lipschitz
case of the one introduced by Ghoussoub and Preiss [6] for C! —functionals. Let f : X —
R be a locally Lipschitz functional, ¢ € R a real number and B C X.

Definition 4.2 We say that the locally Lipschitz function f satisfies the Palais-Smale
condition around B at level ¢ (shortly, (PS)3p..), if every sequence {u,} C X with
fu,) — c, dist(u,, B) — 0and Af(u,) — 0 asn — oo, contains a (strongly)
convergent subsequence in X.

In particular, we write (PS). instead of (PS)x . and simply (PS) if (PS), holds for
every ¢ € R.

For a fixed B C X and a fixed number § > 0, we denote the closed §-neighborhood of
B by Ns(B), that is,

Ns(B) := {u € X : dist(u, B) < 8.

Definition 4.3 A generalized normalized pseudo-gradient vector field of the locally
Lipschitz f : X — R with respect to a subset B C X and a number ¢ € R is a locally
Lipschitz mapping A : Ns(B) N f~![c — 8, ¢ + 8] — X with some § > 0, such that
[AG@)| = 1and

1 .
(€ AG@) > ) nf g >0

forall ¢ € dc f(u) and u € dom(A) := Ns(B) N f_l[c —38,c+48].

The existence of a generalized normalized pseudo-gradient vector field in the sense of
Definition 4.3 is given by the result below.

Lemmad4.3 Let f : X — R be a locally Lipschitz function, ¢ € R and a closed subset
B of X, such that (PS)p,. is satisfied together with B N K.(f) = @ and B C f*.
Then there exists § > 0 and a generalized normalized pseudo-gradient vector field A\ :
Ns(B)N f~ e —8,c+ 8] — X of f with respect to B and c.
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4.2 Deformations with Compactness Condition of Ghoussoub-Preiss Type 83

Proof Let us show that there exists a number § > O such that

Ap(u) >0 >0, YueNs(B)N f ' e—8,c+3l, (4.39)
with

o :=inf[)\f(u) . u € N5(B) ﬂf_l[c—S,c—i-S]].

Indeed, arguing by contradiction we assume that there exists a sequence {u,} C X with
Ap(uy) — 0, dist(u,, B) — O and f(u,) — c. By (PS)p, we derive the existence of a
convergent subsequence of {u,}, denoted again by {u,}, such thatu,, — u in X asn — oo.
The lower semicontinuity of the function A ¢, yields A ¢ (#) < liminfy,— 00 A £ (u,) = 0. We
deduce that u € K.(f) which contradicts the condition B N K.(I) = &. The claim in
(4.39) is verified.

Along the line of the proof of Lemma 4.1 and the property (4.39), we construct a locally
Lipschitz map

A:Ns(BYN f7°N foys —> X

such that
[AG)| =1 (4.40)
and
(¢, Au)) > ;G, V¢ € dc f(u), u € Ns(B)N 70N feys. (4.41)
Now, it remains to make use of the usual partition of unity argument. O

The following deformation result has been proved by Motreanu and Varga [10].

Theorem 4.3 Let f : X — R be a locally Lipschitz functional, ¢ € R and a closed subset
B of X provided one has (PS)p.c, BN K.(f) = D and B C f°. Let A be a generalized
normalized pseudo-gradient vector field of f with respect to B and c. Then for every ¢ > 0
there exist an ¢ € (0, &) and a number § < c such that for each closed subset A of X with
ANB=@and A C fe—¢,, where

&4 := min(e, ed(A, B)), (4.42)
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84 4 Deformation Results

there exists a continuous mapping n4 : R x X — X with the following properties
(@) na(-, u) is the solution of the vector field V4 := —@a A with the initial condition u €
X for some locally Lipschitz function ¢4 : X — [0, 1] whose support is contained
in the set (X \ A);
@{i) na(t,u) =u, forallt e Randu € AU f7° U foye;
(iii) forevery 8 <d < conehasna(l, BN f%) c fi-¢.
Proof Note that the existence of a normalized generalized pseudo-gradient vector field
A 1 N3s (B) N f_l[c — 3¢1,¢ 4+ 3e1] - X of f with respect to B and c is assured by

Lemma 4.3, for some constants §; > 0 and ¢; > 0. Consequently, a constant, o7 > 0 can
be found such that

1
(¢, Au)) > 201, V¢ € dc f(u), u € N3s, (B) N fe_3g N fc+381. (4.43)

We claim that the result of Theorem 4.3 holds for every &€ > 0 with
i ! ! 1) (4.44)
< min,é . :
& , €1, .01, L0101

In order to check the claim in (4.44) let us fix two locally Lipschitz functions ¢, ¢ : X —
[0, 1] satisfying

@=10onNs(B)N f N foleys @ =00nX\ (Nas;(B) N £ N fune));
Y =000 fU fores ¥ = Lon £ fi_y,
for some gy with
& < gy <min{e, e1}. (4.45)

Then we are able to construct the locally Lipschitz vector field V : X — X by setting

Vi e ! —819(0)Y WA W), Yu € N3y (B) N fomze, N fEH31, (446

0, otherwise.
Using (4.46) we see that the vector field V is locally Lipschitz and bounded, namely

V@ <681, VYuelX. (4.47)
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4.2 Deformations with Compactness Condition of Ghoussoub-Preiss Type 85
From (4.43), (4.46) and (4.47) we derive
1 .
— (¢, V) = 23101, Vi € N5, (B) N fegy N [0, V2 € Bc f (). (4.48)

In view of (4.47) we may consider the global flow y : R x X — X of V defined by (4.46),
ie.

c;’; (t.u) = V(y(t.u), Y(t,u) € R x X,
y(0,u) =u, Vu € X.
In the next we set
B1 =y ([0, 1]) x B). (4.49)
We notice that By in (4.49) is a closed subset of X. To see this let v, := y (t,, u,) € B be

a sequence with #, € [0, 1], u, € B and v, — v in X. Passing to a subsequence we can
suppose that t, — ¢ € [0, 1] in R. Putting w, := y (¢, u,) we get

/td ( )d
. dty T, Uy)dt

where (4.47) has been used. Since w, — v in X, it turns out that u, — y(—t,u) € B.
Finally, we obtain u = y (¢, y (—t, u)) € By which establishes that Bj is indeed closed.
The next step is to justify that f(y (¢, u)) is a decreasing function of 1 € R, for each
u € X. Toward this, by applying Lebourg’s mean value theorem and the chain rule for
generalized gradients we infer for arbitrary real numbers ¢ > # the following inclusions

lwp — vpll = Iy (@, un) — ¥ @n, up)ll = < O1lty — 1],

d
fltw) = fto0) € 0 tw)| _ Caefru)’) @ -0

= dc f(y (T, w)V(y(r,u))(t —to)

with some t € (9, t). By (4.43) and (4.46) we derive that f(¢t,u) < f(to, u). Now we
prove the relation

ANB) = o. (4.50)

To check (4.50), we admit by contradiction that there exist up € B and fy € [0, 1] provided
y (to, up) € A. Since A and B are disjoint we have necessarily that #y > 0.
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From the relations A C f.—¢, and B C f° we deduce

c—ea = f(y(to,uo)) < f(y(t, ug) < f(uo) <c, vt €0, 1o]. (4.51)

It turns out that
J/(t, MO) € NS](B) ﬂ fC n fC*é‘As Vt € [07 tO]

On the other hand from (4.47) we infer the estimate

0]
d(A, B) < |ly (10, uo) — uoll = II/ V(y (s, uo))ds|l < éito.
0

If we denote h(t) := f(y(t,up)), then & is a locally Lipschitz function, and (4.46), (4.48)
allow to write

dy

K (s) <
() = ds

1
€, [ (s,u) = (& Vy(s,w)) = —, 01,

max max
¢edc fy(s,u)) gede f(y (s;u))

for a.e. s € [0, 19]. Therefore, by virtue of (4.44), we have the following estimate

To 1
f (v (10, uo)) — f(uo) = h(to) — h(0) = /0 W (s)ds < —28101to < —é1€ty

< —ed(A, B) < —¢4. (4.52)

The contradiction between (4.51) and (4.52) shows that the property (4.50) is actually true.
Taking into account (4.50) there exists a locally Lipschitz function ¥4 : X — R verifying
Y4 = 0 on a neighborhood of A and ¥4 = 1 on Bj. Then we define the homotopy
na : R x X — X as being the global flow of the vector field V4 = ¥4 V. The assertion
(i) is clear from the construction of 14 because one can take g4 = —81Y¥ 4. Assertion
(ii) follows easily because V4 = O on AU f ¢ U f.4.. We show that (iii) is valid for
8 = ¢ + & — go with ¢ described in (4.44) and &¢ in (4.45). To this end we argue by
contradiction. Suppose that for some d € [8, c] there exists u € B N f¢ such that

fa(l,u)) >d—e. (4.53)
Using the fact that 4 = 1 on By we deduce

na(t,u) =y(t,u) € Ns,(B)N fd N fa—e, VYt €0, 1].
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4.2 Deformations with Compactness Condition of Ghoussoub-Preiss Type 87

Then a reasoning similar to the one in (4.52) can be carried out to write

1
Fa(l,u)) — fu) < —28101 < —e&.
This contradicts the relation (4.53) because f (1) < d. |

Remark 4.2 Theorem 4.3 unifies different deformation results as for instance those in
Chang [2], Du [5], Motreanu [9], Pucci and Serrin [12].

Corollary 4.1 (Chang [2]) Let f : X — R be a locally Lipschitz function which satisfies
the (PS) condition. If c is not a critical value of f, i.e. K.(f) = &, then given any ¢ > 0
there exist an ¢ € (0, €) and a homeomorphismn : X — X such that

@) n(w) =uforallu € f°U fo_gs
(ii) n(f®) c f .

Proof Let us fix a positive number a < ¢ such that the interval [¢ — a, ¢ + a] be without
critical values of f. We apply Theorem 4.3 for B, := f°t% N f._, and ¢ + a in place
of B and c, respectively, for each a € (0, a]. Theorem 4.3 provides e, > 0,6, < c+a
and, with A := f.1., the homotopy 1, € C(R x X, X) satisfying the requirements (i)-(iii)
for ¢, 8, n4 replaced by ¢4, 84, 14, respectively. Note that this claim holds because f.+. C
Se—eq 4> Where g4 4 := min{g,, 4d(A, B,)}. Then 1° follows from (i) of Theorem 4.3.
The relations (4.43) and (4.44) show that ¢, 4 is bounded away from zero, say €,,4 > ¢ >
0 fora € (0,a]. Setd :=c + min{Z“’E}. We observe that if a > 0 is small enough, d can be
used in (iii) of Theorem 4.3 relative to 74, thatis §, < d < ¢ + a, because &g in (4.45)
can be chosen independently of a € (0, a]. Then 2° is checked with n(x) := n,(1, u) for
allu € X and ¢ = min{za”s} by means of property (iii) in Theorem 4.3 for B, and ¢ + a
in place B and c, respectively, with a > 0 sufficiently small. This occurs in view of the
relations ¢ + ¢ =d and d — ¢, < ¢, so one can conclude. m]

The following result extends Lemma 1.1 in Du [5] to the case of locally Lipschitz
functions (see again Motreanu and Varga [11]).

Corollary 4.2 Let f : X — R be a locally Lipschitz function, let A and B be two closed
disjoint subset of X and let ¢ € R such that BN K.(f) = @, B C f,A C feand f
satisfies the (P S) g, condition. Then there exist a number ¢ > 0 and a homeomorphism n
of X such that

@ f(@w) < f(u), Yu € X;
(ii) n(u) =u, Yu € A;

(iii) n(B) C f<*.
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88 4 Deformation Results

Proof Apply Theorem 4.3 for the set B and the number c¢. One obtains an ¢ > 0
and n = na(l,:) € C(X, X) corresponding to A C f. C fe—s,. It is obvious that
the conclusion of Corollary 4.2 follows from Theorem 4.3, where (iii) is deduced for
c=d. O

4.3 Deformations Without a Compactness Condition

In this section we establish a deformation result for locally Lipschitz functionals defined
on B, which will be used the following to derive minimax theorems in nonsmooth critical
point theory. In this section, unless otherwise stated, we always assume that

(Hop) X is a smooth reflexive Banach space.

If there is no danger of confusion we shall simply write Br and Sg instead of Bx (0, R)
and dBx (0, R). Sometimes we shall denote (—oo, 0] ([0, 00), (—o0, 0), (0, c0)) by R_
(R4, R*, R%), while R_& := {a& : a € R_}. The closed convex hull of a set A C X is
denoted by A%

Let ¢ : [0,00) — [0, 00) be a given normalization function and denote by J, the
corresponding duality mapping.

Note that the reflexivity of X implies that the weak- and weak*-topology on X coincide.
Theorem C.1 and Corollaries C.1 and C.3 imply that Jy is single-valued and the norm is
Gateaux differentiable on X \ {0} and X* is strictly convex. We also point out the fact that
assumption (Hyp) is not very restrictive as for any reflexive Banach space X with norm || - ||
there exists an equivalent norm || - || on X such that (X, | - |lo) and (X*, || - |Jo*) are strictly
convex (see e.g. Asplund [1]).

The following propositions will turn out useful in the subsequent sections.

Proposition 4.1 Let f : X — R be a locally Lipschitz functional. Ifu € X, {u,} C X
and {¢,} C X* are such that u,, — u and ¢, € oc f (up), for all n € N, then there exist
¢ € dc f (u) and a subsequence {{n, } of {Cu} such that ¢, — ¢ in X*.

Proof The upper semicontinuity of d¢c f together with Proposition 2.4 ensures that there
exists ng € N such that

with L, > 0 the Lipschitz constant near u. Therefore {¢,} is a bounded sequence in X*.
Since X is reflexive, then X* is also reflexive, hence the Eberlein-Smulian theorem ensures
that {¢,} possesses subsequence {¢,,} such that £,, — ¢, for some { € X*. It follows at
once that ¢ € dc f (u) since dc f is weakly closed. |
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4.3 Deformations Without a Compactness Condition 89
Proposition 4.2 Let y : [0, 00) — X \ {0} be a C'-curve and ®(t) := fé ¢ (s)ds. Then

d /7
g 2y @ = (Joy @),y ().
Proof Clearly, for all ¢, s > 0 the following relations hold

(Jsy @), y®) = o Uy ODIy©,

and

oy @, y®)) <oy DIy ),

hence by substraction we get

(Jor @), ¥ () =y ®) < oUy OID Ly ) = ly Ol

If s > t, then

<aay @i "N IOl

<J¢V(t), y(s;:f(t)> ,

and letting s | t we get

d
(Jor @),y @) = ¢dly O 4 My Ol

For s < t we get the converse inequality, hence

B Y d . d
(Joy @, v' ) = ¢yl lly Ol = 2y @O
O

The following lemma ensures the existence of a locally Lipschitz vector field which
plays the role of a pseudo-gradient field in the smooth case and will be used in the sequel.

Lemma 4.4 Let f : X — R be a locally Lipschitz functional and let Fy C F C X be
such that

(A) there exists y > O such that Ay(u) >y, forallu € F;
(B) there exists 0 € (0, 1) such that

0&Cu,0), forallu € Fy,

where C(u, 6) = [dc f1o(u) U Jpu"" and [dc flo () = dc f ) +62 () Bx+(0, 1).
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920 4 Deformation Results

Then there exists a locally Lipschitz vector field A : F — X such that

(PD) ||[A)|| <1, forallu € F;
(P2) (¢, A(u)) >0y/2, forallu € Fandallt € dc f(u),
(P3) (Jpu, A(w)) > 0, forallu € Fy.

Proof Let u € Fy be fixed. The Krein-Smulian theorem (see, e.g., Conway [3, V.13.4])
implies that the convex set C(u, 8) is weakly compact. Using the weak lower semicon-
tinuity of the norm and assumption (B) we deduce that there exists ro > 0 such that
ro := infgecu,0) l1€1]. Since Bx«(0, ro) NC(u, 8) = &, the Hahn-Banach weak separation
theorem implies that there exists w, € dBx (0, 1) and @ € R such that

(n,wu) <o < (&, wy), Vne Bx«(0,r), V& € C(u,0).

Taking supremum with respect to 1, we get

O0<ro<{(,w,), VEeCu,o). (4.54)
In particular,
(Jpu, wy) > 0. (4.55)
We claim that
(¢, wy) >0y/2, V¢ edcfu). (4.56)

Recall that (¢, wy,) = d(¢, ker wy,) (see, e.g., Costara and Popa [4, p. 87]), where by ker w,,
we have denoted the following subset of X*

kerw, == {& € X*: (£, w,) =0}.
Therefore, it suffices to prove that d(dc f (u), kerw,) > 0y /2. Let n € kerw, be fixed.
Obviously n ¢ [dc flo(u), otherwise n would belong to C(u, 8) and (4.54) would be
violated. By the definition of [d¢ f1o(u), we have d(n, dc f (1)) > OAr(u). Since n was
arbitrarily chosen it follows that
d(dc f(u), kerwy) > 0L r(u) > 0y /2.

We prove next that there exists r, > 0 such that

(¢, wy) >0y/2, YveBx,r,) NF, Y. €dcf), 4.57)
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4.3 Deformations Without a Compactness Condition 91

and
(Jpv,wy) >0, Vv e Bx(u,ry). (4.58)

Arguing by contradiction, assume that (4.57) does not hold, i.e. for each r > 0 there exist
v € Bx(u,r)N F and ¢ € d¢ f(v) such that

(¢, wy) <0y/2.

Taking r = 1/n we obtain the existence of two sequences {v,} C X and {¢,} C X™ such
that

Uy —> U, &n € ¢ f(vn) and (&n, wy) < Oy /2.
According to Proposition 4.1 there exists ¢y € dc f (1) such that, up to a subsequence,
Zn — o, in X

Letting n — oo we get (o, w,) < 6y/2 which contradicts (4.56). Relation (4.58)
may be proved in a similar manner by using Proposition C.7 which asserts that Jy is
demicontinuous on reflexive Banach spaces.

If u € F\ Fy, we can employ a similar argument as above with d¢c f (u) instead of
C(u, 0) to get the existence of an element w, € d By (0, 1) such that (4.56) holds.

Thus, the family {Bx (u,r,)}u,er 1S an open covering of F and it is paracompact,
hence it possesses a locally finite refinement say {U,}qer. Standard arguments ensure
the existence of a locally Lipschitz partition of unity, denoted {py }4e7s, Subordinated to the
covering {Uy }qer. The required locally Lipschitz vector field A : F — X can now be
defined by

AQ) =) pau)wy.
ael
Simple computations show A satisfies the required conditions. O

The following proposition provides an equivalent form of condition (B) in the previous
lemma, which will be useful the following sections.

Proposition 4.3 Let u € X \ {0} and 6 € (0, 1) be fixed. Then the following statements
are equivalent:

(i) 0¢C(u,0);
(ii) R_Jgu N [dc flo(u) = @.
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92 4 Deformation Results

Proof (i) = (ii) Arguing by contradiction, assume there exist « € R_ and & €
[0c flo(u) such that & = aJyu. Then, for ¢ := I e (0, 1] we get

-«

0= 1ia(—aJ¢u+§) =1 —1)Jpu + t&,

which shows that 0 € C(u, 0), contradicting (i).

(ii) = (i) Assume by contradiction that 0 € C(u, 8). Then there exist #, € [0, 1] and
&, € [3c f1o(u) such that

on =1 —ty)Jpu + 1,5, — 0, asn — oo.

Since {t,} is a bounded sequence in R, it follows that it possesses a subsequence {t,, }
such that

th, — t €[0,1].

Obviously the set [d¢ f 1o (1) is bounded, hence if ¥ = 0, then #,,&,, — 0. Thus p,, —
Jyu and the uniqueness of the limit leads to Jyu = 0 which is a contradiction, as u # 0.
If t € (0, 1], then
1 I — 1 t—1
En = P+ nkt Jou — ; Jou € R_Jyu.

Iny ni

Since [dc flo(u) is also closed, it follows that ’;1J¢u € [dcfle(u), but this

contradicts (ii). O

We are now in position to prove the main result of this section which is given by the
following deformation theorem. The set Z C Bpg in the statement may be regarded as a
“restriction” set that allows us to control the deformation. The reader may think of Z = B
as the “unrestricted” case. Here and hereafter in this section, if f : Bgp — R s a functional
and Z is a subset of B g, we adopt the following notations

f¢:={ueBgr: fu) <a},
and

Zp:={u€Br:du,Z) <b}.
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4.3 Deformations Without a Compactness Condition 93

Theorem 4.4 Let f : BR — R be a locally Lipschitz and Z C BR. Assume that there 445

existc,p € R, 8 > 0and 0 € (0, 1) such that the following conditions hold: 446
(Hy) Ap(u) > ;‘9‘32 on{ueBg: |fu)—c| <38}NZsp; 447
(Hy) 0 Cu,0), on{ue Sg: |f(u)—c| <35}N Z3,. 448
Then there exists a continuous deformation o : [0, 1] x Bgr — Bp such that: 449
(@) 0(0,) =id; 450
(ii) o(t,-) : BR — Bg is a homeomorphism for all t € [0, 1]; 451
(iii) o(t,u) =id, forallu € Bg \ {u €Br:du,Z2) <2p, |f(u)—c| < 28}; 452
(iv) The function f(o(-,u)) is nonincreasing for all u € Bpg. Moreover, f(o(t,u)) < 453
f(u), whenever o (t, u) # u; 454

W) llo(t,u) —o(t,u)l < pOlty — 0| forallt, r €0, 1]; 455
i) o (L, P NZ)C 0N Z, 456
Proof Let us define the following subsets of Bg as follows 457

45
F = {ueBR: Afr(u) = 92}, Fo:={ueSp:du,72) <3p, |f(u) —c| <36},
0

458

Fi = {ueBR: du,zZ) <2p, |f(u) —c| 528},

459
Fri={ueBg:du,2) <p, |fu)—c| <35},

and consider the locally Lipschitz function x : B — R defined as 460

d(u, Br \ F1)

. 461
d(u, Br \ F1) +d(u, F»)

x W) =

Obviously x = 0 on Bg \ Fi, whereas x = 1 on F> and 0 < x < 1 in-between. 462
Applying Lemma 4.4 with F' and Fy defined as above, we get the existence of a locally 463
Lipschitz vector field A : F — X having the properties (P1)—(P3). Using the cutoff 464
function we define V : B — X to be given by 465

— A(w), if uekF,
V(u) = X @A), At u 466
0, otherwise.

467



94 4 Deformation Results

Then V can be extended to a locally Lipschitz and globally bounded map defined on the
whole X by setting

R
V(u)=V<

I ”u>, whenever ||u| > R.
u

By an extended version of the Picard—Lindelof existence theorem for Banach spaces (see,
e.g., [13, Lemma 2.11.1]) the initial value problem

in(t,u) =V, u),

n0, u) = u.

possesses a unique maximal solution 1 : R x X — X. We define the required deformation
via time dilation,

o(t,):=n(pbt,-), VtekR.

The initial value ensures that ¢(0,-) = id, thus establishing (i). It follows from
the aforementioned result that o(¢,-) : X — X is a homeomorphism (with inverse
o(t,)~' = o(~—t,-)). For convenience, we denote by 0, : X — X, the orbit defined
by o, (t) := o (t,u), forall (f,u) € R x X.

We claim that, for each u € Bg, the orbit {0, (¢)};>0 lies entirely in Bg. In order to
check this, assume that 7y > 0 is such that

uy := o, (To) € Sg,

and

low@®l =R, Vtel0,To).

By Proposition 4.2 we have

d
dtq) (low® ) = pb (Jpou (1), V(0u (1)), (4.59)
and

—x(0u () (Jpou (1), Aoy (1)), if o, (1) € F,

] (4.60)
0, otherwise ,

{(Jpou (1), V(0w (1)) = :

whenever o, (¢) # 0.
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4.3 Deformations Without a Compactness Condition 95

If uy € Fy, then (Jypuy, A(u1)) > 0, hence there exists a neighborhood U of u; such
that

(Jpv, A(v)) >0, YveUNF. (4.61)

The continuity of o, (-) and relations (4.59)—(4.61) ensure that

iCD(IIGu(t)II) =<0,

holds in a neighborhood [Ty, Ty + s) of Tp.
If u; ¢ Fpy, then V vanishes in a neighborhood of #; and by a similar reasoning we
obtain

d
dt<1>(||6u(t)||) =0, Vie[lo, To+s).

Thus @ (||o, (+)|]) is nonincreasing in [Ty, Ty + 5), while ®(-) is strictly increasing on R,
hence ||o,(¢)|| < R for all + € [To, To + s). The argument can be repeated whenever
{0y (t)}s>0 reaches Sg.

Henceforth we restrict o to [0, 1] x B g, without changing the notation. It is clear from
above that o (¢, -) is a homeomorphism for all # € [0, 1] and x = 0 on Br \ F1, therefore
(i7) and (iii) hold.

In order to prove (iv), fix u € Bg and define & : [0, 1] — R by h(t) := f(o,(1)).
Then, by Proposition 2.7 h is differentiable almost everywhere and for a.e. s € [0, 1] we
have

()< max (¢,00(9))= max pf(, V(ou(s))).

— u

¢edc flou(s)) ¢€dc f(ou(s))

Since A satisfies property (P2) and x vanishes on By \ Fi, we get 1/ (s) < 0if o,,(s) €
Bgr \ Fj and

6 45
' (s) = —pBx (ou()(E, Alou(s)) < —POx(©u(s)) 002 = —28x (0u(s)),

otherwise. This shows that f (o, (-)) is nonincreasing.
If 0,(¢t) # u,thent > 0 and 0, (¢t) € B \ F1. Therefore there exists € > 0 such that
0,(s) € B\ Fy foralls € (t — €, + €). Thus x(o,(s)) > Oforall s € (t — €, ) and

t
flou@®) — fu) = flou(®) — f(ou(0)) = /0 h'(s)ds < 0.
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96 4 Deformation Results

Forafixedu € Bgand 0 <t <t <1 we have

5]
/ o, (s)ds
3]

which shows that (v) holds. Moreover, if u € Z, then |0, () — ul| < pft < p, hence
ou(t) € Z,, forall t € [0, 1].

Finally, in order to complete the proof it suffices to show that for any u € Z C Bp such
that f(u) < c + 6 we have f(0,(1)) < c — 8. We distinguish two cases:

5]
llou(t2) —ou(t)| = ‘ < pG/ [V (ou(s))llds < pO(12 — 11),
n

(@) f(u) <c— 8. Then

flou(D) = fou(0)) = f(u) <c—é.

b)) c—8§ < f(u) <c+36.Thenu € F>. Let t,,4x € [0, 1] be the maximal time for which
the o, (-) does not exit F», i.c.,

0,(t) € Fpfort € [0, tyax].

If tyax = 1, then x (o, (s)) = 1 forall s € [0, 1] and

1 1
Feu(D) = fu) = f W (s)ds < / 285 (0 (s))ds = —25,
0 0
which leads to
fle) < fu) —28<c+8§—-28=c—34.

If tjyax < 1, then there exists 79 € (tqx, 1] such that o, (f9) & F>. Since oy (o) € Z),
it follows that either f (o, (f9)) < ¢ — &, or f (o, (t9)) > ¢ + . The latter cannot occur
due to (i) and (iv). |

4.4 A Deformation Lemma for Szulkin Functionals

In this section we present a deformation result for Szulkin type functionals, see [14].

As in the Sect. 3.2, let X be a real Banach space and [ a function on X satisfying the
following structure hypothesis:
(H) f:=q¢+ Y, where 9 € C1(X,R) and  : X — (—00, +00] is convex, proper and
Ls.c.
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44 A Deformation Lemma for Szulkin Functionals 97

Lemma 4.5 Suppose that f satisfies (H) and (PS). and let N be a neighbourhood of K.
Then for each ¢ > 0 there exists an € € (0, ¢) such that ifup ¢ N andc — ¢ < f(uo) <
c+ ¢, then

(9" (o), vo — uo) + ¥ (vo) — ¥ (uo) < —3ellvo — uoll (4.62)
for some vy € X.

Proof 1If the conclusion is false, there exists a sequence {u,} C X\ N such that f(u,) — ¢
and

1
(@' Un)s v —un) + Y (V) = Yun) > — vl VveX

Thus, by (PS). and Proposition 3.5, a subsequence of {u,} converges to u € K,.. This
contradicts the fact that u, ¢ N forevery n € N and N is a neighborhood of K. O

Lemma 4.6 Suppose that f satisfies (H) and (PS). Let N be a neighborhood of K. Let

& > 0 be such that the assertion of Lemma 4.5 is satisfied. Then for every ug € f<+¢ \ N,
there exists vy € X and an open neighborhood Uy of vy such that

(@' (W), vo — u) + Y (wo) =¥ @) < llvo — ull (4.63)

forallu € Uy,

(@' (w), vo — u) + ¥ (o) — ¥ (u) < —3ellvg —ull (4.64)

forallu € Uy N fe—s. Moreover, if ugp € K we can take vo := ug and if ug ¢ K, vo, Up
and a number §y > 0 can be chosen so that vy ¢ Uy and

(@' (), vo —u) + ¥ (vo) — Y () < —dollvo —ull, Vu € Up. (4.65)

Proof We distinguish two cases: (i) ugp € K and (ii) up ¢ K.
(i) From the definition of the critical point of the function f = ¢ + i follows that

(@' (o), u — uo) + Y () — ¥(ug) = 0

for all u € X. We now choose a small neighbourhood Uy of u¢ such that
(@' (), up — u) + ¥ (uo) — ¥ () < (@' () — ¢'(uo), uo — u) + ¥ (u) — ¥ (uo)

< llg" ) — " @o)ll - lluo — ull < lluo — ull
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for all u € Uy. This show that (4.63) is satisfied with vy := uy. We now observe that
ifc—¢e < f(u) <c+eandu € K, then by Lemma 4.5, u € N. Since ug ¢ N,
we must have f (1) < c —¢.If f(u) < c — ¢ in some neighborhood of u(, we may
choose Uy contained in this neighborhood. Therefore the condition (4.64) is empty.
If every neighborhood of u( contains a point u# at which f(u) > ¢ — ¢ we easily
check, using the continuity of ¢, that ¥ (u) — ¥ (up) > d > 0 for some constant d
and u sufficiently close to u¢ and satisfying f(u#) > ¢ — ¢. This means that if Uy is
sufficiently small neighborhood of u, then

(@' ), ug — u) + Y (uo) — Y@ < ll¢’ @l - luo — ull —d < —3ellug — ul|

for all u € Uy such that f(u) > c — e.
First we suppose that f(19) < ¢ — €. Since uy is not a critical point of f, there exists
vo € X such that

(@' (u0), vo — uo) + ¥ (vo) — Yr(uo) < 0. (4.66)

Letting wo = tvo + (1 — H)up, 0 < t < 1, we get by the convexity of i that

(¢ (o), wo — uo) + Y (wo) — Y(up) <
<t ({¢' (o), vo — uo) + ¥ (vo) — ¥ (ug)) < 0.

Hence we may assume that vg is close to up. As in the Case (i) we show that there
exists d > 0 such that ¥ (u) — ¥ (uo) > d > 0 for all u sufficiently close to u¢ and
such that f(u) > ¢ — e. It then follows from (4.66) that if Uy and |lvg — ugl| are
sufficiently small then

d
(¥ (vo) — ¥ (u0)) + (¥ (uo) — ¥ (u)) < )T d= ~5

and

d
(@' (W), vo —u) + Y (vo) — ¥ () < llg’ @Il - llvo — ull —

5 = 3ellvo —ull

for all u € Up with f(u) > ¢ — e. This means that (4.64) holds. Since vy # up, we

may assume that vp ¢ U and moreover Uy can be chosen smaller, if necessary, to
ensure that the inequality (4.66) remains true in Uy, that is

(@ (), vo — u) + ¥ (vo) — Yr(u) < —dollvo — ull
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44 A Deformation Lemma for Szulkin Functionals 929

for all u € Uy, thus (4.65) is satisfied. It now remains to consider the case f(ug) >
¢ — ¢. We can apply Lemma 4.5 in order to obtain the existence of vg such that
the inequality from this lemma is satisfied. By the continuity of ¢’ and the lower
semicontinuity of ¥ we can extend this inequality to a suitably small neighborhood
of Uy of ug, with vog ¢ U, that is

(@ (w), vo — u) + W (vo) — ¥(u) < —3ellvo — ull
for all u € Up. This shows that (4.65) holds. O

A family of mappings a(-,s) = a5 : W — X,0 < s < 59,50 > 0, is said to be a
deformation if « € C(W x [0, so], X) and op = id (id identity on W).

Lemma 4.7 (Szulkin Deformation Lemma) Suppose that f satisfies (H) and the (PS)
condition and let N be a neighborhood of K. Then for each & > 0 there exists ¢ € (0, €)
such that for each compact subset A of X \ N satisfying

c <sup f(u) <c+e,
ueA

we can find a closed set W, with A C int(W) and a deformationas : W — X, 0 < s < 50,
having the following properties

lu —as@)|| <s, Yue W, (4.67)
flas@) — f(u) <25, Vue W, (4.68)
flasm) = f(u) < —2es, Vvue W, f(uy>c—e (4.69)
and
sup f(as(u)) — sup f(u) < —2es. (4.70)
UueA ueA

Moreover, if Wy is a closed set such that Wo N K = &, then W and o can be chosen so
that

flag) — fw) <0, YueWnW,. 4.71)

Proof By Lemma 4.6 there exists ¢ € (0, &) such that for each g € A there correspond a
neighborhood of U satisfying conditions stated in that lemma. If up € K we may always
assume that Up N Wy = @. The sets Uy corresponding to ug € A form a covering of a
compact A. Let {U;};c, be a finite subcovering. Let {u;} and {v;} be points corresponding
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100 4 Deformation Results

to U; from Lemma 4.6. By taking a suitable refinement, if necessary, we may always 583
assume that if a ip € J and u;, € K, then dist(u;,, U;) > 0 for each i # io. Let p; be a s84

continuous function such that p; (u) > 0 foru € U; and p; (u) = 0 foru ¢ U;. We set 585
pi (1)
oi(u) =
l ZjEJ pj(u)

u € V =UjeyU; and define a deformation mapping o as follows: if u;, € AN K, then ss86

Ujn—U
oy () = !u +s\|u,-3—u|\’ forO <s < |lujy —ull, u € Uiy \ Ui, U;

Uiy, fors > [uj, —ull, u € Uiy \ Uiy U;
and in all other cases 587
Vi —u
o (u) ::u—i—sZa,-(u) ' .
lvi —ull

ieJ

It is easy to check that s is well defined and continuous for sufficiently small s. It is clear sss
that g = id. To check the remaining properties of o we write 589

flas) = fu+sw) = @) + 5@ @), w) +r(s) + ¥+ sw), 4.72)
where 590

as) =u+sw and |r@s)| <s sup [lg’(u+1w) — ¢ (W]

0<t<s

We choose § > 0 such that 591
0 < 35 < min{l, ¢, §;},

where §; > 0 corresponds to U; from the relation (4.65). Since A is compact, there exists 592
aclosed set W, with A C int(W) and s > O such that |[r(s)| < dsforall0 <s <s,u € W 59
and w € X with [Jw]| < 1.If u ¢ Uj, \ Uj;,U;, then 594

o () = u+sw = (1 —s ) ol —u||‘1> uts Y oiGlv —ul ™ vi.
ie ie

For s sufficiently small we have 595

0<sY ol —u|™" <1

ieJ
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and using the convexity of ¢ we deduce from (4.72) that

Fles@) < 9@ +5Y ”:"(_”)u” (@' (). vi — )+ Bs+
ieJ "
oi (u) i (u)
+{1- + i) =
( SX,: ||v,-—u||>1/’(”) SX,: oy =V
= fwW+sy ”f"(_”)u” ((9/ ), vi = ) + Y () — Y (@) + B,

iel
According to (4.63) each term in the last summation is less than or equal to o; (), hence
flas) < fw) +s+38s (4.73)
and (4.68) holds. In a similar manner we show, using (4.64) and (4.65), that
flasm)) < f(u) —3es + s (4.74)
forallu € W with f(u) > ¢ — ¢ and
flas(u)) < f(u) —38s + 8s 4.75)

forallu € W N Wy. Suppose that u € U, \ Uj;,U;. We have
gy = u+ sw = (1= sluiy = ul ™)+ slhuiy — ull ™ i

fors < |luj, — u|l = s.In this case we repeat the previous part of the proof to show (4.68)
and (4.69). On the other hand, if s > s, then

flasw)) = flasu)) < fu) +s+68s < fu)+2s

and f(og(u)) = f(uiy) < c — e. This means that (4.68) and (4.69) hold for small 5. The
inequality (4.71) follows from (4.75) if u ¢ Ui, \ Uiz U;. It u € Uj, \ Ui, Ui, then
u € U, and u;, € K. Hence U;; N Wy = @ and u ¢ W N Wy. Finally, to show (4.70)
let us first assume that sup, .4 f(as(1)) < ¢ — ; Then taking s < }‘ we get (4.70) since
sup,c4 f (u) = c. On the other hand if sup, ¢ 4 f (a5 (1)) > ¢ — 5, we set

B:={ueA: f(u) >c—c¢e}
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102 4 Deformation Results
It follows from (4.68) that 610

sup f (as(u)) = sup S os ()

ueA
for s small, say s < j. This combined with (4.69) implies that 611
sup f(as(u)) — sup f(u) = sup f(as(u)) — sup f(u) (4.76)
UEA ueA ueB ueB
612
< sup(f(os(w)) — f(u)) < —2es.
ueB
O

Corollary 4.3 Suppose that ¢ and  are even and that A is symmetric. Then o is odd. 613

Proof We may assume that W is symmetric. We define 614

1
Bsu) =, (as(u) — ag(—u)),

then s is odd and satisfies (4.67). Writing o5 (u) = u+hg(u), we have by Taylor’s formula s

5

1 hy — hy(—
f(ﬁsw))=w(u>+2<¢/(u),hs(u)—hs<—u)>+r1(s>+w<(”+ () + (= s ”))>.

2
From this we deduce that 616
1
S(Bs(w)) =, [+ (¢ (), hy(u)) + ¥ (u + hy ()]
1
+ ) [@(—u) + (¢'(—u), hy(—u)) + ¥ (—u + hs(—u))] + 8s.

Applying Taylor’s formula again we get 617

1 1
F(Bs(m)) < 2f(as(u)) + 2f(as(—u)) + 23s.
This combined with (4.73) gives 618

F(Bs) < fu)+s+38s < f(u)+2s

for s small and (4.68) holds. Similarly, using (4.74) and (4.75) we show that B satisfies
(4.69) and (4.71). Finally, B; satisfies (4.70) since (4.76) continues to hold for u satisfying
(4.68) and (4.69). m|
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5.1 Minimax Results with Weakened Compactness Condition

Throughout this section we use the following notion of “linking sets”. For more details
and examples check out Appendix E.

Definition 5.1 Let X be a Banach space and A, C C X two subsets. We say that C links
A,if AN C = @, and C is not contractible in X \ A.

Remark 5.1 It is well known that if X is a finite dimensional and U is an open bounded
neighborhood of an element u € X, then the boundary dU (the boundary of U) is not
contractible in X \ {u}.

Theorem 5.1 If A,C C X are nonempty, A is closed, C links A, T'c is the set of all
contractions of C, and f : X — R is a locally Lipschitz which satisfies the (¢ — C).-
condition with

c:= inf sup foh <ooand sup f(u) < inf f(u),
hel'co,11xC ueC ueA

then ¢ > in£ f(u) and c is a critical value of f. Moreover, if ¢ = in£ f(u), then there
ue ue

exists u € A such thatu € K.

Proof Since by hypothesis C links A, for every i € I'c we have h([0, 1] x C) # @. So
we infer that ¢ > in£ f ).
ue

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021 105
N. Costea et al., Variational and Monotonicity Methods in Nonsmooth Analysis,
Frontiers in Mathematics, https://doi.org/10.1007/978-3-030-81671-1_5
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5 Minimax and Multiplicity Results

First we assume that in£ f() < c.Suppose that K, = &. Let U = @ andlete > 0
ue

and 5 : [0, 1] x X — X be as in Theorem 4.2. Also from the definition of ¢, we can find

h € I'c such that

fht,w) <c+e,

Let H : [0, 1] x C — X defined by

It is easy to check that H € I'c and from (d) and (c¢) of Theorem 4.2 we obtain that for

H(t,x) = !

every u € C we have

JHE W) = fQ2t,u) < fu) <sup fu) <ec, ifr €[0,1/2]

SHEw) = f(1,h@2t —1,u)) <c—¢e<c, ift €[1/2,1]

and from (5.1) we get

n(2t, u), if 0
n(1,h (2t = 1,w), if

ueC

h(t,u) € f<* forevery t € [0, 1].

VY(t,u) €[0,1] x C.

5.1

So we have contradicted the definition of ¢. This proves that K. # &, when ¢ > in/f1 fu).
ue
Next assume that ¢ = in£ f(u). We need to show that K. N A # &. Suppose the
ue

contrary and let U be a neighborhood of K. with U N A = @.Lete > Oand 5 : [0, 1] x
X — X be as in Theorem 4.2. As before let 7 € I'c such that f(h(t,u)) < ¢ + ¢ for all
(t,u) € [0, 1] x C. Then we define H : [0, 1] x C — X by

H(t, u) = !

n(2t, u), if 0 <
n(L, h2t —1,u)), if ) <

Again, we have H € I'c. From Theorem 4.2 follows that forall 0 < ¢ < ; andallu € C,

we have

which implies

(2t u) =wor f(n2t,u)) < f(u) < inf fu)=c
ue

n2t,u) & A,

Y(t,u) € [0,1/2] x C.
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5.1 Minimax Results with Weakened Compactness Condition

Forall t € [1/2, 1] and all u € C, we have from (d) of Theorem 4.2

n(l,h2t = 1,u)) € fTFUU,

107

while (f"* UU)N A = @. So H is a contraction of C in X \ A and this contradiction

completes the proof.

O

Theorem 5.2 (Mountain Pass Theorem) Let X be a Banach space, f : X — R be a
locally Lipschitz function and ¢ : X — R a globally Lipschitz function such that ¢ (u) > 1,

Yu € X. Suppose that there exist u1 € X andr > 0 such that ||\uy|| > r and

(i) max{£(0), f(un)} < inf{f ) : |lull =r};
(i) the function f satisfies the (¢ — C).-condition (c € R),

where

= inf ma 1)),
¢ ylerze[oﬁ]f(y())

withT :={y € C([0,1], X) : y(0) =0, y(1) = u1}. Then the minimax value c in (ii)

is a critical value of f. Moreover, if c = inf{ f (u) : ||lul| = r}, there exist a critical point

up of f with f(uz) = c and ||uz|| =r.

Proof We will apply Theorem 5.1 with A :== {u € X : |u|| = r}and C := {0, u;}.

Clearly C links A and ¢ < oco. Let y € I' and define

y(@), ifu=0

ht,u) =
(F:u) up, ifu=u

Then i € T'¢. Therefore

inf sup f(h(t,w) < f(h(t, W) < c.

helc [0,1]xC

On the other hand, if 2 € "¢, then

o = h(2t,0), ifr €[0,1/2]
" h@ =21, x0), ifre[1/2,1]

belongs to I' and so

inf sup f(h(t,u)) >c.
helc 10,11xC

5.2)

(5.3)
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108 5 Minimax and Multiplicity Results

By (5.2) and (5.3) we have

c= inf sup f(h(t,u))
helc 0,11xC

and so we can apply Theorem 5.1 and finish the proof.

O

Theorem 5.3 (Saddle Point Theorem) Let X be a Banach space and f : X — R be a
locally Lipschitz function. Suppose that X .= Y @ V, with dimY < oo, and there exists

r > 0 such that:

(@) max{f(u): ue?, lu|l=r}<inf{f(w): ueV}
(ii) the function f satisfies the (¢ — C).-condition where

= Inf
¢:=Inf r;leagf (y ()

withT :={y € C(E,X) : ylsr =id}), E:={ueY: |ull <r}andIE =

llull =r}.

fueY:

Then ¢ > ir‘}ff and c is a critical value of f. Moreover, if c = ir‘}f f,then VNK, # @.

Proof We will apply Theorem 5.1 with A := V and C := 9E. Clearly from the
compactness of E, we have that ¢ < co. Let P : X — Y be the projection. We show that
C links A. Suppose not and let /& be a contraction of C in X \ V. Let H (¢, u) := Ph(¢t, u),

which is a contraction of C in Y \ {0}. This contradicts the Remark 5.1.

Next let y € I" and define h(f, u) := y((1 — t)u). Clearly & € I'c. So, we have

inf sup f(h(t,u)) < f(h(t,u)) <c.
helc 10,11xC

Alsoif h € I'c and h(1, u) = z; for all u € C, then we define

h(t,u), if (t,u) € [0,1] x C
E(t,u)=! .
721, if@x)e{l}x E

which is continuous from ([0, 1] x C) U ({1} x E) into X.

Let QO : E — ([0, 1] x C)U ({1} x E) be a homeomorphism such that Q(C) =

Then we see that £ o Q € T, so

c< inf sup f(h(t,u)).
helc o, 11xC

(5.4)

{0} x C.

(5.5)
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5.2 A General Minimax Principle: The “Zero Altitude” Case 109

By (5.4) and (5.5) it follows that

c= inf sup f(h(t,u))
helc 0,11xC

and so we can apply Theorem 5.1 and complete the proof. O

Theorem 5.4 (Linking Theorem) Let X be a Banach space and f : X — R be a locally
Lipschitz function. Let X := Y @& V be withdimY < ocoand0 <r < R, e € V with
llell = 1. We consider the set

OQ={u=v+te:veY, t>0, |lul| <R}
and 9 Q its boundary in Y @ Re. We suppose that

(@) max{f(u): uedQ} <inf{f(u): ueadBO,r)NV};
(ii) the function f satisfies the (p — C).-condition, where ¢ = inlﬁ maé( fly)) with
yel ue

I'={y eC(Q.X): ylag =id}.

Then ¢ > inf{f(u) : u € dB(0,r) NV} and c is a critical value of f. Moreover, if
c=inf{f(u): uedBO,r)NV}, then K. N (@BO,r)NV) # .

Proof Because Q is compact, itis clearthatc < co.Let P : X — Yand P, : X — V be
the projection operators on Y and V, respectively and let A := dB(0,r)NV and C := 9 0.
If h(z, u) is a contraction of C in X \ A, then H(¢,u) := P1h(t,u) + |P2h(t,u)|le is a
contraction of C in (V & Re) \ {re} which contradicts Remark 5.1.

As in Theorem 5.1, we can verify that ¢ = inf sup f o h. Therefore we apply
hele (o, 1]xC
Theorem 5.1 and conclude the proof. O

5.2 A General Minimax Principle: The “Zero Altitude” Case

In this section we present a general minimax principle for locally Lipschitz functionals
that appears in the paper of Motreanu and Varga [11].

Theorem 5.5 Let f : X — R be a locally Lipschitz functional and B € X a closed set
such that ¢ := infp f > —oo and f satisfies (PS)p . Let M be a nonempty family of
subsets M of X such that

c:= inf sup f(u). (5.6)
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110 5 Minimax and Multiplicity Results

Assume that for a generalized normalized pseudo-gradient vector field A of f with respect
to B and c the following hypothesis holds

(H) for each set M € M and each number ¢ > Qwith f |y < c+ ¢ there exists a closed
subset A of X with f|a < c+ €4 (see (4.42)), and AN B = & such that for each locally
Lipschitz function g4 : X — [0, 1] with supp pa C (X \ A) Nsupp A the global flow &4
of pa A satisfies E4(1, M) N B # @.

Then the following assertions are true

(i) ¢ =infp f is attained;

@ii) K.(f)\ A # O for each set A entering (H);
(iii) K.(f)NB # 2.
Proof The assertions (i) and (i7) are direct consequences of the property (iii). The proof
of (iii) is achieved arguing by contradiction. Accordingly, we suppose K _.(—f)NB = &.
By hypothesis we know that B C (— f)—., so Theorem 4.3 can be applied for — f and —c
(in place of f and c, respectively). Thus Theorem 4.3 yields an ¢ > 0 with the properties
there stated. Then from the minimax description of ¢, by means of M, we obtain the
existence of a set M € M satisfying f|y < ¢ + ¢. Corresponding to M, assumption (H)
allows to find a closed set A C X \ B which satisfies A C (—f) %4 and the linking

property formulated in (H). Theorem 4.3 gives rise to the deformation n4 € C(R x X, X)
which verifies 14 (1, BN (—f)—¢) C (—f)—c—¢. This reads as

na(l, B) C f°. (5.7)
By Theorem 4.3 and assumption (H) it is seen that
Ea(t,u) = na(—t,u), (5.8)
for all (¢, u) € R x X. As shown in (H) one has the intersection property
EQ,M)NB # @.
Combining with (5.8) it turns out
na(l, B)NM # @.

Taking into account (5.6) we obtain the existence of some point ug € M with f(ugp) >
¢ + ¢. This contradicts the choice of the set M. |
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5.2 A General Minimax Principle: The “Zero Altitude” Case 111

Corollary 5.1 Let f : X — R be a locally Lipschitz functional satisfying (PS) and let a
SJamily M of subsets M of X be such that c defined by (5.6) is a real number. Assume that
the hypothesis below holds

(H') for each M € M there exists a closed set A in X with f|a < c¢ such that for every
homeomorphism h of X with h|g = idg one has h(M) N f¢ # @.

Then c in (5.6) is a critical value of f and K.(f) N A = & for every A in (H').

Proof We consider the global flow &4 (see (5.7)) and we apply Theorem 5.5 with B := f¢.
It is clear that (H’) implies (H) because A C M \ B and £4(1, -) is a homeomorphism of
X with £4(1, -) = id on A. Then Theorem 5.5 concludes the proof. |

Remark 5.2 The minimax principle in Corollary 5.1 includes and extends to the locally
Lipschitz functionals many classic minimax results, e.g. those in Ambrosetti and Rabi-
nowitz [1], Chang [2], Du [5], Ghoussoub and Preiss [6], Motreanu [9], Motreanu and
Varga [10]).

Theorem 5.5 is useful in locating the critical points. We illustrate this aspect by
deriving from Theorem 5.5 an extension for locally Lipschitz functionals of a result due to
Ghoussoub & Preiss [6].

Corollary 5.2 Let f : X — R be a locally Lipschitz functional and for the points u, v €
X let the number

;= inf 1)),
c g"ér Olgg;f(g( )

where I is the set of paths g € C([0, 1], X) joining u and v. Suppose F is a closed subset
of X such that F N f€ separates u and v, i.e. u, v belong to disjoint connected components
of X \ F N f€, and condition (PS)F . is verified. Then there exists a critical point of f in
F with critical value c.

Proof Set M = {g([0,1]) : g € T'}, B := FN f°and A := {u, v}. Applying
Theorem 5.5 we see that £4(1, M) € M whenever M € M. Thus hypothesis (H) is
verified. Theorem 5.5 implies the conclusion of corollary. O

Theorem 5.5 is suitable for applications to multiple linking problems.
Definition 5.2 Let Q, Qg be closed subsets of X, with Qg # &, Qo C Q, and let S be a

subset of X such that Qg N S = @. We say that the pair (Q, Qo) links with § if for each
mapping g € C(Q, X) with g|g, = id|p, one has g(Q) N S # .
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112 5 Minimax and Multiplicity Results

A common situation of linking is presented in the following result given in Motreanu
and Varga [11] (it unifies the minimax principles in Chang [2] and Du [5]).

Corollary 5.3 Given the subsets Q, Qq, S of the real Banach space X we assume that
(Q, Qo) links with S in X in the sense above. Let f : X — R be a locally Lipschitz
Junctional such that sup, f < oo and, for some number oz € R,

Qo C fu. SC[fC.

Then assuming that for the minimax value

c:= inf sup f(g(u)),
gEFueQ

where
:={geC(Q.X): glg, =idlg,},
(PS)s,c is satisfied, the following properties hold
() c>o
(i) Ke(f)\ Qo # @;
(iii) Ko(f)NS#Tifc=a.

Proof Since the case @« < c¢ follows immediately we discuss only the situation where
a = c. The conclusion is readily obtained from Theorem 5.5 by choosing M := {g(Q) :
geTl}and B:=S. O

A direct consequence of this corollary is the following.

Corollary 5.4 (Zero Altitude Mountain Pass Theorem) Ler f : X — R be a locally
Lipschitz function on a Banach space satisfying (P S). for every ¢ € R and the conditions:

(@) f(u) =a = f(0)forall ||\u|| = p where « and p > 0 are constants;
(ii) thereise € X with ||e|| > p and f(e) < a.

Then the number

¢ := inf max u)),
geFue[O,e]f(g( )
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where [0, e] is the closed line segment in X joining 0 and e and
I':={geC(0,e],X): g(0) =0, gle) =e},
is a critical value of f with ¢ > a.

Proof 1t is sufficient to take in Corollary 5.3 the following choices Q := [0, e], Q¢ :=
{0,e}and S :={ue X : |lull=p} |

Corollary 5.5 (Zero Altitute Linking Theorem) Let X be a real Banach space, f :
X — R be a locally Lipschitz function which satisfies the (PS). condition for every
¢ € R. We suppose that that the following conditions are fulfilled:

(i) X := X1 ® X withdimX| < 00,
(ii) for some constant o € R and a closed neighbourhood N of 0 in X whose boundary
is IN we have flon < a < flx,.

Then the number
= inf ,
¢ = Inf max f(gw))
where
'={geCIN,X) : glan =idlsn },
is a critical value of f withc > a.

Proof We choose Q := N, Qp := 9N and S := X> in Corollary 5.3. a

5.3  Z;—Symmetric Mountain Pass Theorem

In this section we present a Z;-version of the Mountain Pass theorem for locally Lipschitz
functions, which satisfy the generalized (¢ — C). condition. This result is an extension
of Theorem 9.12 of Rabinowitz [12]. Since we proved a deformation results for locally
Lipschitz functions which satisfy the (¢ — C). condition, the proof is similar as in the
above mentioned result of Rabinowitz. For the sake of completeness we give this proof.

First of all, we recall some basic facts on the simplest index theory, see Rabinowitz
[12]. Let E be a real Banach space and & denote the family of sets A C E \ {0} such that
A is closed in E and symmetric, i.e. A = —A.
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Definition 5.3 We say that the positive integer n is the genus of A € &, if there exists
an odd map ¢ € C(A,R" \ {0}) and n is the smallest integer with this property. The
genus of the set A is denoted by y (A) = n. When there does not exist a finite such n, set
y (A) = oo. Finally set y (&) = 0.

Example 5.1 Suppose B C E is closed and BN (—B) = &.Let A = B U (—B). Then
y(A) = 1 since the function ¢(u) = 1 foru € B and ¢(u) = —1 foru € —B is odd and
liesin C(A, R\ {0}).

Remark 5.3 If A € & and y(A) > 1, then A contains infinitely many distinct points.
Indeed, if A were finite we could write A = B U (—B) with B as in Example 5.1. But then

y(A) =1

Example 5.2 If n > 1 and A is homeomorphic to S by an odd map, then y(A) > 1.
Otherwise there is a mapping ¢ € C(A, R\ {0}) with ¢ odd. Choose any u € A such
that ¢(u#) > 0. Then ¢(—u) < 0 and by Intermediate Value Theorem, ¢ must vanish
somewhere on any path in A joining u# and —u, a contradiction.

For A € & and § > 0 we denote by Ns(A) the uniform §-neighborhood of A, i.e.
Ns(A) :={u € E : dist(u, A) < &}. The genus has the following properties.

Proposition 5.1 Let A, B € &. Then

1°. Normalization: Ifu # 0, y {u} U {—u}) = 1;

2°. Mapping property: If there exists an odd map f € C(A, B), then y(A) < y(B);

3°. Monotonicity property: If A C B, y(A) < y(B);

4°. Subadditivity: y (AU B) < y(A) + y(B);

5°. Continuity property: If A'is compact then y(A) < oo, and there is a 6 > 0 such that
Ns(A) € Ethen y(N5(A)) =y (A).

Proof

1°. follows from the Example 5.1.
2°. Here and hereafter, we assume that y (A), y (B) < oo; the remaining cases are trivial.
We suppose y (B) = n. Then there exists a function ¢ belonging to C (B, R" \ {0}).
Consequently ¢ o fisodd and g o f € C(A, R"\ {0}). Therefore y (A) <n = y(B).
3°. Choosing f :=id in 2° we get the assertion.
4°. Suppose that y(A) = m and y(B) = n. Then there exist mapping ¢ € C(A,R™ \
{0}) and ¥ € C(B,R" \ {0}), both odd. By the Tietze Extension Theorem, there
are mappings ¢ € C(E,R™) and ¥ € C(E,R") such that §|4 = ¢ and Y| = V.
Replacing @, ¥ by their odd parts, we can assume @, ¥ are odd. Set f = (@, ¥/). Then
f € C(AU B, R™*"\ {0}) and is odd. Therefore y(AUB) < m+n = y(A) +y(B).

176
177
178

179

180
181
182

183
184

185

186
187
188
189

190
191

192

193
194
195
196
197

198

199



53 Z,—Symmetric Mountain Pass Theorem 115

5°. Foreachu € A, setr(u) = 1/2||u|| = r(—u) and T;, := B, (u) U B,(,)(—u). Then
y(T,) = 1 by Example 5.1. Certainly A C (J,c4 7u and by the compactness of A,

A C Ule T, for some finite set of points uy, ..., uy. Therefore y (A) < oo via 4°.

If y(A) = n, there is a mapping ¢ € C(A, R" \ {0}) with ¢ odd. Extend ¢ to an odd
function @ as in 4°. Since A is compact, there is a § > 0 such that ¢ # 0 on Ns(A).
Therefore y (Ns(A)) < n = y(A). Butby 3°, y(A) < y(Ns(A)) so we have equality.

O

Remark 5.4 For later arguments it is useful to observe that if y(B) < oo, y(A\ B) >
y(A) — y(B). Indeed A C A\ B U B so the inequality follows from 3° — 4° of
Proposition 5.1.

Next we will calculate the genus of an important class of sets.

Proposition 5.2 If A C E, Q is a bounded neighborhood of 0-in R, and there exists a
mapping h € C(A, 02) with h an odd homeomorphism, then y(A) = k.

Proof Plainly y(A) < k.Ify(A) = j < k, thereisa g € C(A, R/\{0}) with ¢ odd. Then
@ o h~!is odd and belongs to C(3$2, R/ \ {0}). But this is contrary to the Borsuk-Ulam
Theorem since k > j. Therefore y(A) = k. O

Proposition 5.3 Let X be a subspace of E of codimension k and A € & with y(A) > k.
Then AN X # @.

Proof Writing E = V @ X with V a dimensional complement of X, let P denote the
projectorof Eonto V.If ANX = &, P € C(A, V\{0}). Moreover P is odd. Hence by 2°
of Proposition 5.1, y (A) < y (P A). The radial projection of PA into d By N V is another
continuous odd map. Hence y(A) < y(dB; N V) = k via Proposition 5.2, contrary to
hypothesis. O

The main result of this section is the following, which represents an extension to non-
smooth case of the multiplicity result Theorem 9.12 of Rabinowitz [12].

Theorem 5.6 Let E be an infinite dimensional Banach space and let f : E — R be an
even locally Lipschitz function which satisfies the (p — C). condition for every ¢ € R, and
fO)=0.IfE =V & X, where V is finite dimensional, and f satisfies

(fl) there are constants p, o > 0 such that f|aBme >
(fy) for eachﬁmte dimensional subspace E C E, there is an R = R(E) such that f <0
onE \ Br(E)

then f possesses an unbounded sequence of critical values.
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Proof The proof is given by in more steps. First we define sequence of families of sets
I';, and we associate the corresponding sequence {c,,} of critical values of f, which are
obtained by taking the minimax of f over each I';,,. A separate argument then shows {c;, }
is unbounded.

Suppose V is k dimensional and V := span{ey, ..., ex}. For m > k, inductively choose
em+1 € spanfey, ...,en} = Ey. Set Ry, = R(E,) and Dy, = Bg,, N Ej. Let

Gy = {h € C(Dy, E):hisoddand h = id on dBg,, N Em} . (5.9)
Note that id € G, forallm € N so G, # &. Set
Fj={hDu\Y):heGyu, m>j, Ye& andy(¥Y) <m— j}. (5.10)
Proposition 5.4 The sets I'j possess the following properties:
1°T;#Oforall j eN;

2° (Monotonicity) TI'jy1 CT'j;
3° (Invariance) If ¢ € C(E, E) is odd, and ¢ = id on dBg, N E,, for allm > j, then

p:T; > Ty
4° (Excision) If BeTl';,Ze€ & andy(Z) <s < j,then B\ Z € I'j_;. a
Proof

1° Since id € G, forall m € N, it follows that I'j # & forall j € N.

2°If B = h(Dy \Y) € Tjyg,thenm > j+12> j, h e Gy, Y € §and y(Y) <
m—(j+1) <m— j. Therefore B € I';.

3° Suppose B = h(Dy, \Y) € I'; and ¢ is as above. Then ¢ o h is odd, belongs to
C(Dp, E),and poh = idin dBg, N Ey. Thereforepoh € Gy, andp o h(Dy, \ Y) =
p(B) €T;.

4° Againlet B =h(D;;, \Y) € T'jand Z € Ewith y(Z) < s < j. We claim

B\ Z = h(Dy \ (Y Uh—1(2))). 5.11)

Assuming (5.11), note that since % is odd and continuous and Z € &, h1(z) € &.
Therefore Y U h~!(Z) € & and by 4° and 2° of Proposition 5.1,

yXURNZ) <y@) + vy (2) < y(X)+y(2)
<m-—j4+s=m—(j—s).

Hence B\ Z € T'; ;.
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In order to prove (5.11), suppose b € h(D,,\ (Y Uh~1(Z))). Thenb € h(D, \Y)\Z C
B\ Z C B\ Z. Therefore

h(Dn\ Y UR™Y(Z)) Cc B\ Z. (5.12)
On the other hand if b € B\ Z, then b = h(w) where
we D, \Y\h~ ' (Z) C Dy \ (Y UR~1(Z)).
Thus
B\ Z C h(Dy \ (Y UR™L(Z))). (5.13)
Comparing (5.12)—(5.13) yields (5.11) since % is continuous. O
Now a sequence of minimax values of f can be defined. Set

c¢j = inf max f(u), jeN. (5.14)

Bel'; ueB

It will soon be seen that if j > k = dimV, ¢; is a critical value of f. The following
intersection theorem is needed to provide a key estimate.

Proposition 5.5 If j > kand B € I, then
BNoB,NX # @. (5.15)

Proof Set B = h(Dm\Y) wherem > jand y(Y) <m —] Let O = {u € Dy h(u) €
B,}. Since h is odd, 0 € O. Let O denote the component of 9 containing 0. Since Dy, is
bounded, O is a symmetric (with respect to 0) bounded neighborhood of 0 in E,,,. Therefore
by Proposition 5.2, y (d0) = m.

We claim

h(d0) C 0B, (5.16)

Assuming (5.16) for the moment, set W = {u € Dy, : h(u) € dB,}. Therefore (5.16)
implies W O 90. Hence by 3° of Proposition 5.1, y(W) = m and by Remark 5.4,
y(W\Y)>m— (m — j)=j > k. Thus by 2° of Proposition 5.1, y (h(W \ Y)) > k.
Since codimX =k, h(W \ Y) N X # & by Proposition 5.3. But A(W \ Y) C (B N 9B,).
Consequently (5.15) holds.
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It remains to prove (5.16). Note first that by the choice of R,,,,
f<0onE,\ Bg,- 5.17)
Since m > k, 3B, N X N E, # @. Hence by (f{),

flas,nxnE, = a > 0. (5.18)

Comparing (5.17) and (5.18) shows R, > p. Now to verify (5.16), suppose u € 90 and
h(u) € By. If x € Dy, there is a neighborhood N of X such that 2#(N) C B,. But then
u ¢ 90. Thus u € 9D, (with d relative to E,,). But on dD,,, h = id. Consequently if
u € 0Dy and h(u) € By, ||h(w)| = llull = R, < p contrary to what we just proved.
Thus (5.16) must hold.

Remark 5.5 A closer inspection of the above proof shows that
y(BNOB,NX)>j—k.
Corollary 5.6 If j > k,cj > a > 0. O

Proof If j > kand B € I'j, by (5.15) and (fl/), maé( f(u) > «a. Therefore by (5.14),
ue

cj z . O

The next proposition both shows c¢; is a critical value of f for j > k and makes an
appropriate multiplicity statement about degenerate critical values.

Proposition5.6 If j > k,andcj=---=cjip=c, theny(K.) > p+ 1. O
Proof Since f(0) = 0 while ¢ > o > 0 via Corollary 5.6, 0 € K,. Therefore K, € &
and by the compactness condition, K is compact. If y (K.) < p, by 5° of Proposition 5.1,
there is a § > 0 such that y (N5(K;)) < p. Invoking (f) of Theorem 4.2 with U = O =
Ns(K.) and g = /2, thereis an ¢ € (0, gg) and n € C([0, 1] x E, E) such that n(1, -) is
odd and

n(l, fHN\N0) C fh. (5.19)

Choose B € I'jp such that

maé( fu) <c+e. (5.20)
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By 4° of Proposition 5.4, B\ O € I';. The definition of R, shows f(u) < 0 for
u € 9B, N E, forany m € N. Hence (b) of Theorem 4.2 and our choice of g9 imply
n(l,.) = id on dBg, N E,, for each m € N. Consequently n(1, B\ O) € I'; by 3° of
Proposition 5.4. The definition of ¢; and (5.19)—(5.20) then imply

max f(u) <c-—e,
uen(1,B\0)

a contradiction. m]
Proposition5.7 ¢; — ooas j — oo. O

Proof By 2° of Proposition 5.4 and (5.14), cj11 > c;. Suppose the sequence (c;) is
bounded. Thenc; — ¢ < o0 as j — o0.If ¢; = ¢ for all large j, Proposition 5.6 implies
y(K.) = oo. But condition (¢ — C). implies K. is compact so y(K.) < oo via 5° of

Proposition 5.1. Thus ¢ > ¢; forall j € N. Set
K={ueckE:cr1 < fu) <cand f'(u) =0}.

By condition (¢ — C) we have K is compact and 5° of Proposition 5.1 implies y (K) <
oo and there is a § > 0 such that y (Ns(K)) = y(K) = ¢. Let s = max(q, k + 1). The
deformation Theorem 4.2 with ¢ = ¢, &9 = ¢ — ¢, and U = O = N5(K) yields an ¢ and
n as usual such that

n(1, fFN\0) C [0 (5.21)
Choose j € Nsuchthatc; > ¢ — ¢ and B € I'j; such that

mgxf <c+e. (5.22)

Arguing as in the proof of Proposition 5.4 shows B\ OisinT'; asis n(1, B \ O) provided
that n(1,-) = id on dBg, N E,, forallm > j.But f <0OondBg, N E, forallm e N
while ¢ — &0 = ¢ > cx11 > a > 0 via Corollary 5.6. Consequently n(1, B\ O) € I'; and
by (5.21)—(5.22) and the choice of ¢,

c; < max f<c—e¢<cj,
n(1,B\O)

a contradiction. The proof is complete. The above proposition completes the proof of
Theorem 5.6. m|
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5.4 Bounded Saddle Point Methods for Locally Lipschitz
Functionals

Using the Schecther type deformation result from the Sect. 4.3 we prove results regarding
the existence Palais-Smale sequences in a ball for a given locally Lipschitz function f.
More precisely, we show that if there exists 6 € (0, 1) such that 0 € C(u, 6) holds in a
certain region of Sg, then f possesses a Palais-Smale sequence. This boundary condition
actually replaces the compactness condition (be it (PS)., (C), or (p — C).) required in
the previous sections. If the boundary condition is dropped, then an alternative is obtained:
either f possesses a Palais-Smale sequence in the ball, or a sequence leading to a negative
eigenvalue exists on the sphere. Finally, if we impose a mild compactness condition,
namely the Schechter-Palais-Smale compactness condition, then existence and multiplicity
results regarding the critical points of f are established.
We start with the case when f is bounded below on Bg.

Theorem 5.7 Let f : B — R be a locally Lipschitz function such that

mpg = inf f > —o0. (5.23)
Bgr

Suppose that there exist 0 € (0, 1) and ¢ > 0 such that
0&Cu,0), on {ue Sp: |f(u) —mpg| <e}.
Then there exists a sequence {un} C Bpr such that
fn) — mg and Ay(u,) — 0.

Proof Arguing by contradiction, assume that such a sequence does not exist. Then there
exist y, 6 > 0 such that

Afr(u) >y, on {u € Br: |f(u) —mpg| 538}.

Shrinking § if necessary, we may assume that 3§ < e. Applying Theorem 4.4 with
Z := Brand ¢ := mpg and p := )/4982 we get the existence of a continuous deformation

o : [0, 1] x Bg — Bpg which satisfies
o (1, fmete) c e, (5.24)

Due to (5.23), the set in the left-hand side is nonempty, while the set in the right-hand side
is empty, thus (5.24) yields a contradiction. O
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In the next we shall work with Schechter’s definition of linking for the ball Br (see
Definition E.5). The following linking-type theorem says that if A and B are linked, i.e.
cannot be pulled apart without intersecting and the energy over A is dominated by the
energy over B, then there is a bounded sequence whose energy is converging to a minimax
level—given that a certain boundary condition holds on Sg.

For later convenience we introduce the following notation for the above mentioned
conditionon A, B and f,

Br D Alinks B C B w.r.t ®;
sup, f :=ao < by := infp f;
cg = inf sup f(I'(¢,u)) < +oo.

€D cp0.1
UEA

LO) 4B, s

The following is a direct generalization of Schechter’s result [14, Theorem 5.2.1].

Theorem 5.8 Ler f : Bg — R be a locally Lipschitz functional such that (LC)4 g ¢
holds for some A, B C Bg. Suppose that there exist 6 € (0, 1) and ¢ > 0 such that

0&Cu,0), on{ueSg: |f(u) —crl <e}. (5.25)
Then there exists a sequence {un} C Bpg such that
fuy) — cr and Xy(uy) — 0.
Furthermore, if cp = bg, then d(u,, B) — 0 also holds.

Proof Clearly, by < cg. We distinguish two cases.

Case 1. by < cg.
Assume by contradiction that a sequence satisfying the required properties
does not exist. Then one can find y, § > 0 such that

Af(u) >y, on {u € Br: |f(u) —cgl 538}.

Without loss of generality we may assume that § < min{e/3, cg — bo}. For

Z = Brand ¢ := cg and p := y4£2, Theorem 4.4 ensures that there exists a

continuous deformation o : [0, 1] x Bg — Bpg such that (i)—(vi) hold. We reach
contradiction by constructing a deformation I' € & for which the “sup” in the
definition of cg is actually lower than cr. By the definition of cg, there exists
I' € @ such that

sup f((t,u) <cgp+3.
tel0,1], ueA
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In other words
', A) C fCR""S, forall r € [0, 1]. (5.26)

Now letI" : [0, 1] x Bgr — Bpg to be defined by

S :a @1/3,u), it 1 € [0,3/4], 527

o(1,T'(4t —3,u)), if t € (3/4,1].

We claim that I' € &. Obviously (®1) and (P;,) follow directly from the
deformation theorem. In order to check (®3), let ur € Bpg be the element for
which I' satisfies (®3), then u. = o (1, ur) is suitable for I'.

Furthermore, we claim that

I'(r, A) C f®° forallr €0, 1].
Indeed, if ¢ € [0, 3/4], then
f (L@ w) = f(o@t1/3,u) < f(u) <ao < by < cg—3,
for all u € A. On the other hand, if t € (3/4, 1] then

f (T, w) = flo(1, T4 —3,u)) <c—3,

forallu € A.
In conclusion we constructed I' € @ such that

f(T(t,u)) <cgr—6, forallu € Aandallz € [0, 1],
which contradicts the definition of cy.
b() = CR.

We point out the fact that it suffices to prove that for any y, § > 0 there exists
u € Bp such that

168
| f(u) —crl =38, d(u, B) = V62 and A5 (u) <y, (5.28)

as we can set 8 := 1/n% and y := 1/n to get the desired sequence.
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Assume by contradiction that (5.28) does not hold, i.e. there exist y, § > 0
such that

168
Jy@) = y. on {u € Br: |f(u) —cgl <35, d(u. B) < 92}
’ Y

and let o : [0, 1] x BgR — Bg be the deformation given by Theorem 4.4 with

CI=CR,p = y4;2 and Z :={u € Br : d(u, B) < p}.
We claim that

o (L, f*Y)YNB =g, (5.29)
and
o(t,A)NB =g, forallt € (0, 1]. (5.30)
If there exists u € f°kT3 such that o (1, u) € B, then
lo(1,u) —ull =llo(,u) =0, u)|l < pb < p,
hence u € Z. Property (vi) implies that
flo(l,u)) <cr—8=bo—34,
which violates the definition of bg.
In order to show that (5.30) holds, assume by contradiction that there exists

(t,u) € (0,1] x Asuchthato(t,u) € B.If o(t,u) = u, thenu € AN B, which
contradicts the fact that A links B. If o (¢, u) # u, then

flo(t,u) < f(u) < aop < bo,

and this contradicts the definition of bg.

DefineI' : [0, 1] x Bg — Bp formally as in (5.27). Clearly, I' € @, but (5.26),
(5.29) and (5.30) imply that I'(#, A) " B = @ for all ¢ € (0, 1] which contradicts
the fact that A links B. O

In the sequel we suppose that the boundary condition is dropped. Of course, one cannot
expect to get the existence of a bounded Palais-Smale sequence in this case. However, we
are able to prove that the following alternative holds:

371
372

373
374
375

376

377

378

379

380

381
382

383
384
385

386

387
388
389
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either f possesses a Palais-Smale sequence in Bp, 390
or, 391
there exist {u,} C Sg and &, € oc f (un) such that 392
,u
n — (G n>J¢un — 0, asn — oo.
R¢(R)

Before stating the result, for each u € Bg we define projection 7w, : X* — keru as 3o3

follows 394

_ (& :
2u () o= 15 7 g Jouts 1w #0, 205

éa 1fl/l == 0

Obviously, 396

(5, u) (&, u)]

7 (E)1l = HS - J. MH =< &l + < 2|&|l, forall & € X™.

! i uall) ™ [Jull

Foru # 0 and @ € R and § € X* we have the following estimates 397
le = adyul = @+ (| 01— s
llzell@ Cllael)
< Ima®)l + ‘ S a‘ BCllul),

llullp (el

and 398
)l = ll7u(§ — adpu)|| < 21§ — aJpull.
Taking the infimum as « € R we get 399
d(E, Rigu) < ||lm, ()|l <2d(€,RJgu), forall€ € X*. (5.31)
Moreover, restricting the infimum to R_ or R we also have 400
(6, u) =0=dE R_Jyu) < [lmu ()|l =2d(§, R-Jpu), (5.32)

and 401

(€ u) >0=dE RyJpu) < |7 <2d(E, RY Jgu). (5.33)

402



5.4 Bounded Saddle Point Methods for Locally Lipschitz Functionals 125

We will also make use of the following decomposition of d¢ f (u) 403

dcf~ () :=1{¢ €dcf(u): (¢, u) <O}, dcfT(u):={¢ €dcf(w: (¢ u)> 0},

Theorem 5.9 ([4]) Let f : BR — R be a locally Lipschitz functional and let A, B C Bgr 404

be such that (LC) 5 p, ¢ holds. Assume in addition that there exists Ag > O such that 405
[(¢,u)| < AR, forallu € Sg and all ¢ € ¢ f(u). (5.34)
Then the following alternative holds: 406

(A1) there exists {u,} C Bg such that f(u,) — cg and Ayr(u,) — 0. Furthermore, if 407

cgr = by, then d(u,, B U Sg) — 0, 408

(A2) there exist {u,} C Sg and {¢n} C X* with &, € Oc f (un) such that 409

fn) = cr, 7w, E)ll = 0 and (Cn, un) < 0. 410

Proof Assume option (A7) does not hold. Then there exist y, § > 0 such that 411
7 (N = v, (5.35)

whenever u € Sg and ¢ € d¢ f (u) satisfy 412
|f(u) —crl <dand (¢, u) <O. (5.36)

Obviously if there exist @ € (0, 1) and ¢ > 0 such that 413

0€Cwu,0), on {ue Sg: |f(u) —cr| <e},

then (A1) is obtained via Theorem 5.8. 414
If this is not the case, then for each n € N there exists u,, € Sg such that 415

1 1
fGun) —crl < - and 0 C<un, )
n

n

Proposition 4.3 implies that R_ Jyu,,N[9dc f g, (un) # &, thatis, there exist &, € dc f (un), 416
nn € Bx+(0,1) and §, € R_Jyu, such that 417

1
&n + n)\f(un)ﬂn =&,

418
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hence 419
A B g < 160~ &l = Aplan) =l = g ol
< 5d(cn,RJ¢un) + 21’; < jd(cn,m_wn) + ;\1’;

which leads to 420
d(¢n, R_Jpuy) — 0, asn — oo. (5.37)

Conditions (5.32), (5.35) and (5.36) ensure that there exists ng € N such that 421
(¢, un) > 0, forall n > ng. (5.38)

From (5.37) and (5.38) we deduce that 422
d(dc f1(un), R_Jpup) — 0, asn — o0. (5.39)

On the other hand, taking the infimum as ¢ € d¢ f* (u,) in (5.33) and keeping in mind 423
(5.31) we get 424

d@c ftun), R: Jyup) < inf  |lmy, (O <2 inf
¢€dc fF (un) s€dc [T (u

< 2d(¢n, RJQ&”n) < 2d(&n, R—Jqﬁun)a

)d(C, RJgun)

hence 425
d@c [T (up), RY Jyuy) — 0, asn — oo. (5.40)

Relations (5.39) and (5.40) ensure that for sufficiently large n € N there exist o, € R_, 426
B € R% and ¢,,, ¢, € dc f+ (up) such that 427

max{[|¢, — anJgunll, 16, — BuJpunll} — 0, asn — oo.

Define 1, := ﬁnﬂ" € (0,11 and &, := t,¢, + (1 — t,)¢,). Since ¢ f T (uy,) is convex it 428

—Q

follows that ¢, € dc £+ (u,,). Then 429

”En” = ||tn§,2 + (1 - tn)é‘y/,/” = ”tn(c;é - (an(/J”n) + 1 - tn)(é‘y/l/ - ,Bn-]qﬁun)”
< tn”é‘;; - (xnjdy”n” + (1 - tn)||§;;/ - ,andﬂ/ln”
< max{[|g, — anJgunll, 12, — BuJpunll}-
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We have proved thus that there exists {u,} € Sg and such that | f (u,) — cgr| < rll and
hp(ttn) < 1&nll = 0, asn — oo,
that is, (A1) holds. O

Corollary 5.7 Assume the hypotheses of Theorem 5.9 are fulfilled. Then there exists
{un} C BR, {¢n} C X* with &, € O¢c f (uy,) and v € R_ such that

fuy) — cr, ||7Tu,, &l — 0 and (Cn,up) — v.
Furthermore, if cp = bo, then d(u,, BU Sg) — 0.

Proof Suppose that (A1) of the alternative theorem holds, i.e. f(u,) — cgand Ay (u,) —
0 and let &, € d¢ f(un) be such that ||, || = A r(uy,). Then

170, C) Nl < 2118nll — 0, asn — oo,
and
[{(Cns un)| < N&nllllunll < Rl[Enll — O, asn — oo,

hence we can choose v := 0 in this case.

On the other hand, if (A) holds, then condition (5.34) implies that the sequence v, :=
(¢n, un) < 01is bounded in R hence possesses a convergent subsequence.

Finally, if cg = bo, then (A1) implies d(u,, B U Sg) — 0, while (A7) ensures that
d(uy, Sg) = 0, hence the proof is complete. m]

Remark 5.6 If f + Bg — RisaC _functional, then the conclusion of the previous
corollary reads as follows: there exists {u,} C Br such that

‘f/(un)_ (f"(un), un) Joitn

0. (f'(uy). iy <0,
Nl |l (lluen ) — 0, (f (up), up) — v <

f(un) = cr,

If, in addition, X is a Hilbert space, then this reduces to Schechter’s conclusion (see e.g.
[14, Corollary 5.3.2.]).

If f is bounded below, then following similar steps as in the proofs of Theorems 5.7, 5.9
and Corollary 5.7 one can prove the following result.
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Theorem 5.10 Let f : B — R be a locally Lipschitz satisfying (5.23) and (5.34). Then
there exist {u,} C BR, {¢n} C X* with &, € d¢ f (u,) and v € R_ such that

Sun) = mg, 7w, )| — 0and Sy, un) — v.
Definition 5.4 We say that a locally Lipschitz functional f : X — R satisfies the
Schechter-Palais-Smale condition at level ¢ in Bg, (SPS). for short, if any sequence

{un,} C Bp satisfying:

(SPS1) f(un) — c,asn — oo;
(SPSy) there exist &, € dc f (uy) and v < 0 s.t. |7y, (C) || = 0 and (gn, un) — v,

possesses a (strongly) convergent subsequence.
Theorem 5.11 Let f : Bk — R be a locally Lipschitz functional such that the (LC) 4 g ¢
holds for some A, B C Bpg. Assume in addition that (5.34) and (SP S)¢y hold. Then the
following alternative holds:
(A’l) there exists u € Bg such that f(u) = cgr and 0 € d¢c f (u). Furthermore, if cr = by,
thenu € BU Sg;
(A%) there existu € Sg and ) < 0 such that f (u) = cg and AJyu € dc f ().
Proof 1f case (A) of Theorem 5.9 holds, then there exists {u,} C Bg such that
f@uy) — cr, and Ay (u,) — 0.
Let &, € dc f (un) be such that ||¢, || = A ¢ (uy). Then
72w, (Gl < 2[Znll = 0, asn — oo,
and
[{¢ns un)| < RlIEnll > v =0, asn — oo.

The (SPS)., condition there exists a subsequence {u,, } of {u,} and u € Bpg such that
un, — uin X. Moreover, ¢,, € dc f (uy,) and ¢,, — 0, thus Proposition 2.3 ensures that
0 € dc f (u). If cg = by, then d(up,, B U Sg) — 0, hence u € B U Sg.

On the other hand, if case (A,) of Theorem 5.9 holds, then there exist {u,} € Sg,

&n € ¢ f(uy) and v < 0 such that

fuy) — cr, ||7Tun (&)l = Oand (&y, uy) — v.
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The (SPS)., condition and Proposition 4.1 show that there existu € Sg, ¢ € dc f (u) and
two subsequences {uy, }, {{n, } of {u,} and {¢,}, respectively, such that

Up, — uand &, — ¢.
But Jy is demicontinuous, hence

<{nkv uVlk) N v

T () = G = s N iy = &= g

which together with 7, (£n,) — 0 gives

¢ Tou € d¢ f (u).

v
R¢(R)
If v = 0, then (A)) holds, while v < 0 implies that (A}) holds for A := Rq;’(R).

The next result follows directly from Theorem 5.10 and the (S P S)-condition.

Theorem 5.12 Assume the hypotheses of Theorem 5.10 are fulfilled and assume (S P S)
also holds. Then there exist u € Bg and A < 0 such that

fw) =mpg and AJgu € dc f (u).
Furthermore, . 20 = u € Spg.

Assuming the hypotheses of Theorems 5.11 and 5.12 are simultaneously satisfied, one
can obtain multiplicity results of the following type.

Theorem 5.13 Let f : B — R be a locally Lipschitz functional such that (5.23) and
(5.34) hold. Suppose there exist two subsets A, B of B such that (LC), p ¢ holds and
condition (SPS). is satisfied for c € {cr, mr}. Then there exist uj,uy € Bgr and L1, Ay <
0 such that uy # uy and

MJpur € 0c f(ug), k=1,2. (5.41)

Furthermore, if .y < 0, then uy € Sg. Also, if there exist vy, v1 € AN By distinct such that
fr) < f(vo) and vy & B, then uy and uy can be chosen in such a way that vy & {u1, uz}.
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Proof 1t follows from Theorems 5.11 and 5.12 that there exist u1, u» € Br and A, A2 <0
such that

fu) =mg <cgr= f(u2), and A Jpuy € dc f(ur), k =1,2.

The fact that Ay < 0 = uy € Sg, follows directly from Theorems 5.11 and 5.12,
respectively. In order to complete the proof we consider the following cases:

(@)

(i1)

(iii)

5.5

mpgr < by < cp.
Then

fw) =mp < f(v1) < f(vo) <ap < by < cr = fuz),

hence u1 # us and vg # us. If u1 = v, then f(vy) = mpg, thatis v; is a global
minimum point of f on Br. As any extremum point of a locally Lipschitz functional
is in fact a critical point, we conclude that 0 € d¢ f(v1), which shows that vy, uy
satisfy the conclusion of the theorem.
mpr < bo = CR.

Then

fu) =mgp <by=cr = f(u),

hence u; # uy. Moreover, uy € BUSg which shows that vy # uy. Again, if u; = vy,
then we can replace u; with vy.
mpgr = by = cp.

Then each point of A is a solution of (5.41). Note that A must have at least two
points in order to link B. It is readily seen that we only need to discuss the case
A = {vp,v1} C Bgrandv; € B.Let p € (0, luv; — voll) be such that S,(vg) C Bg.
Then A links S, (vg) (see Example E.1 and Remark E.1 in Appendix E) and

mgp < inf f < inf sup f(O(t, u)) =mg.
Sy (vo) Fed (0,17, ucA

Theorem 5.11 ensures that (5.41) possesses a solution uy € S,(vo) U Sg, hence
Uy F V0. m]

Minimax Results for Szulkin Functionals

In this section we suppose that X is a real Banach space and f a function on X satisfying
the hypothesis:

(H)

f i =¢+ v, where ¢ € C'(X,R) and ¢ : X — (—00, +-00] is convex and proper

and L.s.c.

487

488

489
490

491
492

493
494
495
496
497
498

499
500
501
502
503
504
505

506
507

508

509
510
511
512



5.5 Minimax Results for Szulkin Functionals 131

In this section we prove the Mountain Pass Theorem for functionals satisfying (H). 513

Theorem 5.14 (Mountain Pass Theorem, Szulkin [15]) Suppose that f : X — 514
(—o00, 00] satisfies (H) and the (PS) condition. Moreover, assume that 515

(i) f(0) = 0 and there exist constants p > 0 and o« > 0 such that 516
fw) = aforu € S0, p);

(ii) f(e) <0 forsomee & B(0, p). 517

Then 518

a <c:=inf sup f(g()),
8€T t€10,1]

and c is a critical value of f, where 519
I''={geC(0,1], X): g(0) =0, g(1) =e}.

Proof Since g([0,1]) N S(0, p) # @ forall g € T, then ¢ > «. Suppose that ¢ is not 520
a critical value. We now apply Lemma 4.7 with N := @ and ¢ := cand ¢ < ¢ be a 521
positive constant from that lemma. It follows from the definition of ¢ that f =4 is not path s22
connected and let us denote by Wy and W, components containing 0 and e, respectively. 523
We now replace I" by a collection of paths I'; with “loose ends” defined by 524

Mii={g € CU011X): ¢() € Won £72, g(1) e We 1 f72
and set 525

c1:= inf sup f(g(?)).
8€l1 1¢[0,1]

We now show that ¢ = c. Since I' C I'1, ¢1 < c. If ¢1 < ¢, then there exists g € '] 52

such that sup f(g(¢)) < c. Since g(0) can be joined to 0 and g(1) to e by paths lying s27
1€[0,1]

in f"’i, we see that there exists a path g € I' such that sup f(g(f)) < c, which is 528
1€[0,1]
impossible. Since ¢ is continuous and ¥ is convex it is routine to show that I'; is a closed 529

subspace of I' and consequently I'; is a complete metric space. Since I'; is a complete 530
metric space it is easy to show that a functional IT : I'j — (—o00, oo] defined by 531

I(g) := sup f(g@)
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is lower semicontinuous. We now apply Ekeland’s variational principle with ¢ > 0 and
A :=1to obtain a path y € I'y such that [1(y) < c+ ¢ and

I(g) — T(y) = —ed(y, 8) (5.42)

forall g € I'1. Let A := y ([0, 1]) and let &g be deformation mapping from Lemma 4.7
corresponding to A and satisfying (4.67)—(4.71). Setting g := a5 0y we check that g € I';
for s sufficiently small. Indeed, if f(y(0)) € (c —&,c — 5], then by (4.68) f(g(0)) <
f¥(0)) < c—4 andif f(y(0)) < c—e,thenby (4.70) f((0)) < f(y(0))+2s <c—3.
In both cases g € Wy N f €3, Similarly, we show that g(1) € W, N f =3 Therefore,
g € I'1. According to (4.67) d(y, g) < s, it then follows from (4.70) and (5.42) that

—es < —ed(y,g) < Il(g) —(y) < —2es
and we arrived at a contradiction. m]

Corollary 5.8 Suppose that f satisfies (H) and the condition (PS). If 0 is a local minimum
of fandif f(e) < f(0) for some e # 0, then f has a critical point u distinct from 0 and
e. In particular, if f has two local minima, then it has at least three critical points.

Proof Without loss of generality we may always assume that f(0) = 0. If there exist
constants « > 0 and p > O such thate ¢ B(0, p) and f(u) > « forallu € S(0, p), then
the existence of a critical point distinct from 0 and e is a consequence of Theorem 5.14. If
such constants do not exist we choose r < ||e|| so that f(u) > 0 for u € B(0, r). We now
apply Ekeland’s variational principle with ¢ := mlz and A := m and f restricted to B(0, r).

Let0 < p < r. Since }?r(lg )f(u) = (0, there exists w,, € S(0, p) and u,, € B(0, p) such
ueSQ0,p

that
1 1
0= flum) =< fwm) < 2 lttm — wpll <
m m
and
1
f@) = flum) = — llz— wnll
m

for all z € B(0, r). For m sufficiently large u;,, € B(0,r). Letv € X andletz = (1 —
Hu,+tv. If t > Ois sufficiently small then z € B(0, r). We deduce from the last inequality
and the convexity of ¥ that

—,; 10 = ttnll < (1= Oty + 10) — F )

< @um +1(V —um)) — @um) + 1 (Y W) = ¥ @m)).
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Dividing by ¢ and letting t — 0 we get

1
((p/(”m)a V=) +Y) =Y Uum) > _m lv—

for all v € X. According to the (PS) condition we may assume that u,, — u, with u €
S(0, p) and that u is a critical point which is distinct from 0 and e. Finally, if f has two
local minima uo and u1, we may always assume that ug = 0 and f(u1) < f(up) = 0. By
the previous part of the proof there exists a critical point u distinct from u( and © and this
completes the proof. O

Remark 5.7 1t is easy to observe that the “Saddle Point”, “Linking” and “Z;-symmetric
version of Mountain Pass” theorems remain true for functionals which satisfy the structure
condition (H).

5.6 Ricceri-Type Multiplicity Results for Locally Lipschitz Functions

In this section we establish some multiplicity results for locally Lipschitz functionals
depending on a real parameter.
For every t > 0, we introduce the following class of functions:

Gr = {g € C!'(R,R) : g is bounded and g(r) = 1, ¥r € [, r]}
The first result represents the main result from the paper of [7] and reads like this.

Theorem 5.15 Let (X, || < ||) be a real reflexive Banach space and X; (i = 1,2) be two
Banach spaces such that the embeddings X — X; are compact. Let A be a real interval,
h : [0,00) — [0, 00) be a non-decreasing convex function, and let ®; : Xi - R (@G =
1,2) be two locally Lipschitz functions such that E; , = h(|]| - ||) + A®1 4+ nug o P2
restricted to X satisfies the (P S).-condition for everyc € R, L € A, u € [0, |A| + 1] and
g € Gr, T > 0. Assume that h(|| - ||) + A®| is coercive on X for all . € A and that there
exists p € R such that

sup inf [A([lx[) + A(P1(x) + p)] < inf sup[A(|lx]|) + A(P1(x) + p)]. (5.43)
reAXEX X€X ) eA

Then, there exist a non-empty open set A C A and r > 0 with the property that for
every A € A there exists po €10, |A| + 1] such that, for each p € [0, ol the functional
Su =h(l- 1) +AD + uDs has at least three critical points in X whose norms are less
thanr.
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Proof Since h is a non-decreasing convex function, X > x — h(||lu||) is also convex;
thus, A(]| - ||) is sequentially weakly lower semicontinuous on X. From the fact that the
embeddings X — f(i (i = 1,2) are compact and ®; : 5(,- — R (@ = 1, 2) are locally
Lipschitz functions, it follows that the function E} , as well as ¢ : X x A — R (in the
first variable) given by

@@, 1) = h(llul) + 1(P1(u) + p)

are sequentially weakly lower semicontinuous on X.

The function ¢ satisfies the hypotheses of Theorem D.10. Fix o > sup, infx ¢ and
consider a nonempty open set Ao with the property expressed in Theorem D.10. Let A :=
[a, b] C Aop.

Fix A € [a, b]; then, for every T > 0 and g; € Gy, there exists i, > 0 such that, for
any u €]0, u.[, the functional E;M =h(|| - |I) + A®| + ngr o O, restricted to X has two
local minima, say u{, u3, lying in the set {u € X : ¢(u, A) < o}.

Note that

Uselap)lu € X0 ou,A) <o}y C{ueX: h(Jlull) +a®1(u) <o —ap}
Ulu € X : h(|lull) +bP1(u) < o — bp}.

Because the function A (]| - ||) + A®; is coercive on X, the set on the right-side is bounded.
Consequently, there is some 1 > 0, such that

Uselap) lu € X1 o(u,)) <o} C By, (5.44)

where By := {u € X : |lul| < n}. Therefore,u}, u; € By. Now, setc* := sup; ¢, A () +
max{|al, |b|} supg, |®1| and fix r > n large enough such that for any A € [a, b] to have

{weX: h(ul) +2D1(w) <c*+2} CB,. (5.45)

Let r* := sup B, |®2| and correspondingly, fix a function g = g+ € G,«. Let us define
o = min{|)»| + 1, l+sl.1lp|g| } . Since the functional E; , := Ei*u =h(-)+2rd; +
ugr+ o d; restricted to X satisfies the (P.S),. condition for every ¢ € R, u € [0, nol, and
up = u{*, uy = ug* are local minima of Ej_ ,, we may apply Corollary 5.4, obtaining that

Ce = Inf max Ej; ,(y(s)) > max{Ey ,(u1), E; ,(u2)} (5.46)
yel s€[0,1]

is a critical value for E; ,, where I' is the family of continuous paths y : [0,1] — X
joining u# and u;. Therefore, there exists u3 € X such that

Cap = E)L”u(u_g) and O € acE)hu(u_O,).
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If we consider the path y € I" given by y(s) := u; + s(up — u1) C Bywe have

h(lluz|)) + 2D (u3) = Ej p(u3) — ug(@2(u3)) = crp — ng(P2(u3))

< sup (A(ly)) + 221y (s)) + ng(@2(y(5)))) — ng(P2(u3))
s€[0,1]

< sup h(t) +max{lal, |b|} sup |D1] + 2o sup |g|
1€[0,n] B,

<c*42.

From (5.45) it follows that u3 € B,. Therefore, u;, i = 1, 2, 3 are critical points for E;,_,,
all belonging to the ball B,. It remains to prove that these elements are critical points not
only for E; , butalso for &, , = h(|| - ||) + A®; + u®Po. Letu = u;, i € {1, 2, 3}. Since
u € By, we have that |®,(u)| < r*. Note that g(t) = ¢ on [—r*, r*]; thus, g(D2(u)) =
®;(u). Consequently, on the open set B, the functionals Ej , and &, , coincide, which
completes the proof. O

We present next the main theoretical result from the paper of Costea & Varga [3]. For
this first we describe the framework.

Let X be a real reflexive Banach space and Y, Z two Banach spaces such that there exist
T:X — YandS: X — Z linear and compact. Let L : X — R be a sequentially weakly
lower semicontinuous C! functional such that L’ : X — X* has the (S) property, i.e.

if u, — uin X and limsup(L'(u,), u, — u) < 0, then u,, — u. Assume in addition that
n—0oQ

J1:Y > R, J,: Z— R are two locally Lipschitz functionals.
We are interested in studying the existence of critical points for functionals &, : X — R
of the following type

En(w):=Lw)— (J1oT)(u) —r(J2098)(u), (5.47)

where A > 0 is a real parameter.

We point out the fact that it makes sense to talk about critical points for the functional
defined in (5.47) as &, is locally Lipschitz. We also point out the fact that the functional
&, is sequentially weakly lower semicontinuous since we assumed L to be sequentially
weakly lower semicontinuous and 7', S to be compact operators.

We assume the following conditions are fulfilled:

(H,) there exists ug € X such that uq is a strict local minimum for L and L(ug) =
(J1 0 T)(up) = (J2 0 8)(uo) = 0;

(H3) foreach A > 0 the functional &, is coercive and we can determine ug € X such that
En (ug) < 0;
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(H3) there exists Ry > 0 such that
(JioT)(w) <L) and (J208)(w) <0, Vu € Buo; Ro) \ {uo};
(Hy) there exists p € R such that

sup inf {A [L(u) — (J1 o T)(u) + p] — (J20 S)(u)} <

A>QUE

inf sup{A [L(u) — (J1 o T)(u) + p] — (J2 0 S)(w)}.
ueX 3 >0

Theorem 5.16 Assume that conditions (Hy)—(H3) are fulfilled. Then for each A > 0 the
functional &, defined in (5.47) has at least three critical points. If in addition (Hy) holds,
then there exists A* > 0 such that E,+ has at least four critical points.

Proof The proof will be carried out in four steps an relies essentially on the zero altitude
mountain pass theorem (see Corollary 5.4) combined with a technique of finding global
minima for parametrized functions developed by Ricceri (see Theorem D.11). Let us first
fix A > 0 and assume that (#)—(%3) are fulfilled.

Step 1. wupis a critical point for &;.
Since ug € X is a strict local minimum for L there exists R; > 0 such that

L(u) >0, Vu e B(uo; R1) \ {uo). (5.48)

From (H3) we deduce that

Jio D)) £ AMJ208)W) _ |

Yo . Yu € B(uo; Ro) \ {uo}. (5.49)

Taking Ry = min{Rp, R} from (5.48) and (5.49) we have
&)= Lu)—(J1oT)(u) —A(J208)(u) > 0,Yu € B(uo; R2)\{uo}  (5.50)

We have proved thus that g € X is a local minimum for &, therefore it is a
critical point for this functional.
Step 2. The functional &, admits a global minimum point uy € X \ {uo}.

Indeed, such a point exists since the functional &, is sequentially weakly lower
semicontinuous and coercive, therefore it admits a global minimizer denoted u;.
Moreover, from (H3) we deduce that &, (u1) < 0, hence u; # ug.

Step 3. There exists uy € X \ {uo, u1} such that us is a critical point for &,.
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We shall prove first that the functional &, satisfies the (P .S)-condition. Let c € R 639
be fixed and {u#,,} C X be a sequence such that 640

e En(up) — c; 641
* there exists {&,} C R, &, | Os.t. 8§(un; v—uy)ten|lv—uyllx =0,Vv e X. s42

Obviously {u,} is bounded due to the fact that &, is coercive. Then there exists e43
u € X such that, up to a subsequence, u, — u in X. Taking into account that 7', S 644
are compact operators we infer that Tu, — Tu in Y and Su,, — Su in Z. For 645
v = u we have 646

0 < enllu —unllx + & ns tt — uy) = enllu —tnllx + (L = J1 0T —rJr08) (s u — uy)

< enllu — unllx + Lo 0 — un) + J)(Tup; Ty — Tu) + (AJ2)° (St Sun — Sur).

But, L € C'(X;R) and thus LO(u,; u — u,) = (L'(un),u — uy). On the other 647

hand ¢, | 0 and {u,} is bounded hence limsup &, |lu — u,||x = 0. Taking into e4s
n—o0
account Proposition 2.3 we deduce that 649

lim sup JP(TM,,; Tu, —Tu) < J?(Tu; 0)=0

n—oQo

and 650

lim sup(AJ2)°(Sutn: Sy — Su) < (AJ2)°(Su; 0) = 0.

n—oo

Gathering the above information we have 651

lim sup(L’ (uy), un — u) < limsup &, ||lu — u,| x + limsup JIO(Tun; Tu, — Tu)
n—od n—od n—oo

+ lim sup(AJ2)° (Sup; Sup — Su) < 0.

n—oQo

But, L" : X — X* has the (S)4 property, and this allows us to conclude that es2
{u,} has a convergent subsequence, therefore &, satisfies the (PS)-condition. 653
According to Step 2 there exists u1 € X such that &, (#1) < 0. On the other es4
hand, &, (uo) = 0 and we can choose 0 < r < min{R», ||u; — uo||x} such that 655

&.(u) = max{8,(uo). &,.(u1)} =0, Vu € 8B(ug; ).
Applying Corollary 5.4 we obtain that there exists a critical pointuy € X\ {uo, u1} es6

for &, and &, (#1) > 0. This completes the proof of the first part of the theorem, es7
i.e. the functional &, has at least three distinct critical points. 658
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Step 4. If in addition (Hy) holds, then there exists A* > 0 such that Ey+ has two global ese
minima. 660
Let us consider the functional f : X x (0, oo) — R defined by 661

Ju, ) = plL@) = (JroT)w) + pl = (J208)w) = u&1/u(u) + pp,

where p € R is the number from (Hy). 662

We observe that for each u € X the functional u — f (u, ) is affine, therefore 663
it is quasi-concave. We also note that for each © > 0 the mapping u — f(u, i) e64
is sequentially weakly lower semicontinuous. Therefore for each p > 0, the sub- ess
level sets of u — f(u, ) are sequentially weakly closed. 666

Let us consider now the set S*(c) := {u € X : f(u,un) < c} for some es7
¢ € R and a sequence {u,} C S"(c). Obviously {u,} is bounded due to the fact ess
that the functional u +— f(u, n) is coercive, which is clear since f(u, u) = 669
wE1/u (W) + o, Eyy is coercive and p > 0. According to the Eberlein-Smulyan 670
Theorem {u,} admits a subsequence, still denoted {u,}, which converges weakly 671

to some u € X. Keeping in mind that u,, € S*(c) forn > 0 we deduce that 672
81///#(un) = C_IL)O’ forall n > 0.
7

Combining the above relation with the fact that &1/, is sequentially weakly lower 673
semicontinuous we get 674
— up

A . C
81/M(u)§lggggf81/u(un)§ P

which shows that f(u, u) < c, therefore the set S#(c) is a sequentially weakly 675
compact subset of X. We have proved thus that, for each i > 0, the sub-level sets &76
of u — f(u, n) are sequentially weakly compact. Taking into account Remark 1 e77
in [13] which states that we can replace “closed and compact” by “sequentially e78
closed and sequentially compact” in Theorem D.11 and using condition (Hs) we 679
can apply this theorem for the weak topology of X and conclude that there exists eso
wn* > 0 for which f(u, u*) = p*&y/u+(u) + p*p has two global minima. It is s
easy to check that any global minimum point of f («, 1*) is also a global minimum es2
point for &1/,,+, and thus we get the existence of a point u3 € X \ {u1} such that  es3

Erjur(ur) = Erypx(u3) < Eqypx (u?/m) < 0 =381/ wo) < E1ypxu2),

showing that uz € X \ {uo, u1, ua}. Taking 1* = 1/u* the proof is now complete. e84
o
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We conclude this section by a nonsmooth form of a Ricceri-type alternative result,
extended to locally Lipschitz functions by Marano & Motreanu [8].

Theorem 5.17 ([8]) Let (X, || - ||) be a reflexive real Banach space, and X another real
Banach spaces such that X is compactly embedded into X. Let ® : X — R and W :
X — R be two locally Lipschitz functions, such that V is weakly sequentially lower
semicontinuous and coercive. For every p > infx W, put

p(p) = inf P = mfve(“”l(lfoo,p[))w

uew="(1—o0,p[) p—W(u)

D (v)
, (5.51)

where (W—1(] — oo, p|)),, is the closure of vl — o0, pl) in the weak topology.
Furthermore, set

y = liminf ¢(p), 6 := liminf ¢(p). (5.52)
p——+00 p—(infxy W)+

Then, the following conclusions hold.

(A) If y < 400 then, for every ) > vy, either
(A1) ® + AV possesses a global minimum, or
(A2) there is a sequence {u,} of critical points of ® 4+ AWV such that
limy,— 400 ¥ (u,) = +00.
(B) If 6 < +o0 then, for every A > 8, either
(B1) @ + AV possesses a local minimum, which is also a global minimum of \V, or
(B2) there is a sequence {u,} of pairwise distinct critical points of ® + AV, with
lim,— 400 W (u,) = infxy WV, weakly converging to a global minimum of V.

Proof One can observe that for every p > infx W and A > ¢(p) the function ® + AW has
a local minimum belonging to WU1(] — oo, D).
(A) Let us fix A > y and choose a sequence {p,} C I =]infy W, 4+-o00[ such that

lim p, = +o00, ¢(py) <A, neN. (5.53)

n—oQo

For every n € N there exists a point u, with the property that

D (uy,) + AV (uy,) = min (®P(v) + AV (v)). (5.54)
vev =1 (J—o0, pul)
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On one hand, if lim,—, o W(u,) = +oo then (A2) holds, since u, is a critical point of
® + AW. On the other hand, if liminf,,_, oo ¥ (u,) < +00, let us fix

0 > max {inflll, lim inflll(un)} .
X n— oo

Since p € I, one can assume (up to a subsequence) that {u,} weakly convergesto u € X.
Let v € X be a fixed element. By the weak sequential lower semicontinuity of & + AW
and relations (5.53) and (5.54), we obtain that

D) + AV ) < P) + AV (v).

Since v € X is arbitrary, then u € X is a global minimum of ® 4 AW, which proves the
assertion (A1l).
In order to prove (B), let us fix A > & and choose a sequence {p,} C I such that

lim p, =inf¥, @(o,) <X, neN. (5.55)
n—oo X

A similar argument as above shows the existence of a sequence {u,} of critical points of
@ + AW verifying relation (5.54). If p > max, N py, then it turns out that u, € vl -
oo, p[) and {u,} weakly converges to u € X (up to a subsequence). It follows that u € X
is a global minimum of W; indeed, by the weak sequential lower semicontinuity of ¥ one
has

V(u) < liminfW(u,) < liminf p,, = inf V.
n—oo n—oo X
In particular, by taking a subsequence if necessary, it follows that
lim W(u,) =¥ (u) =infWw.
n— 00 X

The latter relation easily concludes the alternative in (B). |
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6.1 Boundary Value Problems with Discontinuous Nonlinearities s

Let Q be a bounded open domain in RY whose boundary 9S2 is of class C' and consider ¢
the following elliptic boundary problem 7

{—Au =g(x,u), inQ, (DP)

u =20, on 0€2,

with ¢ : @ x R — R a prescribed function. If t — g(x, ¢) is continuous, then a weak s
solution u € HOI(Q) of problem (DP) is defined to satisfy the following variational o
equality 10

/ Yu - -Vvdx = / g(x, w)vdx, VYve HOI(Q)
Q Q

The energy functional corresponding to our problem E : H(} (2) — Ris defined by 11

E(u) .= / |Vu|2dx — / f(x,u(x))dx, 6.1)
Q Q
with f(x,1) := fot g(x, s)ds. Standard arguments show that E € Cl(HO1 (2, R)) and any 12
critical point of E, i.e, E'(u) = 0 is also a weak solution for (D P). 13
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021 143
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However, if t+ — g(x,t) is not continuous, but only locally bounded, then it is well
known that (D P) need not have a solution. In order to overcome this difficulty, Chang
[5] had the idea to “fill in the gaps” at the discontinuity points of g(x, -), thus obtaining a
multivalued equation that approximates the initial problem

(ME)
u =20, on 0€2,

! —Au € [g_(x, u(x)), g+ (x, u(x)], inQ,
with

g—(x,t):=limess inf g(x,s)and g4+ (x,t):= limess sup g(x,s).
e—0 |s—t]<e e—0 |s—t|<e

Using the subdifferential calculus developed by Clarke [6], Chang showed that 7
flx, b= f(; g(x, s)ds is locally Lipschitz and

B f(x, 1) = [g—(x, u(x)), g4 (x, u(x))1,

and thus (M E) can be equivalently written as a differential inclusion

: —Au € 2 f(x,u()), inQ, (DI)

u =20, on 0%2,

As before, we define u € HOl (2) to be a weak solution of (DI) if there exists { € L*()
such that ¢ (x) € 92 f(x, u(x)) and

/Vu-Vvdx:/ cx)v(x)dx, Vv e Hj(Q).
Q Q

Now, by the definition of the Clarke subdifferential, one can define a weak solution of
(DI) to satisfy not a variational equality, but a hemivariational inequality of the type

/ Vi Vodx < / FOC u(); v()dx, Vo € HI(Q).
Q Q

One can also easily prove that the energy functional E defined by (6.1), corresponding to
(DD), is no longer differentiable, but only locally Lipschitz and any critical point of E is a
weak solution of (DI) in the sense that it satisfies the above hemivariational inequality.

Remark 6.1 As this argument can be repeated whenever necessary, in the sequel we shall
work with boundary value problems with discontinuous nonlinearities expressed as a
differential inclusions of the type (DI).
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We prove next an existence result for (D) provided the following conditions hold.

(Ho) f: Q2 xR — Risa Carathéodory function such that:
(@) f(, 1) is measurable for all t € R;
(ii) f(x,-) islocally Lipschitz for all x € €;
(iii) f(x,0) =0 forevery x € Q.

(Hy) ] < a1 + axlt]®, V(x,1) € @ x R, V¢ € 8gf(x,t) with constants aj,ay > 0,
0<s<NTJifN=>3;

(H3) SuPllvllH(;:p Jo f(x,v)dx < %p2, for some p > 0;

(H3) te—p~ ' f(x,0) = =b1]t|]” b2, V(x,1) € @QxRand ¢ € 82 f(x, t) with constants
uw=>2,1<o0 <2andby,by > 0;

(Hy) limsup,,_, o, nla fQ f(x,nvg)dx = +o0, for some vy € HO1 (R2).

Theorem 6.1 ([32]) Assume that conditions (Hy) — (Hy) are verified. Then problem (DI)
possesses a nontrivial weak solution u € HO1 (2).

Proof In view of (H) the energy functional E : H(}(Q) — R defined by (6.1) is well
defined and locally Lipschitz. Theorem 2.6 ensures that d¢c E (1) atany u € H(} (£2) satisfies
the relation

dcE@) C I'(u) — dc F(u), in H™(Q),

where
() :=/ |Vu|?dx,
Q
and
F(u) :=/ f(x, u(x))dx.
Q

Consequently, it suffices to show that the functional E admits a nontrivial critical point
u € HO1 (2), i.e., 0 € dcE(u). To this end we shall apply Corollary 5.4. Notice that
E(0) = 0. We check that E satisfies the condition (PS). for every ¢ € R. Let {u,} be
a sequence in HOI(Q) such that E(u,) — c as n — oo and there exists ¢, € thl ()
provided

Vu, — ¢ — 0 in H'(Q) as n — oo (6.2)
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and 55
th(x) € B%f(x, up(x)) ae. x € Q. (6.3)

Then, for any n sufficiently large we can write 56

1 1 1 2 1 1
C+1+M||un||Hd = (2_ M)H”nHHé +M/S;<§nun_ Mf(xyun)> dx

> (1 - 1)||un||21—b1||un||” — bymeas(£2)
“\2 u Hy Le
> (1 - 1)Hunn2 | = bllunl|%, — bymeas(2)
“\2 u Hy Hy

with a new constant b > 0. Above we used assumption (H3). Since @ > 2 and o0 < 2 57
we conclude that {u,} is bounded in HOI(Q). Taking into account that the embedding ss
HO1 Q) — LTYQ) is compact, relation (6.3) ensures that, up to a subsequence, s9
{¢,} converges in H —1(Q). Thus from (6.2) we derive that {u,} contains a convergent 6o
subsequence in HOI(Q), i.e., condition (PS). is verified. Now we justify condition (i) of s
Corollary 5.4 with o := 0. Indeed, by (H>) it is seen that 62

1
E() > _|vl|%, — sup /f(x,v)dxzo
2 TH Q

vl ;1=p
Hy

for all v € HOI(Q) with ||v||H(} = p. The final step is to check condition (ii) of &3
Corollary 5.4. Due to (H3) we have 64

ALy ™  flx, 1)) = plyl ™t m ™ eydf (x, 1y) — fx, 1Y)
> —puly| T (117 1y 1% + bo)

forevery y € R\ {0} and ¢ > 0. 65
By Lebourg’s mean value theorem and assumption (H3) we infer that 66

fo Dy fGmy)
(et Dyl iyl = 2y eI 0)

> —uly| T bin® TPyl 4 bon T
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for all y € R\ {0} and positive integers n > 1. Taking the sum of the inequalities above 67
where n is replaced by 1, --- ,n — 1 we get 68

1 n+l—o 1 n+1
" _ o
FOeny) = | f(x,y) — pbilyl Z<,~) +bzz<i>
i>1 i~1
for all y € R and n > 1. Therefore, with the new constants c¢1, ¢; > 0 one has 69

f(xJ’l)’)En'u(f(xsy)_cﬂyw_@)y VyEvanzl

One obtains 70
1 2 2 o
E(nv) < ) ol —n* fx,v)dx — c1lvl|7o — comeas(K2) (6.4)
0 Q
forallv € HOI(Q) andalln > 1. 71
By (H4) we can find nop > 1 such that 72
1 o
ne Lo S (x, nouo(x)x)dx + comeas(£2) | > cil|vllzo,
therefore 73
co = [/ f(x, novo(x))dx — c||v||fond + 2 meas(Q)i| > 0. (6.5)
Q
Combining (6.4), (6.5) we get 74
1
E(nnovo) < znzngnvoni]l —contnly, Vn=>1. (6.6)
0
If we pass to the limit in (6.6) as n — oo it is clear that 75
lim [ (nngvg) = —o0
n—oQ

because i > 2 and ¢g > 0 as shown in (6.5). Corollary 5.4 with @ := E(0) = 0 completes
the proof of theorem. O
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6.2 Parametric Problems with Locally Lipschitz Energy Functional

Let Q be a non-empty, bounded, open subset of the real Euclidian space RN N > 3,
having a smooth boundary 9€2 and let W12(Q) be the closure of C*°(£2) with the respect

to the norm
1/2
= ([ vue+ [lew)
Q Q
2N * 2(N-1) .
Denote by 2* = and 2 := N_2 the critical Sobolev exponent for the

embedding WL2(Q) < LP(Q) and for the trace mapping Wh3(Q) — L1(3Q),
respectively. If p € [1,2*] then the embedding W!-2(Q) < L”(€) is continuous while

if p e [1, 2*), it is compact. In the same way for ¢ € [1, 2*], Wh2(Q) — L1(dQ) is

continuous, and for g € [1, 2*) it is compact. Therefore, there exist constants ¢, ¢, > 0
such that

lullr@) < cpllull, and llullzepe) < cqllull, Vu e WH(Q).

Now, we consider a locally Lipschitz function F : R — R which satisfies the following
conditions:

(F1) F(0) =0 and there exists C; > Oand p € [1, 2*) such that
El < Ci(1+111P7Y), V& € dcF (1), Yt € R; (6.7)

: dc F (t
(F) ling)max{lgl § € dcF (1)) —0:
11—
. F(1)
(F3) limsup 2
[t]—>+00
(F4) There exists 7 € R such that F(f) > 0.

<0

Example 6.1 Let p € (1,2]andF : R — R be defined by F(r) := min{|¢|?*!, arctan(ry)},
where 4 := max{t, 0}. The function F enjoys properties (F'1) — (F4).

Let also G : R — R be another locally Lipschitz function satisfying the following
condition:

(Go) Thereexists C; > 0and g € [1, 2*) such that

€] < Co(1 4 |1]97Y,  VE € 8cG@t), Vi e R. (6.8)
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For A, u > 0, we consider the following differential inclusion problem, with inhomoge-
neous Neumann condition:

—Au+u € Ac F(u(x)), in Q;

" e 1acGu(x)), on 92,
on

(P)»,M)

Definition 6.1 We say thatu € W12(Q) is a solution of the problem (P, ), if there exist
£r(x) € dc F (u(x)) and &G (x) € d¢c G (u(x)) for a.e. x € Q such that forall v € WH2(Q)
we have

]
/(—Au—i—u)vdx :A/ Ervdx and / uvdo = ,u/ Egudo.
Q Q a9 on Ble)

The main result of this section reads as follows.
Theorem 6.2 ([23, Theorem 3.1]) Let F, G : R — R be two locally Lipschitz functions
satisfying the conditions (F1)— (F4) and (Go). Then there exists a non-degenerate compact
interval [a, b] C (0, +00) and a number r > 0, such that for every A € [a, b] there exists
no € (0, A + 1] such that for each pu € [0, wol, the problem (P ;) has at least three
distinct solutions with W'-2-norms less than r.

In the sequel, we are going to prove Theorem 6.2, assuming from now on that its
assumptions are verified.

Since F, G are locally Lipschitz, it follows through (6.7) and (6.8) in a standard way
that @y : LP(2) > R(p € [1,2*D) and @, : L91(02) - R (g € [1, 2*]) defined by

Q(u) = — /Q F(u(x))dx (u € L7 (),
and
Dr(u) 1= — /asz G(u(x))do (u e L1(0R))
are well-defined, locally Lipschitz functionals and due to Theorem 2.6, we have
dc®r(u) © — /Q dcF(u(x))dx (u € LP(R2)),
and

dePr(u) C —f dcGu(x))do (u e L1(Q)).
Q2
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We introduce the energy functional &, , : W12(Q) — R associated to the problem
(Py., ), given by

1
&) = 2||u||2 +AD () + nda(u), u € WH(Q).

Using the latter inclusions and the Green formula, the critical points of the functional
&;., . are solutions of the problem (P ;) in the sense of Definition 6.1. Before proving
Theorem 6.2, we need the following auxiliary result.

inf{®(u) : u e Wh2(Q), [lull® <2t
Proposition 6.1 lim infiPr(u) : u (€0, flul™ < }:O.

t—0t t

Proof Fix p € (max{2, p}, 2*). Applying Lebourg’s mean value theorem and using (F1)
and (F2), for any ¢ > 0, there exists K (g) > 0 such that

|F(1)| <et> + K(e)|t|?, VieR. (6.9)
Taking into account (6.9) and the continuous embedding wh2(Q) — LP (2) we have
©1 () = —ec3|ull® = K(e)eljull?, u e WS (6.10)
For t > 0 define the set S; := {u € WH*(Q) : ||lu||* < 2¢}. Using (6.10) we have

. infyes, ®1(u)

- 5 h
—2c5e — 2P2K (e)clr2 7L

t p

Since & > 0 is arbitrary and since t — 0T, we get the desired limit. O

Proof of Theorem 6.2 Let us define the function for every ¢ > 0 by

. { _ 12 fJul? }
B(t) :=inf{ D) : u € WH4(Q), , <1t

We have that B(¢) < 0, for ¢ > 0, and Proposition 6.1 yields that

tim P =

t—0t 1

0. 6.11)
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We consider the constant function ug € WH2(Q) by ug(x) := 7 for every x € , 7 being
from (Fy). Note that 7 # 0 (since F(0) = 0), so ®1(up) < 0. Therefore it is possible to

choose a number n > 0 such that

0 [IIMI }
<n < —Pi(uo)

By (6.11) we get the existence of a number ¢y € (O luoll® ) such that —B(typ) < nto. Thus

—1
lluoll®

ﬁ(t0)>[ ) :| D (uo)to.

(6.12)

Due to the choice of fy and using (6.12), we conclude that there exists pg > 0 such that

luoll>~

1
— B{to) < po < —P1(uo) [ ) } to < =D (up).

Define now the function ¢ : WH2(Q) x I — R by

el

ou, ) = )

+ AP (u) + Apo,
where I := [0, +00). We prove that the function ¢ satisfies the inequality

sup inf @(u,Ar) < inf supe(u,Ar).
rel ueWh(Q) ueWl2(Q) jel

The function

2
IsA+ inf [””” +)»(,00+<1>1(M))}
uewt2@) [ 2

is obviously upper semicontinuous on I. It follows from (6.13) that

lluoll?

li inf A< i
im in o(u )_A_}I}rloo[ )

A—+00 ueWl2(Q)

Thus we find an element A € I such that

2
sup  inf @, A)= inf [””” + Moo + <I>1(u))i| .
rel ueWl2(Q) uew2@@) L 2

+ Alpo + <D1(uo))} = —o0.

(6.13)

(6.14)

(6.15)
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Since —B(ty) < po, it follows from the definition of B that for all u € Wh2(Q) with 137

2
””2” < tg we have —® (1) < pp. Hence

o llu)?
to < inf :
J<ne| ™

ueWwhiQ), —oi(u) > Po}-
On the other hand,

inf  supo(u, L)
UeWL2(Q) el uewl2(Q)

rel

= inf {”””2:—c1>1(u)zpo}.
uewt2@@) | 2

Thus inequality (6.16) is equivalent to

to < inf supe(u,r).

ueWl2(Q) rel

‘We consider two cases. First, when 0 < A < /t)%, then we have that

uew2(Q)

Combining this inequality with (6.15) and (6.17) we obtain (6.14).
Now, if ,2% < A, then from (6.12) and (6.13), it follows that

. Jlu]? lluoll?
inf +Alpo + D1 () | < + 100 + 1 (u0))
uewl2@@) | 2 2
luoll> 1o
< 4+ " (po + D1(up)) < to.
2 £0

It remains to apply again (6.15) and (6.17), which concludes the proof of (6.14).

. fJul?
inf ) ~+ sup (A (po + P1(n)))

2
inf [IIMZII + A(po + <I>1(u))} <90,4) = 2Apo < to.

(6.16)

6.17)

Now, we are in the position to apply Theorem 5.15; we choose X := W!2(Q), X =
LP(Q2) with p € [1, 2%), X5 := L1(32) with g € [1, 2*), A :=1=10,400), h(t) :=

12/2,t > 0.

Now,we fixg € Gr (t = 0),A € A, u € [0, A+ 1], and ¢ € R. We shall prove that the

functional Ej ; : W12(Q) — R given by

1
Ej u(u) := 2||u||2 + 2D () + (g o ®2) (), u € WH(Q),
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6.3 Multiplicity Alternative for Parametric Differential Inclusions Driven... 153

satisfies the (PS).. Note that due to Proposition 2.3, we have for every u, v € wh2(Q)
that

E;M(u; V) < (u, v)yr2 + ADT(u; v) + (g o 2)°(u; v). (6.18)

First of all, let us observe that é|| . ||2 + Ad; is coercive on Wl*z(Q), due to (F3); thus,
the functional E; , is also coercive on W12(Q). Consequently, it is enough to consider a
bounded sequence {u,} C W12() such that

ES (Ui v — ) > —&nllv — up| forall ve wWh(Q), (6.19)

where {¢,} is a positive sequence such that ¢, — 0. Because the sequence {u,,} is bounded,
there exists an element u € W!2(Q) such that u, — u weakly in wWh2(Q), u, — u
strongly in LP(R2), p € [1, 2*) (since WH2(Q) — LP(RQ) is compact), and u, — u
strongly in L9(3S2), g € [1, 2*) (since WH2(Q) — L4(3€) is compact). Using (6.19)
with v := u and apply relation (6.18) for the pairs (u;,, u — u,) and (u, u, — u), we have
that

e — un|* < enllu — unll = E, (s un — 1) + 2[0S (s 1t — ) + DF(us iy — u)]

+ul(g 0 P2)°(un; u —up) + (g 0 P2)°(u; up — u)l.

Since {u,} is bounded in W12(Q), we clearly have that lim,,— &y ||t —u, || = 0. Now, fix
¢ € dcE;, ,(u); in particular, we have (¢, u, — u)y12 < E;ﬁu(u; u, —u).Since u, —~ u
weakly in Wl*z(Q), we have that lim inf,, _, oo E;’\’M(u; up—u) > 0. Now, for the remaining
four terms in the above estimation we use the fact that ®{(-; -) and (g o ®2)°(-; -) are upper
semicontinuous functions on L?(€2) and L7 (92), respectively. Since u,, — u strongly in
L?(82), we have for instance lim sup,,_, o, ®(uy; u — u,) < &7 (u; 0) = 0; the remaining
terms are similar. Combining the above outcomes, we obtain finally that lim sup,,_, , |lu —
un||*> <0, ie., u, — wstrongly in W'2(). It remains to apply Theorem 5.15 in order to
obtain the conclusion. O

6.3  Multiplicity Alternative for Parametric Differential Inclusions
Driven by the p—Laplacian

In this section we use the theoretical results obtained in the Sect. 5.4 to study differential
inclusions involving the p-Laplace operator. More exactly we prove that either the problem

—Apu € 2 f(x,u(x)), inQ,

P):
(P) u =20, on 082,
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154 6 Existence and Multiplicity Results for Differential Inclusions on Bounded...

possesses at least two nontrivial weak solutions, or the corresponding eigenvalue problem

— 2 ;
(P)\) : AP” E)\-acf(.x,l/l(.x)), an,
u=0, on %2,

has a rich family of eigenfunctions corresponding to eigenvalues located in the interval
O, 1).

Here, Apu := div(|Vu|P~2Vu), 1 < p < oo, is the p-Laplacian, @ ¢ RY (N > 2)
is a bounded domain with C!-% boundary, f : @ x R — R is a locally Lipschitz function

with respect to the second variable and 8% f (x, t) denotes the Clarke subdifferential of the
map ¢ — f(x,t). As usual, we consider the Sobolev space

whP(Q) = {u cLP(Q): ;”

Xi

ELP(Q),iZL...,N}

endowed with the norm |lul|1,, := |lull, + [|Vullp, with || - ||, being the usual norm on
LP(€2). Since we work with Dirichlet boundary condition, the natural space to seek weak
solution of problem (P) is the Sobolev space

whr @) = ce@'r = lu e WhP(Q): u=0o0n asz} ,

with the value of u on 02 understood in the sense of traces.

Definition 6.2 A functionu € Wé "P(Q) is a weak solution of problem (P) if, there exists
£ € WP (Q) such that &(x) € 92 f (x, u(x)) fora.e. x € 2 and

/ |Vu|”_2Vu -Vudx = / E(x)v(x)dx, Vve W(}’p(Q),
Q Q

Definition 6.3 A real number A is said to be an eigenvalue of (P)) if there exist u; €
WO“’(Q) \ {0} and & € W~ () such that & (x) € 92 f (x, us(x)) fora.e. x € Q2 and

/ |Vu|p_2Vu -Vodx = A / E ()v(x)dx, VYve Wol’p(Q).
Q Q
The function u,, satisfying the above relation is called an eigenfunction corresponding to A.

Following a well-known idea of Lions [26] (see Brezis [4] also), we may regard —A
as an operator acting from W(} "7 () into its dual W‘l*p/(Q) by

(—Apu, v) ::/ |Vu|p72Vu -Vudx, Vu,ve Wé’p(Q).
Q
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6.3 Multiplicity Alternative for Parametric Differential Inclusions Driven... 155

Henceforth we consider Wol’p(Q) to be endowed with the norm |ul|1,, = |[Vull,,
which is equivalent to ||u||1,, due to the Poincaré inequality. Then the duality mapping

corresponding to the normalization function ¢ (¢) := P e, Jy - W(} P(Q) —
w—LP'(Q) satisfies

Jp(u) = —Apu. (6.20)
It is also known that — A, is a potential operator in the sense that
' (u) = —A plt,

with @ : Wé Q) - R being the C !_functional defined as follows
®(u) = |u| / [Vu|Pdx.

Finally, we note that X := WO1 "P(Q) is separable and uniformly convex (see, e.g., [1,
Theorem 3.6]), therefore the theory developed in the preceding chapters is applicable. Here
and hereafter, we denote by p* the critical Sobolev exponent, that s,

Np .
w_ | N=po if p <N,
p = .
00,  otherwise.

Assumption 1 The function f : Q x R — R satisfies:

(f1) Forallt € R the map x — f(x, ) is measurable and f(x,0) = 0;

(f2) Foralmost all x € 2, the map ¢ — f(x, ¢) is locally Lipschitz;

(f3) There exists C > 0 and g € (p, p*) such that |£] < C|¢|27!, for a.e. x € €, all
t € Randall £ € 92 cS(x, 0.

Assumption 2 There exists ug € Wé’p(Q) \ {0} such that |u0|l = pr fx,up(x))dx.

Theorem 6.3 ([9]) Suppose that Assumptions 1-2 hold. Then the following alternative
holds:
Either

(A1) Problem (P) possesses at least two nontrivial weak solutions;
or
(A2) For each R € (|ugl1,p, 00) problem (P,) possesses an eigenvalue . € (0, 1) with
the corresponding eigenfunction satisfying |ux|1,p = R.
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156 6 Existence and Multiplicity Results for Differential Inclusions on Bounded...

Proof Assumption 1 ensures that we can apply the Aubin-Clarke theorem to conclude that 206
the function F : L9(2) — R defined by 207

F(w) := / fx, wx))dx,
Q
is Lipschitz continuous on bounded domains and 208

dc F(w) g/ E%f(x,w(x))dx, Yw € L1(Q),
Q

in the sense that for each { € d¢cF(w), there exists £ € Lq,(Q) such that £(x) € 209
92 f(x, w(x)) forae. x € Q and 210

(¢, w) =/ £(x)w(x)dx.
Q
Define now the energy functional E : W(} P(Q) — R as follows 211
E — 1 p F
(M) = [)|M|1’p_ (M)

It follows from the Rellich-Kondrachov theorem (see, e.g., [1, Theorem 6.3]) that the 2
inclusion Wé’p (2) — L9(L2) is compact, hence E is well defined. Moreover, 213

2

dcE(u) C —Apu — 9c F(u).
In conclusion, if u <0 andu € W(}’p(Q) are such that 214
nlpu € dc E(u),

then there exists & € L‘f/(Q) C W’LP/(Q) such that £(x) € 8gf(x, u(x)) for almost all 215
x € Qand 216

M/ |Vu|”_2Vu~Vvdx=/ |W|P—2w-wdx—/ E(x)v(x)dx.
Q Q Q

Moreover, if © = 0, then u is a weak solution of (P), while £ < 0 implies that A := 217
1—1u € (0, 1) is an eigenvalue of (P;), provided that u # 0. 218

Fix R € (luol,p, 00). We prove next that E|BR satisfies the hypotheses of Theo- 219
rem 5.13. 220
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STEP 1. The functional E maps bounded sets into bounded sets. 221
Fix u € Wol’p(Q) and M > O such that |ul;, < M. According to Lebourg’s mean 222
value theorem there exist r € (0, 1) and é x) € 3% f(x, tu(x)) such that 223

fxr,ux)) = fx,ulx)) — f(x,0) = é(x)u(x), fora.e. x € Q.
Therefore, 224
F)l < /Q |/, u()ldx < /Q £ o)l () dx < /chw—wu(x)wdx < Clull.
Then 225

1
|Ew)| < MP+CCiM1,
p

with C; > 0 being given by the compact embedding W(} P(Q) < LI1(RQ). 226
STEP 2.  There exists p € (O, |u0|1,p) such that E(u) > 0 forallu € S,. 227
By Assumption 2 and STEP 1 we have 228

1
pluolfp < F(up) = CC{luol{ .

1

1
Pick p := ;( ! )""’,with co 1= CCY. Then p < ( ! )"”’ < |uol1. and for all 220

pco PCo

u e Wol’p(Q) satisfying |u|1,, = o we have 230
q p
1oy L »p q _(L\er [(1\ar (1 1
E(M)—plullsp—F(u)Zplullsp—colull,p—<p> <C0> <2p—2q>20-
STEP 3.  The functional E satisfies (SPS). in BR for all c € R. 231
Letc € R, {u,} C Bg be s.t. E(u,) — ¢ and assume there exists {¢,} C W’LP/(Q) 232
satisfies 233
Sn € IcE(un), 7w, Gl = 0, (Sn, un) — v < 0. (6.21)

Since {u,} is bounded and W(}’p () is reflexive, it follows from the Eberlein-Smulian 234

theorem (see Theorem A.8) that there exist u € W(} "P(Q) and a subsequence of {u,}, 235
still denoted {u,}, such that 236

U — u, in Wy"(R).
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We may assume that |u,|;,, — r.If r =0, thenu, — Oin Wol’p(Q). Assume now
that » > 0. Then the compactness of the embedding WOl P(Q) — LI(Q) implies

u, — u, in L1(Q).

Since dc E(uy) C —Apuy, — dc F(uy), it follows that there exists 1, € dc F (u,) such
that

n = _Apun — n-

Since u, — u in L1(£2), it follows from Proposition 4.1 that there exists € d¢c F (u)
such that

M = 1, in LY (Q).
But Lq,(Q) is compactly embedded into W_I’P,(Q) which means
M — 1, in WP (Q).
It follows that
— &y — Apup = 1, in WHP(Q), (6.22)
On the other hand, the second relation of (6.21) implies

(Cnsun)

l? Apity — 0in WP, (6.23)
P

Cn +

Adding (6.22) and (6.23) we get

(1 - (g”’”’”) (—Apuy) — 1, in WHP(Q),

P
|”n|1,p

Consequently,

But, limy,— o0 (1 — (&n, un)/|un|fp) = 1—v/r? > 1, which combined with the above
relation gives

lim (—Apup, uy —u) =0.
n—o0
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6.4 Differential Inclusions Involving the p(-)—Laplacian and Steklov-... 159

It follows that u, — u in WOl "7 () due to the fact that —A p satisfies the (S ) condition
(see Proposition C.6).

STEP 4. There exists Ag > 0s.t. |{¢, u)| < AR, forallu € Sg and all ¢ € dc E (u).
Fix u € Sg and ¢ € 9cE(u). Then there exists £ € W‘l*p/(Q) satisfying £(x) €
9% f (x, u(x)) such that

(¢, u)| = ‘(—Apuyu) - fQS(X)u(X)dx

= {(=Apu, u)| +/QI§(X)IIM(X)Idx
< R”+Clul§ < R” + CC{RT := Ag.
Applying Theorem 5.13 with A := {0, up}, B := S, (with p > 0 given by STEP 2),
vo := 0, v := up we get the desired conclusion. O
6.4 Differential Inclusions Involving the p(-)—Laplacian
and Steklov-Type Boundary Conditions

In this section we are concerned with the study of a differential inclusion of the type

—div(|Vu [P 2Vu) + [ulP) 24 € 02¢(x, u) in Q,
e Q2P (x, u) on €2,

anp(x)

(Pp)

where @ c RY (N > 3) is a bounded domain with smooth boundary, A > 0 is a real
parameter, p : 2 — R s a continuous function such thatinf . p(x) > N, ¢ : Q xR —

R and ¢ : 92 x R — R are locally Lipschitz functionals with respect to the second
ou
I po)

In the case when p(x) = p, ¢(x,t) = 0 and ¥ (x,t) = ;ltl‘f the problem (Py)
becomes

variable and = |Vu|PY)~2Vy - n, n being the unit outward normal on 9.

Apu = |u|P~2u in Q,
—29u -2 *)
[VulP=25" = Alul9"“u on 0%,
and it was studied by Ferndndez-Bonder and Rossi [19]inthecase | < g < p* = * ng:pl)

by using variational arguments combined with the Sobolev trace inequality. In [19] it is
also proved that if p = ¢ then problem (%) admits a sequence of eigenvalues {A,}, such
that A, — oo as n — oo. Furthermore, Martinez and Rossi [28] proved that the first
eigenvalue A of problem (#) (that is, A1 < A for any other eigenvalue) when p = g is
isolated and simple. In the linear case, that is p = ¢ = 2, problem (#) is known in the
literature as the Steklov problem (see, e.g., BabuSka and Osborn [3]).
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Let us present next some basic notions and results from the theory of Lebesgue-Sobolev 271
spaces with variable exponent. For more details one can consult the book by Musielak [33] 272
and the papers by Edmunds et al. [12-14], O. Kovacik and J. Rédkosnik [21], Fan et al. 273
[16, 18], M. Mihailescu and V. Radulescu [29]. 274

Set 275

C+():={peC(Q): p(x)>1,Vx € Q},
and for ¢ € C4(£2) we denote 276

¢~ = inf ¢(x) and (p+ = sup ¢(x).
xeQ xeQ

For a function p € C(2) we define the variable exponent Lebesgue space 217

LPO(Q) = {u : u is a real valued-function and / lu(x)|P®dx < oo}
Q

which can be endowed with the so-called Luxemburg norm given by the formula 278
p(x)
lul Lrorq) = inf!; ~0: / ”(;) dx < 1} .
Q

We recall that (LP (), |- | Lp(-)(gz)) is a separable and reflexive Banach space. If 0 < 279
meas(2) < oo and p, g are variable exponents such that p(x) < g(x) in €, then the 280
embedding Li19(Q) — LPO(Q) is continuous. We also remember that the following 281
Holder type inequality holds 282

1 1
/Q () (o)ldx < (p_ + p,_) Jul Loy [Vl -

forallu € LPV(Q) and all v € L' 0)(Q), where by p’(x) we have denoted the conjugated 283
exponent of p(x), that is, p’(x) := péjx(;cll'
We recall that (Wl’p SINE ||) is a separable and reflexive Banach space. If we set 285

284

I(u) = f (IVu @@ + fu() 7)) dx
Q
then for u € W!7)(Q) the following relations hold true 286
lull > 1= ul”” < 1) < [u]?", (6.24)

287
lull < 1= Jull”” < IG) < Jull?". (6.25)
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Remark 6.2 If N < p~ < p(x) for any x € €, then Fan and Zhao [17, Theorem 2.2]
proved that the space whri)(Q)is continuously embedded in WP~ (Q), and, since N <
p~ it follows that whré(Q) is compactly embedded in C(£2). Therefore, there exists a
positive constant ¢, > 0 such that

lulloo < coollull,  Vu € WHPO(Q), (6.26)
where by || - [|c We have denoted the usual norm on C(£2), thatis, ||u|lco = sup,..q lu(x)].
Definition 6.4 We say that u € WLP(‘)(Q) is a weak solution of problem (P ) if there

exist £,¢ € (WHPO(Q))" such that £(x) € 32¢(x,u(x)), ((x) € d2yY(x, u(x)) for
almost every x € Q and forall v € whrO)(Q) we have

/ (—div(wu(x)|P(X>*2W(x))+|u(x)|1’<x)*2u(x)) v(x)dx:/ £(x)v(x)dx
Q Q

and

/ du v(x)do =A/ Z(x)v(x)do.
aQ 0np() aQ

Using the Green formula and the definition of the Clarke subdifferential one has that a
weak solution u € W10 (Q) needs to satisfy the following hemivariational inequality

/ (qulp(x)ﬂVu -Vu + |u|p(x)72uv> dx < / ¢f)2(x, u(x); v(x))dx
Q Q
+ x/ YO, u(x); v(x))do (6.27)
Ele}
Here, and hereafter we shall assume the following hypotheses hold:
(Hy) ¢ : 2 xR — Ris a functional such that
@) ¢(x,0) =0forae. x € Q2;

(i7) the function x +— ¢(x, t) is measurable for every ¢ € R;

(iii) the function t — ¢ (x, t) is locally Lipschitz for a.e. x € Q;

(iv) thereexistcy > 0andg € C(Q2) with 1 < g(x) < gt < p” st

&(x)] < cgle)™!

fora.e. x € Q,everyt € R and every £(x) € 8g¢(x, 1).
(v) there exists §; > 0s.t. ¢(x,1) <0whenO < [t] < 1, fora.e. x € Q.
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(Hp) v : 022 x R — R is a functional such that
(i) ¥(x,0) =0fora.e.x € 092;
(i7) the function x — V¥ (x, t) is measurable for every t € R;
(iii) the function ¢ + ¥ (x, ) is locally Lipschitz for a.e. x € 9€2;
(iv) thereexistcy > O0andr € C(0Q) with 1 <r(x) <rt < p~ sit.

120 < ey e @1

fora.e. x € 92, every ¢t € R and every ;(x)% € Y (x,t);
(v) there exists 6 > 0s.t. ¥ (x,7) <0whenO < |f| < 8, fora.e. x € 9€2.
(H3) There exist n > max{81, 82} s.t. P < p(x)¢p(x, n) fora.e. x € QL and ¥ (x, n) >
0 fora.e.x € 0Q2.
(Hs) There exists m € L'(Q) s.t. ¢(x, 1) < m(x) forallr € R and a.e. x € Q.

. - +
(Hs) There exists 1 > max{coo(p+||m||L1(Q))1/p ; coo(pHlImll 1) VP } st

sup ¥(x,t) < yY(x,n) <supy¥(x,t).

l1l<p 1eR

Theorem 6.4 ([8]) Assume that (Hl)—(H3) are fulfilled. Then for each A > 0 problem
(Py) admits at least two non-zero solutions. If in addition (H*) and (H>) hold, then there
exists A* > 0 such that problem (Py+) admits at least three non-zero solutions.

Proof Let us denote X := WLPO(Q), Y = Z := C(Q) and consider T : X — Y,
S : X — Z to be the embedding operators. It is clear that 7, § are compact operators
and for the sake of simplicity, everywhere below, we will omit to write Tu and Su to

denote the above operators, writing u instead of 7u or Su. We introduce next L : X — R,
Ji:Y —>Rand J,: Z — Ras follows

L(u) :=f ! [|Vu(x)|p(x)+|u(x)|p(x)]dx, foru € X,
o p(x)

Ji(y) = /Q¢(x,y(X))dx, fory €Y,
and

D (z) = / Y(x,z(x))do, forze Z.
R
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We point out the fact that L is sequentially weakly lower semicontinuous and L’ : X — 328
X*, 329

(L' (u), v) =/ (|W|P<X>*2w Vv + |u|P(X>*2uv) dx
Q

has the (S) property according to Fan and Zhang [15, Theorem 3.1]. 330
The idea is to prove that the functional &, : X — R defined by 331

En(u) == L(u) — Ji(u) — AJ2(u)

satisfies the conditions of Theorem 5.16 and each critical point of this functional is a 332
solution of problem (P,) in the sense of Definition 6.4. With this end in view we divide 333
the proof in several steps. 334

STEP 1.  The functionals J1 and J defined above are locally Lipschitz. 335
Lety € Y, R > 0 and y1,y2 € By(y; R) be fixed. According to Lebourg’s mean 336
value theorem there exists y := foy; + (1 —f9)y2 and £*(x) € ngs(x, y(x)), for some 337
to € (0, 1), such that 338

¢ (x, y1(x)) — (x, y2(x)) = () (y1(x) — y2(x)).

Thus, 339

|Jl<y1)—11<yz)|=‘/Qqs(x,yl(x))—¢><x,yz(x))dx s/Qw»(x,yl(x))—¢~(x,yz<x>>|dx
=fﬂ|s*<x>||y1(x)—yz(x)|dx sfgc¢|y(x)|q<x>*|y1<x>—yz<x>|dx < &llyt = y2lloos

where ¢p = Co(y, R) is a suitable constant. In a similar way we prove that J, is a locally 340

Lipschitz functional. 341
STEP 2.  ug := O satisfies hypothesis (H) of Theorem 5.16. 342
Indeed, L(0) = J;1(0) = J»2(0) = 0 and for each R > 0 we have 343

L(u) >0, VYue Bx(0;R)\ {0},

which shows that up = 0 is a strict minimum point for L. 344
STEP 3. &, is coercive. 345
Let u € X be fixed. According to Lebourg’s mean value theorem there exist sg, s1 € 346
(0, 1) and £*(x) € 82 (x, sou(x)), £*(x) € 32 (x, s1u(x)) such that 347

¢ (x,u(x)) — ¢(x,0) = " (u(x) and ¥ (x, u(x)) — ¥ (x, 0) = £*()ux).
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Thus, 348
Jl(u)=f<¢<x,u>—¢(x,0)>dx 5/ 1£* luldx 5c¢f $90 1140 g
Q Q Q

< / WD dx < e / 25 dx,
Q Q

and 349

Jz(u)=/ W (. 1) — Y(x, 0))do 5/ 1¢*|luldo 5%/ $TO= ) gg
Q2 02

02

< cv,/ lul" @ do 5c1,,/ llu |2 do.
R R

Hence for u € X with |lu|| > 1 and |lu|c > 1 we have 350

S)L(u)zf ! [|Vu|”(x)+|u|”(”]dx—/ d)(x,u)dx—k/ v (x, u)do
Q p(x) Q a0

1 p7 q+ r+
= L lull” = cpmeas()|ullco — Acymeas(£2)[lully
- +
> P — cpmeas(R)ck lul| 7= heymeas(Q)ck flu]” .
We conclude that &) (1) — oo as |[u|| — oo since r* < p~andgt < p~. 351
STEP 4. There exists ug € X such that &) (ug) < 0. 352
Choosing up(x) := n for all x € Q and taking into account (H 3) we conclude that 353

Sk(ﬁo)zf ! np(x)dx—/ ¢(x,n)dx—A/ ¥ (x,n)do < 0.
Q px) Q ET9)

STEP 5. There exists Ry > 0s.t. J1(u) < L(u) and Jo(u) <0 VYu € B(0; Rp) \ {0} 354
3. &

Cxo’ Cxo

Let us define Ry < min } where ¢ is given in (6.26) and 481, 67 are given in 355

(Hp) and (H>), respectively. For an arbitrarily fixed u € B(0; Rp), taking into account 356
the way we defined the operators 7" and S, we have 357

()| < lulloo < coollull < cooRo <681, Vx €

and 358

lu@)| < llullo < collull < coRo < b2, Vx €9€2.
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Hypotheses (H;) and (Hz) ensure that ¢ (x, u(x)) < 0 and ¥ (x,u(x)) < O for all
u € B(0; Ryp), therefore J1(#) <0 < L(u) and Jo>(u) < 0 for all u € B(0; Rp) \ {0}.
STEP 6.  There exists p € R such that

sup inf A [L(u) — J1(u) + p] — Jo(u) < inf sup A [L(u) — J1 () + p] — J2(u).
A>0oUEX ueX ;<o

Using the same arguments as Ricceri [34] (see the proof of Theorem 6.2) we conclude
that it suffices to find p € R and uy, iy € X such that

L(uy) — Ji(u1) < p < L(uz) — Ji(uz) (6.28)

and

sup,eca J2(u) — Jo (1) _ SUPuca Jo(u) — Jo(it2)

> . 2 \ @ (6.29)
p—L@uy) + Ji(iy) p — L(uz) + Ji(it2)

where A := (L — J;1) "' (=00, p]).
Let us define 1 = n and choose 5 such that

V(x, uz(x)) > sup ¥(x,1).

[tl=p

We point out the fact that a u satisfying the above relation exists due to (Hs). Next we

define
b, _
p = min L(my = llmll L1 Ly — llmliz1 @
pJr Coo p+ Coo

and observe that p > 0.

We shall prove next that for any u € A we have ||u||oc < . Inorder to do this, let us fix
u € A. Keeping in mind (Hy4) and the way we defined p we distinguish the following
cases:

CASE 1. Ju|| < 1.
Then ||u ||1”+ < I(u) and we obtain the following estimates:

1 1 1
el = T() 5/ [|W|P“>+|u|f’“>] dx 5p+/ ¢ (x, u)dx
p p o P(x) Q

i
1 w\?
=p+ | mx)dx <
Q Pt \cxo

We conclude from above that ||u| < C’; therefore we must have |u]lcc < .
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CASE2. |ju| > 1. 376
In this case we have |u||? < I(u) and we obtain the following estimates: 377

1 - 1 1
ol < +I(u>s[ (1917 4 ] dx5p+f ¢ (x, u)dx
P P o px) Q

1 w \’
=p+ | mx)dx <
Q Pt \cxo
%

The above computations enable us to conclude that ||u| < o
have ||u||co < 1. 379

therefore we must 37s

We only have to check that (6.28) and (6.29) hold for & and u» chosen as above. From 380
above we conclude that > ¢ A and thus 381

sup Jo(u) < sup Jo(u) < Jo(uy), supJo(u) < sup Jo(u) < Jo(u3),

ueA lulloo<pt ueA llloo <

and 382
Luy) — Ji(u1) <0 < p < L(uz) — Ji(u2).

STEP 7.  Any critical point of the functional &), is a solution of problem (Py). 383
Itis easy to check that u € wbrO)(Q) is a solution of problem (P,), if and only if there 384
exist £(x) € 024 (x, u(x)) and {(x) € 92 (x, u(x)) such that forall v € W'PO(Q)  ze5

0 =/ (qulp(x)ﬂVucdoth + |u|p(x)72uv> dx +/ &(—v)dx +/ Z(—Av)do.
Q Q aQ
Moreover, 386
I y2) < / ¢%(x, y1(x); y2(x))dx,  Vyi,y2 €Y,
Q
and 387

JY(wy; wo) 5/ YO0, wi(x); wa(x))dx, Vwy, wa € Z.
02
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Let u € X be a critical point of &, and v € X be fixed. Taking into account the 3ss
properties of the generalized directional derivative we obtain

0 < &)u;v) = (L — Jy — 22 (u; v) < LOGu; v) + (—J1)° (w5 v) + (=) (u; v)

< (L'(u), v) + I (u; —v) + I3 (u; —2v) < / [Vu|PO2vy . Vo + |ulP®2uvdx
Q

+/ ¢°(x,u(x);—v(x))dx+/ YO(x, u(x); —iv(x))do.
Q Q2

On the other hand, Proposition 2.4 ensures that for almost every x € 2 there exists

E(x) € 8(2;¢(x, u(x)) such that, for all t € R, we have

#OCx, u(x): 1) = E(x)f = max {zt Lz e 02e(x, u(x))} .

In a similar way we deduce that for almost every x € 92 there exist { (x) € 9y (x, u(x))

such that

YO x, u(x); 1) = ¢(x)r = max {2 17 e 2y, u(x))} .

Combining the above relations we conclude that any critical point u of &, satisfies
0< f IVulPO=2Vy - Vo + [u|PP " 2yvdx + f £(—v)dx + / £(—1v)do.
Q Q aQ
Replacing v with —v in the above relation we get
0= / IVu|?O=2Vy - Vo + |u|?2uvdx +/ E(—v)dx + / Z(—Av)do,
Q Q a0

which shows that u is a solution of (Py)

6.5 Dirichlet Differential Inclusions Driven by the ®—Laplacian

6.5.1 Variational Setting and Existence Results

Throughout this section €2 is a bounded domain of RN, N > 3, with Lipschitz boundary

0£2. Consider the problem

*#): :

—Agu € 2 f(x,u), in Q,

u=020,

on d<2,

389

390
391

393

394

395

396

398

399
400



168 6 Existence and Multiplicity Results for Differential Inclusions on Bounded...

where & : R — [0,00) is the N-function given by ®(r) := fé a(|s]|)sds and
Agu := div(a(|Vu|)Vu) is the ®-Laplace operator. The function a : (0, co) — (0, c0) is
prescribed, f : Q2 x R — R is alocally Lipschitz functional w.r.t. the second variable and
3% f(x,t) denotes the Clarke subdifferential of the mapping ¢ — f(x,1).

Following Clément, de Pagter, Sweers and de Thélin [7] we say that a functiong : R —
R is admissible if it is continuous, odd, strictly increasing and onto. In this particular case,
¢ has an inverse and the complementary N-function of ® is given by

*(s5) = fs o~ (t)dx.
0

In addition, if we assume that

where

then both ® and ®* satisfy the Aj-condition (see Clément et al. [7, Lemma C.6]), hence
E®(Q) = L®(Q) and L®(Q), L (Q) are reflexive Banach spaces and each is the dual
of the other. Moreover, if 1 < ¢~ < ¢ < oo, then the following relations between the
Luxemburg norm | - |¢ and the integral fQ ®(| - |)dx can be established (see Clément et al.
[7, Lemma C.7])

728 @ @
lulg < | D(udx <|ulg ,Yu € L7 (), lule <1, (6.30)
Q
lu) 5[ O (|lupdx > [ul% ,Vu e L2(Q), ulo > 1. 6.31)
Q

In this section we establish the existence of weak solutions for problem () provided
t — a(|t])t defines an admissible function. In this case the appropriate function space for
problem (P) is WOIL(D(Q) with ® being the N-function generated by ¢ : R — R, defined
as follows

0 ift =0
t)y:=4" ’ 6.32
v {a(ltl)t, otherwise. ( )
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Using the definition of the Clarke subdifferential, one can define weak solutions of problem 420
(P) in terms of hemivariational inequalities as follows: a functionu € W(} L®(Q) is aweak 421

solution of problem (P) if 422
/Qa(|Vu|)Vu - Vudx < /Qfo(x, u(x); v(x))dx, Vo € Wi L (). (6.33)

We formulate below the basic assumptions that will be used in this section. 423

(Hyp) a : (0,00) — (0, 00) is s.t. the function ¢ defined in (6.32) is admissible and 424

l<p <¢t <oo.

(H2) f:Q xR — Ris aCarathéodory function s.t. 425
(@) f(x,0)=0fora.e. x € Q; 426
(ii) t — f(x, 1) islocally Lipschitz for a.e. x € Q; 427

(iii) there exist an admissible function ¥ : R — Rs.t. 1 < ¢~ <y <ooand 42

1S < (D,
forae x € Q,allt e Randall ¢ € 92 f (x,1). 429
(H3) If 430
(o) q)—l(s)
ny ds =00,
1 s N
then we assume that W (z) := fé Y (s)ds grows essentially more slowly than ®,. 431
Let us consider the functionals [ : W(}Ld’(Q) — Rand F : LY () — R defined by 432

1(u) ::/ O (|Vul)dx,
Q
and 433
F(w) :=/ f(x, w(x))dx.
Q

The energy functional corresponding to problem (P), E : W(}L(I> () — R,isgivenby 434

E(u) :=1u)— F(u). (6.34)
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The following lemma guarantees the fact that, in order to solve problem (%), it suffices to 435
seek for critical points of the energy functional associated with our problem. 436

Lemma 6.1 Assume (Hy) — (H3) hold. Then the functional E : W(}L(D(Q) — R defined 437

in (6.34) has the following properties: 438
(i) E is locally Lipschitz, 439
(ii) E is weakly lower semicontinuous; 440
(iii) each critical point of E is a weak solution of problem (P). 441
Proof 442

(i) According to Garcia-Huidobro et al. [20, Lemma 3.4] the functional / belongs to 443

' (WyL® (), R) and ”
(I'(w),v) = / a(|Vu|)Vu - Vudx, (6.35)
Q
hence I is locally Lipschitz (see, e.g., Clarke [6, Section 2.2, p. 32]). 445
Since the embedding WOILd’(Q) — LY(Q)is compact there exists Cy > 0 such 446
that 447
luly < Cyllull,Yu € WgL® (). (6.36)

Let us fix now ug € WOILq’(Q) and prove that there exists r > 0 448
sufficiently small such that F is Lipschitz continuous on BWOI Lo U0, 1) 1= a0

{ve WJL®(Q) : |lv — ugll < r}. Theorem 2.7 ensures the existence of an ro > 0 450
such that F is Lipschitz continuous on Brv(g) (uo, o), hence there exists a positive 451

constant L such that 452
[F(w1) — F(w2)| < Llwi — walw, Ywi, wa € Bpw q)(uo, ro)- (6.37)
From (6.36) and (6.37) we get 453

|F(ur) = Fu2)| < LCylluy — uzll, Yur, uz € By 0(g)(uo, 1o/ Cw). (638
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(ii) Let us consider {u,} C W) L®(Q) such that u, — u in W] L®(Q). It is known that 454
I is weakly lower semicontinuous (see Garcia-Huidobro et al. [20, Lemma 3.2]). On 455
the other hand, u,, — u in L' () and by Fatou’s lemma 456

limsup F(u,) = lim sup/ fx,u,(x)dx < / lim sup f(x, u,(x))dx
Q Q

n—oo n—o00 n—00

:/ fx,ux)dx = F(u),
Q

which shows that F|, LLo@) is weakly upper semicontinuous. 457

(iii) Letu € W(}Lq’(Q) be a critical point of E. Basic subdifferential calculus ensures 4s8
that 459

0 € dcEwW < 1'w) = dc (Flyy o ) ),

and Oc¢ (F|W(§L<P(Q)) (u) = 0OcF(u) in the sense that any element of 460

dc (F |W01 L¢(Q)) (u) admits a unique extension to an element of d¢c F'(1). Hence 461
there exists & € d¢ F (1) such that 462

') = £, in (W(}Ld’(Q))*. (6.39)

On the other hand, Theorem 2.7 ensures the existence of a { € LY () which 463

satisfies 464
C(x) € 3 f(x, u(x)), for a.e.\); €Q, 6.40)
E w) = [or(wx)dx, Yw € LY ().

It follows from (6.35), (6.39), and (6.40) that 465

/ a(|Vu|)Vu - Vodx =/ ¢ (x)v(x)dx 5/ fo(x, u(x); v(x))dx, Yv e W&Ld)(Q).
Q Q Q
O

Theorem 6.5 ([10]) Suppose (Hy) — (H3) hold and assume in addition that ¥+ < ¢~. 466
Then problem (P) has at least one weak solution. 467

Proof Letu € W(}Lq’(Q) be such that ||u|| > 1. Then, from (6.31), we have 468

1(u) =fQ<I><|Vu|>dx > [|Vullfy = lul?. (6.41)
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On the other hand, condition (H3)-(iii) ensures that

|f(x,t)| < W(2lt]), fora.ex € Qandallr € R.

(6.42)

Indeed, Lebourg’s mean value theorem and the Aj-condition ensure that for some r €

{ut : n e (0, 1)} there exists ¢ € 8gf(x

lf GOl =[x, 0) = fx, 0 = [5t] < ¥ (IrDle] < el (7)) =

Thus,

, 1) such that

2|t|

Il

V(s)ds = W Q2|r)).

- +
F < [ ozt <k (alf + lf”) < kel

for some suitable constant kp > 0. Therefore

E()=1(u)— F@) = [ull*" —kllu|’" — ocoas lu] — co.

The fact that E is weakly lower semicontinuous and coercive ensures that there exists
ug € WOIL(D(Q) (see Theorem 1.7) such that

E(uo) =

which means that u is a critical point of

inf  E(v),
veWIL®(Q)

E.

O

In the proof of the above theorem it is shown that E possesses a global minimizer, but

it may happen that

inf  E(v) =0= E(0),

veEWIL®(Q)

hence our problem might possess only the trivial solution. In order to avoid this it suffices
to impose conditions that ensure the existence of at least one point u € WOIL(D(Q) \ {0}

such that E(u) < 0. An example is given

below.

(H4) There exist 6 € (1, (p’) and an open subset of positive measure @ C 2 s.t.

lim inf
t—0

infye, f(x,1)
|¢]f

> 0.
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Lemma 6.2 Suppose (Hy) — (Hy) hold. Then there exist u,. € W(}Lq)(Q) \ {0} and Ty €
(0, 1) such that

E(tuy) < 0,Vt € (0, Tp). (6.43)
Proof Let wg be such that wyg CC w and meas(wp) > 0. Then there exists u, € Cgo (w)
such that wyp C supp(u4), ux(x) = 1 on wp and 0 < u4(x) < 1 on w \ wp. Obviously
Uy € W(} L®(Q)\{0}, hence ||uy|| > 0. On the other hand, (H) ensures that for sufficiently
small ¢ > 0 there exists § > 0 such that

Fx,0) > et V(x, 1) € w x [=8, 5],

thus, for any 0 < ¢ < min il, 8, Hul*\l} we have

E(tuy) =1(m*)—F(m*)=/ CI>(t|Vu*|)dx—f Fx, tus (x))dx < 19 Jlug|®
Q %)

—f elrPdx = 7 (ﬂ”*@nu*nw’ _ smeas(a)o)),
1]

1
which shows that (6.43) holds with T := min{l,a ! (Smw(wﬂ))“’f’}. 0

B L N P

Corollary 6.1 Assume (Hy) — (Hy) hold. If y < ¢, then problem (P) has at least one
nontrivial weak solution.

In order to find critical points which are not necessarily global minimizers of E, instead of
(Hj) we shall use the following more restrictive assumption:

(Hl’ ) a: (0,00) — (0, c0) is a non-decreasing function s.t. ¢ is admissible and
l<gp™ <¢T <o0.
The reasoning behind this is given by the following theorem.
Theorem 6.6 ([10]) Assume (H 1’) holds. Then the following assertions hold:

(i) The space (W&Lq)(Q), I - ||) is uniformly convex;
(i) I': W) L®(Q) — (W) L®(Q))" satisfies the (S)-condition.
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Proof
(i) Lete € (0, 2] be fixed and assume u, v € W(}Ld’(Q) are such that |lu|| = |lv|| = 1 and

(i)

lu — v|| > €. Keeping in mind the way | - |¢ was defined and relations (6.30)—(6.31)

one can easily check that for any w € L®(Q)

lw|p < 1(> 1,=1) if and only if/ O(lwhdx < 1(>1,=1).
Q

Thus

/CI>(|Vu|)dx= fd>(|Vv|)dx=1,
Q Q

and

/Qq) (Iwgw)dx zmm{(;)w , (;)w}

On the other hand, the fact that a is non-decreasing implies that

1
0=, (avn —a(Wn) = SO = (/) (), ¥ = 5 > 0.

Thus the mapping t +— ®(4/t) is convex on [0, 0o0) and according to Lamperti [25,

Theorem 2.1]

(| + 7)) + D¢ = nl) = 20(¢]) +2d(InD), V¢, n € RY.

(6.44)

Taking ¢ := (Vu 4+ Vv)/2, n := (Vu — Vv)/2 and integrating over Q2 we get

/@(‘VM-I'VU
Q 2

that is,

2

\% \%
1>1—y2/<1><‘ u v
Q 2

)dxz

)de/ Q(|Vul) + ®(IVv)) _q)(‘
Q

u-+v

1

with y 1= min{(¢/2)¢? , (¢/2)®'}. Then 8§ := 1 — (1 — y) " .
Arguing by contradiction, assume there exist g > 0, {u,} C W(}Lq’(Q) and u €

W(}Lq’(Q) such that u, — u asn — oo, ||u, — u|| > go foralln > 1 and

lim sup(Z’ (u,), u, —

n—oo

uy <0.

Vu — Vo

(ﬂ+

2

9

)dx,

(6.45)
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Then

oma(3)(3)" )= o™,

The convexity of I implies that I (u) — I(u,) > (I'(un),u — uy), for all n > 1,
therefore (see (6.45)) the following estimates hold

1<un+u) 2/ cD(‘VunvLVu )dx 5/ <1>(|Vun|)+¢(|VM|)dx
2 Q 2 Q 2
_ - +
T
o 2 2 2 2

<0+ L0 —min] ()7 (2)7 )

>dx,\7’n > 1.

Keeping in mind that I is weakly lower semicontinuos and taking the superior limit
we get

Tw) < 1) —min{(?)w- , (?)w}

which clearly is a contradiction. O
A key ingredient in applying the Mountain Pass Theorem is to prove that E satisfies the
(P S)-condition. The above theorem is useful in this regard as we have the following result

concerning bounded (P S)-sequences for E.

Lemma 6.3 Assume (H)), (H2), and (H3) and let {u,} C X be a bounded (P S)-sequence
for E. Then {u,} possesses a (strongly) convergent subsequence.

Proof The space W(}Lq’(Q) is uniformly convex, hence reflexive, thus there exist a
subsequence {u,, } of {u,} and u € Woqu’(Q) such that

U, = u, in WLP(RQ), and un, — u, in LY ().
Since Ag(uy,) — 0, one gets the following estimates

0 5 Eo(unk; u— ”nk) + Snk”” - ”nk” = (I - F)O(unk; u— I/lnk) + Snk”” - ”nk”
5 (I/(Mnk), u— Mnk> + (_F)O(unk; u— I/lnk) + Snk ||M - ”nk”

< (I (ung) s — )+ FOlttns tny, — ) + eng 1t — ttng ||
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Using the fact that FO(., -) is upper semicontinuous and en, — 0 we get

limsup (I’ (up, ), ttn, — u) < limsup FO(up, 5 up, — u) + limsup ey, u — up, || < O.
k— 00 k—o00 k—o00

The (S )-property of I’ allows us to conclude that
U, — u, in Wa L® (),
completing the proof. O

The previous lemma shows that, in order to prove E satisfies the (P S)-condition, we
only need to impose conditions which ensure the boundedness of all (P.S)-sequences
{u,} C X for which {E(u,)} is bounded. Obviously this is the case if E is coercive,
or equivalently bounded below as a locally Lipschitz functional which satisfies the (P S)-
condition is bounded below if and only if it is coercive (see, e.g., Motreanu and Motreanu
[30, Corollary 2]). However, this case is not of interest here as the existence of a global
minimizer of E can be proved under weaker conditions via Theorem 6.5. Therefore, in
the remainder of this section we discuss only the case when E is unbounded below. Let us
consider the following nonsmooth counterpart of the Ambrosetti and Rabinowitz condition
(see [2])

(Hs) There existo > ¢ and > 0 such that
of(x,t) <t¢, foraex € Q,
whenever || > p and ¢ € 8%f(x, 1).

Theorem 6.7 ([10]) Assume (H|), (H>), (H3) and (Hs) hold. If E is unbounded below
and ¢ < v, then problem (P) possesses a nontrivial weak solution.

Proof We carry out the proof in several steps as follows.

STEP 1.  E satisfies the (P S)-condition.
Let {u,} C WgL®(S) be such that {E(u,)} is bounded and Ag (u,) — Oasn — oo.
According to Lemma 6.3 it suffices to prove that {u,} is bounded. It is readily seen that
there exists a sequence {&,} C (W] L®(2))" such that &, € dc F(u,) and

I'(uy) — & — 0, asn — oo.

On the other hand, Theorem 2.7 ensures that there exists ¢, € LY (€2) such that ¢, (x) €
92 f (x, up(x)) fora.e. x € Q and

(En, v) =/ Zn(x)v(x)dx, Vv € W()qu)(Q).
Q
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Thus, there exists N € N such that

‘(J‘:/p(”n)a ”n>_/9§n(x)”n(x)dx

1
< ,Vn > N.
n

177

(6.46)

Fix n > N and define 2, := {x € Q: |u,| > p} and Q := Q\ Q,. If x € Qf, then

|uy(x)| < w and by (6.42) we have

/ fx,up(x)dx < / VQ2u)dx < ¥ (2u)meas(2) =: c1.
25 2

If x € Q,, then |u,(x)| > n and

/ [ up)dx < 1/ En (Dup (x)dx = ! f Cn () (x)dx — 1/ Zn()up (x)dx.
Q o Ja, o Ja o Jac

Hypothesis (H>) implies that

‘/ $n(X)up(x)dx
2

But, {E(u,)} is bounded, hence there exists M > 0 such that

= /Q ¥ (Jun () D g (x)|dx < /QC V(wpdx < py(n)meas(§2) =: ca.

M > E(u) = 1(tn) f P umyde =1 (uy) — / Feounds— [ fe )
Q Q Q

> I(up) — c1 — ff - i /an(x)un(x)dx.

Combining this with (6.46) we get

L, 2 1
I(”n)_o_<l(un)vun>§M+C1+ o +n ,Vn>N.

o

On the other hand, the definition of ¢ shows that

therefore,

L,
(I"(un), up)

o

top(t) < ot d(1),Vt > 0,

gl
o Ja

+
@
O(IVun )| Vuy|dx < o I(uy).

(6.47)

(6.48)
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Now, (6.30), (6.31), (6.47), and (6.48) and the fact that & > ¢ show that there exists sss

a positive constant c3 such that 559
min { a1 a1} < 1Gua) < e3,¥n = N, (6.49)

which shows that {u,} is indeed bounded in WOILq’(Q). 560

STEP 2.  There exists r > 0 such that 561

E@)>0,YueS, :={ueW,LYQ): |ul| =r})
Let0<r<min’é,zclw].Then 562

max{l|ul, [2ulw} < 1,Vu € §;.

Thus, for all u € S, estimate (6.42) ensures that 563

E@u) = I(u) —/ Fou(x))dx > ful¢” —f Rluldx > ul? — |ull,
Q Q

> ull” =Yl = (1=,

Obviously E(u) > 0 whenever |lu|| =7 and 0 < r < min 1, 261\;,’ C\; Voot } 564
STEP 3.  The functional E maps bounded sets into bounded sets. 565
Let W C WJL®(Q) and M > 1 be such that 566

lull < M,VYu € W.
Then (6.30), (6.31), and (6.42) show that for all u € W we have 567
E@)] < /Qﬂbuwndx + /Q £ uoldy < max {ul Jul*" ] + /Q W 2Jul)dx
< M*" + max {2‘”‘|u|‘(, 2¢+|u|ﬁ+} < M*" +2V" MY max {cg_, cf} .
Since E is unbounded below, it follows that there exists {v,} C W(}Lq’(Q) such that  ses
E(v,) - —o00, asn — 00.
STEP 3 ensures that {v,} is unbounded, thus there exists ng > 1 such that 569

lung Il > 7 and E(vn,) < 0,
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with r > 0 being given by STEP 1. Applying Corollary 5.4 with e := v,, we conclude that
E possesses a nontrivial critical point. O

We point out the fact that, in the previous theorem, the requirement “E unbounded
below” can be dropped if we use the following stronger version of (Hs):

(H{) There existo > ¢ and u > 0 such that
of(x,t) <tg, forae. x € Q,
whenever || > pand ¢ € 8%f(x, t)and f(x,t) >0, ift > port < —pu.

Corollary 6.2 Assume (H/), (Hz), (H3), and (H3) hold. If 9™ < y~, then problem (P)
has at least one nontrivial weak solution.

Proof We need to prove that (H) implies that E is unbounded below. Assume f(x, ) > 0
for t > p. We claim that there exists o € LI(Q), o > 0 such that

f(x,t) > a(x)t?, forae. x € Q, andallt > u. (6.50)

With this end in mind, let us consider g : 2 X [, 00) — R defined by

fx, 1)

t(T

gx,t) =

Then, according to Clarke [6, Proposition 2.3.14], the functional g is locally Lipschitz with
respect to the second variable and

102 f(x, 1) — o f(x,1)

02g(x.1) C pa

(6.51)

Thus, for any ¢ > u, Lebourg’s mean value theorem ensures that there exist s € (u, t) and
Ee agg(x, s) such that

glx,t) —glx,u) =& —pn) >0,

which shows that (6.50) holds with «(x) := u=° f(x, u), whenever t > .
Let wy CC €2 be such that meas(wp) > 0. Then there exists u* € C;°(2) such that
u*(x) = londp and 0 < u*(x) < 1 on §\ @. Obviously u* € W) L?(Q) \ {0} and for

any ¢ > max il, uw, Hul*H } we have

wi={xeQ: tu'(x) = pu} > ayp,
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and
+ +
I(tu®) <t lu*|% .

On the other hand,

F(tu*) = / fOx, tu*(x))dx = / f(x, tu*(x))dx +/ fOx, tu*(x))dx
Q wy Q

\ oy

> fx, tu®)dx — / WQ2u)dx > t° / a(x)dx — ¥ (2u)meas(£2),
Q\ oy

wQ wQ

which shows that E(tu*) — —oo ast — o0o. A similar argument can be employed if
f(x,t) >0fort < —pu. |

If the nonlinearity f satisfies (Hs), but does not satisfy (HS’), then we can use the
following assumption

(Hg) There exist ® > @™ and an open subset of positive measure w C 2 such that either

infyee fx, 1)

htrll)ggf e > 0, (6.52)
or,
inf t
Jiming Tree SO0y (6.53)

t——00 |t|®

Corollary 6.3 Assume (Hl’), (H»), (H3), (Hs), and (Hg) hold. If ™ < v, then problem
(P) has at least one nontrivial weak solution.

Proof Condition (He) implies that for any sufficiently small ¢ > 0 there exists § > 0 such
that

flx, 1) > et®,V(x, 1) € w x [8,00),
if (6.52) holds and
Flx, 1) > elt]®, ¥(x, 1) € @ x (00, —8],

if (6.53) is satisfied.
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Reasoning as in the proof of Corollary 6.3, one can easily prove that there exists u™* €
WOILCD(Q) \ {0} such that either E(tu*) — —oo ast — oo, or E(tu*) — —o0 as
t — —oQ. O

6.5.2 Dropping the Ambrosetti-Rabinowitz Type Condition

Although in general (P S)-sequences do not lead to critical points we have seen in the
previous section (see Lemma 6.3) that, under some reasonable assumptions, any bounded
(PS)-sequence possesses a subsequence converging to a critical point of our energy
functional. However, the Ambrosetti-Rabinowitz type condition (Hs), which ensures the
boundedness of every (P S)-sequence, is quite restrictive and many nonlinearities fail to
fulfil it. Consequently, it is natural to ask ourselves if bounded (P S)-sequences can be
obtained without this condition, or even if the energy functional does not satisfy the (P S)-
condition at all.

Let us consider the following eigenvalue problem obtained by perturbing (#) with the
duality mapping

@) { —Agu € M) + 03 f(x,u), in €,
u =20, on 0€2,
where J, is the duality mapping on W(} L®(Q) corresponding to the normalization function
[0,00) 21— a(t)t.
Note that, if (H;) holds, then the norm || - || is Fréchet-differentiable on W(}Lq’(Q) \ {0}
(see, e.g., Dincd and Matei [11, Theorem 3.6]) and for u # 0

fluel

Joa (‘Hvu'ﬁl) |Vu|2dx

Joa (\WI) Vu - Vvdx

- 1), v) = ful Vv e WiL®(Q). (6.54)

Consequently,

0, ifu=0,

Vel Y7y vd

2fsz“<uun) - Vvdx
allulDlwl™ " " v\ o o

,/ga( M )|w\ dx

(Ja (), v) = (@l - ) (), v) =

, otherwise.
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Definition 6.5 A number A € R is called eigenvalue of problem (P, ) if there exists u, €
WIL® () \ {0} such that

/ a(|Vu )Viuy, - Vodx — a{Ja(u3), v) < f SO0, up(x); v(x))dx, Yo € Wy L (Q).
Q Q
The function u, is called an eigenfunction corresponding to A.

Reasoning as in Lemma 6.1 one can easily check that in order to find eigenvalues
of problem (#) it suffices to seek for nontrivial critical points of the locally Lipschitz
functional &, : WIL®(Q) — R

Ex(u) == E(u) — 2@ (Jlul)),
or equivalently to solve the following differential inclusion
A (u) € dc E(u), (6.55)

with E being the energy functional corresponding to problem (#). Obviously, any
eigenfunction corresponding to A9 := 0 is a nontrivial solution of problem (#). We
prove that either problem () possesses multiple nontrivial weak solutions or problem
(P,) possesses a rich family of negative eigenvalues. Note that, under (H;), the space
W, L?(Q) is reflexive, which combined with (6.54) ensures that (W L®(22))* is strictly
convex, hence the results from Sect. 5.4 are indeed applicable here. In order to establish
the main result of this section we assume, among others, that E(x#g) < 0 for some
up € WOIL(D(Q) \ {0}. A simple condition ensuring this is

(H7) There exists ug € Wl L®() \ {0} such that

max (ol ol | < [ 7. (s,

Theorem 6.8 Assume (Hl/), (Hy), (H3) and (H7) hold. If ™ < ™, then the following
alternative takes place:

(A1) problem (P) possesses at least two nontrivial weak solutions;
or,

(A2) foreach R € (|lugll, 00) there exists an eigenpair (A, uy) of problem (P,) satisfying
A < Oand ||uy|| = R.
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Proof Let R > |ug|l be fixed. Employing the same arguments as in the proof of
Theorem 6.7, we conclude that E maps bounded sets into bounded sets and there exists
o € (0, |lugll) such that

E@w) > p?" (1 - c{p‘/f’—‘ﬂ*) —a>0, Yues,. (6.56)

Let us define A := {0, ug}, B := S,, with p > 0 given by (6.56), by := i%fE >a >0,

mpg :=inf E and cg := inf sup E(I'(¢, u)). Then the set A links B w.r.t ® in the sense
Bg Fed o

ucA
of Definition E.5 (see Example E.1 and Remark E.1 in Appendix E) and
—o00o<mp <0< by <cp < 0. (6.57)

We prove next that E satisfies the assumptions of Theorem 5.13.

STEP 1.  There exists Agp > O such that |(¢,u)| < Ap, forallu € Sg and all ¢ €
ocE (u).
Letu € Sg and ¢ € dcE(u) be fixed. According to Theorem 2.7 there exists & €
LY" () such that £(x) € 92 f (x, u(x)) for a.e. x € Q and

(S, u)| = ‘(1’(u),u>—/$udx S/a(IVuI)IVMIZdX+/ |& [ue|dx
Q Q Q

sfgo<|W|>|W|dx+/ z/f(|u|>|u|dxs/ d><2|W|>dx+f W 2u))dx
Q Q Q Q
< max { @[ul)?", @lul)? | +max{@lul)’", lule)”” |

< max {(2R)¢’*, (2R)¢”} + max {(ch,R)W, (ZCWR)‘V} —: Ax.

STEP 2.  The functional E satisfies (SPS). in BR for all c € R.
Let {u,} C Br and ¢ € R be such that

e E(up) —> casn — 00;
* there exist {, € dcE(up) and v < 0s.t. ||y, (&)l — 0 and (&, un) — v.

The boundedness of {u,} and the fact that WOILd’(Q) is reflexive ensure there exist
u e WOIL(D(Q) and subsequence of {u,}, again denoted {u, }, such that

up — uin W) L?(Q) and u, — uin LY ().
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Without loss of generality we may assume that ||u,| — 7. If r = 0, then u, — 0 and
the proof of the Claim is complete. If r > 0, then

0= lim (rrun Cn), uy — u)
n—o0

= lim (¢, uy — ) — lim o)

=50 10 (it ) g 2 OO = 0

Keeping in mind the definition of J, and the fact that the duality mapping is
demicontinuous on reflexive Banach spaces, we get

2
lim (£, ey — 1) = v (1 _ allul ol ) . (6.58)

n—00 a(r)r?

On the other hand, for each n € N there exists &, € dc F (u,) such that
Cn = I/(un) —&. (6.59)

Since LY () is reflexive, u,, — u in LY () and &, € dc F(uy), it follows (see Costea
et al. [9, Proposition 2]) that there exist § € dc F(u) and a subsequence of {§,} (for
simplicity we do not relabel) such that &, — & in LY (€2), hence

lim (&, up — u) = 0. (6.60)

n—o00

Combining (6.58)—(6.60) we get

i (PG )ty — ) = v (1 B ¢(|Iu||)||u||> <o

n— 00 or)r
as v < 0, ¢ is strictly incresing and |l#|| < liminf|u,| = r. Therefore u, — u in
n—oo
WOILq’(Q), due to the (S4) property of I'.
The above steps show that E satisfies the conditions of Theorem 5.13. Consequently,
there exist u, up € Bg and A1, Ap < 0 such that

E(u)) =mg, E(up) = cg and A J, (uy) € BgE(uk), k=1,2.

Relation (6.57) implies that u; # uz and O & {uj, uz}. If Ay = Ay = 0, then (Ay) is
obtained. Otherwise, at least one eigenvalue is negative which forces the corresponding
eigenfunction to belong to Sg. O
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6.6 Differential Inclusions Involving Oscillatory Terms

Let F, G : Ry — R be locally Lipschitz functions and as usual, let us denote by d¢c F
and d¢ G their generalized gradients in the sense of Clarke. Hereafter, Ry = [0, 0c0). Let
p>0,1>0andQ C RY be a bounded open domain, and consider the elliptic differential
inclusion problem

—Au(x) € 0cF(u(x)) + AdcG(u(x)) in 2;
u=>0 in Q; (Dy)
u =20, on 0L2.

In the sequel, we provide a quite complete picture about the competition concerning the
terms s — dc F(s) and s — dcG(s), respectively. In fact, we distinguish the cases when
dc F oscillates near the origin or at infinity; we follow the results of Kristaly, Mezei and
Szilak [24]. Before stating such competition phenomena, we provide a general localization
result.

6.6.1 Localization: A Generic Result
We consider the following differential inclusion problem

—Au(x) + ku(x) e 0cAu(x)), u(x) >0 x e, k)
u(x) =0 x €0Q, A
where k > 0 and

(H%): A : [0, 00) — Risalocally Lipschitz function with A(0) = 0, and thereis M4 > 0
such that

max{|dc A(s)|} ;= max{[§| : § € IcA(s)} = Ma

for every s > 0;
(Hi): there are 0 < § < n such that max{& : £ € dcA(s)} < O for every s € [§, n].

For simplicity, we extend the function A by A(s) = 0 for s < 0; the extended function

is locally Lipschitz on the whole R. The natural energy functional 7 : HOI(Q) - R
associated with the differential inclusion problem (D’g) is defined by

T = 2+kf 2d—/A( d
W=l 4 [ wdy— | Aw@ar
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The energy functional 7~ is well defined and locally Lipschitz on HOI(Q), while its ess
critical points in the sense of Chang are precisely the weak solutions of the differential eso
inclusion problem 690

D"

—Au(x) + ku(x) € 0cA(u(x)), x € 2,
ux)=0 X € 082;

note that at this stage we have no information on the sign of u. Indeed, if 0 € dc7 (1), e91
then for every v € HOl (2) we have 692

/ Vu(x)Vu(x)dx — k/ u(x)v(x)dx —/ E()vx)dx =0,
Q Q Q

where &, € dcA(u(x)) a.e. x € €2, see e.g. Motreanu and Panagiotopoulos [31]. By using 693
the divergence theorem for the first term at the left hand side (and exploring the Dirichlet eo4
boundary condition), we obtain that 695

/ Vu(x)Vu(x)dx = —/ diviVu(x))v(x)dx = —/ Au(x)v(x)dx.
Q Q Q

Accordingly, we have that 696
—/ Au(x)v(x)dx—i—k/ u(x)v(x) :/ Ecv(x)dx
Q Q Q

for every test function v € HOI(Q) which means that —Au(x) + ku(x) € ocA(u(x)) in e97
the weak sense in €2, as claimed before. 698
699

Let us consider the number n € R from (Hi) and the set 700

W' ={ue Hy(Q) : lulr= <n).

Our localization result reads as follows (see Kristdly and Morosanu [22, Theorem 2.1] 701
for its smooth form): 702

Theorem 6.9 Let k > 0 and assume that hypotheses ( H}4 ) and (H?,A ) hold. Then 703

(i) the energy functional T~ is bounded from below on W' and its infimum is attained at 704
someu € W, 705

@@i) u(x) € [0, 8] fora.e. x € ; 706
(iii) u is a weak solution of the differential inclusion (Di). 707
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Proof

(@)

(i1)

Due to (H};)7 it is clear that the energy functional 7 is bounded from below on
HOl (£2). Moreover, due to the compactness of the embedding HOl (Q) C L1(Q),q €
[2,2%), it turns out that 7 is sequentially weak lower semi-continuous on Hol(Q).
In addition, the set W' is weakly closed, being convex and closed in HO1 (2). Thus,
there is # € W which is a minimum point of 7~ on the set W7.

We introduce the set L = {x € Q : u(x) ¢ [0, 5]} and suppose indirectly that
m(L) > 0. Define the function y : R — R by y(s) = min(s4, §), where sy =
max(s, 0). Now, set w = y ou. Itis clear that y is a Lipschitz function and y (0) = 0.
Accordingly, based on the superposition theorem of Marcus and Mizel [27], one has
that w € Hol(Q). Moreover, 0 < w(x) < § for a.e. 2. Consequently,w € W.

Let us introduce the sets

Li={xeL:u(x) <0} and L, ={x € L :u(x)> 5}
In particular, L = L; U L;, and by definition, it follows that w(x) = u(x) for all

x € Q\L,wx)=0forall x € L1, and w(x) = § for all x € L,. In addition, one
has

. 1 - k - .
T@) = 7@ =, [lwld, - i, |+ Z/Q[wz—uz] —fg[A(w(x))—A(u(x»]
1 -2,k 2 =2 ~
=- /|Vu| + /[w — i ]—/[A(w(x))—A(u(x))].
2 L 2 L L
On account of k£ > 0, we have

k/[wz—ﬁz]z—k/ ﬁ2+k/ (8> — %] < 0.
L Ly L

Since A(s) = 0 for all s < 0, we have
/L [A(w(x)) — A(u(x))] = 0.
1

By means of the Lebourg’s mean value theorem, for a.e. x € L, there exists 6(x) €
[8, #(x)] € [8, n] such that

Aw(x) — Au(x)) = AS) — A(u(x)) = a(0(x))(8 — u(x)),
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(iii)

6 Existence and Multiplicity Results for Differential Inclusions on Bounded...
where a(6(x)) € dc A(0(x)). Due to (Hﬁ), it turns out that

[A(w(x)) — A(i(x))] = 0.
Ly

Therefore, we obtain that 7 (w) — 7 (iz) < 0. On the other hand, since w € W', then
T (w) > T (u) = infyn T, thus every term in the difference 7 (w) — 7 (&) should
be zero; in particular,

/ it = | [@*-8*1=0.
Ly Lo

The latter relation implies in particular that m(L) = 0, which is a contradiction,
completing the proof of (i7).

Since i(x) € [0,4] for a.e. x € R, an arbitrarily small perturbation & + ev of
u with 0 < € < 1 and v € Cy°(R2) still implies that 7 (u + ev) > 7 (i);
accordingly, # is a minimum point for 7~ in the strong topology of HO1 (€2), thus
0 € dcT (u). Consequently, it follows that u is a weak solution of the differential
inclusion (DIZ). |

In the sequel, we need a truncation function of H(} (2). To construct this function, let
B(xg,r) C Q be the N-dimensional ball with radius » > 0 and center xg € Q2. Fors > 0,
define

0, if x € Q\ B(xg,r);
ws(x) =1 s, if x € B(xp,r/2); (6.61)
2; (r —|x — xol), if x € B(xp,r) \ B(xg,r/2).

Note that that w, € Hj (Q), |wslL> = s and

”ws”ild = /Q [Vws|?> = 4rV2(1 = 27M)wnns® = C(r, Nn)s> > 0; (6.62)

hereafter wy stands for the volume of B(0, 1) ¢ RV,

6.6.2 Oscillation Near the Origin

We assume:

(F)) F(0)=0;

(F)) —oo < liminf;_, o+ ;

F(s) _

F(s). 1: .
‘(2), lim sup,_, o+ o = Fo0;
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(F) lp := liminf, g+ ™EESIFO) g,

(G)) G(0) =0;
(G(l)) There exist p > 0 and ¢, ¢ € R such that

.. .min{§ : & € 0cG(s)} . max{§ : § € dcG(s)}
¢ = liminf < lim sup =c

s—0t sP s—0+ sP

Remark 6.3 Hypotheses (F 10) and (FZO) imply a strong oscillatory behavior of d¢ F' near
the origin. Moreover, it turns out that 0 € d¢ F(0); indeed, if we assume the contrary, by
the upper semicontinuity of dc F we also have that 0 ¢ dc F(s) for every small s > 0.
Thus, by (F20) we have that dc F(s) C (—o0, 0] for these values of s > 0. By using
(Fé)) and Lebourg’s mean value theorem, it follows that F(s) = F(s) — F(0) = &s <0
for some & € dc F(0s) C (—o0,0] with 6 € (0, 1). The latter inequality contradicts the
second assumption from (F 10). Similarly, one obtains that 0 € d¢ G(0) by exploring (G8)
and (G(l)), respectively.

In conclusion, since 0 € dc F(0) and 0 € d¢cG(0), it turns out that 0 € HO1 (Q)is a
solution of the differential inclusion (9, ). Clearly, we are interested in nonzero solutions
of (D).

N
Example 6.2 Let us consider Fy(s) = / fo(t), s = 0, where fo(t) = «/t(% + sins1),
0

t > 0and fo(0) = 0, or some of its jumping variants. One can prove that dc Fp =
fo verifies the assumptions (Fg) — (Fé)). For a fixed p > 0, let Go(s) = In(l +
sl’+2) max{0, cos s_l}, s > 0and Go(0) = 0. It is clear that G is not of class C! and

verifies (G(l)) with ¢ = —1 and ¢ = 1, respectively; see Fig. 6.1 representing both f and
Gy (for p = 2).
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Fig. 6.1 Graphs of fj and G around the origin, respectively
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First, we are going to show that when p > 1 then the ‘leading’ term is the oscillatory
function d¢ F'; roughly speaking, one can say that the effect of s = dc G (s) is negligible
in this competition. More precisely, we prove the following result.

Theorem 6.10 ([24]) (Case p > 1) Assume that p > 1 and the locally Lipschitz functions
F,G : Ry — Rsatisfy (F)) — (FY) and (GY) — (GY). If

(i) either p =1 and Ac < —ly (with A > 0),
(ii) or p > 1 and A > 0 is arbitrary,

then the differential inclusion problem (D,) admits a sequence {u;}; C HO1 (R2) of distinct
weak solutions such that

Lim [|uill = lim Ju;|ze = 0. (6.63)
i—o00 0 i—>00

In the case when p < 1, the perturbation term dc G may compete with the oscillatory
function d¢ F'; namely, we have:

Theorem 6.11 ([24]) (Case 0 < p < 1) Assume O < p < 1 and that the locally Lipschitz
functions F, G : Ry — R satisfy (Fé)) — (FZO) and (G8) — (G(l)). Then, for every k € N,
there exists Ly > 0 such that the differential inclusion (D,) has at least k distinct weak
solutions {uy j, ..., ux} C HO1 (2) whenever A € [0, Ax]. Moreover,

el gy < i~' and \uiy|lge < i foranyi=1,k; 1 €[0, Ax]. (6.64)

Before giving the proof of Theorems 6.10 and 6.11, we study the differential inclusion
problem

—Au(x) + ku(x) € 0cAu(x)), u(x) >0 x e,

k
u(x) =0 x €09, D)

where k > 0 and the locally Lipschitz function A : Ry — R verifies
(H: A(0) = 0;
L. A(s . 5
HY): —oo < liminf, o+ S(;) and lim sup;_, o+ As(z” = +00;
(Hg): there are two sequences {§;}, {n;} with 0 < n;11 < §; < n;, limj o n; = 0, and

max{dcA(s)} :=max{& : £ € dcA(s)} <0

forevery s € [6;, n;], i € N.
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6.6 Differential Inclusions Involving Oscillatory Terms 191

Theorem 6.12 Let k > 0 and assume hypotheses (Hg), (H(l)) and (Hg) hold. Then there
exists a sequence {u?}i C HOI(Q) of distinct weak solutions of the differential inclusion
problem (Dl/‘,‘) such that

Bim (a0 = lim [Jud| L~ = 0. (6.65)
1— 00 0 1—00

Proof We may assume that {3;};, {n;}; C (0, 1). For any fixed number i € N, we define
the locally Lipschitz function A; : R — R by

Ai(s) = Aty (), (6.66)

where A(s) = Ofors < Oand 7, : R — R denotes the truncation function 7,(s) =
min(n, s), n > 0. For further use, we introduce the energy functional 77 : HO1 () - R
associated with problem (D’/j’_).

We notice that for s > 0, the chain rule gives

dcA(s) if s <n;,
dcAi(s) = § co{0, 0cA(n;)} if s = n;,
{0} if s > n;.

It turns out that on the compact set [0, »;], the upper semicontinuous set-valued map s +—
dc A; (s) attains its supremum; therefore, there exists M4, > 0 such that

max |[0c A;(s)| :=max{|§]| : § € dc Ai(s)} < My,

for every s > 0, i.e., (H}L‘i) holds. The same is true for (Hii) by using (Hg) on [8;, nil,
i eN.

Accordingly, the assumptions of Theorem 6.9 are verified for every i € N with [§;, n;],
thus there exists u? € Wi such that

u? is the minimum point of the functional 7; on W, (6.67)
ud(x) € [0, 8;] forae. x € Q, (6.68)
u? is a solution of (Dgi). (6.69)

On account of relations (6.66), (6.68), and (6.69), u? is a weak solution also for the
differential inclusion problem (Dlix)-
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192 6 Existence and Multiplicity Results for Differential Inclusions on Bounded...

We are going to prove that there are infinitely many distinct elements in the sequence
{u?} i. To conclude it, we first prove that

ﬂ(u?) < 0 foralli € N; and (6.70)
lim 73 (u)) = 0. (6.71)
1—> 00

The left part of (H(l)) implies the existence of some Iy > 0 and ¢ € (0, n1) such that
A(s) > —lps? forall s € (0, Z). (6.72)

One can choose Ly > 0 such that
1 k
2C(r, N) + <2 + lo> m(2) < Lo(r/2)" wy, (6.73)

where r > 0 and C(r, N) > 0 come from (6.62). Based on the right part of (H(l)), one can
find a sequence {5;}; C (0, ¢) such that§; < §; and

A(i) > Lo§? foralli € N. (6.74)
Let i € N be a fixed number and let w; € HO1 (2) be the function from (6.61)

corresponding to the value 5; > 0. Then wg, € W, and due to (6.72), (6.74), and (6.62)
one has

Ti(wg,;)

1 2 k 2 A _ 1 ~2 k 2
sl oy | wf = | Aitws(dx =, €N+ | i

_/ A5 dx —/ A(wg; (x))dx
B(x0,7/2) B(x0,r)\B(x0,r/2)

[;C(r, N) + I;m(Q) — Lo(r/2)" wp + lom(Q)} 52,

IA

Accordingly, with (6.67) and (6.73), we conclude that
Ti(u}) =minTi < Ti(ws) <0 (6.75)

which completes the proof of (6.70).
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Now, we prove (6.71). For every i € N, by using the Lebourg’s mean value theorem,
relations (6.66) and (6.68) and (Hg), we have

Ti(w)) = — f Ai () (x)dx = — / ALu())dx = —Ma,m(Q)8;.
Q Q

Since lim;_, o, §; = 0, the latter estimate and (6.75) provides relation (6.71).

Based on (6.66) and (6.68), we have that r7','(u?) =7 (u?) for all i € N. This relation
with (6.70) and (6.71) means that the sequence {u?}i contains infinitely many distinct
elements.

We now prove (6.65). One can prove the former limit by (6.68), i.e. ||u?||Loo < §; for
all i € N, combined with lim;_, o, §; = 0. For the latter limit, we use k > 0, (6.75), (6.66)
and (6.68) to get for all i € N that

1 k
= I+ fQ W) < /Q Ai(u)(x)) = /Q A1 () < Maym(Q)8;,

0
u:
Wl <

: |
2
which completes the proof. O

Proof of Theorem 6.10 We split the proof into two parts.

(i) Case p=1.Letx > 0 with A\c < —Ip and fix A9 € R such that A\c < X9 < —lo. With
these choices we define

s A
k:=Xxo—Ac >0 and A(s) := F(s)+ 20s2+A <G(s) — ;ﬁ) for every s € [0, 00).
(6.76)
It is clear that A(0) = 0, i.e., (H)) is verified. Since p = 1, by (G) one has

.. .min{dcG(s)} . max{dcG(s)}
¢ = liminf < lim sup =c
s—0t S s—0+ Ky

In particular, for sufficiently small € > 0 there exists y = y(e) > 0 such that
max{dcG(s)} —cs < €s, Vs € [0, y],
and

min{ocG(s)} — cs > —es, Vs € [0, y].
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For s € [0, y], Lebourg’s mean value theorem and G (0) = 0 implies that there exists 835
& € dcG(Oss) for some 05 € [0, 1] such that G(s) — G(0) = &s. Accordingly, for s3e

every s € [0, y] we have that 837
(c —€)s®> < G(s) < (c +€)s°. (6.77)
838
A F Xo — A G
iminf 2 > liminf F® 420 72 ) fiming )
s—0t 52 s—0t 52 2 s—0t 52
F Ao — A
> timint "0 420 T s o
s—0t § 2
and 839
F Ao — A G
lim sup (;) > lim sup (;) + 0 ¢ + Aliminf (;) = 400,
s—>0t S s—0+ S 2 s—>0t S
ie., (HY) is verified. 840
Since 841
dcA(s) C dcF(s) + ros +A(0cG(s) — cs), (6.78)
and A > 0, we have that 842
max{dcA(s)} < max{dc F(s) + ros} + A max{dcG(s) — cs}. (6.79)
Since 843
. max{dcG(s)}
lim sup =c,
s—0t s
cf. (G(l))’ and 844
acF
Jim inf MO EOY _ .
s—0t s
cf. (F}), it turns out by (6.79) that 845
dcA acF - acG
fiming TXOCAGY _ g MAXOCFOY 5 4 tim sup TGO
s—0t K s—0t s s—0+F Ky

510+5\0<0.
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Therefore, one has a sequence {s;}; C (0, 1) converging to O such that
0 i.e., max{dcA(s;)} < O for all i € N. By using the upper semicontinuity of

195

max{agA(x,-)} <

s +— JdcA(s), we may choose two numbers §;,7; € (0,1) with §; < s; < n;
such that dcA(s) C dcA(s;) + [—e€i, €] for every s € [§;, n;i], where ¢ =
—max{dcA(s;)}/2 > 0. In particular, max{ocA(s)} < O for all s € [§;, n;]. Thus,
one may fix two sequences {;};, {n;}; C (0,1) such that0 < n;1| < & < s < m;,
lim; 00 i = 0, and max{dcA(s)} < O for all s € [§;, n;] and i € N. Accordingly,
(Hg) is verified as well. Let us apply Theorem 6.12 with the choice (6.76), i.e., there

exists a sequence {u;}; C HOl (€2) of different elements such that

—Aui(x) + (o — Ac)u; (x) € ¢ F(ui(x)) + Aou; (x)

+A(0cG(ui(x)) — cui(x)) x € L,

ui(x) >0
ui(x) =0

where we used the inclusion (6.78). In particular, u; solves problem (D,), i € N,

which completes the proof of (i).

Case p > 1. Let A > 0 be arbitrary fixed and choose a number 1y € (0, —lp). Let

2

k:=xp >0 and A(s) := F(s) + AG(s) +A0s2 for every s € [0, 00).

Since F(0) = G(0) = 0, hypothesis (H8) clearly holds. By (G?) one has

¢ = limin
s—0F sP s—>07t sP

In particular, since p > 1, then

min{dcG(s)} . max{dcG(s)}
m = lim =

s—>07t N s—0t N

0

and for sufficiently small € > O there exists y = y(¢) > 0 such that
max{dcG(s)} — cs? < es?, Vs € [0, y]

and

min{dcG(s)} — cs? > —esP, Vs € [0, y].

. fmin{BCG(s)} < limsup max{dcG(s)} .

(6.80)

(6.81)

For a fixed s € [0, y], by Lebourg’s mean value theorem and G (0) = 0 we conclude
again that G(s) — G(0) = &;s. Accordingly, for sufficiently small € > 0 there exists
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y = y(€) > 0 such that (c — €)sPt! < G(s) < (c + €)sP*! for every s € [0, y].
Thus, since p > 1,

G G
slilg)1+ 52 - s—0t Sp+1s =0.
Therefore, by using (6.80) and (F 10), we conclude that
A F G A
lim inf (;) — lim inf (;) + A lim (;) +M0 5 oo,
s—0t s s—0t S s—0t § 2

and

. A
lim sup = 00,
s—0t+t S

i.e., (H)) holds. Since
dcA(s) C dcF(s) + A1dcG(s) + Aps,
and A > 0, we have that

max{dc A(s)} < max{dc F(s)} + max{Adc G (s) + ros}.

Since
. max{dcG(s)}
lim sup =c,
s—0t sP
cf. (GY), and
dcF
Jim inf TXOCFOT _
s—0t S

cf. (Fg), by relation (6.81) it turns out that

dcA 9 F e
fim ing TPOCA®) _ g pmax@eF ) oy max@e Gy
s—0t S s—0t S s—0t Ky

=lp+ 2 <0,

and the upper semicontinuity of dc A implies the existence of two sequences {§;};
and {n;}; C (0,1) suchthat 0 < ni+1 < 6 < s < m;, limjn = 0, and
max{dcA(s)} < O forall s € [§;, n;] and i € N. Therefore, hypothesis (H(z)) holds.
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Now, we can apply Theorem 6.12, i.e., there is a sequence {u;}; C HO1 (£2) of different
elements such that

—Au;(x) + Aoui(x) € dcA(u;(x))

C dc F(ui(x)) + AdcG(ui(x)) + dou;i(x) x € €2,
ui(x) >0 x € Q,
ui(x) =0 x €09,

which means that u; solves problem (9,), i € N. This completes the proof of
Theorem 6.10. O

Proof of Theorem 6.11 The proof is done in two steps:

(i) Let Ag € (0, —Ip), A > 0 and define

2
k:=xo >0 and A*(s) := F(s) + AG(s) + AOSZ for every s € [0, 00). (6.82)

One can observe that dc A*(s) € dcF(s) + Aos + AdcG(s) for every s > 0. On
account of (on), there is a sequence {s;}; C (0, 1) converging to O such that

max{dcA*=0(s;)} < max{dc F(s;)} + Aosi < O.
Thus, due to the upper semicontinuity of (s, A) + dcA*(s), we can choose
three sequences {8;};, {ni};, {Ai}; C (0,1) such that 0 < 751 < & < 5 <
ni, limj oo mi = 0, and
max{dcA*(s)} < 0forall A € [0, A;],s € [8;,ni], i € N.

Without any loss of generality, we may choose

8 <min{i ™!, 27 7?[1 + m(Q)( max |dc F(s)| + max [3cG(s)D]™').  (6.83)
s€[0,1] s€[0,1]

Foreveryi € Nand A € [0, A;], let Al?‘ : [0, 00) — R be defined as

Al(s) = AM(zy, (5)), (6.84)
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and the energy functional 77, : Hol(Q) — R associated with the differential
inclusion problem(D’/‘“) is given by

1 k
ﬂﬂw=gwg+2LfM—LAmmmm

One can easily check that for every i € N and A € [0, A;], the function A?‘ verifies the

hypotheses of Theorem 6.9. Accordingly, for everyi € N and A € [0, A;]:
7.5 attains its infinum on W™ at some u?k e wWh (6.85)
uf, (x) € [0, 8;]for aex € Q; (6.86)
u?kis a weak solution Of(D]qu.*)' (6.87)

By the choice of the function At and k > 0, u? , is also a solution to the differential
inclusion problem (D’fM), so (Dy).
It is clear that for A = 0, the set-valued map aCA,% = Jc A? verifies the hypotheses

of Theorem 6.12. In particular, 7; := 7 ¢ is the energy functional associated with
problem (Di?). Consequently, the elements u? — ”?,0 verify not only (6.85)—(6.87)
but also
Tid) = %i”nfr,» < Ti(wz,) < Oforalli € N. (6.88)
Similarly to Kristdly and Moroganu [22], let {6;}; be a sequence with negative
terms such that lim; o 6; = 0. Due to (6.88) we may assume that
0 < Ti(u)) < Ti(ws,) < 6ig1. (6.89)
Let us choose
, i1 — T (wy, , T: ) —6;
= i+1 l(wSl) and}\[ _ i( ,) i i eN,
m(2) maxsepo,11 |G (s)| + 1 m(2) maxseo,1] |G (s)| + 1 (6.90)

and for a fixed k € N, set

A =min(1, A, ooy Ao AL e A AL e Ak ) > 0 6.91)
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Having in our mind these choices, for everyi € {1, ....,k}and A € [0, )»2] one has 906
1
Tiay) < Tiatws) = s, I3 - / F(ws, (x))dx — A / G (ws, (x))dx
0 Q Q
= T3 (ws;,) — A / G (ws, (x))dx
Q
< Bit1, (6.92)

and due to u? 5 € W and to the fact that u? is the minimum point of 7; on the set 907
W7, by (6.89) we also have 908

Tin ;) = Ti(u),) — a / G, (x)dx = Tiuf) — 1 / G uf, (x))dx > 6.
Q Q
(6.93)

Therefore, by (6.92) and (6.93), foreveryi € {1,...,k} and A € [0, Ag], one has 909
0; < ﬂ,x(u?,,\) < it1,
thus 910
T ;) <o < T ;) < 0.

We notice that u? e W foreveryi € {1, ..., k}, so ﬂ,l(u?’/\) = le;\(ugk) because ¢
of (6.84). Therefore, we conclude that for every A € [0, )»2], 912

1

Tio@l,) < ... < Tia@),;) <0=7T1,0).

Based on these inequalities, it turns out that the elements ”(1), arrees ugﬁ , are distinct 913
and non-trivial whenever A € [0, Ag]. 914

Now, we are going to prove the estimate (6.64). We have for every i € {1,...,k} 915
and 1 € [0,A0]: 916

Tiady) = Tin ;) < bis1 <O0.
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By Lebourg’s mean value theorem and (6.83), we have for every i € {1, ..., k} and
A € [0, A0] that

1 0 ;2 0 0
S35 < | F@lyndx +4 | G, (0))dx
0 Q Q
< m()8;[ max (¢ F(s)| + max [dcG(s)]]
se[0,1] se[0,1]

1
= 22

This completes the proof of Theorem 6.11. O

6.6.3 Oscillation at Infinity
Let assume:

(F5°) F(0) =0;

(F©) —o0 < liminfy o 75 limsup, o, F) = o0
(F§°) o i= lim infy_, oo "MEEEIFOI o,

(G) G(0) = 0;

(GS°) There exist p > 0 and ¢, ¢ € R such that

.. .min{§ : & € IcG(s)} . max{§ : & € dcG(s)}
¢ = liminf < lim sup =c

§—>00 sP §— 00 sP

Remark 6.4 Hypotheses (#1°) and (F;°) imply a strong oscillatory behavior of the set-
valued map d¢ F at infinity.

N
Example 6.3 We consider Fo(s) = / foo(t), s = 0, where foo(t) = \/t(é + sint),
t > 0, or some of its jumping variants; (())ne has that Fi verifies the assumptions (F;°) —
(F2°°). For a fixed p > 0, let Goo(s) = s” max{0, sins}, s > 0; it is clear that G
is a typically locally Lipschitz function on [0, o0) (not being of class C') and verifies
(G{°) with ¢ = —1 and ¢ = 1; see Fig. 6.2 representing both foo and G (for p = 2),
respectively.

In the sequel, we investigate the competition at infinity concerning the terms s >
dc F(s) and s — dcG(s), respectively. First, we show that when p < 1 then the ‘leading’
term is the oscillatory function F, i.e., the effect of s = dcG(s) is negligible. More
precisely, we prove the following result:
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0

0 o

Fig. 6.2 Graphs of fo and Goo at infinity, respectively

Theorem 6.13 ([24]) (Case p < 1) Assume that p < 1 and the locally Lipschitz functions
F,G : Ry — Rsatisfy (F§°) — (F;°) and (Gg°) — (G{°). If

(i) either p = 1 and Ac < —lp (with A > 0),
(i) or p < l and A > 0 is arbitrary,

then the differential inclusion (D)) admits a sequence {u;}; C H(}(Q) of distinct weak
solutions such that

1—>00

Remark 6.5 Let 2* be the usual critical Sobolev exponent. In addition to (6.94), we also
have lim; _, oo ||u;?°||H01 = 00 whenever

max{|&| : & € Ac F(s)} -

- (6.95)
5€[0,00) 1452771

In the case when p > 1, it turns out that the perturbation term dc G may compete with
the oscillatory function d¢ F'; more precisely, we have:

Theorem 6.14 ([24]) (Case p > 1) Assume that p > 1 and the locally Lipschitz functions
F,G : Ry — Rsatisfy (F§°) — (F5°) and (G3°) — (G{°). Then, for every k € N,
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there exists A;° > 0 such that the differential inclusion (D) has at least k distinct weak
solutions {u1 j, ..., ux} C HO1 (Q2) whenever A € [0, )L,fo]. Moreover,

luipllee >i—1 foranyi=1k; 1[0, A°]. (6.96)

Remark 6.6 If (6.95) holds and p < 2* — 1 in Theorem 6.95, then we have in addition
that

||u;’j||H01 >i—1 foranyi =1,k; A €[0,A7°].

Before giving the proof of Theorems 6.13 and 6.14, we consider again the differential
inclusion problem

—Au(x) +ku(x) € 0cA(u(x)), u(x) >0 x € L, k
(Dy)

u(x) =0 x €,
where k > 0 and the locally Lipschitz function A : Ry — R verifies

(Hg"): A(0) = 0;
(H®): —oo < liminfy_, As(zs) and lim sup;_, o, AS(ZS) = 4o00;
(HS5°): there are two sequences {d;}, {n;} withO < &; < n; < §;+1,lim; o0 §; = 00, and
max{dcA(s)} :=max{& : & € 0cA(s)} <0
for every s € [6;, n;], i € N.

The counterpart of Theorem 6.12 reads as follows.

Theorem 6.15 Let k > 0 and assume the hypotheses (Hg®), (H{®), and (H5®) hold. Then
the differential inclusion problem (Dg) admits a sequence {u°}; C Hol(Q) of distinct
weak solutions such that

lim [Juy®||p = oo. (6.97)
11— 00
Proof The proof is similar to the one performed in Theorem 6.12; we shall show the
differences only. We associate the energy functional 7; : Hol(Q) — R with problem

(D]/j’_), where A; : R — R is given by

Ai(s) = ATy, (s)), (6.98)

950
951

952
953

954
955

956

957

958
959

960

961

962

963
964

965
966
967

968



6.6 Differential Inclusions Involving Oscillatory Terms 203

with A(s) = 0 for s < 0. One can show that there exists M4, > O such that
max [dc A;(s)| := max{|§] : § € dc Ai(s)} < Mg,
for all s > O, i.e, hypothesis (H},Ai) holds. Moreover, (H124,-) follows by (Hgo). Thus

Theorem 6.12 can be applied for all i € N, i.e., we have an element uf’o € W such
that

u7° is the minimum point of the functional 7; on W™, (6.99)
u*(x) €[0, 8] forae. x € Q, (6.100)
u?o is a weak solution of (Dgi ). (6.101)

By (6.98), u;® turns to be a weak solution also for differential inclusion problem (DIZ).
We shall prove that there are infinitely many distinct elements in the sequence {u°};
by showing that

lim 75 ui®) = —oc. (6.102)
1—> 00
By the left part of (H{®) we can find léo > 0 and ¢ > O such that
A(s) = =14 foralls > ¢. (6.103)

Let us choose Léo > 0 large enough such that
1 k A A n
2C(r, n) + 5 + 15 ) m(2) < Lo (r/2) wy. (6.104)

On account of the right part of (Hcl’o), one can fix a sequence {s;}; C (0, co0) such that
lim; s o0 §; = 00 and

A(S;) > LA 5% foreveryi € N. (6.105)
We know from (H5°) that lim; , », §; = 0o, therefore one has a subsequence {5, }; of {5;};

such that s; < §,, foralli € N. Leti € N, and recall wy; € HOI(Q) from (6.61) with
s; :==35; > 0. Then wy; € Wi and according to (6.62), (6.103), and (6.105) we have

1 , k[, 1 o k[,
Tmi(wEi) = 2”w51 ”H(} + 2 o wf,‘ - o Ami (w§i (‘x))dx = 2C(i’, I’l)Si + 2 Q wS",'

—/ A(E,')dx—/ A(wg; (x))dx
B(x0.r/2) (B(x0.r)\B(x0.r/2))N{ws, >}
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- f Alws, (1)dx
(B(x0,m)\B(xo,r/2))Mws, <¢}

< [1C(r n) + km(Q) — LA /2w +lAm(Q):| 52+ Mam(Q)¢
= 2 ’ 2 o0 n o0 i A )

where M4 = max{|A(s)| : s € [0, ¢]} does not depend on i € N. This estimate combined o985

by (6.104) and lim;_, » §; = oo yields that 986
lim T, (ws,) = —o0. (6.106)
11— 00
By Eq. (6.99), one has 987
Ton; (uf;,‘;) = vI;lnin T < Tomy (w5,). (6.107)
It follows by (6.106) that lim; _, o0 T (u,",fi = —00. 988
We notice that the sequence {77 (u?°)}; is non-increasing. Indeed, let i < k; due to 989
(6.98) one has that 990
Ti(®) =min7; = minT; > min T = T (up°), (6.108)
Wi Wi Wik
which completes the proof of (6.102). The proof of (6.97) follows easily. O
Proof of Theorem 6.13 We split the proof into two parts. 991

(i) Case p = 1. Let & > O with Ac < —I and fix Xoo € R such that Ac < Xoo < —lno. 992
With these choices, we define 993

k= 5\ ['4 o XOO 2 ¢ 2
= Aoo —Ac >0 and A(s) := F(s) + 5 s+ A G(s) — 2s for every s € [0, 00).
(6.109)

It is clear that A(0) = O, i.e., (H(C)’O) is verified. A similar argument for the p-order 994
perturbation dc G as before shows that 995

A F hoo — A G

timinf 7 > timinf T 4 4% T2 iming C)
s—>o00 g2 s—>o00 g2 s—>o0 g2
F(s) oo — A

> liminf , T

C
+ Ac > —0o0,
s—00 § 2

996
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and
. o F(s)  he—de o G(s)
lim sup > lim sup + + Aliminf = +00,
§— 00 52 §— 00 52 2 s—>00 52
i.e., (H{®) is verified.
Since
dcA(s) C IcF(5) 4 hoos + A(dcG(s) —cs), s >0, (6.110)
it turns out that
acA ocF ~ acG
liminf TXOCAG _ g MXOCEOY 5 4 timsup MK G )]
§—>00 Ky §—00 Ky §=500
= loo + hoo < 0.

By using the upper semicontinuity of s — JdcA(s), one may fix two sequences
{6i}i, {mi}i C (0,00) suchthat 0 < 6; < s; < 1 < 8i41, limj_, §; = 00, and
max{dcA(s)} < Oforall s € [§;,n;]andi € N. Thus, (Hgo) is verified as well. By
applying the inclusion (6.110) and Theorem 6.12 with the choice (6.109), there exists
a sequence {u;}; C HO1 (2) of different elements such that

—Au;i(x) + (oo — AU (x) € dc F Ui (x)) + hooti (x)
+ADc G (ui (x)) — cu; (x)) x € £,

ui(x) >0 x e,

ui(x)=0 x € 092,

i.e., u; solves problem (9,), i € N.
Case p < 1. Let & > 0 be arbitrary fixed and choose a number Ao, € (0, —~). Let

2
k=X oo >0 and A(s) := F(s) + LG (s) + Ao s2 forevery s € [0,00).  (6.111)

Since F(0) = G(0) = 0, hypothesis (H8°) clearly holds. Moreover, by (Gfo), for
sufficiently small ¢ > O there exists s9 > 0, such that (¢ — e)sPtl < G(s) <
(c + €)sPT! for every s > so. Thus, since p < 1,

G G
fim %) 2 jim ©®) 1
§—>00 § s—o00 gP+1

=0.
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Accordingly, by using (6.111) we obtain that hypothesis (H{°) holds. A similar
argument as above implies that

lim inf
§—>00

max{ascA(s)} <o+ hop <0,
and the upper semicontinuity of dc A implies the existence of two sequences {§;};
and {n;}; € (0,1) suchthat 0 < §; < s; < n; < &i41, limj,s 8; = 00, and
max{dcA(s)} < 0 forall s € [§;,n;] andi € N. Therefore, hypothesis (Hgo) holds.
Now, we can apply Theorem 6.12, i.e., there is a sequence {u;}; C HO1 (R2) of different
elements such that

—Aui(x) + Aootti(x) € dcA(ui(x))
C dc F(ui(x)) + 29c G (ui (x)) + Aootti(x) in €2,

ui(x) >0 x e,
ui(x) =0 x €082,
which means that u; solves problem (9,,), i € N, which completes the proof. a

Proof of Theorem 6.14 The proof is done in two steps:

(i) Let Aoo € (0, —lso), A > 0 and define

2
k= ioo > 0 and A*(s) := F(s)+AG(s)+roo s2 foreverys € [0,00). (6.112)

One has clearly that dc A*(s) € dcF(s) + Aoos + AdcG(s) for every s € R. On
account of (F2°°), there is a sequence {s;}; C (0, co) converging to co such that

max{dc A*=0(s;)} < max{dc F(s;)} + Aoosi < O.

By the upper semicontinuity of (s,A) — dcA’(s), we can choose the sequences
{6i}i, (mi}is {Ai}i € (0, 00) suchthat 0 < §; < s; < n; < §i41, limj 00 §; = 00, and

max{dcA*(s)} <0

forall A € [0, A;], s € [§;,ni]andi € N.
Foreveryi € Nand A € [0, A;], let Al?‘ : [0, 00) — R be defined by

Al(s) = AM (1 (5)), (6.113)
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and accordingly, the energy functional 7;; : HOI(Q) — R associated with the
differential inclusion problem(D]jﬁ) is

1 k
Tiaw) = Il + fQ u?dx — fQ AP (x))dax.

Then forevery i € N and A € [0, A;], the function Al?‘ clearly verifies the hypotheses
of Theorem 6.9. Accordingly, for every i € N and A € [0, A;] there exists

7,5 attains its infimum at someﬁioj’\ e wWh (6.114)
uz; €10, 8] forae. x € Q; (6.115)
ﬁf‘j\ (x) is a weak solution of (Dljﬁ). (6.116)

Due to (6.113), ﬁf‘;\ is not only a solution to (D’;‘A) but also to the differential inclusion

problem (D, ), so (D).
For A = 0, the function BCA?‘ = BCA? verifies the hypotheses of Theorem 6.12.
Moreover, 7; := 7T;o is the energy functional associated with problem (D’;O).

Consequently, the elements u;° := u? verify not only (6.114)—(6.116) but also
T (upy) = min (Tr) < T, (w5,) foralli € N, (6.117)
W Wll'

where the subsequence {u,o,fi},- of {u?

Theorem 6.15.
Similarly to [22], let {6;}; be a sequence with negative terms such that lim; . 5, 6; =

}i and w;, € W' appear in the proof of

—00. On account of (6.117) we may assume that
Oit1 < Tm; (uf;f;) < Tm; (w5,) < 6;. (6.118)
Let
N 0; — Tm; (W3,) 1 Tomi () — Oit1 o~

= an = 5
" m() maxseqo,171G(s)| + 1 " m(2) maxsepo, 171G (s)| + 1

(6.119)

and for a fixed k € N, we set

AR =min(1, A1, ..o Ao A e A AL e Ak ) > 0. (6.120)
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Then, foreveryi € {1,....,k}and A € [0, A,fo], due to (6.118) we have that
- 1
T a iy, 3) < T a(ws,) = 2Ist,- ”i]l —/ F(wg, (x))dx —)»/ G (wy, (x))dx
0 Q Q

= Tm; (ws;) — )»/ G (wg; (x))dx
Q

< 6. 6.121)

Similarly, since ﬁfn‘j 5 € Wi and u,j'fj is the minimum point of 7; on the set W™,
on account of (6.118) we have

Tmi,)\(ﬁ%’)\) =Tm, (ftsfl_y)\) - )‘/;ZG(ﬁmi,A)dx > T, (”:101') - )L/S2G(ﬁmi’)\)dx > 6iy1.

(6.122)
Therefore, for every i € {1,...,k} and A € [0, A,fo],
0ir1 < Tmz',)»(ﬁsf,-,x) < 6; <0, (6.123)
thus
TGl 3) < oo < Ty (it ;) < 0. (6.124)
Because of (6.113), we notice that ﬁfn‘;qk € W' for every i € {l,...,k}, thus

Tmi,,\(ﬁ;’ﬁ’)\) = ka’k(ﬁﬁ‘;\). Therefore, for every A € [0, A2°],

T 2 Gty 3) <+ oo < Ty (ly, 5) < 0= Ty 2(0),

i.e, the elements 123?1 B ﬁ;f;( ,, are distinct and non-trivial whenever A € [0, A°].
The estimate (6.96) follows in a similar manner as in [22]. O

References

1. R.A. Adams, Sobolev Spaces (Academic Press, New York, 1975)

2. A. Ambrosetti, P. Rabinowitz, Dual variational methods in critical point theory and applications.
J. Funct. Anal. 14, 349-381 (1973)

3. I. Babuska, J. Osborn, Eigenvalue problems, in Handbook of Numerical Analysis, vol. 2 (North-
Holland, Amsterdam, 1991), pp. 641-787

4. H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations (Springer,
Berlin, 2011)

5. K.-C. Chang, Variational methods for non-differentiable functionals and their applications to
partial differential equations. J. Math. Anal. Appl. 80, 102-129 (1981)

1045

1046
1047

1048

1049

1050
1051

1052
1053

1054

1055
1056
1057
1058
1059
1060
1061
1062
1063



References 209

6. F.H. Clarke, Optimization and nonsmooth analysis, in Classics in Applied Mathematics, Society
for Industrial and Applied Mathematics (1990)

7. P. Clément, B. de Pagter, G. Sweers, F. de Thélin, Existence of solutions to a semilinear elliptic
system through Orlicz-Sobolev spaces. Mediterr. J. Math. 3, 241-267 (2004)

8. N. Costea, C. Varga, Multiple critical points for non-differentiable parametrized functionals and
applications to differential inclusions. J. Global Optim. 56, 399-416 (2013)

9. N. Costea, M. Csirik, C. Varga, Linking-type results in nonsmooth critical point theory and
applications. Set-Valued Var. Anal. 25, 333-356 (2017)

10. N. Costea, G. Morosanu, C. Varga, Weak solvability for Dirichlet partial differential inclusions
in Orlicz-Sobolev spaces. Adv. Differential Equations 23, 523-554 (2018)

11. G. Dinc4, P. Matei, Variational and topological methods for operator equations involving duality
mappings on Orlicz-Sobolev spaces. Electron. J. Differential Equations 2007, 1-47 (2007)

12. D. Edmunds, J. Rakosnik, Density of smooth functions in wk.p (x)(Q). Proc. R. Soc. Lond. Ser.
A. 437, 229-236 (1992)

13. D. Edmunds, J. Rakosnik, Sobolev embedding with variable exponent. Studia Math. 143, 267—
293 (2000)

14. D. Edmunds, J. Lang, A. Nekvinda, On LP™) norms. Proc. R. Soc. Lond. Ser. A. 455, 219-225
(1999)

15. K. Fan, Some properties of convex sets related to fixed point theorems. Math. Ann. 266, 519-537
(1984)

16. X. Fan, Q. Zhang, Existence of solutions for p(x)—Laplacian Dirichlet problem. Nonlinear Anal.
52, 1843-1853 (2003)

17. X.L. Fan, Y.Z. Zhao, Linking and multiplicity results for the p-Laplacian on unbounded cylinder.
J. Math. Anal. Appl. 260, 479-489 (2001)

18. X. Fan, J. Shen, D. Zhao, Sobolev embedding theorems for spaces wk.p (x)(Q). J. Math. Anal.
Appl. 262, 749-760 (2001)

19. J. Fernandez-Bonder, J. Rossi, Existence results for the p—Laplacian with nonlinear boundary
conditions. J. Math. Anal. Appl. 263, 195-223 (2001)

20. M. Garcia-Huidobro, V.K. Le, R. Mandsevich, K. Schmitt, On principal eigenvalues for
quasilinear elliptic operators: an Orlicz-Sobolev space setting. NoDEA Nonlinear Differential
Equations Appl. 6, 207-225 (1999)

21. O. Kovétik, J. Rékosnik, On spaces [P and w!-P(™)_ Czechoslovak Math. J. 41, 592-618
(1991)

22. A. Kristaly, G. Morosanu, New competition phenomena in Dirichlet problems. J. Math. Pures
Appl. 94(9), 555-570 (2010)

23. A. Kristdly, W. Marzantowicz, C. Varga, A non-smooth three critical points theorem with
applications in differential inclusions. J. Global Optim. 46, 49-62 (2010)

24. A. Kristdly, LI. Mezei, K. Szildk, Differential inclusions involving oscillatory terms. Nonlinear
Anal. 197, 111834 (2020)

25. J.W. Lamperti, On the isometries of certain function-spaces. Pacific J. Math. 8, 459—466 (1958)

26. J. Lions, Quelques Méthodes de résolution des Problemes Aux Limites Non Linéaires (Collection
études Mathématiques, Dunod, 1969)

27. M. Marcus, V.J. Mizel, Every superposition operator mapping one Sobolev space into another is
continuous. J. Funct. Anal. 33, 217-229 (1979)

28. S. Martinez, J. Rossi, Isolation and simplicity for the first eigenvalue of the p—Laplacian with a
nonlinear boundary condition. Abstr. Appl. Anal. 7, 287-293 (2002)

29. M. Mihiilescu, V. Rddulescu, A multiplicity result for a nonlinear degenerate problem arising in
the theory of electrorheological fluids. Proc. R. Soc. London Ser. A 462, 2625-2641 (2006)

1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079
1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096
1097
1098
1099
1100
1101
1102
1103
1104
1105
1106
1107
1108
1109
1110
111



210 6 Existence and Multiplicity Results for Differential Inclusions on Bounded...

30. D. Motreanu, V.V. Motreanu, Coerciveness property for a class of non-smooth functionals. Z.
Anal. Anwend 19, 1087-1093 (2000)

31. D. Motreanu, P. Panagiotopoulos, Minimax Theorems and Qualitative Properties of the Solu-
tions of Hemivariational Inequalities. Nonconvex Optimization and Its Applications (Kluwer
Academic Publishers, Dordrecht, 1999)

32. D. Motreanu, C. Varga, Some critical point results for locally Lipschitz functionals. Commun.
Appl. Nonlinear Anal. 4, 17-33 (1997)

33. J. Musielak, Orlicz spaces and modular spaces, in Lecture Notes in Mathematics, vol. 1034
(Springer, Berlin, 1983)

34. B. Ricceri, Multiplicity of global minima for parametrized functions, Atti Accad. Naz. Lincei
CI. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 21, 47-57 (2010)

1112
1113
1114
1115
1116
1117
1118
1119
1120
1121
1122



7.1 Hemivariational Inequalities Involving the Duality Mapping

Let 2 ¢ RN (N > 2) be an unbounded domain with smooth boundary 92 and p € (1, N)
be areal number. Throughout this section X denotes a separable, uniformly convex Banach

space with strictly convex topological dual; moreover, we assume that

(X) X is compactly embedded in L" (2) for some r € [p, p*),

*

p* = Np/(N — p) being the Sobolev critical exponent. We denote by || - ||, the
norm in L"(2) and by ¢, the embedding constant. Also let Jy be the duality mapping

corresponding to the normalization function ¢ (¢) := 7=,

Condition (X) is equivalent to the assumption that X is a linear subspace of L" (£2),
endowed with a norm || - || such that the identity is a compact operator from (X, || - ||) into

(L7, - ).
Let f : R — R be alocally Lipschitz function satisfying

(f) f(©0) =0 and there existk > 0, g € (0, p — 1) such that
] < kls?, Vs eR, V& € dc f(s).
Let b : Q — R be a nonnegative, nonzero function such that

1 R
(b) b e L' () NL¥(Q) N LY (Q), where v = ,_ " .
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We shall prove next that under suitable assumptions, there exist ug and A > 0 such that 20
the inequality problem 21
(Pyg,») Find u € X such that 22

(Jp(u — ug), v) +)»/ b(x)fo(u(x); —v(x))dx >0, VvelX,
Q

possesses at least three solutions. 23
Let us define the functional F : X — R by 24

Fu) = /Qb(x)f(u(x))dx
for all u € X. The next Lemma summarizes the properties of F': 25

Lemma 7.1 The functional F is well-defined, locally Lipschitz, sequentially weakly 26
continuous and satisfies 27

Ww”ogfbuﬁ%mquwu,vmvex
Q

Proof We begin by giving an estimate of the integral which defines F: from Lebourg’s 28
mean value theorem it follows that for all s € R there existz € R, with 0 < |¢| < |s|, and 29

& € ¢ f(¢) such that f(s) = &s, so, by (f), 30
|f )] < kls|”*". (7.1)
Thus, for all u € X we get by applying Holder’s inequality that 31
1
[ oo e <k [ b tar < wipn g™ < et
Q Q
where K = cg+lk||b||v. Hence, F is well-defined. 32
By means of (7.1) it is can also proved that F is Lipschitz on bounded sets. Let us 33
choose M > 0 and u, v € X with |lu]|, ||v|| < M: then we have for all x € Q 34

|f @) = fFEN] <k (lu@)]? +v)]7) [u@x) — vx)],

hence, again by Holder’s inequality, 35

q

|F(u) — F(v)| < kbl <[9 (lu ()1 + Iv(X)I")‘r’ dX> "l = vl

r r q
< 2klblly (Nully + 1lvly) " llu — vl

r+
<2 KM — .
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We prove now that F is sequentially weakly continuous: let {u,} be a sequence in X,
weakly convergent to some u € X. Due to condition (X), there is a subsequence, still
denoted by {u,}, such that ||u, — ||, — 0; then, by well-known results, we may assume
that u, — u a.e. in 2 and there exists a positive function g € L"(£2) such that |u, (x)| <
g(x) for all n € N and almost all x € Q. By Lebesgue’s dominated convergence theorem,
{F(u,)} tends to F(i).

By Proposition 3.3 of [8], the inequality in the thesis follows, and the proof is
concluded. O

Given ug € X and A > 0, the energy functional £ : X — R is defined by

Eay = "7l s pa,
p

We observe that Theorem C.1 and Proposition C.1 ensure that the the convex functional
u — |lu —upll?/p is Gateaux differentiable with derivative J4(u — uo), so it is locally
Lipschitz. Hence, E is locally Lipschitz too.

Lemma 7.2 Let ug € and A > 0 be fixed. If u is a critical point of E, then u is a solution
of (Puy,2)-

Proof 1t follows at once that
E%u, v) < (Jp(u — up), v) + A(=F)°(u; v) = (Jp(u — uo), v) + 1F°(u; —v)
< (Jp(u —uo), v) +)»f9b(X)f0(u(X); —v(x))dx.
But, u is a critical point of E, therefore
E%u;v) >0, VveX,
and this shows that u solves (Py,1). O
First we prove the following multiplicity alternative concerning (P, 3).

Theorem 7.1 ([13]) Assume (X), (f) and (b) are fulfilled. Then, for every o €

(infx F,supy F) and every ug € F~1((—00,0)) one of the following conditions is
true:

(B1) there exists A > 0 such that the problem (P, ) has at least three solutions;
(By) there exists v € F~ (o) such that, for allu € F~ ([0, +00)), u # v,

llu —uoll > llv —uoll-
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Proof Fix o and ug as in the thesis, and assume that (B) does not hold: we shall prove
that (B5) is true.

Setting A := [0, +00) and endowing X with the weak topology, we define the function
g: X xA— Rby

lu —uoll?
g, X)) = » + Ao — F(u)),

which satisfies all the hypotheses of Theorem D.12. Indeed, conditions (c1), (c3) are
trivial.

In examining condition (c2), let A > 0 be fixed: we first observe that, by Lemma 7.1,
the functional g(-, A) is sequentially weakly lower semicontinuous (l.s.c.).

Moreover, g(-, 1) is coercive: indeed, for all u € X we have

llu — uoll”
p lull?

1 ), |
gu, ) > ||u||P( — ke by ) D P) + Ao,

and the latter goes to +00 as ||u|| — +00. As a consequence of the Eberlein-Smulyan
theorem, the outcome is that g(-, 1) is weakly Ls.c.

We need to check that every local minimum of g(-, A) is a global minimum. Arguing
by contradiction, suppose that g(-, A) admits a local, non-global minimum; besides, being
coercive, it has a global minimum too, that is, it has two strong local minima.

We now prove that g(-, 1) satisfies the (PS)—condition: let {u,} be a Palais-Smale
sequence such that {g(u,, 1)} is bounded. The coercivity of g(-, A) ensures that {u,} is
bounded, hence we can find a subsequence, which we still denote {u,}, weakly convergent
to a point & € X. By condition (X) we can choose {u,} to be convergent to i with respect
to the norm of L" (£2).

Fix ¢ > 0. For n € N large enough we have

_ £
)\g(uns Muy —ull < 5’
so, from Lemma 7.1 it follows
_ £ _
0 < g%un, A5 it — un) + ) < (Jp(un —uo), u — uy)

) f D) 1 (0; () — A+
Q
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(g°(-, A; -) denotes the generalized directional derivative of the locally Lipschitz functional
g(-, 1)). Moreover, for n large enough

‘ [ 50 om0 a0 = 03| =k [ BN 1ty (2) 70
Q Q

< kbl lun | llun —allr < e

Hence
(Jop(un —uo), up —u) < ¢

for n € N large enough. On the other hand, {J(it — uo), u, — u) tends to zero as n goes
to infinity. From the previous computations, it follows that

lim sup(Js (i, — 1) — Jo (it — uo), uy — it) < 0. (7.2)
n

Using the properties of the duality mapping and keeping in mind that ¢ (1) = t7~! we get

(Jo(up —uo) — Jp(u —uo), up —it) =

-1 _ —1 —
(it = w017~ = 1@ = wol|P=" ) Chtn = woll = 17 = woll) = 0.

From the previous inequality and (7.2), we deduce that {||u,, — uol|} tends to |ji — ug||
and this, together with the weak convergence, implies that {u,} tends to u in X, that is, the
Palais-Smale condition is fulfilled.

Then, we can apply Corollary 5.4, deducing that g(-, A) (or equivalently the energy
functional E) admits a third critical point: by Lemma 7.2, the inequality (P, ) should
have at least three solutions in X, against our assumption. Thus, condition (c3) is fulfilled.

Now Theorem D.12 assures that

sup inf g(u, X) = inf sup g(u, ) =: a. (7.3)
reA UEX ueX ) e

Notice that the function A +— inf,cx g(u, A) is upper semicontinuous in A, and tends to
—o0 as A — +0o0 (since ¢ < supy F): hence, it attains its supremum in A* € A, that is

o = inf (“” —uoll” | o - F(u))) . (7.4)
ueX P
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The infimum in the right hand side of (7.3) is easily determined as

. lu —uoll”  llv—uoll?
o= inf =
ueF=1([o,4+00)) p p

for some v € F~ ([0, +00)).
It is easily seen that v € F ~1(0). Hence

. lu — uoll? . .
o= inf (in particular o > 0). (7.5)
ueF~1(o) p
By (7.4) and (7.5) it follows that
_ p — P
inf (”” uoll™ _ )\*F(u)) — inf <”” uoll™ _ A*F(u)). (7.6)
ueX p ueF~1(o) p

We deduce that A* > 0: if A* = 0, indeed, (7.6) would become o = 0, against (7.5).

Now we can prove (By). Arguing by contradiction, let w € F (o, +00)) \ {v} be
such that |lw — uo|| = |lv — ug||. As above, we have that w € F~'(o), and so both w
and v are global minima of the functional I (for A = A*) over F ’1(0), hence, by (7.6),
over X. Thus, applying Corollary 5.4, we obtain that / has at least three critical points,
against the assumption that (B;) does not hold (recall that A* is positive). This concludes
the proof. O

In the next Corollary, the alternative of Theorem 7.1 is resolved, under a very general
assumption on the functional F ensuring option (B;) cannot occur and so we are led to a
multiplicity result for the hemivariational inequality (P,,,») (for suitable data ug, A).

Corollary 7.1 Let 2, p, X, f, b be as in Theorem 7.1 and let S be a convex, dense subset
of X. Moreover; let F~ ([0, 400)) be not convex for some o € (infx F, supy F). Then,
there exist ug € F~1((—00,0)) N S and A > 0 such that problem (Py, ;) admits at least
three solutions.

Proof Since F is sequentially weakly continuous (see Lemma 7.1), the set M :=
F~!([o, +00)) is sequentially weakly closed.

According to an well known result in approximation theory (see, e.g., [9,23]), for some
ug € S, there exist two distinct points vy, vp € M satisfying

lvi — uoll = llva — uoll = dist(ug, M).
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7.2 Hemivariational Inequalities in RV 217

Clearly ugp ¢ M, thatis, F(ug) < o. In the framework of Theorem 7.1, condition (B3)
is false, so (B1) must be true: there exists A > 0 such that (P,,;) has at least three
solutions. |

7.2  Hemivariational Inequalities in RY

In this section we investigate the existence multiplicity of solutions for an abstract
hemivariational inequality, formulated in R". Specific forms of this inequality will be
also discussed at the end of the section.

Let (X, || - |]) be a real, separable, reflexive Banach space, (X*, || - ||+) its dual and we
suppose that the inclusion X — L' (RYM) is continuous with the embedding constant C (1),
where [ € [p, p*] (p = 2, p* = NN_pp), N > p. Let us denote by || - ||; the norm of
L'(RN). Let A : X — X* be a potential operator with the potentiala : X — R, i.e., a is
Gateaux differentiable and

.oa(u+tv) —a(u)
lim =
t—0 t

(Au), ),

for every u,v € X. Here (-, -) denotes the duality pairing between X* and X. For a
potential we always assume that a(0) = 0. We suppose that A : X — X* satisfies the
following properties:

(A1) A is hemicontinuous, i.e., A is continuous on line segments in X and X* equipped
with the weak (star) topology;

(A2) A is homogeneous of degree p — 1, 1.e.,foreveryu € X and ¢t > 0 we have A(tu) =
1P~ A(u). Consequently, for a hemicontinuous homogeneous operator of degree p—
1, we have a(u) = ;<A(u), u);

(A3) A : X — X* is a strongly monotone operator, i.e., there exists a continuous
function « : [0, 00) — [0, co) which is strictly positive on (0, 00), k(0) = O,
and lim,_, o k (t) = 00 and such that

(A() — A@), v —u) = k(llv —ulDllv —ull, Vu,velX.
Now, we formulate the hemivariational inequality problem, which will be studied in

this section.
(P) Find u € X such that

(Au, v) +/ FOlx, u(x); —v(x))dx > 0, Vo e X.
RN
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7.2.1 Existence and Mul

tiplicity Results

To study the existence of solutions of the problem (P) we introduce the functional ¥ :
X — R defined by W (u) := a(u) — ®(u), where a(u) = })(A(u), u) and ®(u) :=

fRN F(x, u(x))dx. We prove that the critical points of the functional ¥ are solutions of

the problem (P).

Proposition 7.1 If0 € oc V¥ (u

), then u solves the problem (P).

Proof Because 0 € 3¢ W (1), we have WO(u; v) > 0 for every v € X. Using Proposition
2.16 and a property of Clarke’s derivative we obtain

0 <¥®u; v) = (Au), v) + (=)°(u; v) = (A(u), v) + ®°(u; —v)

<(A(u), v) +/ FO(x, u(x), —v(x))dx,
]RN

forevery v € X.

O

In order to study the existence of the critical points of the function W it is necessary to

impose some further condition

s on the function F'.

(F1) F:RN x R — R is defined by

and

(F]) The embedding X — L"(RY) is compact for each r € [p, p*);

t
F(x,1) ::/ f(x,s)ds
0

If (e, 9)] < e(sP 1571

(F») Thereexista > p, A € [0, KU)W*”) and a continuous function g : R — R, such

CP(p)

that for a.e. x € RY and for all s € R we have

aF(x,s)+ F(x,s; —s) < g(s),

where limjy|— oo i‘(\? =

(1.7)
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(F;) There exists o € (max {p, p* pr,;pp } , p*) and a constant C > 0 such that for a.e.

x € RY and for all s € R we have
o 1 0
—Cls|* = F(x,s)+ F (x,s; —s). (7.8)
p

Before imposing further assumptions on F, let us we recall that

f=(x,s) := lim essinf{f(x,?): |t —s| < 8},
§—0F
fr(x,s) = 5111})1+ esssup{ f(x,t) : |t —s| < 8},

for every s € R and for a.e. x € RM. It is clear that the function f_(x,-) is lower
semicontinuous and f4 (x, -) is upper semicontinuous.

(F3) The functions f_, f are N-measurable, i.e., for every measurable function u :
RY — R the functions x — f_(x, u(x)), x = fy(x, u(x)) are measurable.

(Fy) Forevery & > 0, there exists c(¢) > 0 such that fora.e. x € R" and forevery s € R
we have

|f(x, )] <elslP~! +c(e)lsI L

(Fs) There exist @ € (p, p*) satisfying condition (F;) and ¢* > 0 such that for a.e.
x € RN and all s € R we have

F(x,s) = c*(Is|* —Is|”).
Remark 7.1 We observe that if we impose
(F;) lim,_, ¢+ esssup { \f‘(;cl,ps)l © (x,5) € RY x (—¢,¢) ] =0,
then this condition together with (F7) implies (F3).
Proposition 7.2 Let {u,} C X be a sequence such that V(u,) — c and hy(u,) — 0
for some ¢ € R. If the conditions (F1) and (F2) are fulfilled, then the sequence {un} is
bounded in X.
Proof Let {u,} C X be a sequence with the required properties. From the condition
W (u,) — c we getin particular ¢ + 1 > W (u,) for sufficiently large n € N.

Since Ay (u,) — 0 then ||u,|| > ||lu,||Ay(u,) for every sufficiently large n € N. From
the definition of Ay (u,) it follows the existence of an element ¢, € 9dcW(u,) such
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that Ay (u,) = ||y, ||« For every v € X, we have [(¢y,, v)| < [|lu,ll«||v]|, therefore 171
NEu, IVl = —{Cu,, v). If we take v = uy,, then ||y, ||«[|unll = —{Lu, , un)- 172

Using the property WO(u; v) = max{(¢, v) : ¢ € dcW¥(u)} for every v € X, we have 173
—(¢,v) > —wO(y; v) forallf € 9cW(u)andv € X.If wetakeu = v = u, and ¢ :=¢,,, 174
we get — (¢, un) > —WOu,: up). Therefore for every o > 0, we have 175

1 1 1
Nunll = Houy lellunll = — W (up; uy).
o o o
If we add the above inequality with ¢ + 1 > W (u,,), we obtain 176
1 I o
c+1+ ||”n||z\p(”n)_ W (up; uy).
o o

Using the above inequality, the relation WO v) = (A(u), v) + ®O(u; —v) and 177
Proposition 2.16, one has 178

1
e+ 1+ ull > W(uy) — wo(un;un)

1
(Alwn). ) = ) = ((AG0n),t0n) + O u: —tu))

v

) (Aup), un) — / |:F()C, un(x)) + ! F}(})()C, up(x); _un(x))i| dx
o RN o

v

(-
-

1
p
1 1

)A(”n)f”rﬁ_ / g(upn(x))dx.
P o o JRrN

Fix0 < ¢ < K(IC),S‘E‘;)‘” ) — ). The relation lim,| o “gu(lup) = X assures the existence of a 179

constant M, such that 180
/ glup(x))dx < M + (A + 8)/ lun (x)|Pdx.
RN RN

If we use again that the inclusion X < L”(R") is continuous, and the facts that a(u) = 181
LA, uyand aG) = lull? (A (1) 2 i) = € Ollull? we get 0

[ull

V4
¢+ 1+l = (1 - 1) (A, un) = TP e
p « o

ZK(l)(a—p) —a(k+8)C”(p)||un”p M

From the above inequality it follows that the sequence {u,} is bounded. O
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Proposition 7.3 Let {u,} C X be a sequence such that 183
W(up) — cand (1 + |lup DAy (un) — 0

for some c € R. If the conditions (F), (Fz’) and (Fy) are fulfilled, then the sequence {u,} 184
is bounded in X. 185

Proof Let {u,} C X be a sequence with the above properties. As in Proposition 7.2, there 186

exists &, € W (u,) such that 187
1 0 1
unllslltnll = ="\ un;  un ).
P P
From this inequality, Proposition 2.16, condition (F,) and the property WO, v) = 188
(Au, v) + ®°(u; —v) we obtain 189

1 ZW) = WO ) Z @) = Dun) —  [(Attn, ) + O —ur) |
p p
- [ |:F()C, un(x)) + ! FO(X’ Un(x); _un(x))i| dx
RN p
>Cllun] 2

Therefore the sequence {u,} is bounded in L% (RM). From the condition (F4) follows that, 190

for every ¢ > 0, there exists c(¢) > 0, such that for a.e. x € RN 191
Fleuo) <l +  ueor
After integration, we obtain 192
O “ gy,

©

Using the above inequality, the expression of W and the inequality ||u||, < C(p)||u||, we 193
obtain 194

k(1) —eCP(p) (&)

r

Cc
[ul|? < W)+ ulll < c+ 1+ |[ulll.

195
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k(1)
> CP(p)
{|lun|l,}. We have the following situations:

First of all, we fix an ¢ € (O ) . Now, we study the behaviour of the sequence

(i) If r = «, then obviously the sequence {||u,||,} is bounded and so is {u,};
(i) If r € (a0, p*) and o > p* ;[_pp, then we have

1—s sp*
el ly < Haell§ =% - a7

where r := (1 — s)a + sp*, s € (0, 1).
Using the inequality ||u||;11 < CP" (p)||ul|*?" we obtain

k(1) —eCP(p) c(e) - *
ll? < e 1 a1 = a7 (7.9)
Since sp* < p, we obtain that the sequence {u,} is bounded in X. O

In the next result we give conditions, when the function W satisfies the (P.S). and (C),
conditions.

Theorem 7.2 ([8])

(i) If conditions (F1), (Fl’) and (F) — (F4) hold, the function ¥V satisfies the (PS).
condition for every ¢ € R;

(ii) If conditions (F1), (F{), (F3), (F3), (F4) hold, the function ¥ satisfies the (C).
condition for every ¢ > 0.

Proof Let {u,} C X be asequence from Propositions 7.2, 7.3, respectively. It follows that
itis a bounded sequence in X. Since X is a reflexive Banach space, there exists an element
u € X such that u, — u weakly in X. Because the inclusion X < L’ (R") is compact,
we have that u,, — u strongly in L" (R").

In the following we provide useful estimate for the sequences In1 = W%, u — uy)
and I,% = U0 uy, — u).

We know that WO(u; v) = max {(¢,v) : ¢ € ¢W(u)}, Y v € X. Therefore, for every
Cy € 0cW(u) we have \IJO(u; U, —u) > (&, u, — u). From the above relation and from
the fact that u,, — u weakly in X, we get

liminf 77 > 0.
n—o00
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Now, we estimate the expression Inl = \Ilo(u,,; u — uy). Since Inl

and using ||y, [+ = Aw(#,) — 0O it follows that

= =l Gu, N llun — ull,

liminf 7! > 0.
n—o0

Finally, we estimate the expression I, := <I>0(un; Up, — u) + CIDO(u; u — uy). For the
simplicity in calculus we introduce the notations 41(s) := |s|?~! and ha(s) = |s|" L.

For this we observe that if we use the continuity of the functions /1 and A3, the condition
(F4) implies that for every ¢ > 0, there exists a c(¢) > 0 such that

max {| f- (x, )|, [ f+(x, )1} = ehi(s) + c(e)ha(s), (7.10)
for a.e. x € RN and for all s € R. Using this relation and Proposition 2.16, we have
I =<D0(un; Uy —u) + CDO(”; u—uy)

S/RN [FOC 100007 0n(6) = 60) + FOCx, ) wx) — 0 ()] i
s/RN (/-G e GO+ |f G, G — 10 (1) dx <
<2 /R U () ) — 0 ()l

+ 2, fR () ()1 (o) — iy (Dl

If we use the Holder inequality and the fact that the inclusion X < L”(R¥) is continuous,
we obtain:

In <2eC(p)|Jun — ul[([|R1 O] pr + [1h1 ()l pr)
+ 2c(@)fun — ull-(|1h2)1 + [1h2(un)ll),

where})—l—;,:landi—i—:,:l.
Using the fact that the inclusion X < L"(R") is compact, we get that ||u, — u||, — 0

asn — 00. For ¢ — 07 and n — 0o we obtain that

limsup,_, I, <0.
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o
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One clearly has (A(u), v) = ®O(u; v) — WO(u; —v). If in the above inequality we replace
uandvbyu =u,,v=u, —uandthenu = u,v =u — u, we get

(AQun), ty — ) = DO (s uy — u) — WO (s u — up);

(AQu), u — uy) = DO (s u — un) — WO(u; uy — u).

Adding these relations, we have the following inequality:

||”n - ”HK(””n - ””) §<A(”n —u), Uy — ”>
= [ @0 ns ey — 1) + OOws u — )]
— WOy — uy) — WO (us uy — w)

=1, - I! - I”.

Using the above relation and the estimates for I,,, In1 and I,%, we easily have that |ju, —
u|| — 0, thanks to the properties of the function «. O

Remark 7.2 Tt is worth to noticing that the above results remain true if we replace the
Banach space X with every closed subspace Y of X, and we restrict the functional W to Y.

Theorem 7.3 ([8])

@) If (F1), (Fl’) and (F>) — (Fs) hold, then (P) has at least a nontrivial solution;
(ii) If (F1), (F)), (F}), (F3) and (Fy) hold, then (P) has at least a nontrivial solution.

Proof

(i) Using (i) of Theorem 7.2 , from the conditions (F;) — (F4) follows that the functional

V() = })(A(u), u) — ®(u) satisfies the (PS). condition for every ¢ € R. For
the sake of simplicity, we introduce the notations S,(0) := {u € X : |[u|| = p}
and B,(0) := {u € X : [lu]| < p}. From Theorem 5.2 we only need to verify
the following geometric hypotheses (the mountain pass geometry of the energy
functional):

3B, p > O such that ¥(u) > B on §,(0); (7.11)
W(0) =0and Jv € X \ B,(0) such that ¥(v) < 0. (7.12)

For the proof of relation (7.11), we use the relation (Fy), i.e., |f(x,s)] <
els|P~" + c(e)|s|"~!. Integrating this inequality and using that the inclusions
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X < LP(RM), X — L"(R") are continuous, we get that

1) —eC 1
v =V : (p)<A<u),u>—rc(e)C(r)HuHZ

1)—&C !
ZK() 2 (p)HM”I’_rc(s)c(l’)”’l”r-

The right-hand side member of the inequality is a function x : Ry — R of the

form x(t) := AtP — Bt", where A = K(l)—;C(p)’ B = ic(a)C(r). The function

1
X attains its global maximum in the point ty; := (f g) —r . If we take p := t) and
B € (0, x(tp)], it is easy to see that the condition (7.11) is fulfilled.
From the condition (F5) we have

1
V(u) < p(A(u), u) 4 c*llully — c*[ull-
If we fix an element v € X \ {0} and in place of u we put fv, then we have

1
W(rv) < (p(A(v), v) +C*Ilv||§> t? — |l

From this we see that if 7 is large enough, tv ¢ B,(0) and W(tv) < 0. So, the

condition (7.12) is satisfied and Theorem 5.2 assures the existence of a nontrivial
critical point of W.
Now if we use (ii) of Theorem 7.2, from the condition (Fi), (F,) and(F3), (F4) we
get that the function W satisfies the condition (C). for every ¢ > 0. We use again the
Theorem 5.2, which ensures the existence of a nontrivial critical point for the function
W. It is sufficient to prove only the relation (7.12), because (7.11) can be proved in
the same way as above.

To prove the relation (7.12) we fix an element # € X and we define the function
h:(0,4+00) - R by

p

1 1 a_
W)= Frtru)—C 0V ul.

The function # is locally Lipschitz. We fix a number # > 1, and from the Lebourg’s
mean value theorem follows the existence of an element t € (1, t) such that

h(t) — h(1) € d-h(T)(t — 1),
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where ;. denotes the generalized gradient of Clarke with respect to r € R. From the 272

Chain Rules we have

1 1 1 1_
OLtF(x,tru) C  dcF(x,tru)tr u.
p

We also have

[ 1 1 1 1 1_ a_p
dch(t) C —tzF(x,tPu) + IBCF(x,tPu)tP u—Ctr

lue .

Therefore, we have

h(t) —h(1) C 3Lh(T)(t — 1)

1 1 1 1 1
c-, [F(x,tl’u) —trudc F(x, 17 u) +C|t1’u|°‘] «—1).

Using the relation (F}), we obtain that i (1) > h(1) , therefore

| p

1 ! _
F(x,tru)—C P |ul* > F(x,u)=C [u]“.
t a—p o —

From this we get
1 p o o
F(x,tru) > tF(x,u) + C [tP —t] |,
a—p

foreveryt > 1 andu € R.
Let us fix an element ug € X \ {0}; then for every r > 1, we have

1 1 1 1 1 t
W(trug) = <A(tf’uo),tﬂuo>—/ F(x,truog(x))dx (Auo, uo)
p RN p

—t/ Fx,upx)dx —c  ? [tz—t]Huollg.
RN a—p

(7.13)

1
If ¢ is sufficiently large, then for vo = 7 up we have W(vg) < 0. This completes the

proof.

Now we will treat a special case, i.e., when X = H is a Hilbert space with the inner
product (-, -). The norm of H induced by (-, -) is denoted by || - ||. In this case p = 2 and

the problem (P) takes the form
Find u € H such that

(u, v) +/ FOx, u(x); —v(x))dx >0, VYveH.
RN

O

(P
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Finally, we impose the following condition

(F7) f(x,—s)=—f(x,s),forae x € RY andall s € R.

Theorem 7.4

(i) If the conditions (Fy), (F\), (F2) — (Fs) and (F7) hold, then the problem (P") has
infinitely many distinct solutions.
(ii) If the conditions (F}), (Fl’), (Fz/), (F3), (Fa), (Fs5) and (F7) hold, then the problem

(P') has infinitely many distinct solutions.

Proof We prove that the function W verifies the conditions from Theorem 5.6. Using
Theorem 7.2, the conditions (F1) — (Fl’), (F») — (Fy), we obtain that the function W
satisfies the (P S). for every ¢ € R and from (F) — (Fl’), (F3) — (F4) we obtain that W
satisfies the (C). condition for every ¢ > 0.

From the assumption (F7) we easily have that the function W is even. To prove the
assertion of this theorem we verify that the conditions of Theorem 5.6 hold.

Let us choose an orthonormal basis {e;} jeny of H and define the set

Hy ;= span{eq, ..., e}.

As above we have W(v) < (¢*C(a) + é)||v||%{ — c*|[v][$. Thus, we have W (0) = 0.
Using the fact that the inclusion H < L%(R") is continuous we have that || - ||| H 1S
continuous. Because on a finite dimensional space the continuous norms are equivalent
and since @ > 2, there exists an Ry > 0 large enough such that for every u € H with
|lu||g > Ry, we have W(u) < W(0) = 0. Therefore the condition (fl’) from Theorem 5.6
is verified.

Now, we verify the condition ( f;) from Theorem 5.6. For every u € H, kJ- and k € N* we
consider the real numbers Sy := SUP, ¢ 1\ (o) ||||Z”Z . Asin [3, Lemma 3.3] we get Sy — O,
if kK — oo. As in the proof of relation (7.11) we have

1—eCQ2 1
W = ( 5 ( )) =il

From the definition of number g we have ||u||, < Bk|lu||g and combining this with the
above relation we get

1—eCQ2)

V(u) = ( )

1
)null%,— pcgﬂ,fllull’;-
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1
If we choose 0 < ¢ < C(12) ”;2 andry € ((cg,B,f)H], then we have
1—eCQ2 1
W(u)z( C® )r,ﬁ,
2 p

for every u € Hkl with ||u||g = rr. Due to the choice of ¢ and since B — 0, the
assumptions of Theorem 5.6 are verified. Therefore there exists a sequence of unbounded
critical values of W, which completes the proof. O

In the sequel let G be the compact topological group O (N) or a subgroup of O(N). We
suppose that G acts continuously and linear isometric on the Banach space X. We denote
by

X% :={ueH: gu=uforallg e G}

the fixed point set of the action G on X. It is well known that X is a closed subspace of
X. We suppose that the potential @ : X — R of the operator A : X — X* is G-invariant
and the next condition for the function f : R¥ x R — R holds: (Fg) for a.e. x € RY and
forevery g € G,s € Rwe have f(gx,s) = f(x,s).

In several applications the (F|) is replaced by the following condition: (F|’) the
embeddings X9 < L"(RN) are compact(p <r < p*).

Now, if we use the principle of symmetric criticality for locally Lipschitz functions, i.e.,
(PSCL) from the above theorem we obtain the following corollary, which is very useful
in the applications.

Corollary 7.2 We suppose that the potential a : X — R is G-invariant and the condition
(Fe) is satisfied. Then the following assertions hold.

(a) If the conditions (F1), (F\') and (F2) — (Fs) are fulfilled, then the problem (P) has a
nontrivial solution;
(b) If the conditions (F1), (F{"), (F,), (F3) and (Fy) are fulfilled, then the problem (P)

has a nontrivial solution.

Now we return to the case, when X = H is a Hilbert space with the inner product
(-, -). We suppose that G acts continuously and linear isometric on the Hilbert space X.
Applying again (P SCL) we obtain the next useful result.

Corollary 7.3 We suppose that the condition (Fg) is satisfied. Then the following
assertions hold.
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(a) If the conditions (f1), (Fl”), (F2) — (Fs) and (F7) hold, then the problem (P') has
infinitely many distinct solutions;

(b) If the conditions (Fy), (F{'), (F}), (F3), (F4), (Fs) and (Fy) hold, then the problem
(P') has infinitely many distinct solutions.

Further, we give an example of a discontinuous function F for which the problem (P)
has a nontrivial solution.

Example 7.1 Let {a,} C R be a sequence with agp = 0, a, > 0, n € N such that the series
> o2 o an is convergentand Y oo a, > 1. We introduce the following notations

n 00
Ay = Zak, A= Zak.
k=0 k=0

With these notations we have A > 1 and A, = A,_1 +a, foreveryn € N*. Let f : R —
R defined by

f(s) = sls|P72 (Is]""P + An),

foralls € (—n — 1, —n]U[n,n+1),n € Nandr,s € R withr > p > 2. The function
f defined above satisfies the properties (F1), (F3), (F3) and (F4). The discontinuity set of

fis
Dy =17\ 1{0}.

It is easy to see that the function f satisfies the conditions (F7) and (F, 4), therefore (Fy).
Let F : R — R be the function defined by

t
F@) = / f(s)ds, withu € [n,n + 1),
0
when n > 1. Because F(u) = F(—u), it is sufficient to consider the case u > 0. We have

n—1
F(u) = Z/
k=0 "k

k+1

u
f(s)ds + / S (s)ds.
n
Therefore for every

1 1 l &
Fu) = u + Aul — Zakkp, foreveryu € [n,n + 1].
r p k=0
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It is easy to see that FOu; —u) = —uf(u) foreveryu € (n,n + 1], i.e., 354
FOlu, —u) = —u" — Anu?.

Thus, 355

1 11 1 « 11
F(u) + Fo(u,—u)=—< — )ur— Zakkp§—< — )ur.

4 p ! p r

If we choose C := ; — }, o =r > 2, the condition (Fz’) is fulfilled. 356

7.2.2 Applications 357

(1) Let f : RY x R — R be a measurable function and b : R¥ x R — R be a continuous 358

function. For b we shall first assume the following. 359
(b1) bo :=inf, gy b(x) > 0; 360
(b2) For every M > 0, meas({x € RV : b(x) < M}) < oo. 361
We consider the Hilbert space 362

H:= {u e Wh2RN) : / (Vul® + b(x)u*)dx < oo},
RN
with the inner product 363
(u,vyg = / (Vu - Vv + b(x)uv)dx.
RN

In the paper of Bartsch and Wang [2] is proved that the inclusion H <> L5(R") is compact 364
2N

for p € [2, y7,). Now we formulate the problem. 365
Find a positive # € H such that 366
/ (Vu - Vv + b(x)uv)dx +/ Fo(x, u(x); —v(x))dx >0, VYveH. (P1)
RV RN

The following corollary extends the results of Gazzola and Radulescu [14] and Bartsch 367
and Wang [2]. 368
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Corollary 7.4 The following assertions are true 369

(i) If the conditions (F1) — (Fs) and (b1) — (b2) hold, then the problem (P1) has a 370

positive solution; 371
(i) If the conditions (F1), (F}), (F3), (F4) and (b1) — (b2) hold then the problem (Py) 372
has a positive solution; 373
(iii) If the conditions (F1) — (Fs), (b1) — (b2) and (F7) hold, then the problem (P)) has 374
infinitely many distinct positive solutions; 375
(iv) Ifthe conditions (F1), (F2/), (F3) — (Fs), (b1) — (b2) and (F7) hold then, the problem 376
(P1) has infinitely many positive solutions. 377
Proof We replace the function f by f* : RY x R — R defined by 378
¥ _ ) fGuw), ifu >0, 714
e { o e oL (7.14)
and we apply Theorems 7.3 and 7.4. O
(2) Now, we consider Au := —Au + |x|2u foru € D(A), where 379

D(A) = !u c L2RY): Au e LZ(RN)} .

Here | - | denotes the Euclidian norm of RV . In this case the Hilbert space H is defined 380
by 381

H:= {u e L*RY): / (Vul*> + |x]2u®)dx < oo},
RN
with the inner product 382

(u, v) :=/ (VuVv + |x|>uv)dx.
RN

The inclusion H < LS(RN) is compact for s € [2, ﬁfz) (see, e.g., Kavian [16, 383
Exercise 20, pp. 278]). Therefore the condition (FY) is satisfied. 384
We formulate the problem. 385
Find a positive u € H such that 386

f (VuVu + |x[>uv)dx +[ FOx, u(x); —v(x))dx >0, Vv e H. (P)
RN RN



232 7 Hemivariational Inequalities and Differential Inclusions on Unbounded...

Corollary 7.5 The following assertions are true

(i) Ifthe conditions (F1) — (Fs) hold, then the problem (P») has a positive solution;
(ii) If the conditions (F1), (Fz’), (F3), (F4) hold, then the problem (P2) has a positive
solution;
(iii) If the conditions (F1) — (Fs5) and (F7) hold, then the problem (P>) has infinitely
many distinct positive solutions;
(iv) If the conditions (F1), (F2/), (F3) — (Fs) and (F7) hold then, the problem (P) has
infinitely many positive solutions.

(3) For this application we consider the Hilbert space H given by
H:=H'®RY) = {u e L2RY): Vu e LZ(RN)}
with the inner product

(u, v)g ::/ (VuVv + uv)dx.
RN

Let use consider G := O(N), N > 3. The group G acts linearly and orthogonal on
RY. The action of G on H is defined by gu(x) := u(g~'x) forallg € G and x € RV,
The fixed point set of this action is

HS :={ue H'RY): gu = u}.

According to a result of Lions [20] the inclusion H® < L*(R") is compact for
s € (2, ]3f2) Thus, condition (F}") is satisfied.
The proposed problem read as follows.

Find u € H such that
/ (VuVv 4+ uv)dx +/ Fo(x, u(x); —v(x))dx >0, Vve H. (P3)
RN RN

Corollary 7.6 ([18])

(i) Ifthe conditions (F1) — (F7) hold, then the problem (P3) has infinitely many distinct
solutions;
(ii) Ifthe conditions (F1), (F}) and (F3) — (F7) hold, then the problem (P3) has infinitely
many distinct solutions.
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Remark 7.3 By the construction, the above solutions are radially symmetric. In [18] we
actually guaranteed also the existence of infinitely many radially non-symmetric solutions
of (P3) in the case when N =4 or N > 6.

In the final part of this section, we present an example provided by Kristly [18].

Example 7.2 'We denote by |u] the nearest integer to u € R, if u + ; ¢ 7; otherwise we
put l[u] = u.Let f : R — R be defined by

f(s) = Llsls].
Then the conclusion of Corollary 7.6 holds for N € {3, 4, 5}.

Proof We will verify the hypotheses from the first item for p := 2, r = « = 3. To have
r < 2* weneed N € {3,4,5}.Itis easy to show that f is an odd function, i.e. (F7) holds.
It is easy to verify that (#7) holds too, while (F3) and (Fg) become trivial facts. Moreover,
(Fy) is also obvious, since f(s) = O for every s € [— \/12, \/12] , see Remark 7.1. Thus,

it remains to verify (F/2) and (Fs). To this end, we recall two nice inequalities for every
neN,ie.,

2 1 1 34 ... 2n—1 2 1
2n\/n—i— _3. +«/+ +«/n _ n+ <0.: ()
2 V2 8 =

and

dn+1 [2n—1 1 34--- 2n—1 2n—1
n+ \/n _3. +4/3+ ++/2n n n ~ 0. (Ig)

2 2 V2 2~

Let F(s) := fg f(t)dt. Since F is even, it is enough to verify both relations only for
non-negative numbers. One has

1
F(s) = :0’ e [O’ Jz]’ (7.15)
F,(s), s € I,

where I, = <\/2"21,\/2"2+1:| ,neNand F,(s) =ns — 1+*/3+;g*/2"71, sel,.
Letusfixs > 0.Ifs € [0, \}2] , then the two inequalities are trivial. Let « := idg,,

2 . . .
and g(s) := ‘, . Now, we are in the position to prove the main part of ( f2). We may assume
that there exists a unique n € N such that s € I,,. If s € int], then Fo(s; —s) = —ns and
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due to (7.15), we need

1 34 2n —1 2
3|ns — FV34 e+ —ns—s <0,

V2 4
which follows precisely by (12). If s, = \/2"2“, then FO(sy; —sp) = —n\/2”2+1. In this
case, (F) reduces exactly to (12).

Since the function x +— ;()c3 — xz) — nx is decreasing in I,,, n € N, to show (F5s), it
is enough to verify that

1{/2n—1\2 2n—1 5 \/Zn—l 14+V34 - +2n—1
3 2 2 =" 2 V2 ’

which is exactly (/2). This completes the proof. O

7.3 Hemivariational Inequalities in 2 = w x RLE>2

Let » be a bounded open set in R” with smooth boundary and let Q := w x R! be a
strip-like domain ; m > 1,1 := N —m > 2. Let F : Q x R — R be a Carathéodory
function which is locally Lipschitz in the second variable such that

(F1) F(x,0) =0, and there exist ¢c; > 0 and p € (2, 2*) such that
1€l < ci(Is| + IsIP7Y, Vs e R, V& € 32 F(x,s) and ae. x € Q.

Here, and hereafter, we denote by 2* := 2N /(N — 2) the Sobolev critical exponent.

In this section we study the following eigenvalue problem for hemivariational inequal-
ities.

(EPHI,) Find u € H} () such that

f Vu - Vodx + u/ FOx, u(x); —v(x))dx = 0, VYve HN(RQ).
Q Q

The expression F O(x, s; 1) stands for the generalized directional derivative of F(x, -) at
the point s € R in the direction ¢ € R.

The motivation to study this type of problem comes from mathematical physics.
Moreover, if we particularize the form of F (see Remark 7.5), then (EPHI,) reduces to
the following eigenvalue problem

—Au = puf(x,u)inQ, ue HH(RQ), (EP,)
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which is a simplified form of certain stationary waves in the non-linear Klein-Gordon or
Schrodinger equations (see for instance Amick [1]). Under some restrictive conditions
on the nonlinear term f, (EP,) has been firstly studied by Esteban [10]. Further
investigations, closely related to [10] can be found in the papers of Burton [5], Fan and
Zhao [12], Schindler [22].

Although related problems to (EP,) have been extensively studied on bounded
domains, in unbounded domains the problem is more delicate, due to the lack of
compactness in the Sobolev embeddings. In order to solve (EP,,), Esteban [10] used a
minimization procedure via axially symmetric functions. In the case of strip-like domains,
the space of axially symmetric functions has been the main tool in the investigations, due to
its ‘good behavior’ concerning the compact embeddings (do not forget that N > m+2, see
[20]); this is the reason why many authors used this space in their works (see for instance
[10, 12]). On the other hand, no attention has been paid in the literature to the existence
of axially non-symmetric solutions, even in the classical case (EP,). Thus, the study of
existence of axially non-symmetric solutions for (EPHI,) constitutes one of the main
tasks of this section. A non-smooth version of the fountain theorem of Bartsch provides not
only infinitely many axially symmetric solutions but also axially non-symmetric solutions,
when N :==m +4o0orN >m+ 6.

Throughout this section, HO1 (€2) denotes the usual Sobolev space endowed with the
inner product

(u, v)g := / Vu - Vudx
Q

and norm || - |[o = +/(-, -)o, while the norm of L¥(£2) will be denoted by || - ||,. Since £
has the cone property, we have the continuous embedding HOl (Q) — L*(Q), a € [2, 2],
that is, there exists k, > O such that ||u||, < kq|lul|lo forall u € HO1 (2).

We say that a function & : Q — R is axially symmetric, if h(x,y) = h(x, gy) for
all x € w, y € R¥"™ and g € O(N — m). In particular, we denote by H(}’S(Q) the
closed subspace of axially symmetric functions of Hol(Q). u € HOI(Q) is called axially
non-symmetric, if it is not axially symmetric.

We require the following assumptions on nonlinearity F.

(Fp) limg_,q max{[£]: gfaéF(x’S)} = 0 uniformly for a.e.x € Q;
(F3) Thereexistv > 1 and y € L*°(2) with essinfycqy (x) = yo > 0 such that

2F(x,s) + FO(x,s; —s) < —y(x)|s|",
foralls € Rand ae. x € Q.

The following theorem can be considered an extension of Bartsch and Willem’s result (see
[3]) to the case of strip-like domains.
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Theorem 7.5 ([17]) Let F : Q@ x R — R be a function which satisfies (F1), (F>), and
(F3) for some v > max{2, N(p — 2)/2}. If F is axially symmetric in the first variable and
even in the second variable then (EPHL,) has infinitely many axially symmetric solutions
for every u > 0. In addition, if N = m + 4 or N > m + 6, (EPHI,,) has infinitely many
axially non-symmetric solutions.

Remark 7.4 The inequality from (F3) is a non-smooth version of one introduced by Costa
and Magalhaes [7]. Let us suppose for a moment that F is autonomous. Note that (F3) is
implied in many cases by the following condition (of Ambrosetti-Rabinowitz type):

VF(s) + FY(s; —s) < 0 forall s € R, (7.16)

where v > 2. Indeed, from (7.16) and Lebourg’s mean value theorem, applied to the
locally Lipschitz function g : (0, 4+00) — R, g(t) := 7V F(tu) (with arbitrary fixed
u € R) we obtain that 7V F(tu) > s~V F(su) forall t > s > 0. If we assume in addition
that lim inf;_ ¢ i(li) > ap > 0, from the above relation (substituting + = 1) we have for

u # 0that F(u) > liminf, g+ ZC9ul” > aolul”. So, 2F (u) + FO(u; —u) < (2 —

|sul?

V)F(u) < —yolul’, where yp = ap(v — 2) > 0.

Remark 7.5 Let f : Q x R — R be a measurable (not necessarily continuous) function
and suppose that there exists ¢ > 0 such that | f(x, s)| < c(|s| + Is|P~1) forall s € R
and a.e. x € Q. Define F : Q x R — R by F(x,s) := fg f(x,t)dt. Then F is a
Carathéodory function which is locally Lipschitz in the second variable which satisfies
the growth condition from (F7). Indeed, since f(x,:) € LZO(?C(R)’ by [21, Proposition
1.7] we have B%F(x,s) = [fo(x,s), fr(x,s)]forall s € R and a.e. x € Q, where
J=(x, ) = lims_, o+ essinfjr—g| <5 f (x, 1) and fy (x, s) = lims_, o+ esssup,_g 5 f (x, 7).

Moreover, if f is continuous in the second variable, then 8%F (x,s) ={f(x,s)} forall
s € Rand a.e. x € Q. Therefore, the inequality from (EPHI,,) takes the form

/ Vu - Vodx — u/ Fx u(x)vx)dx =0, forall v e Hy (),
Q Q

thatis, u € HOI(Q) is a weak solution of (EP,,) in the usual sense.

Remark 7.6 In view of Remark 7.5, under appropriate hypotheses on f, corresponding to
(F1) — (F3), it is possible to state the smooth counterpart of Theorem 7.5.

The remainder of this section is dedicated to the proof of Theorem 7.5. We have the
following auxiliary results.
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Lemma 7.3 If F : @ x R — R satisfies (F1) and (F2), for every ¢ > 0 there exists
c(e) > 0 such that

(i) |&] < els|+c(e)ls|P~! foralls € R, & € 02F (x,s) and a.e. x € Q;
(ii) |F(x,s)| < es®+c(e)|s|? foralls € Randa.e. x € Q.

Proof
(i) Let ¢ > 0 be fixed. Condition (F>) implies that there exists § := §(¢) > 0 such that

|&] < e|s| for |s| < 8, & € B%F(x,s) and a.e. x € Q. If |s| > §, then (F7) implies
that |&] < c1(Is]>77 + DIs|P~! < c(8)|s|P~! forall & € 92 F(x,s) and a.e. x € Q.

Combining the above relations we get the required inequality.

(i) We use Lebourg’s mean value theorem, obtaining |F (x, s)| = |F(x,s) — F(x,0)| =
|€gss| for some &y € 8%F(x, 0s) where 8 € (0, 1). Now, we apply (i) to complete
the proof. O

Define 7, W(-, ) : H} () — Rby

F(u) := / F(x,u(x))dx
Q
and

1
W, @)= llull§ = ()
for > 0. The following result plays a crucial role in the study of (EPHI,, ).
Lemma 7.4 Let F : Q x R — R be a locally Lipschitz function satisfying (F1). Then &

is well-defined and locally Lipschitz. Moreover, let E be a closed subspace of HOl (2) and
FE the restriction of F to E. Then

7:E0(u; v) < / Fo(x, u(x); v(x))dx, Vu,veeE. (7.17)
Q

Proof The proof is similar to that of Proposition 2.16, but for the sake of completeness we
will give it. Let us fix s1, s2 € R arbitrary. By Lebourg’s mean value theorem, there exist
0 e0,1)and & € aéF(x, 6s1 4+ (1 —6)sy) such that F(x, s1) — F(x, s2) = &9(s1 — s52).
By (F;) we conclude that

FGos) = Fers)l < dlsi = sal - [Isil + 2l + 1117~ #1527 (7.18)
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for all 51,520 € Rand a.e. x € Q, where d = d(c1, p) > 0. In particular, if u € HOI(Q),
we obtain that

|F (u)| < /Q |F (e, u())ldx < d(ull3 + lullh) < d@3ulif + k5 llulll) < +oo,

that is, the function ¥ is well-defined. Moreover, by (7.18), there exists dp > 0 such that
forevery u, v € HOI(Q)

10 = F @)1 = dollu = vllo [lello + olo + llallf ™+ 101§ ™" ].

Therefore, ¥ is a locally Lipschitz function on HO1 (2).

Let us fix u and w in E. Since F(x,-) is continuous, F°(x, u(x); v(x)) can be
expressed as the upper limit of ©* H”(f))*F(x’y ), where t — 0 takes rational values
and y — u(x) takes values in a countable dense subset of R. Therefore, the map
x > FO(x, u(x); v(x)) is measurable as the “countable limsup” of measurable functions
of x. According to (F1), the map x +— FO(x, u(x); v(x)) belongs to LY(Q).

Since E is separable, there are functions u, € E and numbers f, — 0T such that
u, — uin E and

7_.Eo(u’ v) = lim FE(Un + tav) — 7:E(’/‘n)’

n——+00 tn

and without loss of generality, we may assume that there exist 41y € L?($2, R;) and h p €
LP(Q,Ry) such that |u,(x)| < min{h2(x), hp(x)} and u,(x) — u(x) a.e. in 2, as
n — +00o.

We define g, : @ — R U {400} by

gn(x) 1= — O mCOFCN=EELn D) 1 1y ()| [y (x) + 130 (x)|+

In

+ un ()] + [ (X) + )P+ Jun ()P

The maps g, are measurable and non-negative, see (7.18). From Fatou’s lemma we have

I =lim sup/ [—gn(x)]dx < / lim sup[—g, (x)]dx = J.
Q

n—+00 Q n—>+00
Let B, := A, + gn, where

F(x,un(x) + 1,0(x)) — F(x, un(x))

An(x) = )
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By the Lebesgue dominated convergence theorem, we have

lim B, dx =2d/ [ [ (lu(x)] + [u(x)]P~dx.
Q Q

n——+00
Therefore, we have

l‘ —
[ =limsup EUn T =TE@D [ g g
n—-+o0o In n—>+00 Jo

= Fpu;v) - 2d/ [v(x)] (|M(X)| + Iu(x)lp_l> dx.
Q

Now, we estimate J. We have J < J4 — Jp, where

Ja ::/ limsup A, (x)dx and Jp ::/ liminf B, (x)dx.
Q Q n—>+00

n——+00

Since u, (x) — u(x) a.e.in Q and 1, — 0T, we have
Jg = Zd/ ()| (Iu(x)l 7 |u(x)|P*1) dx.
Q

On the other hand,

I 2/ lim sup, £ 00 00 (@) = Fx, un() g
Q

n—+00 In

F(x, t — F(x,
5/ ™ (x,y +tv(x)) (x y)dx
Q

y—u(x),t—>0t t

=/ FO(x, u(x); v(x))dx.
Q

From the above estimations we obtain (7.17), which concludes the proof.
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O

We suppose that assumptions of Theorem 7.5 are fulfilled. Let us denote by ¥,
WEe(-, ), (-, -)g and || - || the restrictions of F, W(-, u), (-, -)o and || - ||o, respectively,

to a closed subspace E of HOI(Q), (n > 0).

Lemma 7.5 If the embedding E — L?(R2) is compact then Vg (-, n) satisfies (C). for

all w,c > 0.
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Proof Letus fix a u > 0 and a sequence {u,} from E such that Wg (u,, u) — ¢ > 0 and 560
A+ Nlunll E)Awg () (un) — 0 (7.19)

as n — +o0o. We shall prove firstly that {u,} is bounded in E. Let &, € ocWVE (-, w)(un) s61
such that [|xllE = Awg(,u)(Un); it is clear that [|¢,]|[g — 0 as n — +o00. Moreover, 562

e 0 s un) = (Gnsun)e = —lzllelualle = =0+ [uall£)hwg . @), 563
Therefore, by Lemma 7.4, for n large enough 564

2¢+1 > 2We(uy, w) — Ve, 0 (n; uy)
= —2uFE(un) — (—FE)° (tn; )

v

—u / F (. () + FOCe, iy (6); — 1t (1)) ]dx
Q

v

wyollunlly-
Thus, 565
{u,} is bounded in L" (R2). (7.20)

After integration in Lemma 7.3 ii), we obtain that for all ¢ > 0 there exists c(¢) > 0 such ses
that Fg (un) < elluyll% + c(&)llun |l (note that ||u||5 < k3|lul|3). For n large, one has 567

1 1
c+ 1> Wy, p) = 2||un||2E ~ uFE(uy) > (2 —~ eu) Nl — pe(@) llunllh.

Choosing ¢ > 0 small enough, we will find ¢3, ¢3 > 0 such that 568
2llunlly < ¢+ 1+ eslunllp. (7.21)

Since v < p (compare Lemma 7.3 ii) and (7.22) below), we distinguish two cases. 569

(I) If v = pitis clear from (7.21) and (7.20) that {u,} is bounded in E. 570

(II) If v < p, we have the interpolation inequality 571

1-6 8 8 1-6 8
lunllp < Nlunlly™" Nunllpe < ks llunll,™ llun g

(since up, € E < L"(Q) N LY (Q)), where 1/p =1 —=38)/v+8/2* Since v > 572
N(p — 2)/2, we have §p < 2. According again to (7.20) and (7.21), we conclude 573
that {u,,} should be bounded in E. 574
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Since E — L?(2) is compact, up to a subsequence, #, — u in E and u, — u in L7 (). s75
Moreover, we have 576

Wy ) s e — ) = (s u — un) g + (=F ) 0 — uy),
577
W (o )05ty — u) = (u, uy — u) g + w(—Fg)° s uy — u).

Adding these two relations, we obtain 578
ltw — 1wl E = (IFE ns —u+ un) + FE' U —ttn +10)]
~WEC ) s = ) = WEC, ) sty — u).

On the other hand, there exists {, € dcWVEg(-, u)(u,) such that ||{,|lE = Ay, (Un). 579
Here, we used the Riesz representation theorem. By (7.19), one has ||{,]| — O asn — 580
+o00. Since u, — u in E, fixing an element ¢ € dcWEg(-, n)(u), we have (¢, u, —u)g — 581
0. Therefore, by the inequality (7.17) and Lemma 7.3 i), we have 582

lun — ull% < M/Q[FO(X, wn (X); = (x) + 1, (X)) + FO(x, u(x); —tun (x) + u(x))]dx
_(gns U —Up)E — ({s Uy —U)E

— i [ max {6, (00 a0 ¢ 6400) € B2 F Gy

i f max {00t () + () 1 £(x) € 03 Fx, ux) ] dx
Q
—{Cn,u —up)g — ({,up —U)E

=< M/Q8 (Jun () + [u(0)]) [un (x) — u(x)|dx

[ @) (11”1 a6 = ol
Q
el Elle = unlls = (& un = )
< 26kl + ) + pecte) (a3~ + Nl ™) lan = ul

Hlcnllellw —unlle —{C, up —u)g.

Due to the arbitrariness of ¢ > 0, we have that ||u,, — u||2E — 0asn — +o00. Thus, {u,}
converges strongly to # in E. This concludes the proof. O

Proof of Theorem 7.5 For the first part, we verify the conditions of Theorem 5.6, s83
choosing E := Holx(Q) and f := Wg(-, n), where Wg (-, u) denotes the restriction of ss4
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W (., u)to E, u > 0being arbitrary fixed. By assumption, F is even in the second variable,
so WE (-, n) is also even, and by Lemma 7.4 it is a locally Lipschitz function.

Clearly, Wg (0, u) = 0, while condition (C), is verified, due to Lemma 7.5. Indeed,
H(}’S(Q) is compactly embedded into L?(2).

In order to prove ( f;) of Theorem 5.6, we consider g : Q x (0, +00) — R defined by

y(x) =2

g, 1) ==t2F(x,1) —
v—2

Letus fix x € Q. Clearly, g(x, -) is a locally Lipschitz function and by the Chain Rule we
have

3g(x, 1) € =2t 3F(x, 1) + 17 20F (x, 1) —y ()" 3, t > 0.

Lett > s > 0. By Lebourg’s mean value theorem, there exist T := 7(x) € (s,¢) and
wr = w¢(x) € dg(x, 7) such that g(x, 1) — g(x, s) = w(t — s). Therefore, there exists
£ ==& (x) € 02F(x,7) such that w, = =2t F(x, 1) + 172, — y(x)1"" and

gx, 1) —g(x,s) > -t [2F(x, 1) + FOx, t5 — 1) + y () "1t — ).

By (F3) one has g(x,t) > g(x,s). On the other hand, by Lemma 7.3 we have that
F(x,s) = o(s?) ass — 0 forae x € Q.Ifs — 0% in the above inequality, we
have that F(x,t) > y(x)t"/(v — 2) forall t > 0 and a.e. x € Q. Since F(x,0) = 0 and
F(x, -) is even, we obtain that

Flx,0) > ”(x)2|t|”, Vi e Randaex € Q. (7.22)
b

Now, let {e;} be a fixed orthonormal basis of £ and E; = {ey, ..., ek}, kK > 1. Denoting
by || - || the restriction of || - ||p to E, from (7.22) one has

“yo

ull¥, VuekE.
v—2” Il

1 2
WEe(u, p) < 2IIMIIE -
Letus fix k > 1 arbitrary. Since v > 2 and on the finite dimensional space Ej all norms are
equivalent (in particular || - ||o and || - ||,), choosing a large Ry > 0, we have W (u, u) <
Ve, u) =0if lullg > Rk, u € Eg. This proves (fz’).
Again, from Lemma 7.3 ii) we have that for all ¢ > 0 there exists c(¢) > 0 such that
Fe@) < elluly + c@)llul?, forallu € E. Let B = sup{[lullp/llulle - u € Ei,u # 0}.
As in [3, Lemma 3.3], it can be proved that 8y — 0 as k — +o00. Foru € EiL, one has

1 _ 2 p 1 _ 2 p p
Ve, W) = |, —en ) llully — pe@llully = |, —en | llully = pe@fyllully
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- -1 Pyot
Choosing ¢ < (p —2)(2pu)~" and pi := (puc(e)B; )>~», we have
Wa( ) > 1 1 2
u, > - —¢
EU, 1w 27 p M) Pk

for every u € EkL with ||ullg = pk. Since B — 0, then pp — 400 as k — +o00. Thus
(f{) of Theorem 5.6 is concluded.

Hence, WEg(-, n) has infinitely many critical points on E = Hol’ ;(€2). Using the
principle (PSCL), these points are actually critical point for the original functions W (-, 1t).
Now, using Lemma 7.4, the above points will be precisely solutions for (EPHI,,).

Now, we deal with the second part. The following construction is inspired by [3]. Let
N :=m+4or N > m+ 6. In both cases we find at least a number £ € [2, NE’"] N
N\ {N_’2"_1}. For asuch k € N, we have Q := o x RF x RF x RN-2k—m et H =
id™ x O(k) x O(k) x O(N — 2k — m) and define

G. = (H U{t}),
where t(x1, x2, x3, X4) = (x1, X3, X2, X4), for every x; € w, x2, x3 € ]Rk, X4 € RN—2k—m_
G, will be a subgroup of O(N) and its elements can be written uniquely as & or At with
h € H. The action of G; on HOI(Q) is defined by

gu(xy, x2, x3, x4) = w(g)u(x1, g2x2, g3X3, g4X4) (7.23)

forall g = id™ x g2 X g3 X g4 € G, (x1, X2, X3, x3) € @ X R x R¥ x RN=2k= \yhere
m : Gy — {x1} is the canonical epimorphism, that is, w (k) = 1 and 7 (ht) = —1 for
all h € H. The group G acts linear isometrically on HOl (2), and ¥ (-, ) is G,-invariant,
since F is axially symmetric in the first variable and even in the second variable. Let

Hy () :={u € Hj(Q) : gu=u, Vg € G}

Clearly, HOl (2) is a closed subspace of HOI(Q) and

N

df.
Hy (@) C Hy (" = {u € Hy(Q) : hu=u, Yh € H}.

On the other hand, HOI(Q)H — LP(Q) is compact (see [20, Théoreme III.2.]), hence
Hol,ns(Q) — LP(R) is also compact.

Now, repeating the proof of the first part for £ = H()l,ns(Q) instead of H()l, s (82), we
obtain infinitely many solutions for (EPHI, ), which belong to Hol’ s (§2). But we observe
that O is the only axially symmetric function of HO{M(Q). Indeed, let u € HO{M(Q) N
H(}’S(Q). Since gu = u for all g € G, choosing in particular T € G and using (7.23),

we have that u(x1, x2, x3, x4) = —u(xy, x3, x2, x4) for all (x1,x2,x3,x4) € w X RF x
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Rk x RN-2k—m _Since u is axially symmetric and |(x2, x3, x4)| = [(x3, X2, x4)|, (| - | being
the norm on RV —™), it follows that # must be 0. Therefore, the above solutions are axially
non-symmetric functions. This concludes the proof. O

Remark 7.7 The reader can observe that we considered only N > m + 2. In fact, in this
case Hol’ ;(82) can be embedded compactly into LP(R2), p € (2, 2*) which was crucial in
the verification of the Cerami condition. When N := m 4 1 the above embedding is no
longer compact. In the latter case it is recommended to construct the closed convex cone
(see [11, Theorem 2]), defined by

¥ — ue Hol(a) X R) :u >0, u(x,y)is nonincreasingin y forx € w,y >0
and u(x, y) is nondecreasingin y forx e w, y <0

because the Sobolev embedding from HO1 (w x R) into L? (w x R) transforms the bounded
closed sets of K into relatively compact sets of L”(w x R), p € (2,2%) (note that 2* =
400, if m = 1). Since K is not a subspace of HO1 (w x R), the above described machinery
does not work. However, we will treat a closely related form of the above problem in the
next section.

In the final part of this section, we provide two examples, which highlight the
applicability of the main result.

Example 7.3 Let p € (2,2%). Then, for all © > 0, the problem
—Au=plulPPuinQ, ue HH (),

has infinitely many axially symmetric solutions. Moreover, if N :=m +4 or N > m + 6,
the problem has infinitely many axially non-symmetric solutions.

Indeed, consider the (continuously differentiable) function F(x,s) = F(s) = |s|?,
which verifies obviously the assumptions of Theorem 7.5 (choose v = p).

Example 7.4 We denote by |u ] the nearest integer to u € R, if u + é ¢ 7; otherwise we
put lu]l =u.Let N € {3,4,5}andlet F : Q x R — R be defined by

F(x,s) = F(s) := /SLt|t|Jdt +1s]3.
0

It is clear that F is a locally Lipschitz, even function. Due to the first part of Remark 7.5,
F verifies (F1) with the choice p := 3 while (F>) follows from the fact that |¢|t]] = 0
ift € (—2’1/2, 2’1/2). Since F is even (in particular, FO(s; —s) = FO(—s; s) for all
s € R), it is enough to very (F3) for s > 0. We have that F(s) = s3if s € [0, a1], and
F(s) = s +ns — Y 7_, v/2k — 1/3/2if s € (@, ant1], where a, = 2n — 1)1/2271/2,
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n € N\ {0}. Moreover, FO(s; —s) = —3s> —ns when s € (ay, an41) while FO(a,; —a,) =
—3a2 — (n — Day,, since d¢c F(a,) = [3a3 +n—-1, 3a3 + n], n € N\ {0}. Choosing
y(x) = yp = 1/3 and v = 3, from the above expressions the required inequality yields.
Therefore (EPH 1,) has infinitely many axially symmetric solutions for every u > 0.
Moreover, if  := w x R*, where o is an open bounded interval in R, then (EPH I,) has
infinitely many axially non-symmetric solutions for every u > 0.

7.4 Variational Inequalitiesin 2 = ® x R

In this section we will continue our study on the strip-like domains, but contrary to the
previous section, we consider domains of the form  := w x R, where o € R"(m > 1) is
abounded open subset. This section is based on the paper of Kristély, Varga and Varga [19].

As we pointed out in the previous section, Lions [20, Théoreme III. 2] (see also [11,
Theorem 2]) observed that defining the closed convex cone

u is nonnegative,
K:=1quc Hol(a) x R) : y — u(x, y) is nonincreasing for x € w, y >0, (K)
y = u(x, y) is nondecreasing forx € w, y <0,

the bounded subsets of K are relatively compact in L? (w x R) whenever p € (2, 2*). Note
that 2* = oo, if m = 1. Burton [5] was the first who exploited in its entirety the above
“compactness”; namely, by means of a version of the Mountain Pass theorem (due to
Hofer [15] for an order-preserving operator on Hilbert spaces), he was able to establish the
existence of a nontrivial solution for an elliptic equation on domains of the type w x R. The
main ingredient in his proof was the symmetric decreasing rearrangement of the suitable
functions, proving that the cone K remains invariant under a carefully chosen nonlinear
operator, which is an indispensable hypothesis in the Hofer’s result.

The main goal of this section is to give a new approach to treat elliptic (eigenvalue)
problems in cylinders of the type Q2 := @ x R. The genesis of our method relies on the
Szulkin type functionals. Indeed, since the indicator function of a closed convex subset of
a vector space (so, in particular K in HOl (w x R)) is convex, lower semicontinuous and
proper, this approach arises in a natural manner as it was already forecasted in [17]. We
point out that in [19] we considered a much general problem; instead of a Szulkin type
functional we considered the Motreanu-Panagiotopoulos type function (see [21, Chapter
3D. In order to formulate our problem, we shall consider a continuous function f : (@ X
R) x R — R such that

(F1) f(x,0) =0, and there exist c; > 0 and p € (2, 2*) such that

|fCe )] < erllsl+ 151771, V(x,s) € (0 x R) x R.
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Leta € L'(w x R)NL>®(w x R) witha > 0, a % 0, and ¢ € (1,2). For A > 0, we es2
consider the following variational inequality problem: 683
(Py.) Find u € K such that 684

/ Vu(x) - V(v(x) —u(x))dx + /
wxR

wX

. S ux)(—v(x) + u(x))dx
> A/ a(x)|u(x)|‘172u(x)(v(x) —u(x))dx, Vv € K.
wxR

For the sake of simplicity, we introduce Q2 := w x R. Define F : @ x R — R by e85

F(x,s):= fg f(x, t)dt and beside of (Fj) we assume: 686
(F) limg_q f(ffs) = 0, uniformly for every x € Q; 687
(F3) There exists v > 2 such that 688

VF(x,s) —sf(x,s) <0, V(x,s) € 2 xR;
(F4) There exists R > 0 such that 689
inf{F(x,s):(x,|s]) €wx[R,00)} > 0.

Remark 7.8 1t is readily seen that if the conditions (Fj) and (F3) hold, then for every e

& > 0 there exists c(¢) > 0 such that 691
(i) 1f(x.9)] < els|+c(e)ls|P1, V(x,s) € @ x R; 602
(i) |F(x,s)| < es? +c(e)]s|?, V(x,s) € @ x R. 693

Lemma 7.6 If the functions f, F : Q@ x R — R satisfies (F1), (F3) and (Fy4) then there e
exist ¢, c3 > 0 such that 695

F(x,s) > cals|” — c35%, V(x,s5) € 2 x R.

Proof First, for arbitrary fixed (x, u) € Q2 xR we consider the function g : (0, +00) — R 69
defined by 697

g®) :=1t7"F(x,tu).
Clearly, g is a function of class C! and we have 698

g0 ==tV VF(x, tu) + 7 uf (x, tu), t > 0.
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For ¢t > 1, by mean value theorem, there exist t := t(x,u) € (1,¢) suchthat g(r)—g(1) =
g (v)(t — 1). Therefore, g’(t) = —vt V"' F(x, tu) + t"uf (x, Tu), thus

g —g() = —t_”_l[vF(x, tu) —tuf(x, tu)](t — 1).
By (F3) one has g(¢) > g(1), i.e., F(x,tu) > t"F(x, u), for every t > 1. Define cg :=
inf{F(x,s): (x,|s]) € w x [R,00)}, which is a strictly positive number, due to (F4).
Combining the above facts we derive

F(x,s) > ;IE Is|", V(x,s) € Q x R with |s| > R. (7.24)

On the other hand, by (F7) we have |F(x, s)| < c1(s% + |s|?) for every (x,s) €  x R.
In particular, we have

—F(x,5) <ci(s”+[s]”) <c1(1+ RP7> 4+ R¥7)s> — c1ls|”
for every (x,s) € Q x R with |s] < R. Combining the above inequality with (7.24), the
desired inequality yields if one chooses ¢; := min{cy, cg/R"} and ¢3 := ¢ (1 + RP2 4
R"72). O

Remark 7.9 In particular, Lemma 7.6 ensures that 2 < v < p.

To investigate the existence of solutions of (P,) we shall construct a functional ), :
HO1 (2) — R associated to (P,) which is defined by

Tn(u) = 1/ |Vu|2dx—/ F(x,u(x))dx — A/a(x)lulqu—{—l/fw(u),
2 Jq Q qJa

where Y« is the indicator function of the set K.
If we consider the function ¥ : HO1 (2) — R defined by

F(u) = / F(x,u(x))dx,
Q
then F is of class C! and

(F' (). v) g1 (@) :/Qf(x,u(x))v(x)dx, Vu,v € Hy(Q).
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By standard arguments we have that the functionals A1, A3 : H(}(Q) — R, defined by
Al(u) == ||u||% and Ay(u) := fQ a(x)|u|?dx are of class C! with derivatives

(A/l (u), U)yol @ = 2(u, v)o
and
(AY). V) i @) = 4 / a(o)lul?"uvdx.

0 Q

Therefore the function
1 , A q
H;. (u) := 2IIMIIO - a(x)|ul?fdx — F (u)
qJg

on HO1 (2) is of class C!. On the other hand, the indicator function of the set K, i.e.,

0, ifue€Xk,

V() = ! oo, if u ¢ K,

is convex, proper, and lower semicontinuous. In conclusion, 7, = H, + ¥ is a Szulkin
type functional.

Proposition 7.4 Fix A > 0 arbitrary. Every critical point u € HO1 (2) of J» (in the sense
of Szulkin) is a solution of (P,.).

Proof Since u € HOI(Q) is-a critical point of J, = H, + ¥, one has

(H; (), v =) i ) + ¥ (©) — Ycw) = 0, Vo € Hy(Q).
We have immediately that # belongs to K. Otherwise, we would have y¥rg (1) = +o0
which led us to a contradiction, letting for instance v = 0 € K in the above inequality.
Now, we fix v € K arbitrary and we obtain the desired inequality. O

Remark 7.10 1t is easy to see that 0 € K is a trivial solution of (P, ) for every A € R.

Proposition 7.5 [f the conditions (F1) — (F3) hold, then ), satisfies the (P S)—condition
(in the sense of Szulkin) for every A > 0.
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Proof Let . > 0 and ¢ € R be some fixed numbers and let {u,} be a sequence from
H_J () such that

T (un) = Hy(un) + ¥ (un) — (7.25)
(H (un), v = ttn) g1 () + Yk (V) — Yrc(un) = —&nllv — ttnlo, Vv € Hy(Q),  (7.26)

for a sequence {¢,} in [0, o) with g, — 0. By (7.25) one concludes that the sequence
{un} lies entirely in K. Setting v := 2u, in (7.26), we obtain

(7-{){(”}1)1 un))[-[ol(Q) > —é&nllunllo-

From the above inequality we derive
leen 1§ — k/ a(x)|un|?dx —f J s un ())up (x)dx = —& [lun o (7.27)
Q Q
By (7.25) one has for large n € N that
c+1z=lunly— a(x)|un|?dx — | F(x,un(x))dx (7.28)
2 q Ja Q

Multiplying (7.27) by v~! and adding this one to (7.28), by Holder’s inequality we have
for largen € N

1 1 1 ) 1 1 q
ctl+ Nunllo = (= llunly =2C — ) | ax)|unl
v 2 v q v Jo

1
o /Q [0 F (., () — 1 () f (6 ()]l

Fy 11 s 11 .

> (2 - U)Ilunllo —)»(q - U)”a”v/(v—q)””n”u
11 s 11

> (2 - U)Ilunllo —)»(q - U)”a”v/(v—q)kg””n”g-

In the above inequalities we used the Remark 7.9 and the hypothesis ¢ € L!(Q) N
L () thus, in particular, a € LY/ ("~9(Q). Since ¢ < 2 < v, from the above estimate
we derive that the sequence {u, } is bounded in K. Therefore, {u,} is relatively compact in
LP(2), p € (2,2%). Up to a subsequence, we can suppose that

uy — u weakly in Hj (R); (7.29)

u, — u strongly in L*(2), n € (2,2%). (7.30)
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Since K is (weakly) closed then u € K. Setting v := u in (7.26), we have

(tp, u —up)o + fQ S Gy un () (un (x) — u(x))dx

_)‘/ a () |un |, U — un) > —enllt — unllo-
Q
Therefore, in view of Remark 7.8 i) we derive
lu — unll3 < (u, u — undo +/ SO, un () (x) — u(x))dx
Q

—A/Ga@ﬂuﬂwduﬁu—wm)+8nmt—uﬂb
Q

< (u,u —up)o+ )\”a”v/(qu)””n”Z_l le — unlly + enllu — unllo
-1
+ellunllollun — ullo + C(E)””n”p lu, — ””p,
where ¢ > 0 is arbitrary small. Taking into account relations (7.29) and (7.30), the facts

that v, p € (2,2%), the arbitrariness of ¢ > 0 and &, — 0™, one has that {u,} converges
strongly to u in Hol(Q). O

Proposition 7.6 [f the conditions (F) — (F4) are verified, then there exists a Ay > 0 such
that for every A € (0, Ag) the function ) satisfies the Mountain Pass Geometry, i.e., the
following assertions are true:

(i) there exist constants oy, > 0 and p; > 0 such that ) (u) > ay, forall ||ullo = px;
(ii) there exists e), € HO1 (2) with |lexllo > px and J).(ep) < O.

Proof

(i) Due to Remark 7.8 ii), for every ¢ > O there exists c(¢) > 0 such that F(u) <
ellu ||% +c(e)||lu ||§ foreveryu € HO1 (€2). It suffices to restrict our attention to elements
u which belong to K; otherwise 7, (#) will be 400, i.e., (i) holds trivially. Fix g¢ €
O, é). One has

1 Ak
Tr(u) > <2 - 80) lully — kbe(eo)llully — q‘” lallpjp-ollully — (7.31)

-2 -2
= (A= BIul§ ™ = ACHul§ ) uld,

where A 1= () — &) > 0, B := kbhc(eo) > 0and C :=kpllall p/(p—q)/q > 0.
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For every A > 0, let us define a function gy : (0, c0) — R by
g (t) = A — BtP™2 —\C1972.
1 -2
Clearly, g;(tx) = Oifandonlyifs, = (1 ;:% g) r=4, Moreover, g, (t,) = A— DX i ,
where D := D(p, q, B, C) > 0. Choosing Ao > 0 such that g, (#,) > 0, one clearly
has for every A € (0, Ag) that g, (tx) > 0. Therefore, for every A € (0, Ap), setting
oni=1h and o) 1= g (tk)tf, the assertion from (i) holds true.

(ii) By Lemma 7.6 we have F (u) > calull’, — c3llull3 for every u € HJ (). Let us fix
u € K. Then we have

1 A
Tnw) = ( + sk lullg — callulll + . el w—gyk? lluell - (7.32)

Fix arbitrary ug € K \ {0}. Letting u := sup (s > 0) in (7.32), we have that
Ji(sug) — —ooass — +oo, since v > 2 > ¢q. Thus, for every A € (0, Ap), it
is possible to set s := s so large that for e, := s)up, we have |lexllo > p; and
Jaler) <0. O

The main result of this section can be read as follows.

Theorem 7.6 ([19]) Let f : @ x R — R be a function which satisfies (Fy) — (Fa). Then
there exists Ay > 0 such that (P,) has at least two nontrivial, distinct solutions u)l\, u% ek
whenever A € (0, Lg).

Proof In the first step we prove the existence of the first nontrivial solution of (P;).
By Proposition 7.5, the functional 7, satisfies (PS) and clearly 7, (0) = 0 for every
A > 0. Let us fix L € (0,Ap), Ao being from Proposition 7.6. It follows that there are
constants &y, p > Oand ey € HO1 (£2) such that 7, fulfills the properties (i) and (ii) from
Theorem 5.14. Therefore, the number

c){ = inf sup Ji(y()),
vel refo,1]

where I' := {y € C([0, 1], HOI(Q)) 1y(0) =0, y(1) = ey}, is a critical value of J, with
c)l\ > o, > 0. Itis clear that the critical point u;\ € HOl (£2) which corresponds to c)l\ cannot
be trivial since J; A(ui) = c}\ > 0 = J,(0). It remains to apply Proposition 7.4 which
concludes that ui is actually an element of K and it is a solution of (P;,).

In the next step we prove the existence of the second solution of the problem (P, ). For
this let us fix A € (0, A¢) arbitrary, Ao being from the first step. By Proposition 7.6, there
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252 7 Hemivariational Inequalities and Differential Inclusions on Unbounded...

exists p; > 0 such that

inf  J(u) > 0. (7.33)

llullo=px

On the other hand, since a > 0, a # 0, there exists ug € K such that fQ a(x)|up(x)|9dx >
0. Thus, for r > 0 small one has

1 A
T (tug) < 1> (2 + C3k%> luollg — cat” uolly, — qtq/ a(x)ug(x)|?dx < 0.
Q

For r > 0, let us denote by B, = {u € HOI(Q) lullo < r} and S, := 9 B,. With these
notations, relation (7.33) and the above inequality can be summarized as

2= inf Ji(u) <0< inf J(u). (7.34)
u€Sy,

ueBy,

We point out that ci is finite, due to (7.31). Moreover, we will show that c% is another
critical point of 7. To this end, let n € N \ {0} such that

N inf 7). (7.35)
u€B,

n u€Sy,

By Ekeland’s variational principle, applied to the lower semicontinuous functional 77y By
which is bounded below (see (7.34)), there is u; , € B, such that

. 1
Iy n) < inf JHw) + (7.36)
uEBp)L n
1
T(w) = T n) — ; lw—usnllo, Yw € By, . (7.37)

By (7.35) and (7.36) we have that T (ux ) < inquSp)L T (u); therefore |luy nllo < pr-

Fix an element v € HOI(Q). It is possible to choose ¢t > 0 so small such that w :=
u)n+1t(v—uyn) € B, . Putting this element into (7.37), using the convexity of ¥r¢ and
dividing by # > 0, one concludes

Ho (0 + 1t (v —upn) — Ha(uy,n)

1
; + Y (V) — Y (uan) = — lv—us nllo-

Letting t — 0%, we derive

1
(L i) v = i) gy @ + Vre (V) = Yk ) = =l = i alo- (7.38)
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7.5 Differential Inclusions in RY 253
By (7.34) and (7.36) we obtain that

Tz n) = Hy s n) + Yactsn) — 5 (7.39)

as n — 00. Since v was arbitrary fixed in (7.38), the sequence {u; ,} fulfills (7.25) and
(7.26), respectively. Hence, it is possible to prove in a similar manner as in Proposition 7.5
that {u, »} contains a convergent subsequence; denote it again by {u, ,} and its limit point
by u% It is clear that u% belongs to B),. By the lower semicontinuity of ¥ we have
wq((ui) < liminf,_, o Y% (4, ,). Combining this inequality with lim,_, (7-{)" (Up.n), v—
W) gl (@) = (MG (3), v — u3) and (7.38) we have

(HG(3), v = 103) g1 (g + Y (v) — Yc(u3) = 0, Vv € Hy (),

i.e. u% is a critical point of J, . Moreover,

3720 int Fi = 56d) <timind T 12 S,
ueBy, n—00

ie. jx(u%) = ci. Since c% < 0, it follows that u% is not trivial. We apply again

Proposition 7.4, concluding that u% is a solution of (P,) which differs from ui This
completes the proof of Theorem 7.6. O

In the next we give a simple example which satisfies the conditions (F7) — (F4) from
Theorem 7.6.

Example 7.5 F(x,s) = F(s) := —s>/3if s <0, and F(x,s) = F(s) := s> In(2 + 5) if
s > 0. One can choose arbitrary p € (2,2%) and v € (2, 3] in (F}) and (F3), respectively.

7.5  Differential Inclusions in RY
In this section we are going to study the differential inclusion problem

—Apu+ |ulP2u € a(x)dc F(u(x)), x € RV, D)
ue WhHrRN),
where 2 < N < p < 400, @ € L'RY) N L®(RY) is radially symmetric, and dc F
stands for the generalized gradient of a locally Lipschitz function F : R — R. This class
of inclusions have been first studied in the paper of Kristaly [18].

By a solution of (DI) it will be understood an element u € WP (RN) for which there
corresponds a mapping RY 3 x + ¢, with ¢, € 3¢ F (u(x)) for almost every x € RV

793

794
795
796
797
798
799

800

801
802

803
804

805

806

807
808
809
810
811



254 7 Hemivariational Inequalities and Differential Inclusions on Unbounded...

having the property that for every v € W7 (R), the function x > a(x)¢,v(x) belongs
to L' (RN) and

/ (|Vu|p_2Vqu+|u|p_2uv)dx=/ a(x)Cev(x)dx. (7.40)
RN RN

Under suitable oscillatory assumptions on the potential F at zero or at infinity, we show

the existence of infinitely many, radially symmetric solutions of (DI).
For/ =0orl = 400, set
F
F; :=limsup ('0). (7.41)
pl—1 1pol?

Problem (DI) will be studied in the following four cases:

e 0< F; < 400, whenever! = 0 or/ = +00 and
e F; =400, whenever [ =0orl = +o0.

We assume that:

(H) o F : R — Rislocally Lipschitz, F(0) = 0, and F(s) >0, Vs € R;
e € L'RN) N L®(RN) is radially symmetric, and a(x) > 0, Vx € RV.

Let ¥ : L°(RV) — R be a function defined by
F (u) =/ a(x)F(u(x))dx.
RN

Since F is continuous and o € L' (RY), we easily seen that 7 is well-defined. Moreover,
if we fixau € L¥(RN ) arbitrarily, there exists k,, € L'(RN ) such that for every x € RN
and v; € R with |[v; —u((x)| < 1, (i € {1,2}) one has

la () F(v1) — a(x) F(v2)| < ku(x)|v1 — v2].

Indeed, if we fix some small open intervals I; (j € J), such that F|; i is Lipschitz function
(with Lipschitz constant L; > 0) and [—[lu[[Le—1, || ||[Leo+1] C Ujey I}, then we choose
ky, = amax;c; L;. (Here, without losing the generality, we supposed that cardJ < +00.)
Thus, we are in the position to apply Theorem 2.7.3 from Clarke [6]; namely, ¥ is a locally
Lipschitz function on L>(R") and for every closed subspace E of L>(R") we have

ac(¢|E)(u)g/ a(x)dc F(u(x))dx, foreveryu € E, (7.42)
RN
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255

where F | g stands for the restriction of ¥ to E. The interpretation of (7.42) is as follows
(see also Clarke [6]): for every ¢ € dc (F |g)(u) there corresponds a mapping RY 5 x>
¢y such that ¢, € d¢ F(u(x)) for almost every x € R" having the property that for every

v € E the function x > o(x){,v(x) belongs to L'(RV) and

(¢, v)E =/ a(x)sev(x)dx.
RN

Now, let & : WP (RY) — R be the energy functional associated to our problem (DI),

i.e., forevery u € WhH?(RV) set

1
Eu) = pnuu’v’vl,p — F (u).

It is clear that & is locally Lipschitz on W7 (R") and we have

Proposition 7.7 Any critical pointu € WL (RN) of & is a solution of (DI).

Proof Combining 0 € 9c&Ewm) = —Apu + lu|P~2u — dc (F lwr.p@ny)(u) with the

interpretation of (7.42), the desired requirement yields, see (7.40).
We denote by
WEPRN) = {u e WHP@RNY : gu = uforall g € O(N)},

the subspace of radially symmetric functions of W17 (RV).

Proposition 7.8 ([18]) The embedding era’dp (RN) < L®@RN) is compact whenever

2<N<p<oo.

O

Proof Let {u,} be a bounded sequence in erahp (RM). Up to a subsequence, u, — u in
erahp (RN) for some u € erahp (RM). Let p > 0 be an arbitrarily fixed number. Due to the

radially symmetric properties of u and u,, we have
ln = wullwrr By (ery.on = ltn = tllwir sy (eay.p)
for every g1, g2 € O(N) and y € R". For a fixed y € RV, we can define

m(y, p) =sup{n e N:3g; € O(N), i € {1,...,n} such that

Bn(giy, p) N Bn(gjy, p) =0, Vi # j}.

(7.43)
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By virtue of (7.43), for every y € RY and n € N, we have

lun —ullwrr _ SUPren lunliwy, + lluellyr

ltn — ullwir By (y. oy = <
" P (BN () m(y, p) m(y, p)

The right hand side does not depend on n, and m(y, p) — +0oo whenever |y| — 400 (p
is kept fixed, and N > 2). Thus, for every ¢ > 0 there exists R, > 0 such that for every
y € RY with |y| > R, one has

ltn — wllwro By (y.py < €Q2Sp)~" foreveryn €N, (7.44)

where S, > 01is the embedding constant of WLP(By (0, p)) — CO(ByI[O0, p]). Moreover,
we observe that the embedding constant for WP (By(y, p)) — C%Byly, p]) can
be chosen S, as well, independent of the position of the point y € RY. This fact
can be concluded either by a simple translation of the functions u € wbLr(By (v, p))
into By (0, p), ie. () = u(- —y) € WLP(By(0,p)) (thus Nwllwie By (y.p0))
||L7||W1,p(BN(0’p)) and |lullcocgyry,pn = lillcocsyo, pp)s OF by the invariance with respect
to rigid motions of the cone property of the balls By (y, p) when p is kept fixed. Thus, in
view of (7.44), one has that

sup |lun — ullcogyry, ppy = e/2 foreveryn € N. (7.45)
[y|=Re

o (RN ), then in particular, by Rellich theorem it
follows that u, — u in CO(By[0, R:]), i.e., there exists n, € N such that

On the other hand, since u;, — u in Wl’p

||l/ln & u||C0(BN[O’RE]) < ¢ for every n > Ng. (746)

Combining (7.45) with (7.46), one concludes that ||u, — u| |~ < ¢ for everyn > ng, i.e.,
u, — u in L% (RY). This ends the proof. O

Remark 7.11 We can give an alternate proof of Proposition 7.8 as follows. Lions
[Lemme II.1] [20] provided a Strauss-type estimation for radially symmetric functions
of W17 (RN); namely, for every u € era’dp (RN) we have

lu(x)] < p'/P(AreaSY )TV P w1 p x| TV/P 0 x £ 0, (7.47)

where SV~! is the N-dimensional unit sphere. Now, let {1, } be a sequence in era’dp RM)
which converges weakly to some u € era’dp (RV). By applying inequality (7.47) for u, —u,

and taking into account that ||u,, — u||y1,, is bounded and N > 2, for every ¢ > 0 there
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7.5 Differential Inclusions in RY 257
exists R, > 0 such that

ln = ulloe(rizr,) < CIRe|"™N/P <6, ¥n €N,
where C > 0 does not depend on n. The rest is similar as above.

Since « is radially symmetric, then & is O (N)-invariant, i.e. &(gu) = E(u) for every
g € O(N) andu € WP (RV), we are in the position to apply the Principle of Symmetric
Criticality for locally Lipschitz functions, see Theorem 3.3. Therefore, we have

Proposition 7.9 Any critical point of &, = 8|W1 will be also a critical point of &.

a ®Y)
Remark 7.12 In view of Propositions 7.7 and 7.9, it is enough to find critical points of
&, in order to guarantee solutions for (DI). This fact will be carried out by means of
Theorem 5.17, by setting

X = Wrg;f(RN), X:=L®RY), ®:=—F, and ¥ := || - ||7, (7.48)

where the notation || - ||, stands for the restriction of | - [y, into era’dp ®RY). A
few assumptions are already verified. Indeed, the embedding X — X is compact (cf.
Theorem 7.8), ® = —F is locally Lipschitz, while W = || - || is of class C! (thus, locally
Lipschitz as well), coercive and weakly sequentially lower semicontinuous (see Brezis
[4]). Moreover, &, = <I>|eraap + IIJ\II. According to (7.48), the function ¢ (defined in

(5.51)) becomes

®Y)

> 7—_ _j('_-
o(p) = i PIIEsp T ) =T )

, p>0. (7.49)
lul? <p o — llull?

The investigation of the numbers y and § (defined in (5.52)), as well as the cases (A) and
(B) from Theorem 5.17 constitute our objective. The first result reads as follows.

Theorem 7.7 (([18],0 < F; < +00)) Letl =0o0rl =400, andlet2 < N < p < 4o00.
Let F : R — Randa : RN — R be two functions which satisfy the hypotheses (H)
and 0 < F; < +o00. Assume that ||a||p~F; > 2N p~' and there exists a number f; €
12Y(pF) " lleell ool such that

2

Q=N pfiF — 1)1/p < sup{r : meas(By (0, r) \(x—l(],Bl, +o0[)) = 0}. (7.50)
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258 7 Hemivariational Inequalities and Differential Inclusions on Unbounded...

Assume further that there are sequences {ay} and {by} in 10, +oo[ with ax < by,
limg s oo b = 1, limy o0 2 = +o00 such that

sup{sign(s)& : & € dc F(s), |s| €lax, bel} < 0. (7.51)

Then problem (DI) possesses a sequence {uy,} of solutions which are radially symmetric
and

Iim |u =1.
b0 llun ”lel’
In addition, if F(s) = 0 for every s €] — 0o, O, then the elements u,, are non-negative.

Proof Since limy_, ;o by = +00, instead of the sequence {bx}, we may consider a non-
decreasing subsequence of it, denoted again by {b;}. Fix an s € R such that |s| €]ak, bi].
By using Lebourg’s mean value theorem (see Theorem 2.1), there exists 6 €]0, 1[ and
& € OcF(0s + (1 — 0)sign(s)ay) such that

F(s) — F(sign(s)ax) = & (s — sign(s)ax) = sign(s)é (s| — ax)
= sign(@s + (1 — O)sign(s)a)és (Is| — ar).

Due to (7.51), we obtain that F(s) < F(sign(s)ax) for every s € R complying with
|s| €lak, bi]. In particular, we are led to max[_q, o] F = max(_p, p,| F for every k € N.
Therefore, one can fix a p; € [—ax, ax] such that

F(py) = max F = max F. (7.52)

[—ak,ax] [—br,bx]

Moreover, since {by} is non-decreasing, the sequence {|pi|} can be chosen non-
decreasingly as well. In view of (7.50) we can choose a number u such that

2
QN pfiac Fay — DIP < U< (7.53)
< sup{r : meas(By (0, r) \ @' (180, +00[)) = 0}.

In particular, one has

o(x) > Boo, fora.e.x € By(0, u). (7.54)
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7.5 Differential Inclusions in RY 259

For every k € N we define

0, if x € RV \ By (0, );
ue(x) = § o it x € By(0, §); (7.55)
2k — |x]), if x € By (0, 11) \ By (0, %).

It is easy to see that u; belongs to W1”(RY) and it is radially symmetric. Thus, u; €
era’dp (RM). Let px = (fo"o )P, where coo is the embedding constant of W17 (RY)
L®(RN), O

CLAIM 1 There exists a kg € N such that |Jug||? < px for every k > ko.
Since limy_, 4 Z: = 400, there exists a kg € N such that

b

ks coo(uNwnK (p, N, w)Y? | for every k > ko, (7.56)
dak
where wp denotes the volume of the N-dimensional unit ball and
K(p, N = 1 ! 1 7.57

Thus, for every k > ko one has

ueell? =/ |wk|"dx+/ gl Pdx
RN RN
2lpkl \” n »
< " (volBy (0, 1) — volBy (0, ) ) + lpglPvol By (0, w)
= o’ NonK (p, N, ) < al nNonK (p, N, p)
by
<( P =m,
Coo

which proves Claim 1.
Now, let ¢ from (7.49) and y = liminf,_, { o ¢(p) defined in (5.52).

CLAIM 2 y = 0. By definition, y > 0. Suppose that y > 0. Since limg_, oo ‘p’;{klp =

+00, there is a number k1 € N such that for every k > k1 we have
Pk 2 N N
o0 |7 > y(Foo + D(lallp1 — Boott” wn) + " on K (p, N, ), (7.58)
k
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260 7 Hemivariational Inequalities and Differential Inclusions on Unbounded...

where p is an arbitrary fixed number complying with

el Y
0 < i < min , . (7.59)

BoowN 2

Moreover, since |p,| — +00 as k — 400 (otherwise we would have Fp, = 0), by the
definition of Fo, see (7.41), there exists a k» € N such that
F
(0x) < Fx + 1, forevery k > k». (7.60)
lok [P

Now, let v € era’dp (RV) arbitrarily fixed with ||v]|¥ < pi. Due to the continuous
embedding WP (RY) — L>®[RY), we have ||v||iOQ < ckpr = b,f. Therefore, one

has

sup |v(x)| < by.

xeRN
In view of (7.52), we obtain
F(v(x)) < [ r};la)b( | F = F(p,), foreveryx e RV, (7.61)
—Dk,0k

Hence, for every k > max{ko, k1, k2}, one has

sup F(v) —F (ux) = sup /]RN a(x)F(v(x))dx — /]RN a(x)F (ur(x))dx

vl <px vl <ex

= Flpo)lleel o1 —/ o (x) F (ug (x))dx
By (0.10)

< F(pp)(leell 1 — Booit™ wn)

< (Foo + Dlpe (el 1 = Boort™M wn)
< ’;(pk —1oe? N oy K (p. N, 12))
< ’;(pk — e ).

Since |lugll? < px (cf. Claim 1), and px — 400 as k — +00, we obtain

supy 17 <, F(v) —F (uk)
y = liminf@(p) < liminf@(og) < liminf ~ 1IF =% ) <7,
p—>—400 k—~+o00 k—+o00 ok — lluklly 2

contradiction. This proves Claim 2.

CLAIM 3 &,is not bounded from below on W7 (RN).
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7.5 Differential Inclusions in RY 261

By (7.53), we find a number &, such that

2N 2\?
0 <6t < Foo — (( ) + 1) . (7.62)
PBoo n

In particular, for every k € N, SUP| >k fp(ﬁ,) > Fy — €. Therefore, we can fix o with
|pk| = k such that

F(pr) -

b Foo — €0o. (7.63)
| ok | P

Now, define wy € era’d” (RV) in the same way as uy, see (7.55), replacing p; by pr. We
obtain

1
& (wy) = pIIwkIIf — F (w)
1 . » N
< |ol"u " onK(p, N, u) — a(x) F(wg(x))dx
p Byn(0,%)
Los o N L4 AN
< I onK (p N o) = (B = e il oon ()
~p N 1 1
= |prl" 1" on pK(I’, N, w) — 2N(Foo — &00) Boo
1 2\"N
< — |pxlPon < ) .
p 1%
Since |px| — +o00 as k — 400, we obtain limg_, oo E,(wr) = —o0, which ends the
proof of Claim 3.

The Case 0 < Fs < 400 It is enough to apply Remark 7.12. Indeed, since y = 0 (cf.

Claim 2) and the function &, = —F | whr@yy T 11) |- 117 is not bounded below (cf. Claim 3),
rad

the alternative (A1) from Theorem 5.17, applied to A = 11), is excluded. Thus, there exists

a sequence {u,} C era’dp (RN of critical points of &, with lim,,_, oo ||tn ], = +00.

Now, let us suppose that F(s) = 0 for every s €] — 0o, O[, and let u be a solution of
(DI). Denote S = {x € R" : u(x) < 0}, and assume that S # ¢; it is clear that S is open.
Define us : R¥Y — R by ug = minf{u, 0}. Applying (7.40) for v := ug € W7 (R") and
taking into account that ¢, € dc F (u(x)) = {0} for every x € S, one has

0= [ (VulP*VuVus + |ul?Puug)dx = [ (|Vul|” + [u])dx = [ul?,, o
RN s WhreS)

which contradicts the choice of the set S. This ends the proof in this case.
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Remark 7.13 A closer inspection of the proof allows us to replace hypothesis (7.50) by
a weaker, but a more technical condition. More specifically, it is enough to require that
pllee]lLe F; > 1, and instead of (7.50), put

W {Nﬂ' S a- 6)(pﬂ111VmN —~ 1)1/p} >0, (7.64)
where
M = (o, B) : o €lplleli=F) ™Y 1L By €l(pFio™) ™, llallo=l)
and

Ng, = sup{r : meas(Bn (0, r) \ 06_1(],31, +oo[)) =0}.

Now, in the construction of the functions wy we replace the radius ’2‘ of the ball by o,
where o is chosen according to (7.64).

The Case 0 < Fy < +o0o The proof works similarly as in the case 0 < Foo < +00
and we will show only the differences. The sequence {p} defined as above, converges
now to 0, while the same holds for {p,}. Instead of Claim 2, we can prove that § =
liminf,_, g+ ¢(p) = 0. Since 0 is the unique global minimum of ¥ = || - |7, it would be
enough to show that 0 is not a local minimum of &, = _7_~|eraap(RN) + },II |17, in order

to exclude alternative (B1) from Theorem 5.17. To this end, we fix p; with |px| < ]i such
that

F5
(o) Fo — 0.

| ok |?
where ¢o is fixed in a similar manner as in (7.62), replacing Boo, Fo by Bo, Fo,

respectively. If we take wy as in case 0 < Fo, < 400, then it is clear that {wy} strongly

converges now to 0 in era’dp(RN), while &, (wy) < —113|,5k|Pa)N /PN <0=8.(0).

Thus, 0 is not a local minimum of &,. So, there exists a sequence {u,} C era’dp RM)
of critical points of &, such that lim,_, 4 ||u,ll, = 0 = ianrL,dp ®Y) V. This concludes
completely the proof of Theorem 7.7.

In the next result we trait the case when the function F has oscillation at infinity. We

have the following result.

Theorem 7.8 ([18], F; = 400) Letl = 0orl = 400, andlet2 < N < p < 400. Let
F:R — Randa : RN — R be two functions which satisfy (H) and F) = +00. Assume
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7.5 Differential Inclusions in RY 263
that ||| Lo > 0, and there exist i > 0 and B; €]0, ||| oo [ such that 967
meas(By (0, 1) \ &~ (181, +00[)) = 0, (7.65)

and there are sequences {ay} and {by} in 10, +oo[ with ax < by, limk_ 400 by = I, 968
limg— 400 Z: = +00 such that 969

sup{sign(s)§ : & € dc F(s), |s| €lax, bi[} <0,

and 970
maxy_ F
limsup ST < (pelllall (7.66)
k— 00 bk

where coo is the embedding constant of WP (RN) < L®[RN). Then the conclusions of 971
Theorem 7.7 hold. 972

Proof The case F, = +00. Due to (7.65), 973
a(x) > Boo, fora.e.x € By(0, ). (7.67)

Let p, and pi as in the proof of Theorem 7.7, as well as uy, defined this time by means of 974

u > 0 from (7.67). 975
CLAIM 1’ There exists a ko € N such that |luy||? < p, for every k > ko. 976
The proof is similarly as in the proof of Theorem 7.7. 977
CLAIM?2 y < 117 o78
Note that F(p;) = max[_,.q,1 F. cf. (7.52). Since |pg| < ax, then limg_, ;oo ‘g;' =0. o9
Combining this fact with (7.66), and choosing ¢ > 0 sufficiently small, one has 980

_ Feo) + PN oy p~ el K (p. N, )
lim sup

» < (p+orcklell)™
k—+00 bk

where K (p, N, ) is from (7.57). According to the above inequality, there exists k3 € N og1
such that for every k > k3 we readily have 982

A

Flopllellr < (p+8) el bl — p~ ol ” N on K (p, N, 1)

1 p+e » 1 »
— u < — U .
pte (Pk » I k”r) pte (o — luxll?)

IA
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Thus, for every k > k3, one has

1
sup F(v) —F (ux) < Flppllellpn < (o — llugll?) .
Il2<pe pte

1

<
Hence y < e

< [1), which concludes the proof of Claim 2’.

CLAIM 3’ &,is not bounded below on era’dp (RNY,
Since Fso = +00, for an arbitrarily large number M > 0, we can fix px with |ox| > k
such that

F(pr) -

| ok P (7689

Define wy € era’dp (RV) as in (7.55), putting jy instead of p;. We obtain
1 p
Sr(wr) = Nwkllr — F (wi)
P
1 ~
< uNoy|lPK(p. N, p) —/ a(x) F(wi(x))dx
D BN (0,%)
<N 1 1

Since |px] — +oo as k — +oo, and M is large enough we obtain that
limg— 400 & (wg) = —o0. The proof of Claim 3’ is concluded.

Proof Concluded Since y < 117 (cf. Claim 2’), we can apply Theorem 5.17 (A) for A = ; .
The rest is the same as in Theorem 7.7. =]

The Case Fy = +0o We follow the line of the proof for Fo, = +00. The sequences {po},
{pi} are defined as above; they converge to 0. Let > 0 be as in (7.67), replacing B by
Bo- Instead of Claim 2°, we may prove that § = liminf,_,o+ ¢(0) < ;. Now, we are in

the position to apply Theorem 5.17 (B) with A = 11) . Since Fy = 400, for an arbitrarily

large number M > 0, we may choose g with |pg| < ,1 such that

F(or)
B >
| ok |?
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7.5 Differential Inclusions in RY 265

Define wy € era’dp (R™) by means of f as above. It is clear that {w;} strongly converges
to 0in W7 (RY) while

rad
N 1 1
Er(wi) = |pel" ™ oy pK(P,N,M)—ZNMﬂo < 0=25&(0).

Consequently, in spite of the fact that 0 is the unique global minimum of ¥ = | - |7, it
is not a local minimum of &,; thus, (B1) can be excluded. The rest is the same as in the
proof of Theorem 7.7. This completes the proof of Theorem 7.8.

In the sequel we give some examples where the results apply; we suppose that2 < N <
p < +o0o.

Example 7.6 Let F : R — R be defined by

N+p+3
F(s) = |s|” max{0, sinIn(In(|s| + 1) + 1)},
p
anda : RY — Rby
1
alx) = A M2 (7.69)
Then (DI) has an unbounded sequence of radially symmetric solutions.
Proof The functions F and « clearly fulfill (H). Moreover, Foo = 2 Since

lallLe = 1, we may fix Boo = 1/4 which verifies (7.50). For every k € N let

k=D _y

2k _
ar =e —1 and by =¢€° r_

1.
Ifap < |s| < bg, then 2k — D) < In(In(|s| + 1) + 1) < 2km, thus F(s) = O for every

s € R complying with a; < |s| < bi. So, dc F (s) = {0} for every |s| €]ax, bi[ and (7.51)
is verified. Thus, all the assumptions of Theorem 7.7 are satisfied. m]

Example 7.7 Fix 0 € R. Let F : R — R be defined by

Fs) Si*'sl’—a max{0, sinlnIn '}, s €]0, e™'[;

0, s ¢10,e7 [,

andleto : RY — R be as in (7.69). Then, for every o € [0, min{p—1, p(1—e™™)}[, (DI)
admits a sequence of non-negative, radially symmetric solutions which strongly converges
to 0 in W17 (RN).
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266 7 Hemivariational Inequalities and Differential Inclusions on Unbounded...

Proof Since 0 < p — 1, (H) is verified. We distinguish two cases: 0 = 0, and o €
10, min{p — 1, p(1 —e™™)}[.

Case 1.0 =0 We have Fy = 8Np+l . If we choose By = (1 + 2MY=2 this clearly verifies
(7.50). For every k € N set

2 — k=D

ar =e and by =e¢ (7.70)
For every s € [ag, bi], one has (2k — 1) < Inln 1 < 2km; thus F(s) = 0. So, dc F(s) =

{0} for every s €Jax, bi[ and (7.51) is verified. Now, we apply Theorem 7.7.

Case 2. 0 € 10, min{p — 1, p(1 — e ™)}[ We have Fy = +o00. In order to verify (7.65),
we fix for instance By = (1 +2V)~2 and u = 2. Take {ax} and {by} in the same way as in
(7.70). The inequality in (7.66) becomes obvious since

max|_ F gh+l al”’
lim sup [ a;,"ak ] < lim sup k »
k— 400 bk P k—+oo bk
N+1
_ 8 lim e lP—¢™ (p=o)le®D _
p  k—>+oo
Therefore, we may apply Theorem 7.8. O

Example 7.8 Let {ax} and {by} be two sequences such that a; = 1, by = 2 and q; = Kk,
by = k1 for every k > 2. Define, for every s € R the function

by —br .
Fs) = | an—b 1S € or il
0, otherwise.

Then the problem

—AputulPPu e o[ @), fuG)], x € RY,
ue Whr@®RN),

possesses an unbounded sequence of non-negative, radially symmetric solutions whenever

_ P
0<o<W (l’sz) (AreaSN—1)~1.
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Proof Let F(s) = f(; f()dt. Since the function f is locally (essentially) bounded, F is
locally Lipschitz. A more explicit expression of F is

b —b? .
blf — bf + aiill*bllcc (s — by), if s € [by, ax+11;
F(s) = pP — P, if s € [ak, bil;
0, otherwise.

An easy calculation shows, as we expect, that dc F(s) = [f(s), f(s)] for every s € R.

Taking a(x) = (1+\Z\N)2’ (H) is verified, and |||l 1 = X,AreaSN’l. Moreover,
s F(a b’ —pP
Foo = lim sup (s) > 1 (pk): lim % » 1 = 4-00.
|s|——4o00 s|? k—+00 a, k—+00 a;

Choosing # = 1 and B = o/4, (7.65) is verified, while (7.51) becomes trivial. Since
max|_q ) F = F(ax) = b} — b}, relation (7.66) reduces to pcilleel| ;1 < 1. It remains
to apply Theorem 7.8. O
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8.1 A Set-Valued Approach to Hemivariational Inequalities

Let X be a Banach space, X* its dual,and let T : X — L7 (R, Rk) be a linear continuous
operator, where 1 < p < oo,k € N*, Q being a bounded open set in RN. Let K be a
subset of X and let A : K ~» X™* a set-valued map with nonempty values. We denote by
o (A(u), -) the support function of A(u), that is

o(A), h) := sup (u*, v), VvelX.
u*eA(u)

Definition 8.1 Let X be a Banach space, and let K be a nonempty subset of X. A set-
valued map A : K ~» X* with bounded values is said to be upper demicontinuous at
ug € K (u.d.c.atug € K) if, forany v € X, the real valued function K > u — o (A(u), v)
is upper semicontinuous at u.

A is upper demicontinuous on K (u.d.c.on K) if itis u.d.c. atevery u € K.

Remark 8.1 If A(u) := {A(u)} for all u € K, that is A is a single-valued map, then A is
u.d.c. at ug € K if and only if the map A : K — X™* is w*-demicontinuous atug € K ,i.e.,
for each sequence {u,} € K converging to u in the strong topology, the image sequence
{A(u,)} converges to A(up) in the weak*-topology of X*. It is easy to verify that, for all
u € K, the function v € X — o (A(u), v) is lower semicontinuous, subadditive and
positive homogeneous.

Using Banach-Steinhaus theorem, we can state the following the following useful
result.
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272 8 Fixed Point Approach

Proposition 8.1 Let K be a nonempty subset of a Banach space X and assume A : K ~~
X* is an upper demicontinuous set-valued map with bounded values. Then the function
u > o(Au), v — u) is upper semicontinuous for all v € K.

In the following we consider the following set-valued maps A : K ~» X*, G : K x X ~»
Rand F : © x RF x R ~» R with nonempty values such that the following conditions
hold:

(H1) x € Q ~ F(x,Tu(x), Tv(x) — Tu(x)) is a measurable set-valued map for all
u,v e K,
(Hy) There exist hy € LP/P~1(Q,R,) and hy € L*®(2, R,) such that

dist(0, F(x, y,2)) < (h1(x) +ho(x)|y[P" Nz, forae. x €,

forevery y,z € Rk;

(H3) X > w~ G, w) and R¥ 5 z ~» F(x, y,z) are convex forallu € K,x € Q,y €
RF:

(Hy) G(u,0) CRyand F(x,y,0) C Ry forallu e K,x € 2,y € Rk;

(Hs) K x X 3 (u, w) ~» G(u, w) is lower semicontinuous;

(Hg) R x R¥ 5 (y,2) ~ F(x,y, z) is lower semicontinuous for all x € Q.

Remark 8.2 If F : Q x RF x RF ~ R is a closed-valued Carathéodory map, i.e., for any
(v,2) € REXRF x € Q ~ F(x,y,z) is measurable and for any x € 2, (y,z) € RF x
R¥ ~» F(x, y, z) is continuous, then the hypotheses (H;) and (He) hold automatically.

The aim of this section is to study the following hemivariational inclusion problem:
(HI) Find u € K such that

o(AW),v—u)+Gu,v—u) +/ F(x,Tu(x), Tv(x) — Tu(x))dx SR, Vv e K.
Q
8.1)

The main result of this section is the following.

Theorem 8.1 ([11]) Let K be a nonempty compact convex subset of a Banach space X.
Suppose F : Q@ x RF x R¥ ~» Rand G : K x X ~ R are two set-valued maps satisfying
(H1) — (Hg) and F is closed valued. If A : K ~> X* is upper demicontinuous on K with
bounded values, then (HI) has at least one solution.

Proof For any v € K we set

S = uekK:Ry Do(Aw),v—u)+Gu,v—u)
T + [ F(x. Tu(x), To@) — Tu(x))dx
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8.1 A Set-Valued Approach to Hemivariational Inequalities 273

First, we prove that S, is closed set forall v € K. Fix av € K. Of course, S, # &, since
v € Sy, due to (Hs). Now, let {u,} be a sequence in S, which converges to u € X. We
prove thatu € S,. Since T : X — LP(L, ]Rk) is continuous, it follows that Tu,, — Tu in
LP(2,R¥) as n — oo. Using Proposition 8.1 we get the existence of a subsequence {1, }
of {u,}, such that

limsupo (A(uy), v —uy) = lim o (AWy), v —up). (8.2)
m—0o0

n—oo

Moreover, there exists a subsequence {Tu;} of {Tu,,} and g € L?(2, R;) such that
[Tu;(x)| < g(x), Tu;(x) - Tu(x) fora.e.x € Q. (8.3)
In the relation

o(Aw),v—u)+Gu,v—u)+ / F(x,Tu(x), Tv(x) — Tu(x))dx C Ry
Q
taking the lower limit and using Lemma B.1 with X := R we obtain
Ry =liminfR4 Dliminfo (A(y;), v — uy) + liminf G (u;, v — u;) (8.4)
[—o00 [—o00 [—o00
+ liminf/ F(x, Tuj(x), Tv(x) — Tu;(x))dx .
=00 Jq

Using Proposition B.2, relation (8.2) and Proposition 8.1, we obtain
liminfo (A(u;), v —uy) = lim o (A(uy), v — u;) (8.5)
|—o00 [—00

= limsupo (A(u,), v —u,) < o(AW), v —u).

n—oo

From (Hs) and the characterization of lower semicontinuity of set-valued function we
obtain

Gu,v—u)C lilminfG(ul, v —up). (8.6)
—> 00

Let F; := F(-, Tu;(-), Tv(-) — Tu;(-)). From (Hp) follows that, F; is measurable, for any
[. The function x € > sup; dist(0, F;(x)) is integrable. Indeed, from (H>) and relation
(8.3) we have

dist(0, F(x)) <(h1(x) + ha(x)[g(0)]1P ™| Tv(x) = Tuy (x)]

<(h1(x) + ha()[g)IP~H(Tv()| + g(x)),
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274 8 Fixed Point Approach

ae.x € Q. Let h(x) := (hi1(x) + hz(x)[g(x)]p_l)(|Tv(x)| + g(x)). Holder’s inequality
and condition for 41 and h; ensure that & € L'(€2, R). Therefore the function x € Q
sup; dist(0, Fj(x)) is integrable. Applying the Lebesque dominated convergence theorem
for set-valued map, on hase

/ liminf Fj;(x)dx C lim inf/ Fi(x)dx. (8.7)
Q [—oo i—oo JQ

Of course [qliminfj, o Fi(x)dx = [qliminfj, o F(x, Tu;(x), Tv(x) — Tu(x)) is
measurable (see, e.g., Aubin-Frankowska [1, Theorem 8.6.7]). Using hypothesis (Hg) and

the characterization of lower semicontinuity of set-valued maps with sequences and (8.3),
one has

F(x,Tu(x), Tv(x) — Tu(x)) C lilmian(x, Tuj(x), Tv(x) — Tui(x))
— 00

fora.e. x € Q. Using the elementary property of the set-valued integral and (8.7) we obtain

/ F(x,Tu(x), Tv(x) — Tu(x))dx € liminf/ Fi(x)dx (8.8)

Q -0 Jq
Therefore, from (8.5), (8.6), (8.8) and (8.4) we obtain
o(Aw),v—u)+Gu,v—u)+ / F(x,Tu(x), Tv(x) — Tu(x))dx C R4,
Q

ie.u € S,.

Finally we prove that § : K ~» K is a KKM-map. To this end, let {v, ..., v,} be
an arbitrary finite subset of K. We prove that co{vy, ..., v,} € U?:l Sy; . Assuming the
contrary, there exists A; > 0 (i € {1,...,n})suchthat) /A =landv =) | Ajv; ¢
Sy, foralli € {1, ..., n}. The above relation means that for all i € {1,...,n}

[o(ﬂ(t_}, vi—v)+ G, v —v +/ F(x, Tvo(x), Tvi(x) — Tt_)(x))dx)i| NR* £ @.
Q

Letl:={i e{l,...,n} : A; > 0}. From the above obtain

@ # {ZA;G(JH(T)), vi — 0) + G(D, v; — D)

iel

+ / F(x, Tv(x), Tvi(x) — Tﬁ(x))dx]} NR*.
Q
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Using the sublinearity of the function # € X +— o (A(v), h), (H3) the linearity of 7" and
(H4), we obtain

@ # !a (ﬂ(f)), Z)\;vi - Zkiﬁ) + Z)"'G(ﬁ’ v; — V)

iel iel iel

+ !ZA,»/ F(x, To(x), Tvi(x) — Tf)(x))dx} NR*
Q

iel

c :a(ﬂ(f)), 0)+ G, Y Aivi — Y _ hib)

iel iel

+ / ZAiF(x, To(x), Tvi(x) — Tﬁ(x))dx} NR*
Q

iel
c !G(E,O)/ F(x, TH(x), Y Tvi(x) — ZTﬁ(x))dx} NR*
2 iel iel
={G(a,0)/ F(x,Tﬁ(x),O)dx}nRi c {R++/ R+}OR*
Q Q

=g,

which is contradiction. This means that § is a KKM-map. Since K is compact, applying
Corollary D.1, we obtain that ﬂveK Sy # J,, 1.e., (8.1) has at least a solution. m]

When K is not compact, we can state the following result, using the coercivity
assumption.

Theorem 8.2 ([11]) Let K be a nonempty closed convex subset of a Banach space X. Let
A, G and F as in Theorem 8.1. In addition, suppose that there exists a compact subset K
of K and an element wy € Ko such that

{G(ﬂ(u), upg — u) +/ F(x,Tu, Two — Tu)dx + G(u, wo — u)} NR* £3 (8.9
Q

forallu € K \ Ko. Then (HI) has at least a solution.

Proof We define the map S as in Theorem 8.1. Clearly, S is a KKM-map and S, is closed
for all v € K, as seen above. Moreover, Sy, C Ko. Indeed, assuming the contrary, there
exists an element u € Sy, € K such that u ¢ K¢. But this contradicts (8.9). Since K| is
compact, the set Sy, is also compact. Applying again Corollary D.1, we obtain a solution
for (HI). |
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8.2  Variational-Hemivariational Inequalities with Lack
of Compactness

In this section we prove the existence of at least one solution for a variational-
hemivariational inequality on a closed and convex set using the well-known theorem
of Knaster-Kuratowski-Mazurkiewicz due to Ky Fan, i.e., Corollary D.1. The theoretical
results can be applied to Schrodinger type problems and for problems with radially
symmetric functions.

Let (X, || - ||) be a Banach space and X* its topological dual, (-, -) denotes the duality
pairing between X* and X. Let Q2 C R” be an unbounded domain, let p be such that
1 < p < n and we denote p* := n’f’p. Assume the following conditions hold.

(X) Assume that for s € [p, p*) the embedding X < L5(€2) is compact;

(Ay) Let A : X — X* be an operator with the following property: for any sequence {u,},
in X which converges weakly to u € X it holds

(Au,u — w) < liminf(Au,, u, —w), VYw € X;
n—oQ

. . Au,

(A2) There exists A := inf,ex\(0) <”;”Z> > 0.

Remark 8.3 Let A : X — X™* be a linear and continuous operator, which is positive,
ie., (Au,u) > 0, for all u € X. These assumptions imply that A is weakly sequentially
continuous and that (A1) is satisfied.

Ifa : X x X — Ris a bilinear form, which is compact, i.e., for any sequences {u,},
and {v,}, from X such that u,, — u and v, — v (u, v € X) it follows that a(u,, v,) —
a(u, v), then the operator A : X — X* defined by

(Au,v) :=a(u,v), VYu,velX
satisfies assumption (A1).

We continue with the assumptions for our problem.

(f1) Let f : @ x R — R be a Carathéodory function, such that for some « > 0 it holds
|f G I <alylP~ + B0,

fora.e.x € Qandall y € R, where 8 € Lﬂgl (2);
(f2) we assume that the constants from (f1) and (A») satisfy oeCf; < A
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(j1) Assume that j : 2 x R — R is a Carathéodory function, which is locally Lipschitz 111
with respect to the second variable, and there exists ¢ > 0, r € [p, p*) such that 112

&) < c(ylP~ 4+ IyI"™h

fora.e.x € Q,ally e Randall £ € 8gj(x,y); 113
(j2) thereexists k € L po (£2) such that 114

170, yi = < k@)lyl, Vx €, Vy e R,

where jO(x, y; z) denotes the generalized directional derivative of j (x, -) at the point 115
y € X in the direction z € X. 116

Let K € X. In this paper we investigate the existence of at least one solution for the 117

following variational-hemivariational inequality: 118
(VHI) Find u € K such that 119

(Au, v —u) +/ S u()(vlx) —u(x))dx +/ 00, ux); v(x) — u(x))dx > 0,
Q Q

forallv € K. 120
Lemma 8.1 Suppose that X is a Banach space. 121
1. Assume that (jy) is satisfied and X1 and X, are nonempty subsets of X. 122

(a) Ifthe embedding X — L*(R2) is continuous for each s € [p, p*), then the mapping 123

X1 x X232 (u,v) > / 00, u(x); v(x))dx € R
Q

is upper semicontinuous; 124

(b) Moreover, if X < L*(2) is compact for s € [p, p*), then the above mapping is 125
weakly upper semicontinuous; 126

2. Assume that (f1) holds and that X — LP(2) is compact. Then, for each v € X the 127
mapping 128

X>umr— / fx,ux)(vx) —ux))dx € R
Q

is weakly sequentially continuous. 129
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Proof

(1a) Let {(un, vp)}n C X1 x X2 be a sequence converging to (u, v) € X1 x X3. Since
X — LP (), X — L"(R) are continuous, it follows that

Uy — u, v, — vin LP(Q) andin L"(Q) as n — oco.

There exists a subsequence { (i, , Uy, )}k Of {(uy, v4)}, such that

limsup/ jo(x,un(x);vn(x))dxzklim/jo(x,unk(x);vnk(x))dx. (8.10)
Q —XJQ

n—o0
By Theorem 4.9 in [3] it follows that there exists u, v € LP(Q2) and iz, 0 € L" ()
and two subsequences {uy; }; and {vy, }; of {u,, }x and {vy, }x such that fora.e. x € Q
it hold
Up; (x) = u(x), and v, (x) = v(x)asi — oo (8.11)
and

i, ()] < Q). i, ()] < i(x) and foy, ()] < 5Cx), [vg, ()] < D(x) forall i € N.

By assumption (1) and the properties of j°, see Proposition 2.3, it follows that for
alli € N and for a.e. x € Q it holds

170G, sy ()3 0, GOV < L& [omy ()] < el P o) |+ el D),
where & € B%j(x, Up, (X); vp; (x)). By using i, v € LP(Q), i,v € L"(Q) and

Holder’s inequality we have [P~ Yo| + 14"~ Y90 € LY(). The Fatou-Lebesgue
Theorem implies

lim jO(x,u,,l.(x);vn,.(x))dx5/limsupjo(x,u,,i(x);v,,l.(x))dx. (8.12)
Q Q

i—00 i—00

The mapping j%(x, -; -) is upper-semicontinuous, see Proposition 2.3 and by (8.11)
we obtain
limsup jO(x, un, (x); vn, () < jO0x, u(x); v(x)). (8.13)
i—00

We use (8.10), (8.12) and (8.13) to get

limsup/ jo(x,un(x);v,,(x))dx§/jo(x,u(x);v(x))dx.
Q Q

n—odo
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(1b) Let {(u,, vy)}n C X1 x X2 be a sequence converging weakly to (i, v) € X1 x X».

2

Since X < L%(R2) is compact for s € [p, p*), it follows that
up, — u,v, — vin in L () and in L (Q) as n — o0.

From now on the proof is similar to the case (1a).

Let {u,}, C X be a sequence converging weakly to u € X. Since X — LP(Q) is

compact, it follows that

u, — uin in L?(Q) asn — oo.

By Theorem 4.9 in [3] it follows that there exists u € LP(2) and a subsequences

{un,; }i of {un}, such that for a.e. x € Q it holds
Up,(x) = u(x)asi — oo
and
[y, (x)| < lu(x)|, foralli e N.
By assumption (f1) it follows that for all i € N and for a.e. x € Q it hold

| 6ty () (1t () — v(@))] < (@@ ()P~ 4+ B (1E(0)] + [v(x))).

(8.14)

By using u € L?(R2), B € Lﬂfl () and Hoélder’s inequality we have (a|it|?~! +
B)(li] + |v]) € L'(RQ). Since f is a Carathéodory function, it follows by the

Dominated Convergence Theorem and by (8.14) that

Him | f(x, wn; () (n; (x) — v(x))dx =/ Hme f(x, up; () (un; (x) = v(x))dx
i—oo Jo Qi—>o0

=/Qf(x,u(x))(M(X)—v(X))dX-

Hence, every subsequence admits a subsequence which converges to the same
and we get

ngngo/gz.f(x,un(X))(un(X)—v(X))dx=/Qf(x,u(X))(u(X)—v(X))dX-

limit,
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Theorem 8.3 ([11]) Suppose that X is a reflexive Banach space and that K € X is a 160
nonempty, closed, convex and bounded set and that the hypotheses (X), (A1), (f1), (j1), 161
are fulfilled. Then, (V HI) has at least one solution. 162

Proof Let G : K ~> X be the multivalued mapping defined by 163

uek:(Au,v—u)+ fQ flx,u(x)(vx) —u(x))dx

Gv) = + /g 700, u(x); v(x) — u(x))dx > 0

Note that for each v € K one has G(v) # & as v € G(v). We verify the assumptions of 164

Corollary D.1 are fulfilled the weak topology. 165
STEP 1. Forv € K the set G(v) is weakly closed. 166
Let {u,}, C G(v) such that u, — u in the space X. By Lemma 8.1 and (A1) it follows 167
that 168

0 <limsup <(Au,,, v—u,) + / S, up(x)(v(x) — uy(x))dx
Q

n—o0

+ f 7O, un (x); v(x) — un(X))dX>
Q

S(Au,v—u)Jr/ f(x,u(X))(v(X)—u(X))der/ JOCe, u(x); v(x) — u(x))dx.
Q Q

Hence u € G(v). 169
STEP 2. Gis a KKM mapping. 170
We argue by contradiction, let v1,...,v, € K and u € co{vy, ..., v,} such that u ¢ 171
U?:l G (v;). This implies that for all i € {1, ..., n} we have 172

(Au,v —u) + f fx,u(x)(v(x) —u(x))dx +/ jo(x, u(x); vix) —u(x))dx < 0.
Q Q

We denote by 173
c._lve K (Au,v—u)+ [ fx,u(x)(v(x) —u(x))dx
' + Jo J0 G, u(x); v(x) —u(x))dx <0
Observe thatuq, ..., u, € C and that C is a convex set, since jo(x, u(x); ) is positively 174
homogeneous and subadditive. This implies u € C, which is a contradiction. 175
STEP 3. Foreachw € K the set G(w) is weakly compact. 176

G (v) is a bounded set (since K is bounded) and it is weakly closed (by STEP 1). The 177
Eberlein-Smulian Theorem implies that G (v) is weakly compact. 178
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The above steps ensure that the conditions of Corollary D.1 are satisfied (for the weak
topology), therefore (), x G(v) # @, i.e., the solution set of (V HI) is nonempty. O

Theorem 8.4 ([11]) Suppose that X is a reflexive Banach space and K C X is a
nonempty, closed, and convex set and that the hypotheses (X), (A1), (A2), (f1), (S2),
(j1), (j2) are fulfilled. Then, (V HI) has at least one solution.

Proof Without loss of generality we assume that 0 € K. For any positive integer n, set
K, ={ve K : ||v| <n}.

Thus, 0 € K,, foralln € N.
Letn € N. Applying Theorem 8.3 there exists u, € K, such that for all v € K}, it holds

(Attn, v — i) + fQ £ 06 () @) — @)y (8.15)
+ fQ 00, un () v(x) =ty (x))dx > 0.
We prove that {i, ) is a bounded sequence in X. Tn (8.15) we take v = 0 and get
(Attn, ) + /Q £t ()t () < /Q SO0 un(); —un()dx.  (8.16)

By the assumption (j»2), (f1) and by the continuity of the embedding X — L7(L), it
follows that

/ JOCE 1 (003 =t (1))dx < / KOl (O1dx < Kl o Cpllunll.  (8.17)
Q Q
and

‘ Lf(xa U (X)) ty (x)dx| < (XC[’;””n”p + ”.BHLp’(Q)Cp””n”a

where C), denotes the embedding constant. Using ( f2) we obtain

(A = aCp) llunll? = Cpll Bl L gy lunll < (Attn, un) +/Qf(x,un(X))un(X)dX-

Since p > 1, it follows by (f2), (8.16) and (8.17) that {u,}, is a bounded sequence in X.
This property and the closedness of K, implies that there exist ¥ € K and a
subsequence, which we denote also {u,},, such that u,, — u in X.
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282 8 Fixed Point Approach

By (A1), Lemma 8.1 it follows that

limsup/ jo(x,un(x);vn(x))dxffjo(x,u(x);v(x))dx, (8.18)
Q Q

lim f f(x, un (X)) (un(x) — v(x))dx =/ SO u(x))(u(x) —v(x))dx, (8.19)
n—oo Q Q

limsup({Au,, v —up) < (Au, v —u). (8.20)

n—oo

Let v € K be fixed. Then there exists ng € N such that v € K,, for all n > ng. We pass
to limsup as n — oo in (8.15), use (8.18), (8.19) and (8.20) and obtain that u € K is a
solution of (VHI). |

Example 8.1 This is an example of a Schrodinger type problem. Letn > 2and V : R" —
R be a continuous function such that

inf V(x) > 0 and for every M > Omeas<{x eR": V(x) < M}) < 0.

xeR”

The space
X = {u e WH2@R") /R |Vux)|]? + V(x)u?(x)dx < oo}
equipped with the inner product
(u,v)x := /R" Vu(x)Vu(x) + V(x)u(x)v(x)dx

is a Hilbert space. It is known that X — L*(R") is continuous for s € [2, nz_"z] , since

WL2(@R") < LS(R") is continuous for s € [2, nzfz] . Bartsch and Wang proved in [2]

that X — L*(R") is compact for s € [2, n{"z

p = 2. We consider A : X — X to be defined by

. Hence, assumption (X) is satisfied for

(Au,v) == (u,v)x.

By the properties of the norm and of the weak convergence, it follows that (A1) and (A3)
are satisfied. Theorem 8.3 can be applied assuming that f and j satisfy (f1) and (ji),
respectively, and that K C X is a nonempty, closed, convex and bounded set. If f and j
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satisfy (f1), (f2) and (j1), (j2), respectively, and if K C X is a nonempty, closed, and 206
convex set, then by Theorem 8.4, it follows that (V HI) has at least one solution. 207

Example 8.2 Another Schrodinger type problem can be analogously formulated, if we 208
consider for n > 2 the Hilbert space 209

X = {u e L*(R") : f V()| + |x|%u? (x)dx < oo}
Rll
equipped with the inner product 210

(u,v)x = / Vu(x)Vo(x) + |x[2u(x)v(x)dx.
Rn

> n—2
Example 8.1, Theorems 8.3 and 8.4 can be applied. 212

Note, that X < L*(R") is compact for s € [2 n ) (see Kavian, [9]). Similarly, as in 211

In Theorems 8.3 and 8.4 it is very important that the conditions (X), (j1) and (j») are 2
satisfied. In this example we modify the conditions (1), (j2) and prove that Theorems 8.3 214

3

and 8.4 still hold. 215

Leta : RE x R — R (L > 2) be a nonnegative continuous function satisfying the 216
following assumptions: 217
(a1) a(x,y) > ap > 0if |(x,y)| > R foralarge R > 0; 218
(a2) a(x,y) — +o0o, when |y| — +oo uniformly for x € RE:; 219
(a3) a(x,y) =a(x’,y) forall x, x" € RE with [x| = |x/| and all y € RM. 220
Consider the following subspaces of W17 (RL x RM) 221

E= ’u e WEPRE x RM) - u(s,t) = u(s', 1) Vs, s' € RE, |s| = |s'], Vi € RM] :

E = {u e WhP(RE x RM) - f a(x)|u(x)|Pdx < oo},
RL+M

223

X:=ENE= {ueE:/ a(x)|u(x)|Pdx <oo}
RL+M
endowed with the norm 224

lull? = / Vi) [Pdx + / a () () Pdx.

RL+M RL+M
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Morais Filho, Souto and Marcos Do proved in [7] the following result: X is continu- 225
ously embedded in L° (RE x RM) if s € [p, p*], and compactly embedded if s € (p, p*). 226
Let 227

o . . —vo RO L
g.—!g.E—>E.g(v)—v (0 IdRM),ReO(R)},

where O (RL) is the set of all rotations on RY and Idpu denotes the M x M identity 228
matrix. The elements of G leave RETM invariant, i.e. g(RETM) = REFM forallg e G 220

The action of G over E is defined by 230
(gu)(x) = u(g_lx), ge€G, ueck, aexc¢c REHM,
As usual we write gu in place of w(g)u. 231
A function u defined on RETM is said to be G-invariant if 232
u(gx) =u(x), VgegG, ae.x € REHM,
Then u € E is G-invariant if and only if u € X. We observe that the norm || - || is G- 233
invariant. 234

We assume that j : RE x RY x R — R is a Carathéodory function, which is locally 235
Lipschitz in the second variable (the real variable) and satisfies the following conditions: 236

(j}) j(x,0) =0, and there exist ¢ > 0 and r € (p, p*) such that 237
€ < cyl” Iy, VE € 02 (x, ), (x,y) e RFFM xR;

. 201
(j3) limy_o max(lgl'siﬁﬁj(x’y)} = 0 uniformly for everyx € REFM; 238

\
(ja) j(-, y)is G-invariant for all y € R. 239

To derive the results of Theorem 8.3 we use the following result proved in [13, 240
Proposition 5.1] instead of Lemma 8.1: 241
If j : RE x RM x R — R verifies the conditions (j)s (j3) and (js) then 242

ueXm— / Jj(x, u(x))dx
RL+M

is weakly sequentially continuous. 243
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In the same way as in Theorems 8.3 and 8.4 we can prove the following existence result:
Theorem 8.5

(i) Let K C X be a nonempty, closed, convex and bounded set. Let A : E — E* be an
operator satisfying (A1). Assume that j satisfies (j{), (j3) and (ja). Then, there exists
u € K such that

(Au, v —u) +/ jo(x, u(x); vix) —u(x))dx >0, Vvek. (8.21)
RL+M

(ii) Moreover, if K C X is a nonempty, closed and convex set and A : X — X* is an
operator satisfying (A1), (A2) and if we assume that j satisfies (ji), (j2), (j3) and
(ja). Then, there exists u € K such that (8.21) holds.

8.3  Nonlinear Hemivariational Inequalities

This section is dedicated to the study of the following nonlinear hemivariational
inequality
(NHI) Find u € K such that

A(u,v) +/ jo(x, a(x); 0(x) —u(x))dx > (f,v—u), Vvek,
Q

where X is a real Banach space, @ # K C X, A : K x K — R is a given function and
T : X - LP(Q; Rk) is a linear and continuous operator, where 1 < p < oo, k > 1,
and € is a bounded open set in R". We shall denote Tu := i and by p’ the conjugated
exponent of p. Let K be a subset of X and j : @ x R — R is a function such that the

mapping
j(,y): Q — Ris measurable Vy € R, (Hjl)

We assume that at least one of the following conditions holds true: either there exist [ €
Ll’/(Q; R) such that

1j G, y0) = (e, y)l LIy — yal,  Vx € Q, Yy, 2 € RY, (H})
or

the mapping j (x, -) is locally LipschitzVx € €2, (H j3)
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and there exist C > 0 such that
lZl < CU+1yIP™h, VxeQ,V € dgjx,y). (H?)
Regarding A : K x K — R we assume

(H) A(u,u) =0, forallu € K;
(HIZ\) v~ A(u,v)is convex, forallu € K;
(Hi) u — A(u, v) is upper semicontinuous, for all v € K;

We point out the fact that the study of inequality problems involving nonlinear terms
has captured special attention in the last few years. We just refer to the prototype problem
of finding u € K such that

Aw,v) > (f,v—u), YveKk. (8.22)

Nonlinear inequality problems of the type (8.22) model some equilibrium problems drawn
from operations research, as well as some unilateral boundary value problems stemming
from mathematical physics and were introduced by Gwinner [8] who investigated the
existence theory and abstract stability analysis in the setting of reflexive Banach spaces.

The main object of this section is to establish existence results for the nonlinear hemi-
variational inequality (N HI) for general maps, without monotonicity assumptions. As a
consequence to our theorems, we will derive some existence results for hemivariational
inequalities that have been studied in [14, 15] and [16] as it will be seen at the end of this
section.

Theorem 8.6 ([4]) Let K be a nonempty, closed and convex subset of X and assume j
satisfies the conditions (Hjl) and (sz) or (H;) — (H;}), T : X — LP(Q; RY) is linear

and continuous and A satisfies (H}\) — (H[3\). If K is not compact assume in addition

(Hg) The set K possesses a nonempty compact convex subset Ky with the property that
foreachu € K \ K there exists v € K1 such that

A(u,v) + / jo(x, n(x); o(x) —u(x))dx < {f, v —u).
Q

Then for each f € X* problem (N HI) has at least one solution in K.

Proof For each v € K we define the set

N() = {u e K: A(u,v) +/ J 0%, i(x); D(x) — di(x))dx > (f, v — u)} .
Q
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We point out the fact that the solution set of (NHI) is § := ﬂveK N (v).

First we prove that for each v € K the set N(v) is closed. Let {u,} C N(v) be a
sequence which converges to u as n — oco. We show that u € N(v). Since j satisfies the
conditions (HJ.l) — (HJ.Z) or (HJ.l), (H;’), (H;‘) the application

(u, v) / 700, fi(x); D(x) — di(x))dx
Q

is upper semicontinuous (see Panagiotopoulos et al. [16, Lemma 1]). Since T is linear and
continuous, i, — # and by the fact that u,, € N (v) for each n, we have

(f, v —u) =limsup(f, v — u,) < limsup |:A(un, v) +/ jo(x, iy (x); 0(x) = ﬁn(x))dxi|
Q

n—oo n—o00

<limsup A (uy, v) +limsup/ 700, iy (x); D(x) — fip(x))dx
Q

n—oQ n—o00
<A(u,v) +/ O, a(); D(x) — d(x))dx.
Q
This is equivalent to u € N (v).

Arguing by contradiction, suppose that S = &. Then for each u € K there exists v € K
such that

A(u, v) —|—/ 700, a(x); D(x) — @i(x)) dx < (f, v —u). (8.23)
Q

We define the set valued map F : K ~» K by

Fu) = {v e K: A(u,v) +/ jo(x, u(x); 0(x) —u(x))dx < (f,v — u)} .
Q

Taking (8.23) into account we deduce that F'(u) is nonempty for each u € K. Using the
fact that A is convex with respect to the second variable, T is linear and the application
b+ jO(x,a; D) is also convex, we obtain that F () is a convex set.

Now, for each v € K, the set

F'v)y:={ueK: ve F(u)}
= {u e K: A(u,v) +/ jo(x, (x); 0(x) —u(x))dx < (f,v — u)}
Q

= {u e K: A(u,v) +/ 70, (x); D(x) — d(x))dx > (f, v — u)}
Q

=[N®)]°=: Oy
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288 8 Fixed Point Approach

is open in K. We claim next that ( J,.x O, = K. To prove that, let u € K. As F(u) is
nonempty it follows that there exists v € F(u) which implies u € F ~I(v). Thus K C
Uyex Ov, the converse inclusion being obvious.

Finally, (Hk) ensures that u & N(v). This implies that the set D := (), e o5 =
ﬁveKl N(v) C K is empty or compact as a closed subset of the compact set Kj.
Taking Ko = K; we have proved that the set valued map F satisfies the conditions of
Theorem D.3, hence there exists uy € K such that ug € F(ug), thatis,

0= Ao u0) + [ e, i00: B0(x) — G < (f0 ) =0,
Q
which is a contradiction. Hence the solution set S of problem (N H I') is nonempty. O
Remark 8.4 If X is reflexive, K is bounded, closed and convex, the operator 7 : X —
LP(; R¥) is linear and compact and A is weakly upper semicontinuous with respect to the

first variable (instead of being upper semicontinuous), then condition (Hg ) in Theorem 8.6
can be dropped, because in these conditions,

(u, v) > / 700, fi(x); D(x) — di(x))dx
Q

is weakly upper semicontinuous. The proof is identical to that of Theorem 8.6, but the
conditions of Theorem D.3 are satisfied for the weak topology.

Lemma 8.2 If K is a nonempty, bounded, closed and convex subset of a real reflexive
Banach space X and f € X* be fixed. Consider a Banach space Y andlet L : X — Y be
linear and compact and J : Y — R be a locally Lipschitz functional. Suppose in addition

that A : X x X — R is a function which satisfies (H}\) and

(HY) Au,v) + A, u) = 0, forallu, v € X;
(H 15\) u +— A(u, v) is weakly upper semicontinuous and concave.

Then there exists u € K such that

Aw,v)+J%Lu; Lv— Lu) > (f,v—u), YveK.
Proof Set

g, u) := =A@, v) — (fu —v) —J °(Lu; Lv — Lu)
and

h(v,u) := A(v,u) — (f,u —v) — JOLu; Ly — Lu).
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By condition (Hf\) we have
g,u) —h(w,u) = —[A,v) + A, u)] <0, Vu,velX.

The mapping u + g(v, u) is weakly lower semicontinuous for each v € X, while
the mapping v — h(v, u) is concave for each u € X. We apply Mosco’s Alternative
(Theorem D.8) with A := 0 and ¢ := Ik, where Ix denotes the indicator function of
the set K. Clearly Ik is proper, convex and lower semicontinuous since K is nonempty,
convex and closed. We obtain that exists u € K satisfying

gw,u) +Ig(u) —Ig(v) =0, VveX;
A simple computation yields that there exists u € K such that
A, v)+J%Lu; Lv — Lu) > (f,v —u), YveK,
which exactly the desired conclusion. O

The second existence result concerning the nonlinear hemivariational inequality prob-
lem can now be stated as follows:

Theorem 8.7 ([4]) Let K be a bounded, closed and convex subset of a real reflexive
Banach space X and assume j satisfies (H ) and (Hz) or (H ), (H3) and (H4) IfT
is linear and compact and A satisfies (HA) (Hf\) and (H/S\) then (NHI) has at least one
solution.

Proof Apply Lemma 8.2 with Y = LP(Q; RS, L := T and J : LP(; R — R
J(w) = fQj(x, u(x))dx. |

8.4  Systems of Nonlinear Hemivariational Inequalities

In the last section of this chapter we take a step further and study a system of nonlinear
hemivariational inequalities. We use a fixed-point for multivalued functions due to Lin
[12] to establish several existence results including some sufficient coercivity conditions
for the case of unbounded subsets. Such results come in handy in Contact Mechanics when
describing the contact between a piezoelectric body and a foundation (see Part IV) or in
the study of Nash-type equilibrium points (see, e.g., [6, 10,17, 18]).

Let n be a positive integer, let Xi,..., X, be real reflexive Banach spaces and
Y1, ..., Y, be real Banach spaces such that X is compactly embedded into Yy, for each
k e {l,...,n}. We denote by iy : Xy — Y the embedding operator and iy := iy (uy).
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290 8 Fixed Point Approach

Throughout this section we investigate the existence of solutions for the following 347

system of nonlinear hemivariational inequalities: 348
(SNHI) Find (uy,...,u,) € K1 X ... x K, such that 349
Yi@ur, g, 1)+ I @l D1 — 1) = (FiQu, . ), v — ) x
]/f}’l(ula <.y Up, U}’l) + J’(:l(ﬁla ] ﬁn; ﬁ}’l - ﬁ}’l) Z <F}’l(u17 s ”n)a Un — ui’l)Xna
forall (vi,...,v,) € K1 X ...x K. 350
Here and hereafter, for each k € {1, ..., n}, we assume 351
* Kj C X is nonempty closed and convex; 352
o Y X1 X...Xx Xg X...x X, x X - Risanonlinear functional; 353
e J:Y; x...xY, = Risaregular locally Lipschitz functional; 354
e Fr: X1 X...xXpgX...x X, —> X,’Ck is a nonlinear operator. 355

In order to establish the existence of at least one solution for problem (SNHI) we 356
assume: 357

(Hp) Foreachk € {1, ..., n}, the functional Yy : X1 X ... X Xg X ... X X, X X —> R 358

satisfies 359

@) Yr(uy, ..., Uk, ..., un,ur) =0, forall uy € Xg; 360

(ii) For each vy € X the mapping (u1, ..., un) — Yr(ui, ..., u,, vy) is weakly 3o

upper semicontinuous; 362

(iii) Foreach (uy,...,u,) € X1 X...x X, the mapping vy — ¥ (u1, ..., un, k) 363

is convex. 364

(Hy) Foreachk e {l,...,n}, F; : Xi x...x X x...xX, —> XZ is a nonlinear operator 3es

such that 366
l,innlio%“Fk (uT, L uZ1) , Uk — ”21>Xk > (Fx (1, ... up), vk — Ug)x,

whenever (uT, e, u:l") — (uy,...,uy) asm — oo and vy € Xy is fixed. 367

The first existence result of this section refers to the case when the sets K are bounded, 36s
closed and convex and it is given by the following theorem. 369

Theorem 8.8 ([6]) Foreachk € {1,...,n}let K C Xy be a nonempty, bounded, closed 370
and convex set and assume that conditions (Hy) — (Hy) hold. Then (SN HI) has at least 371
one solution. 372
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The existence of solutions for our system will be a direct consequence of the fact 373
that a vector hemivariational inequality admits solutions. Let us introduce the following 374

notations: 375
e X=X x..xX,, K =K1 x..xKy,andY : =Y x...xYy; 376
o u:=(ui,...,up)and u = iy, ..., Un); 377
s Vi XxX—->R, Wu,v) =30 Y, ... k..., up, 0k); 378
o F:X— X* (Fu,v)x:=Y p_(Fe(ur,...,un), vk)x,- 379
and formulate the following vector hemivariational inequality 380
(VHI) Find u € K such that 381

W, v)+J°@; 0 —d) > (Fu,v—u)x, VYvek.

Remark 8.5 If (Hy) — (i) holds, then any solution ud = (u(l), .o, ug) e K1 x...x K, 38
of the vector hemivariational inequality (V HI) is also a solution of the system (SNHI). 383

Indeed, if fora k € {1, ..., n} we fix vx € Ky and for j # k we consider v; := u(;, using 384
Proposition 2.3 and the fact that u¥ solves (V HI) we obtain 385
n
0 0 0 0 0 0
(Fk (”11 ...,un), Uk —uk>Xk = Z}<F/ (ul,...,un) ,Vj —uj>Xj
J:

=<Fu0, v — MO>X <y (uo, v) +J° (fto; 0] —ﬁo)

n

0 0 0 0 (A0 A0, ~ ~0

SZI/’J' (ul,...,uj,...,un,vj)—i— J’j (ul,...,un,vj—uj)
j=1

=

= (0. w) I (il B ).
Ask € {1,...,n} and vy € K were arbitrarily fixed, we conclude that (u(l), R ug) € 386
K1 x ... x Ky is a solution of our system (SNHI). 387

388

Proof of Theorem 8.8 According to Remark 8.5 it suffices to prove that problem (V HI) 389
possesses a solution. With this end in view we consider the set A C K x K as follows 390

ﬂ::{(v,u)erK: \Il(u,v)—l—Jo(ﬁ;ﬁ—ﬁ)—(Fu,v—u)x20}.

The following steps ensure that the set A satisfies the conditions required in Theo- 391
rem D.2 for the weak topology of the space X. 392
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Foreachv € K the set N(v) :={u € K : (v,u) € A} is weakly closed.

In order to prove the above assertion, for a fixed v € K we consider the functional
a : K — R defined by

au) =W, v)+ J%@: 0 —d) — (Fu,v —u)x

and we shall prove that it is weakly upper semicontinuous. Let us consider a sequence
{u™} C K such that u™ — u as m — oo. Taking into account that iy is compact for
eachk € {1, ..., n} we deduce that u™ — i as m — oo. Using (H]) — (ii) we obtain

m—0oQ

m—00 m—0oQ

n n
lim sup ¥ (u™, v) =limsup21/fk(u’1", s, vp) < Zlimsupijfk(u’ln, ce L U UE)
k=1

k=1

n
<Y Uk, v) = W, v).
k=1

On the other hand, using Proposition 2.3 we deduce that

limsup JO(™; 0 — &™) < JO(l; 0 — ).
m—0o0

Finally, using (H2) we have

lim sup[ (Fu™. v —u™)y 1= —liminf (Fu™, v —u")y

n
=—1iminfz Fe™, ..., u™), vp —u”
memkl(k(l v — i)y

n

<= (P, un), vk — i)y, = — (Fu, v —u)x
k=1

It is clear from the above relations that the functional « is weakly upper semicontinuous,
therefore the set

[ >Al:={ue K : :am)>Axr}

is weakly closed for any A € R. Taking A = 0 we obtain that the set N'(v) is weakly

closed.
STEP 2.

empty.

For eachu € K the set M(u) := {v € K : (v,u) & A} is either convex or
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8.4 Systems of Nonlinear Hemivariational Inequalities 293

Let us fix # € K and assume that M(u) is nonempty. Let v!, v? be two elements of 407
M(u),t € (0,1) and v' := tv! + (1 — )v2. Using (H1)-(iii) we obtain 408

n
W) = (ul,...,un,tv,l + (1= 0})

k=1

n n
<tY i (m,...,un,v,l)Jr(l—t)Zlﬁk (munv,%)
k=1

k=1

=10, v") + (1 — )W (u, v?),

which shows that the mapping v — W(u, v) is convex. On the other hand Proposi- 409
tion 2.3 ensures that the mapping o +— JO(i; 9 — @) is convex. Using the fact that the 410
mapping v — (Fu, v — u)x is affine we are led to 411

W, o) + 10(12; o —0) — (Fu,v' —u)y <t [lIl(u, vl) X Jo(ﬁ; ol — i) — (Fu, vl —u)X]

+d-1 [lI/(u, v2) 4+ 70 02 — i) — (Fu, v2 = u)X] <0,

which means that v' € M(u), therefore M(u) is a convex set. 412
STEP 3. (u,u) € Aforeachu € K. 413
Let u € K be fixed. Using (Hj) — (i) we obtain 414

n
W, u) + TG & — &) — (Fuyu —u)x =Y Y, ... ug, . ity ug) =0,
k=1

and this is equivalent to (u, u) € A. 415
STEP4. Theset B:={ueK :(v,u) € Aforallv € K} is compact. 416
First we observe that K is a weakly compact subset of the reflexive space X as it is 417
bounded, closed and convex. Then, we observe that the set B can be rewritten in the 41s
following way 419

B=\Nw).

vek

This shows that B is also a weakly compact set as it is an intersection of weakly closed 420
subsets of K. 421

We are now able to apply Lin’s theorem (see Theorem D.2) and conclude that there 422
exists u® € B C K such that K x {u°} C A. This means that 423

\IJ(uO, v) + JO(ﬁO; V— ﬁo) > (Fuo, v — uo)x, forallv € K,
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therefore u” solves problem (VHI) and, according to Remark 8.5, it is a solution of
(SNHI).

We will show next that if we change the hypotheses on the nonlinear functionals v, we
are still able to prove the existence of at least one solution for our system. Let us consider
that instead of (H;) we have the following set of hypotheses
(H3) Foreach k € {1, ..., n}, the functional ¥, : X1 x ... X X X ... X X;, X X > R
satisfies

@) Yr(uy, ..., Uk, ..., uy, ur) = 0forall uy € Xg;
(ii) Foreachk € {1,...,n} and any pair (u1, ..., Uk, ..., Upn),
Wi, .., Voo, p) € X1 X ..o X X X ... X X, we have
]/fk(ula'-'auka-'-aunavk)+1//k(vla'-'7vkv-'-avnauk)ZO;
(iii) For each (u1,...,u,) € X1 x ... x X, the mapping vk +— Y (u1, ..., un, vg) 18
weakly lower semicontinuous;
(iv) For each vy € X the mapping (u1, ..., u,) — Yr(Ui, ..., u,, vg)is concave. O

Theorem 8.9 ([6]) Foreachk € {1,...,n} let K C Xy be a nonempty, bounded, closed
and convex set and let us assume that conditions (Hp) — (H3) are fulfilled. Then (SNHI)
has at least one solution.

In order to prove Theorem 8.9 we will need the following lemma.

Lemma 8.3 Assume that (H3) holds. Then

(a) Y(u,v) +¥(,u) >0forallu,v € X;

(b) Foreachv € X the mapping u — —W (v, u) is weakly upper semicontinuous,

(c) Foreachu € X the mapping v — —W (v, u) is convex.

Proof

(a) Taking into account (H3) — (ii) and the way the functional ¥ : X x X — R was
defined we find

n
W(u,v)+ ¥, u) = Z[lllk(ul,...,uk,...,un,l)k)—I—l//k(l)1,...,vk,...,vn,uk)] > 0.
k=1
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(b) Letv € X be fixed and let {u"} C X be a sequence which converges weakly to some 448
u € X. Using (H3) — (iii) and the fact that ™ — u we obtain 449

m—00

n
lim sup [~ ¥ (v, u™)] = — lim inf ¥ (v, u™) = ~ lggioréfz Yoty .oy v, )
k=1

n n
<= liminfyg i, ... v uf) < = Y Ykl Vg, u)
m—0Q
k=1 k=1
=—W(v,u).

(c) Letu,v',v> € X andt € (0, 1). Keeping (H3) — (iv) in mind we deduce that 450

n
w (tvl + (1 =12 u) =S w (w% F (=03, o)+ (= 0, uk>
k=1

n
zZtl/fk (vll, . ..,v}l, uk> + (1 —)Yx (v%, e, v,2l, uk)
k=1
=W, u) + (1 —HWQ?% ).

We have prove that the mapping v — W (v, u) is concave, hence the application v > 451
—W (v, u) must be convex. O 452

Proof of Theorem 8.9 Let us consider the set A C K x K defined by 453
A:={(,u) e KxK:=W,u)+JG; d—d) — (Fu,v—u)x > 0}.

Lemma 8.3 ensures that we can follow the same steps as in the proof of Theorem 8.8 454
to conclude that the conditions required in Lin’s theorem are fulfilled. Thus we get the 455

existence of an element u° € K such that K x {u°} C A which is equivalent to 456
— v, u®) +7°@% 6 — 4% > (Fu®, v —u®)x forallv e K. (8.24)

On the other hand Lemma 8.3 tells us that 457
Wl v) + W, u’ >0, forallvek. (8.25)

Combining relations (8.24) and (8.25) we deduce that u solves problem (V HI), therefore 458
it is a solution of problem (SNHI). 459
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Let us consider now the case when at least one of the subsets Kj is unbounded and
either conditions (Hy) — (H) or (Hz) — (H3) hold. Let R > 0 be such that the set Ky g :=
K N Bxk(O; R) is nonempty for every k € {1, ..., n}. Then, for each k € {1,...,n}
the set Ki g is nonempty, bounded, closed and convex and according to Theorem 8.8 or

Theorem 8.9 the following problem possesses at least one solution.
(SR) Find (u1,...,un) € K1 g X ... x K, g such that
Yi@ur, .t 1)+ I @l D1 — 1) = (FiQu, . ), v — ) x
]/f}’l(ula <.y Up, U}’l) + J’(:l(ﬁla R} ﬁn; ﬁ}’l - ﬁ}’l) Z <F}’l(u17 R ”n)a Unp — ui’l)Xna
forall (v1,...,v,) € K1 p X ... %X Ky R.
We have the following existence result concerning the case of at least one unbounded
subset. m|

Theorem 8.10 ([6]) For each k € {1,...,n} let Ky C X be a nonempty, closed and
convex set and assume that there exists at least one index ko € {1, ..., n} such that Ky,

is unbounded. Assume in addition that either (Hy) — (H2) or (H2) — (H3) hold. Then
(SN HI) possesses at least one solution if and only if the following condition holds:
(Hy) there exists R > 0 such that Ky g is nonempty for every k € {1, ..., n} and at least
one solution (u(l), ceey ug) of problem (S R) satisfies
ul € Bx, (0; R), Vke(l,... n
Proof The necessity is obvious.
In order to prove the sufficiency for each k € {1, ..., n} let us fix vy € K} and define
the scalar
Ly if 10 = vy
Ak = —[|u®
k mi é; K HMEHX" , otherwise.
ok —ug Il x,,

Condition (Hy) ensures that A, € (0, 1), therefore wy, := ug + A (v — ug) is an element

of K, r due to the convexity of the set K.
CASE 1. (Hy) — (Hy) hold.
Using the fact (u?, ey ug) is a solution of (SR) foreach k € {1, ..., n} we have
]/fk(u(l)a L} uga w}nk) + J’(])c(ﬁ(l)a L} ’22; 12))% - ﬁg) Z (Fk(u(l)v L} u2)7 w)nk - ”2>Xk

(8.26)

460
461
462
463
464
465

466

467
468
469
470
471

472

473
474
475

476
477

478
479



8.4 Systems of Nonlinear Hemivariational Inequalities 297

In this case relation (8.26) leads to

480
AP, ), v — u)xe = (Fe@l, ), iy, — ) x,
<MV @, g, o) + = 2W L, ud) + A J @Y, L D D — )
=Ak[1/fk(u?,... w9, v) + J (ul,...,ag;ﬁk_ag)].

Dividing by XA, the above inequality and taking into account that vy € K was arbitrary 4s1
fixed we conclude that (u(l), R ug) is a solution of (SNHI). 482
CASE 2. (Hp) — (H3) hold.

483
Theorem 8.9 ensures that (see (8.24)) 484
—W(w, u®) + @%b —u®) > (Fu®, w —u®), VYwe Kg=Kipx... xKuyg.
Choosing wy := wy, and w; = u(]). for j # k in the above relation we obtain 485
Iy <Fk(u(1), R ug), Vg — u2> = <Fk(u(1), S, ug), Wy, — u2>
Xk Xk
n
= Z(Fk(u(l), R ug), wj — u(;>x = (FuO, w — uO)X
. X k
=1
< — W, u’) +7°G@"% v — i)
__ij(wlv"'s » Wy, U 0)+Z‘10(u17"' Osﬁ)]_ﬁg)
Jj=1 j=1
_ 0 O
——wk(ul,...,w;\k,..., k)—i—] (ul,... n,w)\k—uk)
< — M), v u) = (U= )yl L, u), u)
+ a8 @Y, .. aY; ﬁk_ﬁg)
S)"k [_wk(u(l)v"'svks' k)+J (ulv"' 21 k_uk):l
Dividing by A; we obtain that 486

—Wk(“(l), e, n,uk) + J ul,...,ﬁg; ) —122) > <Fk(u(l), ...,ug), Vg —u2>x
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Combining the above inequality and (H3) — (ii) we deduce the foreach k € {1, ..., n}
the following inequality takes place

0 0 0 0,~0 ~0, A ~0 0 0 0
YUy, oo Uy, e, Uy vk)—l—J,k(ul,...,u,,; Vg —ily) > (Fk(ul,...,un), Uk —uk>Xk,

which means that (u(l), R ug) is a solution of (SN HI), since vy € Ky was arbitrary
fixed. |

Corollary 8.1 Foreachk € {1, ..., n}let Ky C Xy be a nonempty, closed and convex set
and assume that there exists at least one index ko € {1, ..., n} such that Ky, is unbounded.
Assume in addition that either (H1) — (H>) or (H2) — (H3) hold. Then a sufficient condition

for (SN HI) to possess solution is

(Hs) there exists Ry > O such that Ky g, is nonempty for every k € {1,...,n} and for
each (uy,...,uy) € K1y x...x Ky \K1,Ry X ...X% Ky R, there exists (v(l), ...,vg) S
Ki,ry X ... x Ky g, such that

0 0/~ ~o.n0 o 0
’»”k(”ls ceey Un, vk) + ‘I’k(ulv <oy Ung vk - Mk) < (Fk(uls ey M}’l)s vk - Mk)st
(8.27)

forallk € {1,...,n}.

Proof Letus fix R > Rg. According to Theorem 8.8 or Theorem 8.9 problem (SR) has at
least one solution. Let (11, ...,u,) € K1,g X ... x K, g be a solution of (SR). We shall
prove that (u1, ..., u,) also solves (SNHI).

CASE 1. ur € Bx, (0, R) forallk € {1,...,n}.

In this case we have nothing to prove as Theorem 8.10 ensures that (u1,...,u,) is a
solution of (SNHI).
CASE 2. There exists at least one index jo € {1, ..., n} such that uj, ¢ BX].0 0, R).

In this case ||uj0||xj0 = R > Ry, therefore (uy,...,u,) & Ki,ry X ... X Ky g, and
according to (Hs) there exist (v(l), R v2) € K1,ry X ... x Ky R, such that 8.27 holds.
Foreachk € {1,...,n} letus fix v; € K} and define the scalar

! if vy = v,?

A i=
g min é, R=Ro otherwise.
ok —vg 1 x,

Obviously A¢ € (0, 1) and wy, = v,? + Ag(vg — v,?) € Ky r. Furthermore, we observe
that

Wy, — U = v,? —ug + AUk — )»kv;?-l-)»kuk — Akt = A (g —ug) + (1 — Kk)(v;? —ui).
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CASE 2.1 (Hp) — (H»2) hold. 511
Using the fact that (u1, ..., u,) solves (SR) we obtain the following estimates 512
(Fk(l/ll, cee ”n)a w}nk - uk) = )\.k(Fk(l/ll, cee ”n)a Vk — uk)Xk

+ (1= M) (Fr(u, - up), v — ug)x,

0n P -

ka(uls'-~vunv w).k)—i_‘,’k(uls'-'sunvw)»k _l/lk)
0, A A ~

S)"k I:]/fk(ula'-'7un7vk)+‘]’k(ula"'7”}’!;Uk_uk)]

(=200 [t V) IS s O — ) ]

Combining the above relation and (8.27) we obtain that 513
Fk(ula s u}’l)a Vg — uk)Xk 5 wk(ulv <o Un, Uk) + J’(])((ﬁla Qs ’2}’1; Uk — I/lk)
forall k € {1, ..., n}, which means that («1, ..., uy,) is a solution of (SNHI). 514
CASE 2.2. (Hz) — (H3)hold. 515
The fact that (u1, ..., u,) solves (SR) and relation 8.24 allow us to conclude that 516

—W(w,u) + JO@,  — i) > (Fu,w—u)x, Ywe Kg:=Kirx...xKyRr.

Choosing wy := w;, and w; = u; for j # k in the above relation and using 517
(H3) — (iv) we obtain 518
(Fk(l/ll, RN ”n)a w)mk U uk)Xk = )"k <Fk(u17 BN u}’l)a Vk — uk)Xk

+ (1 _)“k)<Fk(ula -'-au}’l)v v(k) _uk>X

k

n

:Z(Fk(ul,...,un), wj _”f>Xk = (Fu,w —u)
j=1

<—V(w,u)+ IO — i)

n n
0~ A A A
:—Zl/fj(wl,...,wj,...,w,,,uj)—{—ZJ’j(ul,...,un;wj —I/lj)
Jj=1

j=1
0, A A ~
:_]/fk(ula'-'7w)nka---7”}15”]{))+J’k(u17-'-7un;w}nk_uk)

0
S_A'k’l//k(ula-'-avka"'7”}17”/{)_(1_)"k)“/fk(ula'-'avka'-'aunauk)
O (i i Or — i) + (1 — 20 JO(@ B 00 — 4
+ Ay G, et O — Ug) + ( ) WU, U — Ug).

519
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Using (H3) — (ii) and (8.27) we deduce that
Fk(ula s ”n)a Vg — uk)Xk S ]/fk(ula cees Un, vk) + J’(])C(I/Alla ] ﬁn; Vg — uk)
forall k € {1, ..., n} which means that (uy, ..., u,) is asolutionof (SNHI). O

In order to simplify some computations let us assume next that 0 € K for each k €
{1,...,n}. Inthis case Ky r # @ forevery k € {1,...,n} andevery R > 0.

Corollary 8.2 For each k € {1,...,n} let Ky C Xy be a nonempty, closed and convex
set and assume that there exists at least one index ko € {1,...,n} such that Ky, is
unbounded and either (Hy) — (Hz) or (Hy) — (H3) hold. Assume in addition that for
eachk € {1,...,n} the following conditions hold

(Hg) There exists a function ¢ : Ry — R with the property that tlim c(t) = +oo such
—00
that

n
=Y UG, uk s, 0) 2 c(llullx) ullx,
k=1
i 5 \1/2

forall (uy, ... un) € X1 X ... x Xny where ullx := (Zk=1 ||uk||Xk> ;

(H7) There exists My > 0 such that
JR@i, e W was = we) < Millwelly, YW1, wa) € Y1 XX Y
(Hg) There exists my > 0 such that
”Fk(u]9'-'7uka'-"u}’l)”XZ( smkv V(ulv-'-au}’l) € Xl X ... X X}’l-

Then the system (SN HI) has at least one solution.
Proof For each R > 0 Theorem 8.8 (or Theorem 8.9) enables us to conclude that there
exists a solution (u1g, ..., unr) € K1,r X ... X K, g of problem (SR). We shall prove
that there exists Rg > 0 such that

ukR, € int By, (0; Rp), forallk e {1,...,n},

which, according to Theorem 8.10, means that (u1g,, . .., UnR,) is a solution of the system
(SNHI).

Arguing by contradiction let us assume that for each R > 0 there exists at least one
index jo € {1,...,n} such that uj g ¢ Bon (0, R), therefore ||uJ~0R||Xj0 = R. Using
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the fact that (u1g, ..., u,g) solves (SR) we conclude that for each k € {I1,...,n} the
following inequality holds

0, A ~ ~
Vk(UiR, .-, unR, Vk) +J 3 (UIR, - .. UnR; Uk — UkR) = (Fi(UIR, ..., UnR), Vk — UKR)X; »

(8.28)

for all vy € K r.

Taking vy = 0 in (8.28), summing and using (He) — (Hg) we have

A

n
c(lull)lullx <= Va@ir, ... tjgr. .-, g, 0)
k=1

n

0, ~ A A A
Z [(Fk(ulR, s UnR) UKR) X, + S WIR, o Uk o UnR; —Mk)]
k=1

IA

n
< 3 (I Gurg, ) g el + Milr g )
k=1

IA

n
> [ome + Ml Tl lukr 1 x, ]
k=1

=< Cllulx.

Dividing by |||/ x and letting R — 400 we obtain a contradiction since the left-hand term
of the inequality is unbounded while the right-hand term remains bounded. O
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9.1 Nash Equilibria on Curved Spaces

After the seminal paper of Nash [14] there has been considerable interest in the theory of
Nash equilibria due to its applicability in various real-life phenomena (game theory, price
theory, networks, etc). The Nash equilibrium problem involves n players such that each
player know the equilibrium strategies of the partners, but moving away from his/her own
strategy alone a player has nothing to gain. Formally, if the sets K; denote the strategies
of the players and f; : K1 x ... x K, — R are their loss-functions, i € {1, ..., n}, the
objective is to find an n-tuple p = (p1,..., pn) € K= K1 x ... x K, such that

Ji®) = fi(pi, p-i) < fi(qgi, p-i) forevery g; € K; andi € {1,...,n},

where (g;, p—i) = (p1,---5 Pi=1,4i, Pi+1,---, Pn) € K. Such point p is called a Nash
equilibrium point for (£, K) = (f1,..., fu; K1, ..., K;,), the set of these points being
denoted by Sy (f, K). The starting point of our analysis is the following result of Nash
[14,15]:

Theorem 9.1 (Nash [14,15]) Let Ky, ..., K, be nonempty, compact, convex subsets of
Hausdorff topological vector spaces and f; : K1 x ... x K, - R (G = 1,...,n) be
continuous functions such that K; > q; — fi(qi, p—i) is quasiconvex for all fixed p € K.
Then SNE(f, K) 75 @.

The original proof of Theorem 9.1 is based on the Kakutani fixed point theorem, and
we postpone it since a more general result will be provided in the sequel.

While most of the known developments in the Nash equilibrium theory deeply exploit
the usual convexity of the sets K; together with the vector space structure of their ambient
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304 9 Nonsmooth Nash Equilibria on Smooth Manifolds

spaces M; (i.e., K; C M;), it is nevertheless true that these results are in large part
geometrical in nature. The main purpose of the present section is to enhance those
geometrical and analytical structures which serve as a basis of a systematic study of
location of Nash-type equilibria in a general setting as presently possible. In the light of
these facts our contribution to the Nash equilibrium theory should be considered intrinsical
and analytical rather than game-theoretical, based on nonsmooth analysis on manifolds. In
fact, we assume a priori that the strategy sets of the players are geodesic convex subsets
of certain finite-dimensional Riemannian manifolds. This approach can be widely applied
when the strategy sets are ‘curved’. We also notice that the choice of such Riemannian
structures does not influence the Nash equilibrium points.

Let K, ..., K, (n > 2) be non-empty sets, corresponding to the strategies of n players
and f; : K1 x ... x K, — R (@ € {l,...,n}) be the payoff functions, respectively.
Throughout this section, the following notations/conventions are used:

e K=Ki x...xKp;t=(f1,..., fu): &Ky = (f1,..., fu; K1, ..., Kp);
* p=(p1,...,pn)s
* p_; is a strategy profile of all players except for player i;

(qi» p—i) = (P1, -+, Pi—1,Gi, Pi+1, - - - Pn); in particular, (p;, p—i) = p;
» K_; is the strategy set profile of all players except for player i;

Ui, K_) =K1 x...x Ki—1 xU; x Kiy1 X ... x K, for some U; D K;.

We recall that a set K C M is geodesic convex if every two points g1, g2 € K can be
joined by a unique minimizing geodesic whose image belongs to K. Note that (2.14) is
also valid for every ¢q1, g2 € K in a geodesic convex set K since exp;i1 is well-defined on
K,i € {1,2}. The function f : K — Ris convex, if f oy : [0, 1] — R is convex in the
usual sense for every geodesic y : [0, 1] — K provided that K C M is a geodesic convex
set.

An immediate extension of Theorem 9.1 reads as follows:

Theorem 9.2 ([6]) Let (M;, g;) be finite-dimensional Riemannian manifolds, K; C M;
be non-empty, compact, geodesic convex sets, and f; : K — R be continuous functions
such that K; > q;i — fi(gi, p—i) is convex on K; for every p_; € K_;, i € {l,...,n}.
Then there exists at least one Nash equilibrium point for (f, K), i.e., Sy (f, K) # 0.

In order to prove Theorem 9.2 we first start with the following expected result.
Proposition 9.1 Any geodesic convex set K C M is contractible.
Proof Let us fix p € K arbitrarily. Since K is geodesic convex, every point ¢ € K can

be connected to p uniquely by the geodesic segment y,; : [0,1] — K, ie., y4,(0) =
D, v4(1) = q. Moreover, the map K 3 g +— exp;l(q) € T,M is well-defined and
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9.1 Nash Equilibria on Curved Spaces 305

continuous. Note that y, (1) = exp, (t exp;l(q)). We define the map F : [0, 1] x K - K
by F(t,q) = y4(t); itis clear that F is continuous, F(1,q) = g and F(0, g) = p for all
q € K, i.e., the identity map idx is homotopic to the constant map p. O

Proof of Theorem 9.2 Let X = K=T17_K; and & : X x X — R defined by 2(q, p) =
Yo [fi(gi, p—i) — fi(p)]. First of all, note that the sets K; are ANRs, due to Hanner’s
theorem, see Bessaga and Pelczynski [2, Theorem 5.1]. Moreover, since a product of a
finite family of ANRs is an ANR, see [2, Corollary 5.5], it follows that X is an ANR. Due
to Proposition 9.1, X is contractible, thus acyclic.

We notice that the function 4 is continuous, and A(p,p) = O for every p € X.
Consequently, the set {(q, p) € X x X : 0 > h(q, p)} is open.

It remains to prove that Sp = {q € X : 0 > h(q, p)} is contractible or empty for all
p € X. Assume that S, # ¢ for some p € X. Then, there exists ip € {1,...,n} such
that fi,(qiy. P—iy) — fio(P) < O for some g;, € K;,. Therefor.e, q= (g,-o, P-iy) € Sp,ie.,
pr;Sp # ¥ for every i € {1,...,n}. Now, we fix ¢/ = (g{,....q7) € Sp. j € {1,2}
and let y; : [0, 1] — K; be the unique geodesic joining the points ql.1 € K; and ql.2 € K;
(note that K; is geodesic convex), i € {l,...,n}. Let y : [0,1] — K be defined by
y() = (y1(¥), ..., vu(t)). Due to the convexity of the function K; > ¢g; — fi(qi, p-i),
for every ¢ € [0, 1], we have

n

h(y @), p) = Y _[fi(i(0), p-i) — fi(p)]

i=1

< Y fia(Dp-) + A =D fi (i 0), p-i) — fi (p)]

i=1
= th(q® p) + (1 — Dh(q', p)
< 0.

Consequently, y(t) € Sp for every t € [0, 1], i.e., Sp is a geodesic convex set in the
product manifold M = TI?_, M; endowed with its natural (warped-)product metric (with
the constant weight functions 1), see O’Neill [17, p. 208]. Now, Proposition 9.1 implies
that Sp, is contractible.

We are in the position to apply Theorem D.9. Therefore, there exists p € K such that
0 = h(p,p) < h(q,p) for every q € K. In particular, putting q = (g;, p—i), gi € Ki
fixed, we obtain that f;(gq;, p—i) — fi(p) = O foreveryi € {1,...,n}, i.e., p is a Nash
equilibrium point for (f, K). O
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9.2 Comparison of Nash-Type Equilibria on Manifolds

Similarly to Theorem 9.2, let us assume that for every i € {1,...,n}, one can find a
finite-dimensional Riemannian manifold (M;, g;) such that the strategy set K; is closed
and geodesic convex in (M;, g;). Let M = M x ... x M, be the product manifold with
its standard Riemannian product metric

gV, W) =" gi(Vi, W) ©.1)
i=1

forevery V.= (Vi,..., V), W= Wy,.... W) € T, M1 x ... x Tp,M, = TyM. Let
U=U; x...x U, C Mbe an open set such that K C U; we always mean that U; inherits
the Riemannian structure of (M;, g;). Let

Lkum = {f: (f1y...s fn) € CO(K, R™) : fi : (Ui, K—-;) — R is continuous and
fi (-, p—i) is locally Lipschitz on (U;, g;)
forallp_; e K_;, i €{1,..., n}}.

Definition 9.1 [6] Letf € Lk u,m). The set of Nash-Clarke equilibrium points for (f, K)
is

Sne®. K) = {p e K: f2(p; exp},; (gi)) = 0 forallg; € K;, i € {1,....n}}.

Here, fio(p; exp[_,l_1 (gi)) denotes the Clarke generalized derivative of f;(-, p—;) at point
pi € K; in direction exp;il (gi) € Tp; M;. More precisely,

filo, oo-1,,@), P-i) — fi(g, p-i)
_ . q.expp; (qi)
fP(piexp,'(gi) = limsup g .92
q—piqeU;, t—07t !

where o4 (1) = exp, (tw), and w = d(exp;1 oexp,,) XU forve Tp,M;,andt > 0

expy (g
is small enough.

The following existence result is available concerning the Nash-Clarke points for (f, K).

Theorem 9.3 ([6]) Let (M;, gi) be complete finite-dimensional Riemannian manifolds,
Ki; C M; be non-empty, compact, geodesic convex sets, and f € L u wy such that for
everype Kiell,....,n}, K; 5 q — fio(p; exp;i1 (gi)) is convex and fl.o is upper
semicontinuous on its domain of definition. Then Syc (f, K) # 0.
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Proof The proof is similar to that of Theorem 9.2; we show only the differences. Let
X=K=II"_K;and h : X x X — Rdefined by h(q,p) = > ;_, fio(p; exp[_,l_1 (gi). It
is clear that h(p, p) = O forevery p € X.

First of all, the upper-semicontinuity of (-, -) on X x X implies the fact that the set
{(q,p) € X x X : 0> h(q,p)} is open.

Now, let p € X such that S, = {q € X : 0 > h(q, p)} is not empty. Then, there exists
iop € {1, ..., n} such that fl.o(p; exp;’_l (giy)) < O for some ¢;, € K;,. Consequently, q =
(Gig» P—1) € Sp,ie. pr;Sp # ¥ foreveryi € {1,...,n}. Now,we fixq/ = (¢{,...,q5) €
Sp, j € {1,2}, and let y; : [0, 1] — K; be the unique geodesic joining the points qu.1 eK;
and ‘152 € K;. Letalso y : [0, 1] - K defined by y(¢) = (y1(¥), ..., ya(?)). Due to the
convexity assumption on the function K; > ¢; +— fio(p; exp;’_l (gi)) for every p € K,
i € {l1,...,n}, the convexity of the function [0, 1] > ¢t — h(y(¢),p), t € [0, 1] easily
follows. Therefore, y (¢) € Sp for every ¢ € [0, 1], i.e., Sp is a geodesic convex set, thus
contractible.

Lemma D.9 implies the existence of p € K such that 0 = i(p, p) < h(q, p) for every
q € K. In particular, if ¢ = (g;, p—i), ¢i € K; fixed, we obtain that fl.o(p; exp;l_1 (gi)) =0
foreveryi € {1, ..., n}, i.e., p is a Nash-Clarke equilibrium point for (f, K). O

Remark 9.1 Although Theorem 9.3 gives a possible approach to locate Nash equilibria
on Riemannian manifolds, its applicability is quite reduced. Indeed, f;°(p; esz_nl () has
no convexity property in general, unless we are in the Euclidean setting or the set K; is a
geodesic segment. For instance, if H? is the standard Poincaré upper-plane with the metric
gH = (f:z’) and we consider the function f : H?> x R — R, f((x,y),r) = rx and the

geodesic segment y (¢) = (1, €') in H?, t € [0, 1], the function

5, sinh 2

-1
t 20021, r); expal)(y(t))) =r (e + ¢’ cosh 1v/e2 (cosh 1)2 — 1)

is not convex.
The limited applicability of Theorem 9.3 comes from the involved form of the set
Swnc(f, K) which motivates the introduction and study of the following concept which

plays the central role in the present section.

Definition 9.2 [7] Letf € Lk u,m). The set of Nash-Stampacchia equilibrium points for
(f, K) is

Swys(f.K) = {p € K : 3£ € (- f; (p) such that (., exp;,' (g1))g; = 0,
forallg; € K;, i € {1,...,n}}.
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Here, 8é fi(p) denotes the Clarke subdifferential of the function f;(-, p—;) at point p; € 120
K, ie., dc fi(-, p—i)(pi) = co(dL fi (-, p—i)(pi))- 121

Our first aim is to compare the three Nash-type equilibrium points. Before to do that, 122
we introduce another two classes of functions. If U; C M; is geodesic convex for every 123
i €{l,...,n}, we may define 124

Kk um = {fe CO(K, R™) : f; : (U;, K—;) — Ris continuous and f; (-, p—;) is
convex on (U;, gi) forallp_; e K_;, i € {1,...,n}},

and 125

CK,uM = {f e COK,RY) : fi : (Ui, K_;) = Ris continuous and f; (-, p—;) is of
class C! on (Uj, g;) forallp_; e K_;, i € {1,...,n}}.

Remark 9.2 Due to Azagra, Ferrera and Lopez-Mesas [1, Proposition 5.2], one has that 126
W(K,U,M) C L(K,U,M)- Moreover, it is clear that C(K,U,M) C L(K,U,M)- 127

The main result of this subsection reads as follows. 128

Theorem 9.4 ([7]) Let (M;, gi) be finite-dimensional Riemannian manifolds, K; C M; 129
be non-empty, closed, geodesic convex sets, Uj C M; be open sets containing K;, and 130

fi : K— R be some functions, i € {1,...,n}. Then, we have 131

(@) Sne(, K) C Sys(f, K) = Syc(, K) whenever f € Lk um); 132
(ii) Sye(, K) = Sys(f, K) = Syc(f, K) whenever f € Kk u,my; 133
Proof (i) First, we prove that Sy g (f, K) C Sys(f, K). Indeed, we have 134
peSve, K) & 135

& fi(qi,p-i) = fi(p) forallg; € K;, i €{l,...,n}
< 0€0a(fi,p-i) + k) (pi), i €{1,...,n}
= 0€d(fi(-,p-i) +8k,)(pi), i €{l,...,n} (cf. Theorem 2.4)
= 0e€0d.fi(,p-i)(pi) + 08k, (pi), i €{l,...,n} (cf. Propositions 2.12 and 2.13)
= 0edcfi(,p-i)(pi) +0Lék; (pi), i €{1,...,n}
& 0€dlfi(p)+ NL(pis Ki), i €{l,...,n}
& 3£ € 0 fi(p) such that (£, exp),! (qi))g; = 0 forallg; € K;,i €{1,....n)
(cf. Corollary 2.1)
< p e Sys(f, K).
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Now, we prove Sy s (f, K) C Syc(f, K); more precisely, we have 136
p € Sns(f,K) & 137
S 0ed-fi(p)+No(pis Ki), i e{l,...,n)
& 0€dlfi(p) + dudk,(pi), i €{1,...,n} (cf. Corollary 2.1)
< 0e 8C1(f,-0(p; exp;il(-)))(p,') + 08k, (pi), i €{l,...,n} (cf. Theorem 2.5)
= 0 € da(f;°(p: exp, () + 8x,)(pi), i € {1,....n} (cf. Proposition 2.14 )
& f2(p;exp,'(g)) = 0 forallg; € K, i € {1,....n}
< p € Syc, K).
In order to prove Syc(f, K) C Sys(f, K), we recall that ﬁo(p; exp;l_l(~)) is locally 138
Lipschitz in a neighborhood of p;. Thus, we have 139
p € Snc, K) & 140
& 0 € 9 (f;°(p: exp), () +8k,)(pi). i € {1.....n)
= 0 € a.(f;°(p: exp,, (1)) + 8k,)(pi). i € {1,....n} (cf. Theorem 2.1)
= 0 € aL(fi"(p: exp,, (D) (pi) + 8k, (pi)s i € {1,....n}
(cf. Propositions 2.12 and 2.13)
& 0e€dc(fi(,p-i))(pi) +9Lék,; (pi), i €{1,...,n} (cf. Theorem2.5)
& 0 (/i) + NL(pi: Ki), i €{1.....n)
& p e Sys(f, K).

(i1) Due to (i) and Remark 9.2, it is enough to prove that Syc (f, K) C Sy (f, K). Let 141
p € Snc(,K),ie., foreveryi € {1,...,n}and gq; € Kj, 142

£ (ps exp, (g0)) = 0. 9.3)

Fixi € {1,...,n}and g; € K; arbitrary. Since f; (-, p—;) is convex on (U;, g;), on account 143
of (2.18), we have 144

fi(exp,, (texp,,! (g1)), p-i) — fi ()

, 9.4)

0 -1 .
i (p; exp,. (gi)) = lim
Ji (ps expy,; (gi) Nim,
Note that the function 145

filexp,, (texp, ! (i), p-i) — fi(p)

R(t) = )
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is well-defined on the whole interval (0, 1]; indeed, ¢ — exp i (t exp;il (gi)) is the minimal
geodesic joining the points p; € K; and g; € K; which belongs to K; C U;. Moreover, it
is well-known that # — R(t) is non-decreasing on (0, 1]. Consequently,

fiqi, p—i) — fi(p) = fi(exp,, (exp}, (g:)). p—i) — fi(p) = R(1) > lim R().
Now, (9.3) and (9.4) give that lim,_, o+ R(#) > 0, which concludes the proof. |
Remark 9.3

(a) As we can see, the key tool in the proof of Sys(f, K) = Syc(f, K) is the locally
Lipschitz property of the function £;%(p; exp;’_1 (+)) near p;.

(b) In [6] only the sets Syg (f, K) and Syc (f, K) have been considered. Note however
that the Nash-Stampacchia concept is more appropriate to find Nash equilibrium
points in general contexts, see also the applications in Sect. 9.4 for both compact and
non-compact cases. Moreover, via Sys (f, K) we realize that the optimal geometrical
framework to develop this study is the class of Hadamard manifolds. In the next
sections we develop this approach.

9.3  Nash-Stampacchia Equilibria on Hadamard Manifolds

Before providing the main results on this subsection, we recall some basic notions from
the theory of metric projections on Hadamard manifolds.

Let (M, g) be an m-dimensional Riemannian manifold (m > 2), K C M be a non-
empty set. Let

Pk(q) ={p € K :dg(q, p) = Ziglf( dg(q,2)}
be the set of metric projections of the point ¢ € M to the set K. Due to the theorem
of Hopf-Rinow, if (M, g) is complete, then any closed set K C M is proximinal, i.e.,

Px(q) # @ forall ¢ € M. In general, Pk is a set-valued map. When Pk (g) is a singleton
for every g € M, we say that K is a Chebyshev set. The map Pk is non-expansive if

dg(p1, p2) < dg(q1,q2) forallgy, g2 € M and p; € Pk (q1), p2 € Pk (q2).

In particular, K is a Chebyshev set whenever the map Pk is non-expansive.
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A non-empty closed set K C M verifies the obtuse-angle property if for fixed g € M
and p € K the following two statements are equivalent:

(OA1) p € Pk(q);

(OAy) If y : [0,1] — M is the unique minimal geodesic from y(0) = p € K to
y (1) = g, then for every geodesic o : [0,5] — K (§ > 0) emanating from the
point p, we have g(y(0), 6(0)) <O0.

Remark 9.4

(a) In the Euclidean case (R™, (-, -)rm), (here, (-, -)rm is the standard inner product in
R™), every non-empty closed convex set K C R verifies the obtuse-angle property,
see Moskovitz-Dines [13], which reduces to the well-known geometric form:

pEPk(@) < {(g—p,z—p)rn <0 forall z € K.

(b) The first variational formula of Riemannian geometry shows that (OA;) implies
(O Aj) for every closed set K C M in a complete Riemannian manifold (M, g).
However, the converse does not hold in general; for a detailed discussion, see Kristaly,
Rédulescu and Varga [8].

A Riemannian manifold (M, g) is a Hadamard manifold if it is complete, simply
connected and its sectional curvature is non-positive. It is easy to check that on a Hadamard
manifold (M, g) every geodesic convex set is a Chebyshev set. Moreover, we have

Proposition 9.2 Let (M, g) be a finite-dimensional Hadamard manifold, K C M be a
closed set. The following statements hold true:

(1) (Walter [19]) If K C M is geodesic convex, it verifies the obtuse-angle property;
(ii) (Grognet [5]) Pk is non-expansive if and only if K C M is geodesic convex.

We also recall that on a Hadamard manifold (M, g),if h(p) = dg(p, Po), po € M is fixed,
then

gradh(p) = —2exp, ' (po). 9.5)
In the sequel, let (M;, g;) be finite-dimensional Hadamard manifolds, i € {1, ..., n},
and M = M x ... x M, be the product manifold with its Riemannian product metric

from (9.1) Standard arguments show that (M, g) is also a Hadamard manifold, see O’Neill
[17, Lemma 40, p. 209]. Moreover, on account of the characterization of (warped) product
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geodesics, see O’Neill [17, Proposition 38, p. 208], if exp, denotes the usual exponential 194
map on (M, g) at p € M, then forevery V = (V1, ..., V) € T)M, we have 195

expp (V) = (exp,, (V1), ..., exp,, (Vi)).

We consider that K; C M, are non-empty, closed, geodesic convex sets and U; C M; are 19
open sets containing K;, i € {1, ..., n}. 197
Letf € Lk um). The diagonal Clarke subdifferential of £ = (f1, ..., fu) atp € Kis 198

IEE(P) = (3L A1), ..., I fu(P)).

From the definition of the metric g, for every p € K and q € M it turns out that 199
n
(8. expp (@)g = Y _(EL.exp, (q)g;. 88 = (L. ....E0) € 0¢E(p). 9.6)
i=1
9.3.1 Fixed Point Characterization of Nash-Stampacchia Equilibria 200
For each o > 0 and f € Lk u,m), we define the set-valued map Ag : K — 2K by 201

A (p) = Px(expp(—adgf(p))). peK.

Note that for each p € K, the set Ag (p) is non-empty and compact. The following result 202
plays a crucial role in our further investigations. 203

Theorem 9.5 ([7]) Let (M;, gi) be finite-dimensional Hadamard manifolds, K; C M; 204
be non-empty, closed, geodesic convex sets, U; C M; be open sets containing K;, i € 205

{1,...,n}, and f € Lk umy. Then the following statements are equivalent: 206

(i) p € Sns(t, K); 207
(ii) p € AL(p) forall « > 0; 208
(@ii) pe Ag(p)for some o > 0. 209

Proof In view of relation (9.6) and the identification between T, M and Tl;kM, see (2.11), 210
we have that 211

peSnst,K) & 388 = (&), ..., &~) € 021(p) such that (9.7)
& engl(q))g >0 forallq € K
& L = (&L, ..., EL) € 02 H(p) such that
g(—aSCA, exp;l(q)) <0 forall q € Kand

for all/some o > 0.
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On the other hand, let y,o : [0, 1] — M be the unique minimal geodesics defined by
y() = expp(—taécé) ando (t) = expp(t expljl(q)) for any fixed @ > 0 and q € K. Since
Kis geodesic convex in (M, g), then Imo C K and

g(7(0),5(0)) = g(—a&l, exp, ' (q)). 9.8)

Taking into account relation (9.8) and Proposition 9.2-(i), i.e., the validity of the obtuse-
angle property on the Hadamard manifold (M, g), (9.7) is equivalent to

p =7 (0) = P(y (1)) = P(expy(—a&l)),
which is nothing but p € AL (p). O

Remark 9.5 Note that the implications (ii) = (¢) and (iii) = (i) hold for arbitrarily
Riemannian manifolds, see Remark 9.4. These implications are enough to find Nash-
Stampacchia equilibrium points for (f, K) via fixed points of the map Afx. However, in
the sequel we exploit further aspects of the Hadamard manifolds as non-expansiveness of
the projection operator of geodesic convex sets and a Rauch-type comparison property.
Moreover, in the spirit of Nash’s original idea that Nash equilibria appear exactly as
fixed points of a specific map, Theorem 9.5 provides a full characterization of Nash-
Stampacchia equilibrium points for (f, K) via the fixed points of the set-valued map Ag
whenever (M;, g;i) are Hadamard manifolds.

In the sequel, two cases will be considered to guarantee Nash-Stampacchia equilibrium
points for (f, K), depending on the compactness of the strategy sets K.

9.3.2 Nash-Stampacchia Equilibrium Points: Compact Case

Our first result guarantees the existence of a Nash-Stampacchia equilibrium point for (f, K)
whenever the sets K; are compact, i € {1,...,n}.

Theorem 9.6 ([7]) Let (M;, g;) be finite-dimensional Hadamard manifolds, K; C M;
be non-empty, compact, geodesic convex sets, and U; C M; be open sets containing
Ki, i € {1,...,n}). Assume thatf € Lkum) and K > p — BCAf(p) is upper
semicontinuous. Then there exists at least one Nash-Stampacchia equilibrium point for
(f, K), i.e., Sys (£, K) # 0.

Proof Fix a > 0 arbitrary. We prove that the set-valued map Ag has closed graph. Let
(p, @) € K x K and the sequences {px}, {qx} C K such that q; € Ag (Pr) and (pk, qx) —
(p,q) as k — oo. Then, for every k € N, there exists éék € acAf(pk) such that qx =
PK(exppk(—aéék)). On account of Proposition 2.13 (i) < (ii), the sequence {Sék} is
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bounded on the cotangent bundle 7*M. Using the identification between elements of the
tangent and cotangent fibers, up to a subsequence, we may assume that {Eé ] converges
to an element é@ € Tl;"M. Since the set-valued map aéf is upper semicontinuous on K
and px — p as k — oo, we have that ég € agf(p). The non-expansiveness of Pk (see
Proposition 9.2-(i7)) gives that

dg(q, Px(expy(—a€f))) < dg(q, qi) + dg(qe, Pic(expy(—a€l)))
= dg(q. @) + dg(Pk(expy, (—aEE 1)), P (expp(—a£l)))

< dg(q. qi) + dg(expy, (—a&E ), expy(—R))

Letting k — o0, both terms in the last expression tend to zero. Indeed, the former follows
from the fact that q; — q as k — oo, while the latter is a simple consequence of the local
behaviour of the exponential map. Thus,

q = Px(expp(—al)) € Px(expy(—adif(p))) = AL (p).

i.e., the graph of Ag is closed.

By definition, for each p € K the set ECAf(p) is convex, so contractible. Since both Pk
and the exponential map are continuous, Ag(p) is contractible as well for each p € K, so
acyclic (see [12]).

Now, we are in the position to apply Begle’s fixed point theorem, equivalent to Lemma
D.9, see e.g. McClendon [12, Proposition 1.1]. Consequently, there exists p € K such that
pe Ag (p)- On account of Theorem 9.5, p € Sys(f, K). |

Remark 9.6

(a) Since f € Lk, u,m) in Theorem 9.6, the partial Clarke gradients g — dc fi (-, p—i)(q)
are upper semicontinuous, i € {1, ..., n}. However, in general, the diagonal Clarke
subdifferential BCAf (-) does not inherit this regularity property.

(b) Two applications to Theorem 9.6 will be given in Examples 9.1 and 9.2; the first on
the Poincaré disc, the second on the manifold of positive definite, symmetric matrices.

9.3.3 Nash-Stampacchia Equilibrium Points: Non-compact Case

In the sequel, we are focusing to the location of Nash-Stampacchia equilibrium points
for (f, K) in the case when K; are not necessarily compact on the Hadamard manifolds
(M;, gi). Simple examples show that even the C°°—smoothness of the payoff functions
are not enough to guarantee the existence of Nash(-Stampacchia) equilibria.

Indeed, if fi, f» : R? — R are defined as fi(x,y) = fo(x,y) = e *¥, and
K| = Ky = [0, 00), then Sys(f, K) = Sye(f, K) = @. Therefore, in order to prove
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existence/location of Nash(-Stampacchia) equilibria on not necessarily compact strategy
sets, one needs to require more specific assumptions on f = (f1,..., f,). Two such
possible ways are described in the sequel.

The first existence result is based on a suitable coercivity assumption and Theorem 9.6.
For a fixed pp € K, we introduce the hypothesis:
(Hp,) There exists £2 € 92f(po) such that

SUP, canp) (ECH XD, (P0))g + (62 expp, (P))g

Ly = limsup < —lgl. p K.
P dg (p.po)—00 dg(p, po) cle
Remark 9.7

(a) A similar assumption to hypothesis (Hp,) can be found in Németh [16] in the context
of variational inequalities.

(b) Note that for the above numerical example, (Hp,) is not satisfied for any py =
(x0, y0) € [0,00) x [0, 00). Indeed, one has L, y,) = —e*0t0 and ||.§8 lg =
e*0130/2. Therefore, the facts that S ns (£, K) = Sy (f, K) = (J are not unexpected.

The precise statement of the existence result is as follows.

Theorem 9.7 ([7]) Let (M;, g;) be finite-dimensional Hadamard manifolds, K; C M;
be non-empty, closed, geodesic convex sets, and U; C M; be open sets containing K;,
i € {l,...,n}. Assume that f € Lk um) the map K > p — BCAf(p) is upper
semicontinuous, and hypothesis (Hy,) holds for some py € K. Then there exists at least
one Nash-Stampacchia equilibrium point for (f, K), i.e., Sys(f, K) # 0.

Proof Let Eg € R such that L, < —Ep < —||§g||g. On account of hypothesis (Hp,)
there exists R > 0 large enough such that for every p € K with dg(p, po) > R, we have

sup (£, exp, ! (po))g + (0. expp, (P))g < — Eodg(p. po).
Ecedft(p)

It is clear that KN Bg(po, R) # ¥, where Bg(po, R) denotes the closed geodesic ball in
(M, g) with center po and radius R. In particular, from (2.14) and (2.12), for every p € K
with dg(p, po) > R, the above relation yields

sup  (£c.expp’ (Po))g < —Eodg(p. Po) + 150 Igll expp, (P l1g 9.9)
EcedPi(p)

= (—=Eo + [1E21lg)dg (P, Po)
< 0.
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Let K = KN Bg(po, R). It is clear that K is a geodesic convex, compact subset of
M. By applying Theorem 9.6, we immediately have that p € Sys(f, Kg) # 9, i.e., there
exists &c € 8CAf(f)) such that

Ec, explgl(p»g >0 forall p € Kg. (9.10)

It is also clear that dg(p, po) < R. Indeed, assuming the contrary, we obtain from (9.9)
that (SC, expl;1 (po))g < 0, which contradicts relation (9.10). Now, fix q € K arbitrarily.
Thus, for & > 0 small enough, the element p = expj(e expgl (q)) belongs both to K and
Bg(po, R), so Kg. By substituting p into (9.10), we obtain that (éc, expl;1 (q@)g > 0. The
arbitrariness of q € K shows that p € K is actually a Nash-Stampacchia equilibrium point
for (f, K), which ends the proof. m]

The second result in the non-compact case is based on a suitable Lipschitz-type
assumption. In order to avoid technicalities in our further calculations, we will consider
that f € Ck,u,m). In this case, aéf(p) and Ag (p) are singletons for every p € K and
a > 0.

Forf e Ck,um), @ > 0and 0 < p < 1 we introduce the hypothesis:

(Hg") dg(expy(—ad2E(p)), expy(—xd2t(@)) < (1 — p)dg(p, @) forall p, q € K.

Remark 9.8 One can show that (Hy'”) implies (Hp,) for every po € K whenever (M;, g;)
are Euclidean spaces. However, it is not clear if the same holds for Hadamard manifolds.

Finding fixed points for Ag, one could expect to apply dynamical systems; we consider
both discrete and continuous ones. First, for some o > 0 and pp € M fixed, we consider
the discrete dynamical system

Prr1 = AL(Pk(pr)). ((DDS)a)
Second, according to Theorem 9.5, we clearly have that

peSns(f,K) < 0= exp;l(Afx(p)) for all/some a > 0.

Consequently, for some o« > 0 and pp € M fixed, the above equivalence motivates the
study of the continuous dynamical system

! n(t) = exp;(i)(Ag(PK(U(t)))) ((CDS)y)

1(0) = po.

The following result describes the exponential stability of the orbits in both cases.
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Theorem 9.8 ([7]) Let (M;, gi) be finite-dimensional Hadamard manifolds, K; C M;
be non-empty, closed geodesics convex sets, U; C M; be open sets containing K;, and
fi 1 K = R be functions, i € {1,...,n} such that f € Ck um). Assume that (HIO(["O)
holds true for some @ > 0 and 0 < p < 1. Then the set of Nash-Stampacchia equilibrium
points for (f, K) is a singleton, i.e., Sys(f, K) = {p}. Moreover, for each pg € M, we have

() the orbit {pr} of (DDS)y converges exponentially to p € K and

. (1=p)F
dg(pr, p) < ) dg(p1,po) forall k € N;

(ii) the orbit n of (CDS)q is globally defined on [0, 0o) and it converges exponentially to
p € Kand

dg(n(t), p) < e "'dg(po, p) forallt > 0.

Proof Let p,q € M be arbitrarily fixed. On account of the non-expansiveness of the
projection Pk (see Proposition 9.2-(ii)) and hypothesis (Hloé’p ), we have that

dg (AL o Px)(p), (A o PK) (@)

= dg(PK (exp py (p) (—OET(PK(P)))). P (€x py (¢ (2 F(PK (q)))))
< dg(exp py (p) (—DEE(PK(P))), eXP py (o (—DEF(PK(Q))))

< (1 — p)dg(Pk(p). Pk(q))

< (1 - p)dg(p, q),

which means that the map Ag o Pk : M — Mis a (1 — p)-contraction on M.

(i) Since (M, dg) is a complete metric space, the standard Banach fixed point argument
shows that AL o Pk has a unique fixed point p € M. Since InAl c K, then p € K.
Therefore, we have that Ag (p) = p. Due to Theorem 9.5, Sys(f, K) = {p} and the
estimate for dg(pk, p) yields in a usual manner.

(ii) Since Ag o Pk : M — Mis a (1 — p)-contraction on M (thus locally Lipschitz in
particular), the map M > p — G(p) := exp;l(Ag(PK(p))) is of class C!'~. Now,
we may guarantee the existence of a unique maximal orbit  : [0, Tpax) — M of
(CDS)y.

We assume that Tiax < 00. Let us consider the Lyapunov function 4 : [0, Tipax) — R
defined by

1 -
h) = dg(1(1), )-
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The function # is differentiable for a.e. ¢ € [0, Thax) and in the differentiable points of n
we have

K (1) = —g(i (), exp, |, (D))
= —g(exp), (AL (PR (1(1))), exp;  (B) (cf. (CDS)a)
= —g(exp, ) (AL (Pk((1)))) — exp, 1 (B), exp, 1, ()
—g(exp, 4, (). exp @)
< llexpy ) (AL (PR (1)) — exp; iy () llg - Il exp, b, B llg — [l expy i, (P) l5-

In the last estimate we used the Cauchy-Schwartz inequality (2.12). From (2.14) we have
that

llexp; 4, (B) g = dg(n (1), P)- ©.11)

We claim that for every ¢ € [0, Tihax) one has

I exp, iy (AL (PR (1)) — exp, ) D) g = dg(AL(Pk(n(1))). D). 9.12)

To see this, fix a point ¢ € [0, Tnax) Where 7 is differentiable, and let y : [0, 1] — M,
v :10,1] = T;(hMand y : [0, 1] — T;;)M be three curves such that

* y is the unique minimal geodesic joining the two points y(0) = p € Kand y(1) =
AL (PR(1(1))):

© 7(s) =exp, (¥ (), s €0, 1];

o () = (1 —s)exp, () + s expy b (AL (Pk(n(1))). s € [0, 1].

By the definition of y, we have that
Lg(y) = dg(AL(Pk(n(1))). P).- (9.13)

Moreover, since y is a segment of the straight line in T;,(;)M that joins the endpoints of y,
we have that

ly) =1y (9.14)

here, [ denotes the length function on T),;)M. Moreover, since the curvature of (M, g) is
non-positive, we may apply a Rauch-type comparison result for the lengths of y and y,
see do Carmo [4, Proposition 2.5, p.218], obtaining that

1(y) < Lg(y). (9.15)
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Combining relations (9.13), (9.14) and (9.15) with the fact that 344

I(y) = || exp, (AL (P(n(1)))) — exp, 1, (D) g,

relation (9.12) holds true. 345
Coming back to /'(¢), in view of (9.11) and (9.12), it turns out that 346
K (1) < dg(AL(Pk(1(1))), P) - dg(n(1), P) — dg(n(1), ). (9.16)

On the other hand, note that p € Sys(f, K), i.e., Ag (p) = p- By exploiting the non- 347
expansiveness of the projection operator Pk, see Proposition 9.2-(ii), and (Hloé’p ), we 348
have that 349

dg(AL(PK(n(1)). ) = dg(AL(P(n(1))). AL ()
= dg(PK(eXPpy (1)) (—2IEE(PR (1)), Pk (expy(—adEE())))
< dg(exppy (1)) (@IS (P (1(1)))). expy (IS E(D)))
< (1= p)dg(Pk(n(®)). P)
= (1 - p)dg(Pk(n(1)), Pk (D))
< (I = p)dg(n(?), p).

Combining the above relation with (9.16), for a.e. t € [0, Tinax) it yields 350
(1) < (1= p)dg(n(1), p) — dg(n (1), P) = —pdg(n(0), ),
which is nothing but 351

K (t) < —2ph(t) forae.t € [0, Tnax)-

Due to the latter inequality, we have that 352
d 2pt / 2pt
ds [h()e™'] = [h'(t) + 2ph(t)]e"”" <0 forae.r € [0, Tmax)-
After integration, one gets 353
h(t)e*" < h(0) forall 7 € [0, Tmax)- 9.17)

According to (9.17), the function £ is bounded on [0, Tiax); thus, there exists p € M such 354
that lim; 7, 7(t) = p. The last limit means that  can be extended toward the value 355
Tmax, which contradicts the maximality of Tiyax. Thus, Tmax = 00. 356
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Now, relation (9.17) leads to the required estimate; indeed, we have
dg(n(1), p) < e "'dg(n(0), p) = e "'dg(po, p) foralls € [0, 00),

which concludes the proof of (i7). |

9.3.4 Curvature Rigidity

The obtuse-angle property and the non-expansiveness of Pk for the closed, geodesic
convex set K C M played indispensable roles in the proof of Theorems 9.5-9.8, which are
well-known features of Hadamard manifolds (see Proposition 9.2). In Sect. 9.3 the product
manifold (M, g) is considered to be a Hadamard one due to the fact that (M;, g;) are
Hadamard manifolds themselves for each i € {1, ..., n}. We actually have the following
characterization which is also of geometric interests in its own right and entitles us to
assert that Hadamard manifolds are the natural framework to develop the theory of Nash-
Stampacchia equilibria on manifolds.

Theorem 9.9 ([7]) Let (M;, gi) be complete, simply connected Riemannian manifolds,
i € {l,...,n}, and (M, g) their product manifold. The following statements are
equivalent:

(i) Any non-empty, closed, geodesic convex set K C M verifies the obtuse-angle property
and Px is non-expansive;
(ii) (M;, gi) are Hadamard manifolds for everyi € {1, ..., n}.

Proof (ii) = (i). As mentioned before, if (M;, g;) are Hadamard manifolds for every
i €{l,...,n}, then (M, g) is also a Hadamard manifold, see O’Neill [17, Lemma 40, p.
209]. It remains to apply Proposition 9.2 for the Hadamard manifold (M, g).

(i) = (ii). We first prove that (M, g) is a Hadamard manifold. Since (M;, g;) are
complete and simply connected Riemannian manifolds for every i € {1, ..., n}, the same
is true for (M, g). We now show that the sectional curvature of (M, g) is non-positive. To
see this, let p € M and Wy, Vg € Tp,M \ {0}. We claim that the sectional curvature of the
two-dimensional subspace S =span{Wy, Vo} C TpM at the point p is non-positive, i.e.,
Kp(S) < 0. We assume without loosing the generality that V¢ and Wy are g-perpendicular,
i.e., g(Wp, Vo) = 0.

Let us fix rp > 0 and 6 > 0 such that Bg(p, rp) is a totally normal ball of p and

8 (IIWollg + 2[Vollg) < rp. (9.18)
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Fig. 9.1 The construction of parallel transport along the geodesic segment o

Leto : [-8,28] — M be the geodesic segment o (t) = exp,(1Vo) and W be the unique
parallel vector field along o with the initial data W(0) = Wy. For any ¢ € [0, §], let
¥e + [0, 6] — M be the geodesic segment y; (u) = expg ) (uW(2)).

Let us fix f,u € [0, 4] arbitrarily, u # 0. Due to (9.18), the geodesic segment
vtlj0,u) belongs to the totally normal ball Bg(p, rp) of p; thus, y:j0,,) is the unique
minimal geodesic joining the point y;(0) = o (¢) to y;(u). Moreover, since W is the
parallel transport of W(0) = Wy along o, we have g(W(¢), o (¢)) = g(W(0),5(0)) =
g(Woy, Vo) = 0; therefore,

g(71(0),6(r)) = g(W(),6(1)) =0,

see Fig.9.1.

Consequently, the minimal geodesic segment y4|[o,,] joining y;(0) = o (¢) to y;(u), and
the set K = Imo = {o(¢) : t € [—§, 25]} fulfill hypothesis (O A;). Note that Imo is a
closed, geodesic convex set in M; thus, from hypothesis (i) it follows that Imo verifies the
obtuse-angle property and Pipys is non-expansive. Thus, (O A») implies (O A1), i.e., for
every t,u € [0, 8], we have o () € Pime(y:(u)). Since Imo is a Chebyshev set (cf. the
non-expansiveness of Pin ), for every ¢, u € [0, §], we have

Prno (1 (u)) = {o (D)} 9.19)
Thus, for every ¢, u € [0, §], relation (9.19) and the non-expansiveness of Piys imply

dg(p, 0 (1)) = dg(0(0), (1)) = dg(Pimo (Yo (), Pimo (v (1)) (9.20)
< dg(you), yi(u)).
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The above construction (i.e., the parallel transport of W(0) = W along o) and the formula
of the sectional curvature in the parallelogramoid of Levi-Civita defined by the points p,

a(t), you), yi(u) give

dz(p, o (1) — 7“2 (yo (), v ()
Kp(S) = lim ° P 8 YL v
u,t—0 dg(p, yo(u)) - dg(p, o (1))
According to (9.20), the latter limit is non-positive, so Kp(S§) < 0, which concludes the

first part, namely, (M, g) is a Hadamard manifold.
Now, a result of Chen [3, Theorem 1] implies that the metric spaces (M;, dg,;) are

Aleksandrov NPC spaces for every i € {1, ..., n}. Consequently, for eachi € {1, ..., n},
the Riemannian manifolds (#;, g;) have non-positive sectional curvature, thus they are
Hadamard manifolds. The proof is complete. <

Remark 9.9 The obtuse-angle property and the non-expansiveness of the metric projection
are also key tools behind the theory of monotone vector fields, proximal point algorithms
and variational inequalities developed on Hadamard manifolds; see Li, Lopez and Martin-
Mairquez [10, 11], and Németh [16]. Within the class of Riemannian manifolds, Theorem
9.9 shows in particular that Hadamard manifolds are indeed the appropriate frameworks
for developing successfully the approaches in [10, 11], and [16] and further related works.

9.4  Examples of Nash Equilibria on Curved Settings
In this subsection we present various examples where our main results for Nash equilibria
can be efficiently applied; for convenience, we give all the details in our calculations by
keeping also the notations from the previous subsections.
Example 9.1 Let
Ki={(x1,x) e RZ :x{+x3 <4< (x1 — D*+x3), K2 =[-1,1],
and the functions f1, f» : K1 x K2 — R defined for (x1, x2) € K1 and y € K> by
filGnx2), ) =y +y(L =22 fol(xr,x2),y) = —y7x2 + 4yl + D).
It is clear that K; C R2 is not convex in the usual sense while K» C R is. However,

if we consider the Poincaré upper-plane model (H?, gxp), the set K; C H? is geodesic
convex (and compact) with respect to the metric g = (i’é ). Therefore, we embed the
2

set K into the Hadamard manifold (H?Z, gm), and K> into the standard Euclidean space
(R, go). After natural extensions of fi(-, y) and f>((x1, x2), -) to the whole U; = H?
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and U, = R, respectively, we clearly have that fi(-, y) is a C' function on H? for every
y € Ky, while f>((x1, x2), -) is a locally Lipschitz function on R for every (x1, x2) € Kj.
Thus, f = (f1, f2) € Lk, xk, m2 xR 2 xR) and for every ((x1, x2), y) € K = K;j x K»,
we have

ij 0f1C,y)

H o gy, ) = 3yx3(xf, —y(1 — x2)%);

i

3 fi((x1,x2), y) = grad fi (-, y) (x1, x2) = <g

—2yx2 —4(x1+ 1) if y <0,
R fr((x1,x2),y) = { 4(x1 + D[=1,1] ify =0,
—2yx2+4(x1+1)if y > 0.

It is now clear that the map K > ((x1, x2), y) — aéf(((xl, X2),y)) is upper semicon-
tinuous. Consequently, on account of Theorem 9.6, Sys(f, K) # @, and its elements are
precisely the solutions ((X1, X2), ¥) € K of the system

(08 f1((F1, F2), ), exp3t 11 (q1,2))gy = 0 forall (g1, 42) € K1, (S0)
£2(q —¥) = 0 for some &2 € 32 fo((i1, %2), y) forall g € K».
In order to solve (S7) we first observe that
Ki C{(x1,x) e R?: /3 <xp <2(x1 + D}. 9.21)

We distinguish four cases:

(a) If y = 0 then both inequalities of (S1) hold for every (X, x2) € K; by choosing
£2 =0 € 32 f>((i1, ¥2), 0) in the second relation. Thus, ((¥1, %2), 0) € Sys(f, K) for
every (x1, x2) € K.

(b) Let 0 < ¥y < 1. The second inequality of (S;) gives that —2yxy + 4(x; + 1) = 0;
together with (9.21) it yields 0 = yx, —2(x14+1) < Xx2—2(X;+1) < 0, a contradiction.

(c) Let y = 1. The second inequality of (Sy) is true if and only if —2X; +4(x; + 1) < 0.
Due to (9.21), we necessarily have xo = 2(x; + 1); this Euclidean line intersects the
set K in the unique point (X1, x2) = (0, 2) € K. By the geometrical meaning of the
exponential map one can conclude that

{rexpgy)(q1.42) : (q1.92) € K1.1 > 0} = {(x, —y) e R? : x,y > O}.

Taking into account this relation and 8é f1((0,2), 1) = (0, —12), the first inequality
of (81) holds true as well. Therefore, ((0,2), 1) € Sys(f, K).

(d) Similar reason as in (b) (for —1 < y < 0) and (c) (for y = —1) gives that
((0,2), 1) € Sns(f, K).
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324 9 Nonsmooth Nash Equilibria on Smooth Manifolds

Thus, from (a)—-(d) we have that
Sns(t, K) = (K1 x {0}) U{((0,2), 1), ((0,2), —=1)}.

Now, on account of Theorem 9.4 (i) we may easily select the Nash equilibrium points for
(f, K) among the elements of Sy s(f, K) obtaining that Sy g (f, K) = K| x {0}.

In the rest of this subsection we deal with some applications involving matrices; thus,
we recall some basic notions from the matrix-calculus. Fix n > 2. Let M,,(R) be the set of
symmetric n x n matrices with real values, and M,f (R) € M, (R) be the cone of symmetric
positive definite matrices. The standard inner product on M, (R) is defined as

(U,V)=t(UV). (9.22)

Here, tr(Y) denotes the trace of ¥ € M, (R). It is well-known that (M, (R), (-, -)) is an
Euclidean space, the unique geodesic between X, Y € M, (R) is

Vxy(s) =1 —X+sY, sel0,1]. (9.23)
The set M, (R) will be endowed with the Killing form
(WU, vhx =w(X~'vx~'u), XeM R), U,V e Tx(M}(R)). (9.24)
Note that the pair (M;r R), ({-, -))) is a Hadamard manifold, see Lang [9, Chapter XII],
and Tx(M,} (R)) >~ M, (R). The unique geodesic segment connecting X, Y € M,  (R) is
defined by

yay(s) =X"2(x" 12y x~12) X172 s eq0,1]. (9.25)

In particular, jsyf’y(s)h:o = X'2In(x—12yx-1/2)x1/2, consequently, for each
X,Y € M} (R), we have

expy' ¥ = X' 2In(x~ 2y x~1/2)x!/2,
Moreover, the metric function on M, (R) is given by
d3(X,Y) = ((expy' Y,expy' ¥))x = tr(In*(X 12y x~1/2)). (9.26)
Example 9.2 Let

Ky =1[0.2], Ky ={X € M}(R) : tr(in® X) < 1 < detX <2},
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and the functions f1, f> : K1 x K» — R defined by

fi(t, X) = (max(¢, 1))" " '?(X) — 4nln(t + 1)$2(X), (9.27)

F2(t, X) = g(t) (tr(X—l) + 1)’+1 + h(t) Indet X. (9.28)

Here, $2(Y) denotes the second elementary symmetric function of the eigenvalues
MAM,..., Ay of Y, ie.,

SY) = Y hijhiy. (9.29)

1<ij<ir<n
and g, h : K1 — R are two continuous functions such that
h(@)>2mn+ 1)g(t) > 0forallr € K;. (9.30)
The elements of Sy (f, K) are the solutions (7, X) € K of the system

[(max(t, )"~ — (max(, 1))"—1] (%) = S Xy L v e Ky,

NG) [(tr(y—l) + DI - (XY + 1)f+1] +h(Hn gﬂ >0, VY € K». (52)
et X

The involved forms in (S») suggest an approach via the Nash-Stampacchia equilibria for

(f, K); first of all, we have to find the appropriate context where the machinery described

in Sect. 9.3 works efficiently.

At first glance, the natural geometric framework seems to be M, (R) with the inner
product (-, -) defined in (9.22). Note however that the set K> is not geodesic convex with
respect to (-, -). Indeed, let X = diag(2,1,...,1) € Ky and ¥ = diag(1,2,...,1) €
K> and y)g y be the Buclidean geodesic connecting them, see (9.23); although y)g y(s) €
M,[(R) and tr(lnz(y}’iY(s))) =1In?Q2 —s) +In*(1 +5) < In®2 for every s € [0, 1], we
have that det(y)ﬁ y(8)) > 2 forevery 0 < s < 1. Consequently, a more appropriate metric
is needed to provide some sort of geodesic convexity for K. To complete this fact, we
restrict our attention to the cone of symmetric positive definite matrices M, (R) with the
metric introduced in (9.24).

Let [, € M,f (R) be the identity matrix, and By (1,, 1) be the closed geodesic ball in
M,j (R) with center I,, and radius 1. Note that

Ky =By(I,, ) N{X € M (R) : 1 <detX <2}.
Indeed, for every X € Mj (R), we have

d% (I, X) = tr(In® X). (9.31)
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Since K3 is bounded and closed, on account of the Hopf-Rinow theorem, K> is compact.
Moreover, as a geodesic ball in the Hadamard manifold (M, (R), ((-,-))), the set
By (I, 1) is geodesic convex. Keeping the notation from (9.25), if X,Y € K3, one has
for every s € [0, 1] that

det(yfly (s) = (det X)' ™ (det ¥)* € [1,2],

which shows the geodesic convexity of K3 in (M, (R), ({-, -))).

After naturally extending the functions fi(-, X) and fa(¢,-) to Uy = (—é, 00) and
U, = M,j (R) by the same expressions (see (9.27) and (9.28)), we clearly have that f =
(f1, f2) € Lk.um), where U = U x Uz, and M = R x M,/ (R). A standard computation
shows that for every (¢, X) € U1 x K3, we have

0 if —1/2<t <1,
+2X)-{[0,n—1] ift=1,
n—D"2if 1 <t

4nS>(X)

oI X =="""1

For every t € K, the Euclidean gradient of f>(z,-) at X € Uy = M,‘f (R) is

t
900 = =g+ (kX +1) X2+ X",
thus the Riemannian derivative has the form

3 fo(t, X) = grad fo(t, -)(X) = Xf5(t, )(X)X

t
— —e)(t+ 1) (tr(X_l) + 1) I + h(D)X.

The above expressions show that K > (¢, X) — 8CAf(t, X) is upper semicontinuous.
Therefore, Theorem 9.6 implies that Sys(f, K) # @, and its elements (7, X) € K are
precisely the solutions of the system

£1(t —f) > 0 forsome £ € aéfl(f, X) forall t € K, (S
(82 (@, X), exp;{l Y)g =0 forall Y € K>, 2

We notice that the solutions of (Sé) and (5,) coincide. In fact, we may show that f €
Kx,u,m); thus from Theorem 9.4 (ii) we have that Sy g (f, K) = Sys(f, K) = Sy (f, K).
It is clear that the map t +— fi(¢, X) is convex on U for every X € K. Moreover,
X — fa(t, X) is also a convex function on Up = Mj (R) for every t € K. Indeed, fix
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X,Y € K> and let y)f y - [0, 1] — K3 be the unique geodesic segment connecting X and 505

Y, see (9.25). For every s € [0, 1], we have that

Indet(yy'y (s)) = In((det X)' ~* (det ¥)*)
=(1—s)IndetX + sindetY
= (1 — 5) Indet(y{ , (0)) + s Indet(yy , (1)).

The Riemannian Hessian of X + tr(X 1) with respect to {(-, -)) is
Hess(tr(X " ))(V, V) = (X 2VX V) = X T'vX 122 > 0,

where | - |r denotes the standard Frobenius norm. Thus, X +— tr(X —1) is convex (see
Udrigte [18, §3.6]),s0 X — (tr(X~h + Dt Combining the above facts with the non-
negativity of g and £ (see (9.30)), it yields that f € Kk u,m) as we claimed.

By recalling the notation from (9.29), the inequality of Newton has the form

—1
S$2(Y) < n2 tr?(Y) forall ¥ € M,(R). (9.32)
n
The possible cases are as follow:

(a) Let0 < 7 < 1. Then the first relation from (87) implies —4"2(150

(b) If 1 < £ < 2, the first inequality from (S%) holds if and only if

> (), a contradiction.

- n—1 " -
S =", 72 + DHr?(X),

which contradicts Newton’s inequality (9.32).
(¢) If 1 = 2, from the first inequality of (S}) it follows that

3(n — 12" (X) < nSH(X),
contradicting again (9.32).
(d) Let £ = 1. From the first relation of (Sé) we necessarily have that 0 = & €

8é fi(d, X ). This fact is equivalent to

21n8,(X)
tr2(X)
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which holds true, see (9.32). In this case, the second relation from (Sé) becomes
—2g(1) (tr(frl) + 1) (I, exp; Y)) g +h(D{(X, exp;{l Y)): >0, VY € K».

By using (9.24) and the well-known formula ¢""%) = det X, the above inequality
reduces to

~ - ~ ~ detY
—2g((ErXH + DX ' In(X~2yX712) + k(1) In de $Z 0, VY € Kp.  (9.33)
et
We also distinguish three cases:

(d1) If g(1) = h(1) = 0, then Sy (f, K) = Sys(f, K) = {1} x K».

(d2) If g(1) = 0 and A(1) > O, then (9.33) implies that Sy (f, K) = Sys(, K) =
{(1, X) e K:detX = 1.

(d3) If g(1) > 0, then (9.30) implies that (1, I,) € Sy (f, K) = Sys(f, K). &>

Remark 9.10 We easily observed in the case (d3) that X = I, solves (9.33). Note that
the same is not evident at all for the second inequality in (S2). We also notice that the
determination of the whole set Sy s (f, K) in (d3) is quite difficult; indeed, after a simple
matrix-calculus we realize that (9.33) is equivalent to the equation

h(l) -
~ — o ~ -1
X = Py, (e 2 (X~ )+1) X X ) ,

where Pk, is the metric projection with respect to the metric dy.

Example 9.3

(a) Assume that K; is closed and convex in the Euclidean space (M;,g;) =
(R™i, (-;)gmi), i € {l,...,n}, and let f € Ckuprr) Where m = > |  m;. If

ECAf is L—globally Lipschitz and «-strictly monotone on K C R™, then the function

f verifies (Hg’p ) with ¢ = LKZ and p = 2’222. (Note that the above facts imply that

k < L, thus 0 < p < 1.) Indeed, for every p, q € K we have that
d2(expy (—d2 (D)), expy (—ad2H(q)))

= |p — «d2f(p) — (q — ad2E(@)[1Zn = [Ip — q — (@IEE(P) — DL E(@)[30
= [Ip — qllfn — 2a(p — q, 3 £(p) — IEE(@)rr + &* 9 E(P) — dEE(Q) |

2
K
< (1 =2k +a*LY)|p — ql}kn = (1 - LZ) dé(p, ')

< (1-p)*dz(p, Q.
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(b) Let 542
Ky =10,00), K2 ={X € My(R) : tr(X) = 1},
and the functions f, f> : K1 x K» — R defined by 543

f1t, X) = g(1) — crte(X), fa(t, X) = (X — h(1)A)?).

Here, g, h : K1 — R are two functions such that g is of class Cc? verifying 544
0< iIr<11fg” < sll<11p g’ < oo, (9.34)

h is L, —globally Lipschitz, while A € M, (R) and ¢ > 0 are fixed such that 545
¢+ Lyy/tr(A2) <2 1I?1f ¢" and cn + 2Ly tr(A2) < 4. (9.35)

Now, we consider the space M,,(R) endowed with the inner product defined in (9.22). s46
We observe that K, is geodesic convex but not compact in (M, (R), (-, -)). After a s47
natural extension of functions fi(:, X) to R and f>(z, ) to the whole M,,(R), we can 548
state that f = (f1, f2) € Ck,um), where U = M = R x M, (R). On account of s49
(9.34), after a computation it follows that the map 550

BCAf(t, X) = (g'(t) — ctr(X), 2(X — h(1)A))

is L-globally Lipschitz and «-strictly monotone on K with 551

12
L = fax ((2 supg” + 8Lytr(A2)/2, (202n T 8) ) >0,
K

552

o, e Lpyir(AY) cn Lp/tr(A2)

k =min |infg" — — , 1= - > 0.
K 2 2 4 2

According to (a), f verifies (Hloé’p ) with ¢ = LKZ and p = 2’222. On account of 553
Theorem 9.8, the set of Nash-Stampacchia equilibrium points for (f, K) contains ss4
exactly one point (7, X) € K and the orbits of both dynamical systems (DDS), and 555
(CDS), exponentially converge to (7, X). Moreover, one also has that f € KK, UuM); 556

thus, due to Theorem 9.4-(ii) we have that Sy g (f, K) = Sys(f, K) = {(7, )~()}. 557
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10.1 Variational-Hemivariational Inequalities

Throughout this section X will denote a real reflexive Banach space with its dual space X*
and T : X — LP(S2; R¥) will be a linear and compact operator where 1 < p < oo and 2
is a bounded and open subset of R". We shall denote i := Tu and by p’ the conjugated
exponent of p. Let j = j(x,y) : € x R — R be a Carathéodory function, locally
Lipschitz with respect to the second variable which satisfies the following condition:
(H}) there exist C > 0 such that

gl < Ccd+ylP™h (10.1)
forae.x € Q,ally e Rfandall ¢ € 8gj(x, y).
Let K be a nonempty closed, convex subset of X and ¢ : X — (—00, 400] a convex
and lower semicontinuous functional such that

Ky :=D(¢$) N K # @. (10.2)

Assuming A is a set valued mapping from K into X*, with D(A) = K our aim is to
study the following multivalued variational-hemivariational inequality:

(MVHI) Findu € K and u™ € A(u) such that

W*,v—u)+¢(v) —¢(u)+/ JO i(); D) —a(x)dx = 0, Yv e K. (10.3)
Q
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332 10 Inequality Problems Governed by Set-valued Maps of Monotone Type

As it will be seen, this problem closely links to the dual variational-hemivariational
inequality:
(DVHI) Findu € K such that

sup (v*,u—v) < ¢(v)—¢(u)+/ jg(x, i(x); 0(x)—a(x))dx, Yo e K. (10.4)
v¥*eA(v) Q

Definition 10.1 A set valued mapping A : K ~» X* is said to be lower hemicontinuous
on K if the restriction of A to every line segment of K is lower semicontinuous from s — X
into w* — X*.

We denote by S and S* the solutions sets of problem (MV H ) and problem (DHVI),
respectively. The following result, due to Costea and Lupu [1], highlights the relationship
between the two problems.

Theorem 10.1 Let K be a nonempty closed and convex subset of the real reflexive Banach
space X. If A : K ~» X* is monotone, then S C S*. In addition, if A is lower
hemicontinuous, then S* = S.

Proof Letu € S and v € K be arbitrary fixed. Then it exists u* € A(u) such that (10.3)
holds. Since A is monotone we have

W —u*,v—u) >0, Yv*eA®). (10.5)

Hence, adding (10.3) and (10.5) we have
(v*, v—u)+¢(v)—¢(u)+/ JO G (x); D(x) —di(x)) dx > 0, Yo* € A(v).  (10.6)
Q
This is equivalent to

sup (v, u —v) < @) — Pu) +/ jg(x, i(x); (x) — i(x)) dx. (10.7)
v*eA(v) Q

Since v has been arbitrary chosen, it follows that (10.7) holds for all v € K which implies
thatu € S*.

In addition if A is lower hemicontinuous, we will show that § = S*. Suppose u €
S* and let v € K be arbitrary fixed. We define the sequence {u},>1 by u, = u +
i(v —u). Clearly {u,} C K by the convexity of K. For any u* € A(u), using the lower
hemicontinuity of A, a sequence u); € A(u,) can be determined such that ), — u*. Taking
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10.1 Variational-Hemivariational Inequalities 333
into account that u € S*, for each n > 1 we have
(p, u —up) < ¢un) — Pu) +[ J',Oz(x, U(x); iy (x) — (x)) dx (10.8)
Q

But ¢ is convex and joz(x, i; A) = Aj()z(x, i; 0) for all A > 0. Therefore (10.8) may be
written, equivalently

< w1 > 1 n—1 .0 . 1 . .
0<(uf, (v—u +¢< v+ u>—¢(u>+/1,2 XA (B0 —a@) ) dx
n n n o n
1
< [(u:, v — 1)+ $v) — pu) +/ng(x, (x); Dx) — A(x) dx} .

Multiplying the last relation by n and passing to the limits as n — oo we obtain the
ues. O

We are now in position to establish the existence of solutions when the constraint set K
is bounded. More precisely we have the following result.

Theorem 10.2 ([1]) Let K be a nonempty, bounded, closed and convex subset of the real
reflexive Banach space X and A : K ~» X* a set valued mapping which is monotone and
lower hemicontinuous on K. If T : X — LP(Q; R¥) is linear and compact and j satisfies
the condition (10.1) then problem (M'V HI) possesses at least one solution.

Proof Forany v € K define two set valued mappings F, G : K N D(¢) ~» X as follows:

Ju* € A(u) s.t. (u™, v —u) + o) — d(u)

Fu) = uecky: +/ j’oz(x, i(x); 0(x) —a(x))dx =0
Q

and

Supv*eA(v)(v*a u—v) <p@) — o)

G(v):={ueKky: +/ jf)z(x, 4(x): D(x) — A (x))dx
Q

We divide the proof into several steps as follows.

STEP 1.  Fis a KKM mapping.
If F is not a KKM mapping, then there exists {vy, ..., v,} C Ky such that

co{vi,..., o} ¢ UF(Ui),

i=1
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334 10 Inequality Problems Governed by Set-valued Maps of Monotone Type

i.e., there exists a vg € co{vy, ..., vy}, Vo := Zl’»lzl Aivi, where A; € [0,1],i € 1,n,
Yo i =1, butvg € |J7_, F(v;). By the definition of F, we have

(vg, vi — vo) + ¢ (vi) — P (vo) + /Q j,oz(x, Do (x); D (x) — Do(x))dx < 0, Yvg € A(vo)

for i € 1, n. It follows from the convexity of 0 —> j Oz(x, i; ) and the convexity of ¢
that for each v(’)‘ € A(vg) we have

0 = (v, vo — o) + B (x0) — B(v0) + /Q J9.0e, Box); o) — o))
= <v;;, Xn:m,- - vo> +¢ (ikiv,') — ¢ (vo)
i=1 i=1
+/ij)2 (x, Do(x); Zn:)\iﬁi(x) — 6o(x)> dx
i=1
< ZH:A,- [(vg, vi — vo) + ¢ (vi) — P (vo) + /Q 79 0x, Do (x); B (x) — 60(x))dx:|
<0

which is a contradiction. This implies that F is a KKM mapping.
STEP2. F(v) € G()forallv € K.
For a given v € Ky, letu € F(v). Then, there exists ™ € A(u) such that

W v—u)+¢) —pu) + /Q S0, A(x); D(x) — d(x)) dx > 0.
Since A is monotone, we have
W —u*,v—u)>0, Yv*eA).
It follows from the last two relations that
W* v —u) + ¢ v) — pu) + /Q JO 0, A (x); D(x) — A (x))dx > 0, Yv*A(v)

which may be equivalently rewritten

sup (v*,u —v) <) — P (v) +/ O, d(x); D(x) — d(x))dx
Q

v*eA(v)

and so u € G (v). In particular, this implies that G is also a KKM mapping.
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STEP 3. G (v)is weakly closed for each v € K.
Let {u,} C G(v) be a sequence which converges weakly to u as n — oco. We
must prove that u € G(v). Since u, € G(v) forall n > 1 and ¢ is weakly lower
semicontinuous, for each v* € A(v) we have

0 < limsup [(v*, v —up) + P () = Pun) +/ S, i (x); D(x) — ﬁn(X))dX]
Q

n—o00o

< lim (v*, v —u,) + ¢ () — liminf ¢ (u,) + limsup/ joz(x, Uy (x); 0(x) — i, (x))dx
n—00 o

n—o00 n—oo

IA

(v —u)+ o) — P + /Q JS 0, (x); D) — @(x))dx.

This is equivalent to u € G (v).

STEP 4. G (v)is weakly compact for all v € K.
Indeed, since K is bounded, closed and convex, we know that K is weakly compact,
and so G (v) is weakly compact for each v € K N D(¢), as it is a weakly closed subset
of an weakly compact set.

Therefore conditions of Corollary D.1 are satisfied in the weak topology. It follows that

() G # 2.

UEK¢

This yields that there exists an elementu € K such that, for any v € K

sup (v*, v —u) s¢(v>—¢<u>+f J9 e, f); D) — i (x))dax.
v*eA(v) Q

This inequality is trivially satisfied for any v ¢ D(¢) which means that the inequality
problem (DV HI) has at least one solution. Theorem 10.1 enables us to claim that
inequality problem (M V HI) also possesses a solution. O

We present below some coercivity conditions ensuring the existence of solutions for
unbounded constraint sets. Without loss of generality we may assume that 0 € K and let
us consider the sets K, :={u € K : ||u|| <n}forn > 1.

If K is nonempty, unbounded, closed and convex subset of X and A : K ~» X* is
monotone and lower hemicontinuous, then by Theorem 10.2, for every n > 1 there exists
u, € K, and u} € A(u,) such that

(1t U_”n>+¢(v)_¢(”n)+/ O, (x); D) —iip (x)) dx = 0, Yv € K,,  (10.9)
Q
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Theorem 10.3 ([1]) Assume that the same hypotheses as in Theorem 10.2 hold without
the assumption of boundedness of K and let u, € K, and u}, € A(uy) be two sequences
such that (10.9) is satisfied for every n > 1. Then each of the following condition is
sufficient for the problem (M'V HI) to possess a solution:

(C1) There exists a positive integer no such that ||u,, || < no;
(C2) There exists a positive integer ngy such that

(”:;Oa _”no> +¢0) - ¢(”no) + /Q j,oz(xa ﬁno(x); _ﬁng(x))dx <0

(C3) There exists ug € Ky and q > p such that for any unbounded sequence {w,} C K
one has

(wy, wy — uo)
—> 00, asn—> X0
lwx 14

for every w} € A(wy).
Proof Letv € K be arbitrary fixed.
Assume (C1) holds and take ¢+ > 0 small enough such that w = uy, + (v — uy,)

satisfies w € Kj, (it suffices to take r = 1 if v 1= up, and t < (no — |[unyl) /v — un,l
otherwise). By (10.9) we have

0 < (e, w — tng) + ¢ (W) = Plitny) + /Q 9, fig (X); D (x) = fig (x))dx
<t [(uﬁo, V= Uny) + PV) — P (un,) + /Q J 0 fing (X): D(x) = ding (X))dX} .

Dividing by ¢ the last relation we observe that u,,, is a solution of (MV HI).
Now, let us assume that (C) is fulfilled. In this case, some ¢ € (0, 1) can be found such
that rv € K,,,. Taking (10.9) into account

0 < {(ufy. 10— tng) + G (1V) — P itng) + /Q JO0x, g (0): 19x) — iy (1)) dx
= (U 1 (0 = ttng) + (1 = )(=ttny)) + (10 + (1 = 1)0) — (utn)

+/Qj,02 (2, g ()3 1(D(X) = g (%)) + (1 = 1) (=g (x)))dx

<1 [<u:0, v = ttng) + (V) — Pluny) + /Q JO0x, fing (x): D(x) — ﬁ,m(x))dx}
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+(1—1) [<u:0, —ttng) + $(0) — ¢ (ung) + /Q 9, finy (0 —ﬁno(x»dx}
<t [<u:0, v = ttny) + $ (V) — (ung) + fQ JO @ iy (1); D) — ﬁm)(x))dx} :

Dividing again by ¢ the conclusion follows.

Assuming that (C3) holds we observe that there exists ng > 0 such that uy € K, for
all n > no. We claim that the sequence {u,} is bounded. Suppose by contradiction that up
to a subsequence ||u,|| — oo. Since w, := uy/|lu,| is bounded, passing eventually to a
subsequence (still denoted w,, for the sake of simplicity), we may assume that w, — w.
The function ¢ being convex and lower semicontinuous, it is bounded from below by an
affine and continuous function (see Theorem 1.3), which means that for some ¢ € X* and
some o € R we have

(Cu)+a <o), VYuelX.
This leads to
— o) < ¢l - llull —a, VueX. (10.10)
On the other hand, for any y, i € R* there exists & € dcj(x, y) such that
j%(x,y;h)zg-hzmaxin-h: neagj(x,y)}.
It follows from (10.1) that
190 a@); 06| = € (14 1Al 1) 1))

and using Holder’s inequality we obtain that

/ 7O G, (x); D(x))dx
Q

LN ap—1
<C ((meaS(Q)) P DN, + lalh ”U”p)
< Crllvll + Callull P~ vl (10.11)

for some suitable constants Cy, C; > 0. Relations (10.9), (10.10), and (10.11) show that

(W, un — o) < Pluo) — ¢ (un) + /Q J5@ iy (); o) — iy (x))dx

< ¢wo) + 11 - lunll — & + Cillun — uoll + Callunll?~ lun — uoll.
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Thus
s un —uo) _p(uo) —a iIq! Wn U
llen |4  Nualld llunlla=" lunlla=t flunlld
w, uo
C2 - —p+l
lunll=P Nlunl9=P

and passing to the limit as n — oo we reach a contradiction, since | < p < gq.
Since {u,} is bounded, a ng > 1 can be found such that ||u,,|| < no and by (C) the
corresponding solution of (10.9) u,, solves (M HVI). |

10.2 Quasi-Hemivariational Inequalities

Let (X, || - ||) be a real Banach space which is continuously embedded in L? (£2; R"), for
some 1 < p < +ooand n > 1, where Q2 is a bounded domain in R, m > 1. Let i be the
canonical injection of X into L”(€2; R") and denote by i * : L9 (2; R") — X* the adjoint
operatorof i (1/p+1/q = 1).

Throughout this section A : X ~» X* is a nonlinear set-valued mapping, F : X — X*
is a nonlinear operator and J : L?(€2; R") — R is a locally Lipschitz functional. We also
assume that & : X — R is a given nonnegative functional.

The aim is to study the existence of solutions for the following multivalued quasi-
hemivariational inequality:

(MQHI) Findu € X and u™ € A(u) such that
(u*, vy + h(u)]o(iu; iv) > (Fu,v), VveX.
The above problem is called a quasi-hemivariational inequality because, in general, we
cannot determine a function G such that ¢ G (u) = h(u)dJ (u).
As we will see next problem (M Q HI) can be rewritten equivalently as an inclusion in
the following way:
(IP) Findu € X such that
Fu e A(u) + h(u)i*dcJ (iu), in X*.

Anelement u € X is called a solution of (I P) if there exist u™ € A(u) and ¢ € dcJ (iu)
such that

(w*, vy + h(w){i*¢,v) = (Fu,v), VYveX. (10.12)
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Proposition 10.1 An element u € X is a solution of problem (I P) if and only if it solves
problem (MQHI).

Proof

(MQHI)= (IP) Letu € X be a solution of (M QH1I). Then, by Proposition 2.4,
there exists ¢, € dcJ (iu) such that for all w € L?(2; R") we have

JO(iu; w) = (G, w)raxrr = max (¢, w)gaxpr : & € dcJ (iu)} .
Taking w := iv and using the fact that « is a solution of (M Q HI) we obtain
(w*,v) + h(w)(i*cy, v) > (Fu,v), VYvelX,
for some u* € A(u). Taking —v instead of v in the above relation we deduce that
(10.12) holds therefore u is a solution of problem (I P).
(IP)= (MQHI) Letu € X be a solution of (I P). Then, there exist u* € A(u) and
¢ € dcJ (iu) such that (10.12) takes place. As ¢ € dcJ (iu) we obtain that

(€, wyraxrr < J2u; w), VYw € LP(Q; R").

For a fixed v € X we define w := iv and taking into account that / is nonnegative we
get

h(u)(i*z, v) = h@) (&, iv)raxre < h(u)JGu; iv) (10.13)

Combining (10.12) and (10.13) we obtain that u solves inequality problem
(MQHI). ]

Sometimes, due to some technical reasons, it is useful to study hemivariational
inequalities of the type (M QHI) whose solution is sought in a nonempty, closed and
convex subset K of X, the so-called set of constraints. This leads us to the study of the
following inequality problem:

(Px) Find u € K and u* € A(u) such that

(u*, v —u) —l—h(u)JO(iu; iv—iu) > (Fu,v—u), Yvek.

The first main result of this section is given by the following theorem.
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Theorem 10.4 ([2]) Let K be a nonempty compact convex subset of the real Banach
space X. Assume that:

(Hy) A: X — X*isls.c. froms — X into w* — X*;
(Hy) h: X — Ris a continuous nonnegative functional;

(H3) F: X — X* satisfies lim sup(Fu,, v — u,) > (Fu, v — u), whenever u,, — u.
n—0oQ

Then the inequality problem (Px) has at least one solution.

Proof Arguing by contradiction, let us assume that problem ( Pk ) has no solution. Then,
for each u € K, there exists v € K such that

sup (u*, v —u) +h@)JGu; iv—iu) < (Fu,v — u). (10.14)
u*eA(u)

We introduce the set-valued mapping A : K ~~» K defined by

A(v) = {u e K: inf (u*,v—u)+ h(u)JO(iu; iv—iu) > (Fu,v — u)} .
u*eA(u)

We claim that the set-valued map A has nonempty closed values.

The fact that A (v) is nonempty is obvious as v € A(v) foreach v € K.

In order to prove the above claim let us fix v € K and consider a sequence {u,},>1 C
A (v) which converges to some u € K. We shall prove that u € A(v). As u, € A(v), for
each n > 1 we get that

W*, v —up) + h@n) I Gun: iv — iuy) > (Fup, v — up), Vu, € A(uy). (10.15)

ne

Letu* € A(u) be fixed and let i} € A(u,) such that i} — u* in X* (the existence of such
a sequence is ensured by the fact that A is L.s.c. with respect to the weak* topology of X*).
On the other hand, using the continuous embedding of X into L” (£2; R") we obtain that
iuy, — iuin LP(2; R™). Passing to lim sup as n — oo in (10.15) we obtain the following
estimates:

(Fu, v — 1) < limsup(Fin, v — un) < limsup [(ﬁ;, v — i) 4+ h () IO Gy iv — m,,)]
n—o0 n—0o0

< limsup(it), v — up,) + limsup [A(un,) — h(u)] JO(iun; iv—iuy)
n—oo n—o0

+limsup 2 () J (Gup; iv — iuy)

n—oo

< W v—u)+h@)JGu; iv—iu).

This shows that u € A(v) hence A has closed values.
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According to (10.14) for each u € K there exists v € K such that u € [A(v)]¢ =
X — A(v). This means that the family {[A (v)]°}yek is an open covering of the compact
set K. Therefore there exists a finite subset {v1, ..., vy} of K such that {[A(v;)]}1<j<n
is a finite subcover of K. Foreach j € {1, ..., N} let §;(u) be the distance between u and
the set A(v;) and define B; : K — R as follows:

8;u)
Bjw) =
> Si(u)
k=1
Clearly, for each j € {1, ..., N}, B; is a Lipschitz continuous function that vanishes on

A(vj)and 0 < Bj(u) < 1, forall u € K. Moreover, ley:l Bj(u) = 1. Let us consider
next the operator S : K — K defined by

N
S@w) =Y Bjwv;.

j=l1

We shall prove that S is a completely continuous operator. We have

N N
1Sur = Suzll = | Y (Bur) — Bu)vj| = Y vl 1B@) — B2l
j=1

j=1

IA

N
> il Lj llur — uall < L fluy — ual,
j=1

which shows that S is Lipschitz continuous hence continuous.

Let M be a bounded subset of K. As S(M) is a closed subset of the compact set K
we conclude that S(M) is relatively compact, hence S maps bounded sets into relatively
compact sets which shows that § is a compact map. Thus, by Schauder’s fixed point
theorem, there exists ug € K such that S(ug) = ug.

Let us define next the functional g : K — R

gu) := *irzf( )(u*, S(u) —u) + h(u)JO(iu, iS(w) —iu) — (Fu, S(u) —u).
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Taking into account the way the operator S was constructed, for each u € K, we have:

u*eA(u)

N N
gu) = inf <u*,2ﬂj(u)(vq,~—u)>+h(u)]0 iu, Y B (v — iu)
j=1

j=1

N
- <Fu, > B (w; — u)>

j=l1

N
< ;,Bj(u) [M*ierkf(u)(u*, v; —u)+ h(u)]o(iu, ivjiu) — (Fu,vj — u)i| .

Let u € K be arbitrary fixed. For each index j € {1, ..., N} we distinguish the following
possibilities:
CasEl. ue[A@)]"

In this case we have

Bjw) >0
and

inf (u*,v; —u) —l—h(u)JO(iu, ivj —iu) — (Fu,v; —u) <0.
u*eA(u)

CASE 2. u € A(vj).
In this case we have

Bju) =0
and

inf (u*,v; —u) + h(w)JGu, iv; —iu) — (Fu,v; —u) > 0.
u*eA(u) X

Taking into account that K C U;vzl [A(vj)]° we deduce that there exists at least one

index jjo € {1,..., N} such thatu € [A(vj,)]. This shows that g(u) < O forall u € K.
On the other hand, g(u¢) = 0 and thus we have obtained a contradiction that completes

the proof. O

We point out the fact that in the above case when K is a compact convex subset of X we
do not impose any monotonicity conditions on A, nor we assume X to be a reflexive space.
However, in applications, most problems lead to an inequality whose solution is sought in a
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10.2 Quasi-Hemivariational Inequalities 343

closed and convex subset of the space X. Weakening the hypotheses on K by assuming that
K is only bounded, closed and convex, we need to impose certain monotonicity properties
on A and assume in addition that X is reflexive.

Theorem 10.5 ([2]) Let K be a nonempty, bounded, closed and convex subset of the real
reflexive Banach space X which is compactly embedded in L? (Q2; R"). Assume that:

(Hg) A: X — X*isls.c. froms — X into w — X* and relaxed o monotone;

(Hs) o : X — R is a functional such that limsup o (u,,) > a(u) whenever u, — u and
n—0o0

lim *") = 0;

10 ! ’

(Hg) h: X — R is a nonnegative sequentially weakly continuous functional;

(H7) F : X — X™ is an operator such that u + (Fu,v — u) is weakly lower

semicontinuous.
Then the inequality problem (Px) has at least one solution in K.

Proof Let us define the set-valued mapping ® : K ~» K

uekK:aw—u)< inf (5 v—u)+h@)JGu;iv—iu)
@(U) = v¥*eA(v)
—(Fu,v —u)

We show first that ® has weakly closed values. Let us fix v € K and consider a sequence
{un}n>1 C O(v) such that u, — u in X. We must prove that u € ®(v). First we observe
that the compactness of the embedding operator i implies that the sequence {iu,},>1
converges strongly to iu in L? (2, R").

For each v* € A(v) we have

a(v —u) < limsup [(v*, v —Uuy)+ h(un)JO(iun; iv—iuy) — (Fu,,v— un)]

n—oo
< W v—u)+h@)JGu, iv—iu) — (Fu,v — u),
which shows that u € ®(v) and thus the proof of the claim is complete.

Let us prove next that ® is a KKM mapping. Arguing by contradiction, assume there
exists a finite subset {vy,...,vy} C K and ug := Z;V:l Ajvj, with A; € [0, 1] and
ijzl Xj =1 such that ug ¢ Uj.vzl ©(v;). This is equivalent to

inf (V¥ v./—uo)—i—h(uo)JO(iuo; ivj—iug)—{(Fuo, vj—ug) < a(v;—uop), (10.16)

* J’
vjeA(vj)

forall j € {I,..., N}.
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344 10 Inequality Problems Governed by Set-valued Maps of Monotone Type

On the other hand, A is a relaxed @ monotone operator and thus, for each j €
{1,..., N} we have

(uy — v;f, vj —up) < —a(v; —ug), Yug e A(uop), ij € A(vj). (10.17)
Combining (10.16) and (10.17) we are led to
(ugy, vi —uo) + 1 (ug) I (iuo; ivj —iug) — (Fuo,vj —uo) <0, Yuj € A(ug).  (10.18)
Using (10.18) and the fact that JOGug; -) is subadditive, for fixed uj € A(ug) we have

0 = (uf, uo — uo) + h(uo)JGiuo; iug — iug) — (Fuo, o — uo)

N N N
= <u;§, > hjwy - u0)> + h(uo)JO [ iuo: Y ajGiv; —iug) | - <Fu0, > xjwj— u0)>
j=1

j=l1 J=1

M=

g [t vy — o) + hao) I Giwos v — iug) = (Fug, v — wo)]
1

A
=

which obviously is a contradiction and thus the proof of the claim is complete.

Since ®(v) is a weakly closed subset of K and K is weakly compact set as it is a
bounded, closed and convex subset of the real reflexive Banach space X, it follows that
O (v) it is weakly compact for each v € K. Thus we can apply Corollary D.1 to conclude

that (,cx O (v) # 2.
Let ug € (,ex ©(v). This implies that for each w € K we have

inf  (w*, w—ug) + h(uo)JO(iu(); iw—iug) — (Fug, w — ug) > o(w — ugp).
w*eA(w)
Let v € K be fixed and define w) := ug + A(v — up), A € (0, 1). Using the fact that
w), € K and taking into account the above relation we deduce that

_ aGv = o))

(W}, v —uo) + h(uo)J(iug, iv — iug) — (Fug, v — ug) ,Yw) € A(wy).

Letting A — 0 and using the l.s.c. of A we obtain that u( solves problem (Px). O
As we have seen above the boundedness of the set K played a key role in proving

that problem (Pg) admits at least one solution. In the case when K is the whole space
X, assuming that the same hypotheses as in Theorem 10.5 hold, we shall need an extra
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condition to overcome the lack of boundedness. For each real number R > 0 taking K :=
B(0; R) = {u € X : |lull < R} we know from Theorem 10.5 that problem
(Pg) Find ug € B(0; R) and u’l‘e € A(up) such that

(k- v —ur) + h(ug)J(iug; iv—iug) > (Fug,v —ug), Vv € B(0;R),
admits at least one solution.
Theorem 10.6 ([2]) Assume that the same hypotheses as in Theorem 10.5 hold in the case
K := X. Then problem (M Q HI) admits at least one solution if and only if the following

condition holds true:

(Hg) There exists R > 0 such that at least one solution ug of problem (Pr) satisfies
ur € B(0; R).

Proof The necessity is obvious.
In order to prove the sufficiency fix v € X. We shall prove that ug is a solution of
(M QH). First we define

Ny : 1, if ug =v
=) R-llurll ;
lo—ug]® otherwise .

Since ug € B(0; R) we conclude that A > 0 and that w;, := ug + A(v — ug) € B(0; R).
Using that u g solves problem (Pg) we find

(Fug, M(v — ug)) =(Fup, wy — ug) < (uh, wp — ug)) +h(ug)J'Gug; iwy — iug)

=, A(v — ur)) + h(ur)JO(iug; (v — iug))

=X [<u;§, v —ug) 4+ h@ugr)J Gug; iv — iuR)] .
Dividing by A > 0 we conclude that u g solves problem (M QHI). O

Corollary 10.1 Let us assume that the same hypotheses as in Theorem 10.5 hold in the
case K := X. Then a sufficient condition for problem (M QHI) to posses a solution is:

(Ho) There exists Ry > 0 such that for eachu € X \ B(O; Ro) there exists v € B(0; Rp)
with the property that

sup {(u*,v—u)+ h(u)]o(iu; iv—iu) < (Fu,v —u).
u*eA(u)
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346 10 Inequality Problems Governed by Set-valued Maps of Monotone Type

Proof Let us fix R > Ry. According to Theorem 10.5 there exists ug € B(O, R) and 258
iy € A(ug) such that 259

(U, v —UR) +h(uR)JO(iuR; iv—iug) > (Fugr,v—ug), YveB(;R). (10.19)

CASE 1. up € B(0; R). 260
Then we have nothing to prove, Theorem 10.6 showing that u  is a solution of problem 261
(MQHI). 262

CASE2. ug € dB(0; R). 263
In this case ||lug| = R > Ro and thus ug € X \ B(0; Rp). According to our hypothesis 264
there exists v € B(0; Rg) such that 265

sup (ug, v —ug)+ h(uR)JO(iuR; iv—iug) < (Fug,v — ug). (10.20)
u;eA(uR)
Letus fix v € X. Defining 266
. 1, ifv=v
o |1\Qv :15“)' , otherwise,

we observe that wy, := © + A(v — v) € B(0; R). On the other hand we observe that 267
wy —UR =V —uUp +A(v —0) +Aur — Aurg = A(v —ur) + (1 — X)) (v — ug).
Taking w; instead of v in (10.19) and using (10.20) we are led to the following estimates 268
(Fup,A(v —ugr) + (1 = 2)(v —ug)) = (Fug, wp — ug)
<(@g, wi — ug) + h(ur)J Gug; iw;, — iug)
<N [(ﬁ};, v —ug) + h(ug)J Gug; iv — iuR)]
+(1-2) [(ﬁ;, B —ug) + h(ug)IGug; iv — iuR)]
<i[ (@ v = ur) + hr) I Gug; iv = iup)| + (1 = ) (Fug, & = ug).
This shows that 269
(i, v —ur) + h(ug)J(iug; iv—iug) > (Fug; v —ug), YveX,

which means that u g solves problem (M Q H I') and thus the proof is complete. O 270
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Corollary 10.2 Let us assume that the same hypotheses as in Theorem 10.5 hold in the
case K := X. Assume in addition that:

(H10) A is coercive, i.e. there exists a function ¢ : Ry — Ry with the property that
lim c¢(r) = 400 such that
r—00

inf (W*, u) > c(lulD||u|;
u*eA(u)< ) = c(llulDflull

(Hi11) there exists a constant k > 0 such that h(v)J°(iv; —iv) < k||v|| forall v € X;
(Hy2) there exists a constant m > 0 such that || Fu||x+ < m forallu € X.

Then problem (M QHI) has at least one solution.

Proof For each R > O Theorem 10.5 guarantees that there exist ug € X and u’l‘e € A(ug)
such that

Uk, v —ug) + h(ug)JOGiu; iv—iug) > (Fug,v—ug), VYve BO;R). (10.21)
We shall prove that there exists Ry > 0 such that ug, € B(0; Rp) which according
Theorem 10.6 is equivalent to the fact that ug is a solution of problem (M Q HI). Arguing

by contradiction, assume that ug € dB(0; R) for all R > 0. Taking v = 0 in (10.21) we
have

c(R)R = c(lugl)llurl < (uh,ur) < (Fug,ug)+hr)J’Gug; —iug)

< IFurllx«llurll +klurll < (m +k)R.

Dividing by R > 0 we obtain that ¢ : Ry — R} is bounded from above which contradicts
the fact that lim ¢(R) = +o0. |
R—o0

10.3 Variational-Like Inequalities

In 1989 Parida, Sahoo, and Kumar [4] introduced a new type of inequality problem of
variational type which had the form:

Find u € K such that

(A(w),n(v,u)) =0, VYvek, (10.22)

where K C R” is a nonempty closed and convex setand A : K — R",n: K x K —
R" are two continuous maps. The authors called (10.22) variational-like inequality
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348 10 Inequality Problems Governed by Set-valued Maps of Monotone Type

problem and showed that this kind of inequalities can be related to some mathematical
programming problems.

In this section the goal is to extend the results obtained in [4] to the following setting:
X is a Banach space (not necessarily reflexive) with X* and X** = (X*)* its dual and
bidual, respectively, K is a nonempty closed and convex subset X** and A : K — X* is
a set-valued map. More precisely, we are interested in finding solutions for the following
inequality problems:
(QVLI) Find u € Ky such that

W e Aw) W () +dw) —¢w) =0, Yuek, (10.23)
(VLI) Find u € K such that
e Aw): (u*,n(,u)) >0, VYvek, (10.24)

where K € X** is nonempty closed and convex, n : K X K — X, A : K — X*is
a set-valued map, ¢ : X™* — R U {400} is a proper convex and lower semicontinuous
functional such that Ky := K N D(¢) # @, with D(¢) the effective domain of the
functional ¢. We call these problems quasi-variational-like inequality and variational-like
inequality, respectively. Note that if ¢ is the indicator function of the set K, then (QV LI)
reduces to (VLI).

Definition 10.2 A solution uy € Ky of inequality problem (10.23) is called strong if
(u*, n(v, up)) + ¢ (v) — ¢ (up) > 0 holds for all v € K and all u* € A(uop).

It is clear from the above definition that if A is a single-valued operator, then the
concepts of solution and strong solution are one and the same.

First we consider the case of non-reflexive Banach spaces. Before stating the results
concerning the existence of solutions for problem (10.23) we indicate below some
hypotheses that will be needed in the sequel.

(7{}4) A: K ~ X*isls.c. froms — X into w* — X* and has nonempty values;
('7‘(3‘) A: K — X*isus.c. from s — X into w* — X™* has nonempty w*-compact values;
(Hy) ¢ : X** — R U {400} is a proper convex 1.s.c. functional;
(Hy) n: K x K — X** is such that
(@) forall v € K the map u — n(v, u) is continuous;
(ii) forall u, v, w € K and all w* € A(w), the map v — (w™*, n(v, u)) is convex
and (w*, n(u, u)) > 0;

Theorem 10.7 ([3]) Let X be a nonreflexive Banach space and K < X** nonempty
closed and convex. Assume that (Hy), (Hy) and either ('7‘(}‘) or (7’(/%) hold. If the set
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10.3 Variational-Like Inequalities 349

K is not compact we assume in addition that for some nonempty compact convex subset 321
C of Ky the following condition holds 322
(Hc) for eachu € Ky \ C there exist uj € A(u) and v € C with the property that 323

(ug, (v, u)) + ¢ (v) — p(u) < 0.
Then (QV LI) has at least one strong solution. 324

Proof Arguing by contradiction let us assume that (10.23) has no strong solution. Then, 325
for each u € Ky there exist ™ € A(u) and v = v(u, #*) € K such that 326

(@, nw,u)) + ¢) — ) <O0. (10.25)

It is clear that the element v for which (10.25) takes place satisfies v € D(¢), therefore 327
v € K. We consider next the set-valued map F' : Ky — 2%+ defined by 328

F(u):={veKy: (@, n u)+¢w) —d) <0},

where i* € A(u) is given in (10.25). 329
STEP 1. For eachu € Ky the set F (u) is nonempty and convex. 330
Let u € Ky be arbitrarily fixed. Then (10.25) implies that F'(x) is nonempty. Let 331
vi, vy € F(u), X € (0, 1) and define w = Av; + (1 — A)vy. We have 332

(@, n(w, w) + ¢ w) — @) < A [@*, i, w) +¢1) — )]
+ (1= 2) [@*, n(v2, w)) + ¢ (v2) —pw)] <0,

which shows that w € F(u), therefore F(u) in a convex subset of K. 333
STEP 2. For eachv € Ky the set Flw)y:={ue Ky : v € F(u)} is open. 334
Let us fix v € K. Taking into account that 335

Fl(v) = {u € Kg: Ju" € Aw) s.t. (", n(v, u)) + ¢ (v) —pu) < O}
we shall prove that 336
[F*l(v)]c ={ueKy: W n uw)+ew) —pw) >0, forallu* € Aw)}

is aclosed subset of K. Let {up}ier C [F’1 (v)]c be a net converging to some u € Ky. 337
Then for each A € I we have 338

i, (v, up)) +¢() —dp(uy) >0, forall ul € Auy). (10.26)
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Taking into account that n(-, -) is continuous with respect to the second variable we
obtain that

n(, ux) — n(v, u). (10.27)

CASE 1. (H}) holds.
We fix u* € A(u) and for each A € I we can determine u} € A(u;) such that

u; — u™in X*,

since A is ls.c. from K endowed with the strong topology into X* endowed
with the w*-topology, which combined with (10.27) shows that (u}, n(v, u)) —
(*, n(v, u)).
CASE2. (H3) holds.
We define the compact set D := {u; : A € I} U {u} and apply Proposition B.9 to
conclude that A(D) is a w*-compact set, which means that {1} },<; admits a subnet
{u}y.es such that ui — u* for some u* € X*. But, A is u.s.c. and thus u* €
A(u). Since uj — u* and n(v,u;) — n(v,u) we deduce that (u}, n(v, up)) —
(*, n(v, u)).

Using (10.26) we get

0 < limsup [(u}, n(v, un)) + ¢ (v) — P (uy)]
< limsup (u}, n(v, up)) + ¢ (v) — liminf ¢ (u;)
< W n@,uw) + oW — o),

which means that u € [F~!(v)]", therefore [ F~!(v)] is a closed subset of K.

STEP3. K¢ = U intg, F~'(v).
vekKy

We only need to prove that Ky S [, Ky intg, F~!(v) as the converse inclusion is

satisfied since F~!(v) is a subset Ky for all v € K. For each u € Ky there exist

v € Ky such that v € F(u) (such a v exists since F(u) is nonempty) and thus u €

F7'() € Uyek, F7' ) = Upeg,, intx, F ' ().

If the K is not compact then the last condition of our theorem implies that for each u €
Ky \ C there exists v € C such thatu € F @) = intg, F~1(v). This observation and the
above Claims ensure that all the conditions of Theorem D.4 are satisfied for S =7 = F
and we deduce that the set-valued map F' : Ky — 2%+ admits a fixed point ug € Ky, ie.
up € F(up). This can be rewritten equivalently as

0 < (ig, n(uo, uo)) + ¢ (uo) — ¢ (uo) <O0.

We have reached thus a contradiction which completes the proof. O
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We consider next the case of reflexive Banach spaces. In order to prove our existence
results, throughout this subsection, we shall use some of the following hypotheses:

(H}‘) A: K ~» X*isls.c. from s — X into w — X* and has nonempty values;
(Hf‘) A: K ~ X*isus.c. froms — X into w — X™* has nonempty w-compact values;
(Hp) ¢ : X — R U {+00} is a proper convex Ls.c. functional such that Ky # & ;
(Hnl) n: K x K — X is such that
(i) forall v € K the map u — 7n(v, u) is continuous;
(ii) forall u,v,w € K and all w* € A(w) the map v — (w*, n(v, u)) is convex
and (w*, n(u,u)) > 0;
(H,72) n: K x K — X is such that
@) n(u,v) +n,u) =0forallu,v € K;
(ii) forall u, v, w € K and all w* € A(w), v — (w*, n(v, u)) is convex and l.s.c;

(H!) o : X — Ris weakly Ls.c. and lim sup O‘(i‘v) > Qforallv € X;
210

(HO%) o : X — Ris a such that
(@) «(0) =0;
(ii) limsup, o “(i‘”) >0, forallv € X;
(iii) a(u) < limsupo(u;), whenever u; — uin X;

The following theorem is a variant of Theorem 10.7 in the framework of reflexive
Banach spaces.

Theorem 10.8 ([3]) Let X be a real reflexive Banach space and K < X nonempty
compact and convex. Assume that (Hg), (Hnl) and either (H/i) or (Hi) hold. Then
(QV LI) has at least one strong solution.

The proof of Theorem 10.8 follows basically the same steps as the proof of Theo-
rem 10.7, therefore we shall omit it.

We point out the fact that in the above case when K is a compact convex subset of X
we do not impose any monotonicity conditions on the set-valued operator A. However, in
applications, most problems lead to an inequality whose solution is sought in a closed and
convex subset of the space X. Weakening the hypotheses on K by assuming that K is only
bounded, closed and convex, we need to impose certain monotonicity properties on A.

Theorem 10.9 ([3]) Let K be a nonempty bounded closed and convex subset of the real
reflexive Banach space X. Let A : K — X* be a relaxed n — o« monotone map and assume
that (Hy), (H?), and (H,) hold. If in addition

(H/g) holds, then (QV LI) has at least one strong solution;
(Hi) holds, then (QV LI) has at least one solution.
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Proof We shall apply Mosco’s Alternative for the weak topology of X. First we note that 398
K is weakly compact as it is a bounded closed and convex subset of the real reflexive 399
space X and ¢ : X — R U {400} is weakly lower semicontinuous as it is convex and 400

lower semicontinuous. We define f, g : X x X — R as follows 401
f,u) ==~ inf (% nv,u)) +a—u)
v*eA(v)
and 402

g, u):= sup (u*, nu,v)).

u*eA(u)
Let us fix u, v € X and choose v* € A(v) such that (v*, n(v, u)) = iI/laf( )(v*, n(v, u)). 403
vieA(v
For and arbitrary fixed u™ € A(u) we have 404

g, u)— fv,u) = sup ", n(u,v))+ inf (V* v, u)) —a( —u)
u*eAu) v*eA(v)

> (W, n@u, v)) + (0%, n(v,u)) —a( —u)
= (0", n(v, ) — (u*, n(v, w)) — (v —u) = 0.

It is easy to check that conditions imposed on 7 and « ensure that the map u — f (v, u) is 405
weakly lower semicontinuous, while the map v — g(v, u) is concave. Applying Mosco’s 406
Alternative for u := 0 we conclude that there exists ug € Ky such that 407

f(v,ug) + (o) —p(v) <0, VvelkX,

since g(v,v) = 0 forall v € X. A simple computation shows that for each w € K we 408
have 409

(w*, n(w, up)) + ¢(w) — ¢ (uo) = a(w —up), Yw* e A(w). (10.28)

Let us fix v € K and define w), := ug + A(v — ug), with A € (0, 1). Then for a fixed 4
w} € A(w;) from (10.28) we have 411

0

a(A(v — uo)) <(wy, n(wyx, uo)) + ¢ (wy) — ¢ (uo) < Alwy, n(v, up))
+ (1 = ) (wy, n(uo, uo)) + rp(v) + (1 — 1) (uo) — ¢ (uo)
=i [(w}, n(v, up)) + ¢ (v) — p(uo)],

412
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which leads to

a(A(v —uo))
N < (wi, n(v, uo)) + ¢ (v) — ¢ (uo). (10.29)
CASE 1. (H}) holds.
We shall prove next that ug is a strong solution of inequality problem (10.23). Let
ujy € A(ug) be arbitrarily fixed. Combining the fact that wy — ug as A | 0 with the
fact that A is Ls.c. from K endowed with the strong topology into X* endowed with
the w—topology we deduce that for each A € (0, 1) we can find w} € A(w;) such that
w} — ug as A | 0. Taking the superior limit in (10.29) as A | 0 and keeping in mind
(HO}) we get

0 < timsup “* 7 i sup [}, n(v, uo)) + () = pluo)]
240 A 240

= (up, n(v, up)) + ¢ (v) — P (uo),

which shows that ug is a strong solution of (10.23), since v € K and ué € A(ug) were
arbitrarily fixed.

CASE2. (H3) holds.
We shall prove in this case that u¢ is a solution of (10.23). Reasoning as in the proof
of Theorem 10.7-CASE 2 we infer that there exists iify € A(uo) and a subnet {w}}

red

of {wj\ﬂ}xe(o,l) such that wi — i as A | 0. Combining this with relation (10.29) and

hypothesis (Ho}) we conclude that

A _
0 < limsup A < limsup [(w}, n(v, u0)) + ¢ (v) — ¢ (uo)]
240 A 240
= (itg, n(v, ug)) + ¢ (v) — ¢ (uo),
which shows that u is a solution of (10.23), since v € K was arbitrarily fixed. O

Weakening even more the hypotheses by assuming that the set-valued map A : K —
X*is relaxed n — o quasimonotone instead of being relaxed n — o monotone the existence
of solutions for inequality problem (10.23) is an open problem in the case when K is
nonempty bounded closed and convex. However, in this case we can prove the following
existence result concerning inequality (V LI).
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354 10 Inequality Problems Governed by Set-valued Maps of Monotone Type

Theorem 10.10 ([3]) Let K be a nonempty bounded closed and convex subset of the real 434
reflexive Banach space X. Let A : K — X* be a relaxed n — a quasimonotone map and 435

assume that (an) and (H(f) hold. If in addition 436
(H /i) holds, then (V LI) possesses at least one strong solution; 437
(Hi) holds, then (V LI) possesses at least one solution. 438
Proof Define G : K ~» X in the following way: 439

G :={ueK: v nuvu)>al—u), V' eAW)}.

First of all, note that v € G(v) for all v € K hence G (v) is nonempty for all v € K. Now, 440
we prove that G (v) is weakly closed for all v € K. Let {u; }1ec; C G(v) be a net such that 441
u) converges weakly to some u € K. Then, we have 442

a(v —u) <limsupa(v — u;) < limsup(v*, n(v, up)) = limsup[—(v*, n(ux, v))]

= - liminf(v*v ’7(’4}” 'U)) S —(U*, 77(’47 U)) = <U*s U(Uv M))v

for all v* € A(v). It follows that u € G(v), so G (v) is weakly closed. 443

CASE1l. Gisa KKM map. 444
Since K is bounded closed and convex in X which is reflexive, it follows that K is 445
weakly compact and thus G (v) is weakly compact for all v € K as it is a weakly closed 446
subset of K. Applying Corollary D.1, we have (),.x G(v) # @ and the set of solutions 447
of (VLI) is nonempty. In order to see that let ug € (),cx G(v). This implies that for 48
each w € K we have 449

(w*, n(w,u)) > a(w —u), forallw* e A(w).
Let v be fixed in K and for A € (0, 1) define w) = ug + A(v — ug). We infer that 450

a(A(v —uo)) < (wj, n(wy, uo)) < A{wy, n(v, uo)) + (1 — 1) (wy, n(uo, uo))
= AMwy, n(v, uo))
for all wj € A(wj). 451

Applying the same arguments as in the previous proof we conclude that ug is a strong 452
solution of inequality problem (10.24) if (H/i) holds, while if (H/%) holds then ug is a 453

solution of inequality problem (10.24). 454
CASE 2. G is not a KKM map. 455
Consider {vi, v2,...,vn} € K and ug = ijzl Ajvj with A; € [0, 1] and ley:l Aj = as6

1 such that ug ¢ Uj‘v=1 G (vj). The existence of such ug is guaranteed by the fact that 457
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G is not a KKM map. This implies that for all j € {1, ..., N} there exists 17}5 € A(vj) 458
such that 459

(07, n(vj, uo)) < a(vj —uo) (10.30)

Now, we claim that there exists a neighborhood U of u( such that (10.30) takes place 460
forall w € U N K, that is 461

(177, nj, w)) <a(v; —w), YweUNK.

Arguing by contradiction let us assume that for any neighborhood U of uq there exists 462
an index jp € {1,..., N} and an element wy € U N K such that 463

(5, n(jo, wo)) = a(vjy —wo), Vi € A(vjy). (10.31)

Choose U = By (uo; ») and for each 4 > 0 one can find a jo € {I,..., N} and 464
wy € By (uo; A) N K such that 465

<U;‘(0a 77(1)./'0, WA)> > O{(v./ — wk)’ Vv;‘fo e A(UJ())

Let us fix v;fo € A(vj,). Using the fact that w) — uo as A | 0 and taking the superior 466
limit in the above relation, we obtain 467

a(vj, — up) < lirilisoupoe(vj0 —wy) < 1ir;1¢sglp<vjfo, n(vjy, wy))

= —lilzliionf(vjo, n(wx, vjo)) < — (W5, no, vjy))
= (U;TO, n(vj()s uO))s

which contradicts with relation (10.30) and this contradiction completes the proof of 4es
the claim. Now, using the fact that A is relaxed n — « quasimonotne map, we prove that 4s9

(w*, n(vj, w)) <0, Vw e K NU, Yuw* € A(w),Vj ef{l,...,N}. (10.32)
In order to prove (10.32) assume by contradiction there exists wo € KNU, w € A(wp) 470
and jo € {I,..., N} such that (wg, n(vj,, wo)) > 0. From the fact that A is relaxed 471

n — o quasimonotone it follows that 472

<U;‘(0a 77(1)./'0, U)O)> > O((Ujo — wo)’ VU;‘O e A(Ujo)a
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which contradicts the fact that (10.30) holds forallw e U N K and all j € {1, ..., N}.
On the other hand, for arbitrary fixed w € K N U and w* € A(w) we have

N N
(w*, n(ug, w)) = <ﬂ)*, n Z)»jvj, w > < Z)»j(u_)*, nj, w)) <0.
j=1 j=1

Thus, we obtain

0 < (w*, —n(ug, w)) = (W*, n(w, up)).

But w* € A(w) was choosen arbitrary but fixed and thus for each w € U N K we have

(w*, n(w, ug)) >0, forall w* € A(w) (10.33)

We shall prove next that ug solves inequality problem (10.24). Consider v € K to be
arbitrary fixed.

CASE2.1 wvelU.

In this case the entire line segment
(uo, v) :=f{uo+A(v —up) : A € (0, 1)}

is contained in U N K and, according to (10.33), for each w, € (ug, v) and each
w} € A(wy) we have

0 < (w, n(wy, up)) < Mwj, (v, uo)) + (1 — ) (wy, nug, uo)) = Awy, n(v, uo))

Let us assume that (Hé) and fix u* € A(u). Then for each A € (0,1) we can
determine w} € A(w;) such that w} — u*as A | 0.

If (H/%) holds, then there exists ﬁz; € A(ug) for which we can determine a subnet
{w;‘}ke] of {w;}xe(o,l) such that w} — ugin X* as A | 0.

Dividing by A > 0 the above relation and taking into account the previous
observation we conclude (after passing to the limit as A | 0) that ug is a strong
solution of problem (10.24) if (H/i) holds (u¢ is a solution of problem (10.24) if
(H?) holds).

CASE22 wveK\U.

Since K is convex and ug, v € K, then we have that (g, v) € K.From v ¢ U there
exists A9 € (0, 1) such that vo = ug + Ag(v — up) € (1o, v) and has the property
that the entire line segment (¢, vg) is contained in U N K. Thus, for each A € (0, 1)
the element w) = ug + A(vg — ug) € K NV, but vg = ug + Ao(v — ug), hence
w) = up+ rApr(v —u) € KNV and w), — up as A | 0. Applying the same
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arguments as in CASE 2.1 we infer that u is a strong solution of problem (10.24) if
(H/i) holds (ug is a solution of problem (10.24) if (H/%) holds) and this completes
the proof. O

Let us turn our attention towards the case when K is a unbounded closed and convex
subset of X. We shall establish next some sufficient conditions for the existence of
solutions of problems (QV LI) and (V LI). For every r > 0 we define

K, ={ueK: |ul|l<r} and K ={ueckK: |ull <r},

and consider the problems
Find u, € K, N D(¢) such that

Juy € Auy): Wi, n(,ur)) +d() —dp(u) >0, Vv eK,, (10.34)

and
Find u, € K, such that

Jufe Ay (u)i,n(v,u)) >0, VveKk,. (10.35)
It is clear from above that the solution sets of problems (10.34) and (10.35) are nonempty.
We have the following characterization for the existence of solutions in the case of
unbounded closed and convex subsets.
Theorem 10.11 ([3]) Assume that the same hypotheses as in Theorem 10.9 hold without
the assumption of boundedness of K. Then each of the following conditions is sufficient

for inequality problem (QV LT) to admit at least one strong solution (solution):

(C1) there exists ro > 0 and ug € Kr_0 such that u,, solves (10.34).
(C2) there exists ro > 0 such that for eachu € K \ K, we can find v € K,, such that

W, n@,u) +¢@ —p) <0, Vu*eAQw).

(C3) there exists u € K and a function ¢ : Ry — R with the property that liIJIrl c(r) =
r—>+o00
~+o00 such that

inf (u*, n(u, )) > c(lul)llull, VYuecK.
u*eA(u)
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Proof Letv € K be arbitrary fixed.
Assume (C1) holds.
We define

3 if v =u,
S0 = 1. ro—lluryll

min i 2 o=ty | } , otherwise,

and observe that wg, := u,, +so(v — u,,) belongs to K, as 0 < so < 1 and K, is convex.

Assuming that (H/i) holds and using the fact that u,, is a strong solution of problem

(10.34) we deduce that for each uj‘o € A(uy,) we have

0 <(uyy, 1wy ttrg)) + G (Wsy) — ¢ (uyy)

<so(uly (v, 1)) + (1 = 50) sy Mty 4ry)

+ 509 (V) + (1 —50) (ury) + P (1try)
=s0 [(u},. n(v, ury)) + ¢ (V) — P ury))] -

Dividing by so > 0 we obtain that u,, is a strong solution of (QVLI) asv € K was

chosen arbitrary.

In a similar way we prove that u,, is a solution of inequality problem (QV L) if (H/%)

holds.
Assume (C3) holds.

Let us fix r > rp. Then problem (10.34) admits at one solution u, € K,. We observe
that we only need to study the case when ||u,| = r. Indeed, if |lu,|| < r, thenu, € K~
and by condition (H) u, solves problem (10.23). The fact that ||u,|| = r implies that

ur € K \ K, and thus we have

(uy, n(@ ur)) +¢@) —duy) <0, Vuy € Auy).

We define
1 . -
o e { 2 ifv=v
= . 1 r—ro .
min { 20—l ] , otherwise,
and observe that wy, := v 4 s1(v — v) belongs to K, and

Wy — Uy = st —up) + (1 —s51)(@© — u,).

(10.36)
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Let us assume that (H/i) holds and u, is a strong solution of inequality (10.34). Then for
each u} € A(u,) we have

0< (”;{v n(wsls uy)) + ¢(wx1) — ¢ (uy)
<stluy, n,uy)) + (1 = s)uy, 0@, u)) + sop @) + (1 —s1)P (@) — P (u,),

which leads to

0 < s1[(uy, n(v,ur)) + ) = Q)] + (1 = s1) [(u), n(@, ur) + ¢ (@) — P uy)],
(10.37)

for all u} € A(u,). Combining (10.36) and (10.37) we infer that u, is a strong solution of
(QVLI).

In a similar way we prove that u,, is a solution of inequality problem (QV L) if (Hﬁ)
holds.

Assume (C3) holds.

For each r > 0 problem (10.34) admits at least a solution u, € K,. We shall prove
that there exists ro such that u,, € K,’0 , which according to (1) means that u,, solves
(QV LI). Arguing by contradiction, let us assume that ||u,| = r for all » > 0. First we
observe that the function ¢ is bounded from below by an affine and continuous function as
it is convex and lower semicontinuous, therefore there exists £ € X* and 8 € R such that

o) =& u)y+p, VYuelX.
Taking v := u in (10.34) we obtain:

c(ryr = cllurDllu | < (uy, n(ur, ) < ¢@) — ¢uy) < $@) — B — (&, ur)
=rléls +om) —B.

Dividing by r > 0 and then letting » — +o00 we obtain a contradiction since the left-hand
side term of the inequality diverges, while the right-hand side term remains bounded. 0O

Using the same arguments as above we are also able to prove the following characteri-
zation for the existence of solution of inequality problem (10.24) in the case of unbounded
closed and convex subsets.

Theorem 10.12 ([3]) Assume that the same hypotheses as in Theorem 10.10 hold without
the assumption of boundedness of K. Then each of the following conditions is sufficient

for inequality problem (V LI) to admit at least one strong solution (solution):

(C)) there exists ro > 0 and ug € K, such that uy, solves (10.35).
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(C)) there exists ro > 0 such that for eachu € K \ Ky, we can find v € K, such that
W*, n(0,u)) <0, Vu*eAQ).

(C}) there exists u € K and a function ¢ : Ry — Ry with the property that lir_E c(r) =
r—+o00
+-00 such that

inf (u*, n(u,uw)) > c(lul)lull, VYueK.
u*eA(u)
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11.1 The Antiplane Model and Formulation of the Problem

Let us consider a deformable body B that we refer to a cartesian system Oxjx2x3. Assume
B is a cylinder with generators parallel to the x3-axes and the cross section is a regular
domain €2 in the plane Oxjx,. Furthermore, the generators are sufficiently long so the end
effects in the axial direction are negligible. Thus, we can consider that B := Q x (—o00, 00).
We denote by 02 =: I the boundary of €2 and we assume that I'j, ', '3 are three open
measurable parts that form a partitionof I (i.e., L =" U UT'3; I NT; =G Vi, j €
{1,2,3}, i # j) such that meas(I'1) > 0. Suppose B is clamped on I'; x (—00, 00)
and it is in frictional contact over I'3 x (—o0, oo) with a rigid foundation. In addition,
the cylindrical body is subjected to volume forces of density fy in 2 x (—00, 00) and to
surface tractions of density f, on I'y x (—o0, 00).

Let S3 be the linear space of second order symmetric tensors in R? (or, equivalently, the
space of symmetric matrices of order 3), while “-”, “:”and || - || stand for the inner products
and the Euclidean norms on R? and S3, respectively. We have:

w-v=wuv;, ol =@ -0 VYui= @), vi=(y) € R,

o:t=o0;tj, ltl=@:0)% Vo:= (o), t:= (1) €Ss.

Here and below, the indices i and j run between 1 and 3 and the summation convention of
the repeated indices is adopted.
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Loading the body in the following particular way,
fo:= (0,0, fo) with fo:= fo(x1,x2): Q — R, (11.1)
f,:= (0,0, o) with f:= fr(x1,x2):Th > R, (11.2)
we get a displacement field of the form
u:=(0,0,u) with u:=u(xy,x2):Q2—R. (11.3)

Concerning the unit outward normal to I', we have to write

n:=w,v,0, v:=vkx,x): I >R, ie{l,?2} (11.4)
The infinitesimal strain tensor becomes
0 0 Ju,
ew=| 0 0 Juy|, (11.5)

1 1
2”71 2”52 0

where u,; := du/dx;,i € {1, 2}.
Let o := (0;;) denote the stress field and recall that, for the stationary processes, the
equilibrium equation

Div g + fg = 0Og3, in 2 x (—00, 00) (11.6)

takes place, where Div o := (0yj,j), i € {1,2,3}.
Let us assume that the stress field o has the following form

0 0 ai(x, Vu)
o(x):= 0 0 as(x, Vu) (11.7)
ai(x, Vu) ay(x, Vu) 0

where x 1= (x1, x2) € Q C R?and a(x, y) := (a1 (x, y), as(x, y)) : 2 x R> - R
Taking into account (11.1), (11.3), and (11.6), it follows that the equilibrium equation

reduces to the following scalar equation

div(a(x, Vu)) + fo =0, in Q. (11.8)
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11.1  The Antiplane Model and Formulation of the Problem 365

To complete the model, the boundary conditions must be specified. According to the
physical setting,

U= 0ps, onI'| x (=00, 00),
and
on =", onTy x (—o00, 00).

Taking into account (11.2), (11.3), and (11.7), the previous vectorial boundary conditions
reduce to the following scalar conditions

u=0, onl (11.9)

and
a(x,Vu)-v= fr, onI,, (11.10)
where v := (v1,12), i.e, the 2-dimensional vector comprising only the first two

components of the unit outward normal to IT".
For a vector w we denote by w,, and wr its normal and tangential components on the
boundary, that is

Wy =W -N, WT =W — WyN. (11.11)

Similarly, for a regular tensor field o, we define its normal and tangential components to
be the normal and the tangential components of the Cauchy vector on, that is,

o, == (on)-n, o :=0on— oyn. (11.12)

Let us describe the frictional contact on I's x (—o00, 00). Taking into account (11.3) and

(11.4) we conclude that the normal displacement vanishes, which shows that the contact is

bilateral, i.e., the contact is kept during the process. From (11.3), (11.4), (11.7), (11.11),
and (11.12) we deduce

ur =(0,0,u), or =(0,0,0;), with o;(x) := a(x, Vu(x)) - v(x). (11.13)

We model the frictional contact by the following boundary condition,

—o07(x) € h(x,u(x)) B%j(x,u(x)), on '3, (11.14)
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where 4 and j are given functions which depend on the variable x := (x1, x2) and do not
depend on x3 and, the notation 3% Jj(x,t) denotes the Clarke’s generalized gradient of the
mapping ¢t — j(x,1).

Putting together equations and conditions (11.8), (11.9), (11.10), and (11.14) we obtain
a mathematical model which describes the antiplane shear deformation of an elastic
cylinder in frictional contact with a rigid foundation:
Find a displacement u : 2 — R such that

div(a(x, Vu)) + fo =0, in Q
u =20, onl'y )
a(x,Vu)-v=f, onT, (@)

—a(x, Vu) - v € h(x,u) 32j(x,u), onT3.

Once the displacement field u is determined, the stress tensor o can be obtained via relation
(11.7).

11.2 Weak Formulation and Solvability of the Problem

We assume that €2 is an open, connected, bounded subset of R?, with Lipshitz continuous
boundary. In addition, we admit the following hypotheses:

(Hy) fo € L*(Q) and f, € L*(I").

(Hp) h : T3 x R — R is a Carathéodory function. Moreover, there exists a positive
constant g such that 0 < h(x,t) < hg,forallt € R, a.e. x € I'3.

(Hj) j:TI's x R — Ris a function which is measurable with respect to the first variable,
and there exists k € LZ(I‘3) such that, for all x € I'3 and all ¢, t, € R, we have

lj(x, 1) — j(x, )] < k(x)|n — 2.

(H,) a : Q2 x R?> > R? is a Carathéodory function which satisfies:
(i) there exist > 0 and b € L?(Q) such that for a.e. x € Q and all y € R?

lla(x, I < a(bx) + llylD;

(ii) There exists m > 0 such that a(x, y) - y > m||y||*> for all y € R? and a.e.
x e Q;
@@ii) [a(x,y1) —a(x,y2)]- (y1 —y2) =0, forall y1, y» € R2 and ae. x € Q.
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11.2  Weak Formulation and Solvability of the Problem 367

Let us consider the functional space

V:i={ve H(Q): yv=0ae. onl},
where y : H 1(@) — L2 denotes the Sobolev trace operator. For simplicity,
everywhere below, we will omit to write y to indicate the Sobolev trace on the boundary,

writing v instead of yv. Since meas(I'1) > 0, it is well known that V is a Hilbert space
endowed with the inner product

(u, vy ::/ Vu-Vovdx, VYu,veV,
Q

and the associated norm is

1/2
lolly = (/ ||Vv||2dx) ,
Q

which is equivalent with the usual norm on H'(£2). Using Sobolev’s trace theorem we
deduce that there exists C > 0 such that

Ivliz2ry) = Cllvlly,  Yv e V.

Next, we define the operator A : V. — V by
(Au, v)y = / a(x,Vu)-Vuvdx, Vu,velV. (11.15)
Q

Remark 11.1 Ttis easy to check that, if hypotheses (H,) are fulfilled, then

(i) the operator A is well defined;

(ii) (Au,,v)y — (Au,v)y, foreachv € V, wheneveru, — uinV asn — oo;
(@ii) (Av,v)y = m||v||%,,f0r allv e V;
(iv) (Av—Au,v—u)y >0, forallu,v e V.

We are now able to provide a variational formulation for problem (P). To this end,
consider v € V to be a test function and we multiply the first line of the problem (P)
by v — u. To simplify the notation, we will not indicate explicitly the dependence on x.
Assuming that the functions involved in the writing of the problem (P) are regular enough,
after integration by parts, we obtain

/ a(x,Vu) - (Vv — Vu)dx = / a(x,Vu) - viv —u)dlI' +/ fo(v —u)dx.
Q r Q
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368 11 Antiplane Shear Deformation of Elastic Cylinders in Contact with a Rigid...

Taking into account the boundary conditions, we see that

/a(x,Vu)-v(v—u)dl":/ a(x,Vu)w)(v—u)dF—i—/ fo(v —u)dr.
r I3

Iy

On the other hand, from the definition of Clarke’s generalized gradient, combined with the
last line of problem (P), we have

—a(x,Vu) -v(v—u) < h(x, u)jo(x, u,v—u), aec.onl'y

which implies

/ a(x,Vu)-v(v —u)dl' > —/ h(x, u)jo(x, u;v—u)dr.
I'3 I3

Thus, we arrive to the following variational formulation of the problem (P).
(Py) Find u € V such that

(Au—g,v—u)y +/ h(x, u)jo(x, u,v—u)dl >0, VYvelV, (11.16)
I3

where g is the element of V given by the Riesz’s representation theorem as follows,

(g, v)v :/ Sfovdx +/ Hvdll, VYveV.
Q I

Any function u € V which satisfies (11.16) is called a weak solution of problem (P).
Next we focus on the weak solvability of the problem (P). More precisely, we prove
the following existence result.

Theorem 11.1 ([2, Theorem 4.1]) Assume conditions (Hy), (Hy), (H}), and (H,) are
fulfilled. Then, there exists at least one solution for problem (Py).

In order to prove Theorem 11.1 we need several auxiliary results.

Lemma 11.1 Let K be a nonempty, closed and convex subset of V. Under hypotheses
(Hp), (H}), and (H,) the set of the solutions for the problem

(Py) Findu € K such that

(Au—g,v—u)y +/ h(x, u)jo(x, u;v—u)dl’ >0, Vv € K, (11.17)
I3

coincides with the set of the solutions for the problem
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11.2  Weak Formulation and Solvability of the Problem 369

(Py) Findu € K such that 112
(Av—g,v—u)y +/ h(x, u)jo(x, u;v—u)dl >0, Vv e K. (11.18)
I3
Proof Letu € K be a solution of (P;). By Remark 11.1-(iv) we have 113

(Av — Au,v—u)y >0, Vv € K.

Summing the last relation and (11.17) we conclude that u is a solution of (P2). 114
Conversely, let us assume that u is a solution of (P,). Fix v € K and define 115

w:=u-+t(w—u), te,1).
We have 116

(Aw — g, w —u)y +/ h(x, u)jo(x, u; w—u)dl > 0.
I3

Using the positive homogeneity of the map j(x, u; -) it follows that 17

t{(Aw — g, v —u)y —|—t/ h(x,u)jo(x,u;v—u)dFZO.
'3

Keeping in mind Remark 11.1-(ii), we divide by + > 0 and pass to the limit as r — 0.
Thus, we get (11.18). Therefore, u € K is a solution of (Py). |

Lemma 11.2 Let K be a nonempty, bounded, closed and convex subset of V. Under 118
hypotheses (Hy), (H;), and (H,), there exists at least one solution for (Py). 119

Proof For each v € K, we define two set valued mappings G, H : K ~» K as follows: 120

G(v):z{ueK: (Au—g,v_u)v+/

I'3

h(x,u) 00, u; v — u)dl > 0} ,

H(®) := {ueK: (Av—g,v—u)v—l—/ h(x,u)jo(x,u;v—u)dFZO}.
I3

STEP 1. G is a KKM mapping. 122
If G is not a KKM mapping, then there exists {v] ..., vy} C K such that 123

N
cofvr.....vn} ¢ (G,

i=1
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i.e., there exists vg € co{vy, ..., vnN}, Vo = ZINZI Aivi, with A; > 0,i € {1,..., N} 124
and ZINZI Ai = 1, such that vy & U,N:1 G (v;). By the definition of G, we have

(Avp — g, v; —vo)y +/ h(x, v0)j°(x, vo; vi — vo)dI" < 0,

I3

foreachi € {1,..., N}. It follows that,

0=(Avop — g, v0 — vo)v +/ h(x,

N
+/ h(x, vo)jo (x, v0; Zkivi — vo> dr
I3 i=1

I3

N
<Av0 - g, Zkivi — v0>
i=1

14

N
SZM |:(AU0 — &,V — o)y +/
i=1

which is a contradiction.
STEP2. G(v) € H(v)forallv € K.

For a given v € K, arbitrarily fixed, let u € G(v). This implies by the definition of G

that

v0) % (x, vo; vo — vp)dl’

h(x, v0) 7 (x, vos vi — Uo)dF:| <0,

I3

(Au — g, v —u)y +/ h(x,u)jo(x,u; v—u)dl > 0.

I3

On the other hand, we recall that

(Av — Au

7U_M>V201

and summing the last two relations it follows that u € H (v).
Thus G(v) € H (v), which implies that H is also a KKM mapping.

STEP 3. H (v) is weakly closed for all v €

For a fixed v € K let us consider the sequence {u,}, C H(v) such thatu, — u in V.

We will prove that u € H (v). We have

0 < lim sup [(Av — g,V —Uy)y

n—oo

< (Av—g,v —u)y + limsup
n—>oo

K.

+/ R(x, ) O (e, tns v — un>dr}
I3

/ h(x, 1) j0(x, uns v — uy)dr.
I3
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11.2  Weak Formulation and Solvability of the Problem

Using Sobolev’s trace theorem we conclude that
Uy — uin L*(T3)
and passing eventually to a subsequence we get
uy,(x) — u(x)a.e.onrI;z.

On the other hand, (H;) enables us to conclude that

170G, u(x); v(x))| < k(x)|v(x)] ae. x € T3.

Next, using Fatou’s lemma, we have

1imSUP/ hCx, 1 (6)) 700, n ()5 0(x) =y (x))dD <
I3

n—oo

/ limsup |A(x, uy(x)) — h(x, u(x))|k(x)|u,(x) —v(x)|dl’
r

3 n—>00

+ / h(x, u(x))lim supjo(x, Up(x); v(x) — u, (x))dI' <
'3

n—oQo

/ h(x, u(x))jo(x, ux); v(x) —u(x))dr.
I3

‘We can conclude that

0<(Av—g,v—u)y +/ h(x,u)jo(x,u; v—u)drl,

I'3

which is equivalent to u € H (v).

371

(11.19)

Since K is bounded, closed and convex, we know that K is weakly compact. So, H (v)
is weakly compact for each v € K as it is a closed subset of a compact set (in the weak
topology). Therefore, the conditions of Corollary D.1 are satisfied in the weak topology. It

follows that

(N HW # 2.

vek

and, from Lemma 11.1, we get

(NGw=[)Hw #2.

vek vek

Hence, there exists at least one solution of problem (Py).
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Proof of Theorem 11.1 Foreachn > 1,set K, ;== {u € V : |lu|ly < n}. Lemma 11.2 149

guarantees the existence of a sequence {u,}, such that for all v € K,, one has 150
(Aup — g, v —up)y + / h(x, )0, tn; v — uy)dD > 0. (11.20)
I3
STEP 1.  There exists a positive integer ng such that ||u,,lly < no. 151
Arguing by contradiction let us suppose that ||u, ||y = n for each n > 1. Taking v := 152
Oy in (11.20), we have 153

(it )y < (g, 1)y +/ B e, 1) 05, thn; )T
I3

Taking into account (11.19) and using (H,) — (iii), we get, 154

(At uny < lgly lunlly +/ ok () it ()|

I3

< liglivllunlly + hollkll L2rsyllunll L2(rsy)

= liglvllunllv + hollkll g2y Cllunlly-

Thus, 155
(Auny un)V
< lgllv + hoCllkll 2(ryy < 00,
lenllv L
which contradicts the fact that 156

Aup,up)y  mlun?
W tindy LYy = 0,

lunllv = llually
STEP 2.  uy, solves problem (Py). 157
Since ||un,llv < no, for each v € V we can choose ¢t > 0 such that w := u,, + (v — 158

Uny) € Ky, (it suffices to take t := 1if v = u,, and t < (ng — llunyllv)/llv — unglly 1
otherwise). It follows from (11.20) and the positive homogeneity of the map v +— 160
jO(x, u; v) that 161

a

9

o
A

< (Autny — g, W — Uny)v +/ B(x, tng) O, tngs W — 1yy)dT
I3

=1{Aupy — 8,V —Upy)v + t/ h(x, uno)jo(x, Upys U — Upg)dI.
I3

Dividing by ¢ > 0 the conclusion follows. o 162



11.3 Examples of Constitutive Laws 373

11.3 Examples of Constitutive Laws

In this section we present examples of elastic constitutive laws which lead to the particular
form of the stress field o considered in (11.7).

Example 11.1 (Linear Constitutive Law) We can describe the behavior of the material
with the constitutive law

o = Atr ew) 3 +2ue(u), (11.21)
where A and p are Lamé’s coefficients, tr £(u) = &xr (1) and I3 is the unit tensor.

Using (11.21) and (11.5) we obtain that, in the antiplane context, the stress field has the
following form

0 0 pun
o= 0 0 pup
pnu,p pu,y 0
We assume that u depends on the variable x := (x1, x2) and it is independent on x3.

Furthermore, we assume that u satisfies
(Hy) o € L*°(2) and there exists u* € R such that u(x) > pu* > 0 a.e. x € Q.

We take a : Q@ x R2 — R?, a(x, y) := n(x)y and point out the fact that under (H,,),
the hypotheses (H,) are fulfilled.

Example 11.2 (Piecewise Linear Constitutive Law) We can consider the following con-
stitutive law, see for example Han and Sofonea [3],

o = Atre))z3 +2ue(m) + 28(e(u) — Pyce(u)) (11.22)

where A, u, B > 0 are the coefficients of the material, tr ¢ := &y, I3 is the identity
tensor, K is the nonempty, closed and convex von Mises set

1
K = {0683: ZGD-GD§k2, k>0} (11.23)

Py : S — K represents the projection operator on K and o is the deviatoric part of o,
ie,oP:=0— ;(tr o).
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In the antiplane framework, the constitutive law (11.22) becomes

0 0 u, 0 0 (Pg yVu)i
o=W+B)| 0 0 us|—28 0 0 (PgiVu) |-
ujuy 0 (Pg, V)1 (PgyVu), 0

where K := B(0, k), (k given by (11.23)) and Py : R2 — K is the projection operator
on K.

Letus definea : @ x RZ — R2, a(x, y) := [n(x)+B(x)]y— 2B(x) Py éy. We assume
that the following conditions are fulfilled

(Hy) p € L°°(2) and there exists u* € R such that t(x) > p* > Oae.x € Q;
(Hg) B € L®().

Taking into account the non-expansivity of the projection map Pz, under the assumptions
(Hy,) and (Hg), the hypotheses (H,) are verified with & := |||z @) + 2lBllL> (@),
b=0,andm := u*.

Example 11.3 (Nonlinear Constitutive Law) For Hencky materials, see, e.g., Zeidler [7],
the stress-strain relation is

o = ko(tr () Is + Y lle? @) 1)eP ), (11.24)

where ko > 0 is a coefficient of the material, ¢ : R — R is a constitutive function and
eP(u) is the deviatoric part of & = &(u). From (11.24) and (11.5) we obtain the following
form for the stress field

0 0 ;w(éwuﬁ) 0,1
o= 0 0 ;¢(§|W|2)u,2
1o (31vuP) w1y (319uP) o 0

We define a :  x R?> — R? by

1 1
atx,y) = ¥ <2|y|2)y (11.25)

and we assume the following hypotheses,
(Hy) ¥ : R — Riis a given function satisfying:

(i) ¥ € L2R)NCR);
(ii) there exists ¥* € R such that ¥ (¢) > ¢* > O forall t > 0;
(iii) the function > v (r?) is increasing on [0, c0).
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It remains to prove that conditions (H,) are fulfilled if (Hy) hold. We will prove only 203

(Hy)-(iii), the proof of the others being trivial. 204
Let x € Q and y;, y» € R? be arbitrarily fixed. Keeping in mind (H,) and (11.25), we 205
have to prove that 206
1 1 1
0< 2 _ 2 . _ .
=, [w <2|y1l >y1 14 <2|y2| >y2} 1 —y2)
The above inequality is equivalent to 207
1 1 1 1
VA P ) Il (2l ) Il = [ (Il )+ (el ) |-y
2 2 2 2
To obtain this last inequality, it suffices to prove that 208
1 1 1 1
VAP Py (el ) e = (v (il )+ (12l ) [yl
2 2 2 2
or, equivalently, 209
L5 Lo
14 2|y1I il —v 2Iyzl Iyal | = Uyt = Iy2D) = 0. (11.26)
Since the function t tw(tz) is increasing on [0, co), we have 210

(1w D) -y @] @ -0 20 Vi1 €10,00).
Now, taking #1 := *ézly1| and p := *ézly2| we obtain (11.26). 211

11.4 Examples of Friction Laws 212

In this section we present examples of functions 2 : '3 xR — Rand j : '3 xR — R, that 213
allow us to model the frictional contact of the cylindrical body 8 with the rigid foundation 214

by (11.14) and, in the same time, verify the required properties in (Hj) and (H;). 215
Example 11.4 (Slip Dependent Friction Law) We can consider 216
hix,t) := ko (1+5e*"'); jx, 0 =1, (11.27)

217



376 11 Antiplane Shear Deformation of Elastic Cylinders in Contact with a Rigid...

with §, ko > 0. In this case, the friction law (11.14) is equivalent with the friction law
ulx) .
lor ()| < h(x,u(x)), |or(x)|=—h(x,u(x)) ()| ifu(x) #0, onT}j,

(11.28)

or, equivalently, taking into account (11.3) and (11.13), we arrive at the well known
Coulomb’s law of dry friction,

loe ()l < hee, lue (), of(x>=—h(x,||uf(x>||>”Z’8” ifur(x) £0, onTs.

We note that 2 and j in (11.27) are non-differentiable functions. This feature leads to
mathematical difficulties for optimal control or numerical reasons.

Example 11.5 (Regularized Friction Law) Let us consider the differentiable functions

W, 1) = ko (1+ 86”‘*/’2“’2) LG =24 02— p,
with ko, 8, p > 0. The friction law (11.14) becomes equivalent with the friction law

u(x)
— o (x) = h(x, u(x)) on ['3. (11.29)

Vu(x)? + p?

The friction laws (11.28) and (11.29) model situation in which surfaces are dry; they
are characterized by the existence of the positive function friction bound, h, that depends
on the magnitude of the tangential displacement, see e.g., [5, 6], such that slip may occur
only when the friction force reaches the critical value provided by the friction bound.

Example 11.6 (The Power Friction Law) Another choice with regularization effect is the
following one

el |t|p+1
h(x, 1) = ko <1 48 ot ); ) = ,
o+1

with kg, § > O and p > 1. This time, the friction law (11.14) is equivalent with the power
friction law

-1 .
o) {h(x,u(x»woc)w u(x) ux) # 0: (1130)

0 u(x) =0.

In this situations, the slip appears even for small tangential shear. Such kind of situations
appear in practice when the contact surfaces are lubricated.
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Example 11.7 (Non-monotone Friction Law) Let us take

t
hix,) =1, j(x,1t) :=/ p(s)ds, (11.31)
0
where
(—aty + ko)et — ko ift < —tp;
p@) = at if —1) <t <t
(aty — kg)e™ ™" + kg ift > 1,

with «, kg, tp > 0. In this case, the friction law (11.14) is equivalent with the friction law
—or(x) = p(u(x)) onTlj. (11.32)

The friction law (11.32) is used in geomechanics or rock interface analysis; see [4] for
more details.

Example 11.8 (Multivalued Friction Law) Let us consider p : R — R a function such

that p € Llo(fc (R), i.e., a function essentially bounded on any bounded interval of R. For

any p > O and ¢ € R let us define
Po(t) :=essinfl, s <p p(t1) and p,(r) :=ess SUP|, —1<p p(t).

Obviously, the monotonicity properties of p + p,(7) and p +— p,(¢) imply that the
limits as p — 04 exist. Therefore, one may write that p() = lilg p,(t) and p(t) =
p—04
lirg p,(t), and define the multivalued function p : R ~ R, p(r) := [p(t), p(t)],
p—04
where [-, -] denotes a real interval. If there exist 1intl p(s) = p(t4) € Rand lintl p(s) =
s—>ty s—>1_

p(t=) € R for each t € R, it can be shown (see e.g. [1]) that
02 (x, 1) = ().
Assume that the tangential stress satisfies the multivalued relation
—o7(x) € p(u(x)) onlj. (11.33)
We point out the fact that the multivalued friction law (11.33) is of the form (11.14) with

h(x,t) = 1 and j defined by (11.31). It is easy to check that the functions /# and j verify
(Hp) and (H;), respectively, if |p(t)| < po forall t € R with pg > 0.
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A simple example of a function p which satisfies the required properties can be

—ko, ift <O
p() = .
ko, iftr >0,
with kg > 0.
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Weak Solvability of Frictional Problems 1% 2
for Piezoelectric Bodies in Contact
with a Conductive Foundation ;

12.1 The Model 6

The piezoelectricity is a property of a class of materials, like ceramics, characterized by 7
the coupling between the mechanical and electrical properties. This coupling leads to s
the appearance of electric potential when mechanical stress is present and, conversely, 9
mechanical stress is generated when electric potential is applied. The first effect is used 10
in mechanical sensors and the reverse effect is used in actuators, in engineering control 11
equipment. Models for piezoelectric materials can be found in [1, 2,4, 5]. 12

Before describing the problem let us first present some notations and preliminary 13
material which will be used throughout this subsection. 14

Let @ C R™ be an open bounded subset with a Lipschitz boundary I" and let v denote 15
the outward unit normal vector to I'. We introduce the spaces 16

H = L2 (Q;R™), H = {z =(nj): T =7Tji € LZ(Q)} — L2(2: S),
H ={ueH:eu)eHy=H'(Q:R"), H :={teH: Divt € H},

where ¢ : H — H and Div : H; — H denote the deformation and the divergence 17

operators, defined by 18
W) = (e @), ey =1 (4 2) . i o%i
e(u) = (g;; (), ;) = , v T = ,
Y Y 2 \dx;  ax dx;j
19
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021 379
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The spaces H, H, Hj, and H| are Hilbert spaces endowed with the following inner
productsyd78

(u,v)y ::/ u;vidx, (0, T)gy = / o : tdx,
Q Q
(u, Vg, =W, v)y + (@), ey, (0, )¢, = (0, 7))y + (Divo,Divr)y.

The associated norms in H, H, Hy, H; will be denoted by ||| 7, II - ll, Il - | 7y and || - [l 4+, »
respectively.

Given v € H; we denote by v its trace yv on I', where y : Hl(Q; R™) —
H'2(I'; R™) ¢ L3(I'; R™) is the Sobolev trace operator. Recall that the following Green
formula holds:

(0,e()y + Divo,v)yg = / ov-vdl', Vve H. (12.1)
r

We shall describe next the model for which we shall derive a variational formulation.
Let us consider body 8 made of a piezoelectric material which initially occupies an open
bounded subset 2 C R™ (m = 2,3) with smooth a boundary 02 = I'. The body
is subjected to volume forces of density fy and has volume electric charges of density
qo, while on the boundary we impose mechanical and electrical constraints. In order to
describe these constraints we consider two partitions of I': the first partition is given by
three mutually disjoint open parts I'1, I'2, and '3 such that meas(I"y > 0) and the second
partition consists of three disjoint open parts I';, I'p, and I'; such that meas(I'y) > 0,
' =T3and ', UT, = I'1 U I'z. The body is clamped on I'1 and a surface traction of
density f> acts on I'>. Moreover, the electric potential vanishes on I'; and a surface electric
charge of density ¢y is applied on I',. On I's = I'; the body comes in frictional contact
with a conductive obstacle, called foundation which has the electric potential ¢f.

Denoting by u : € — R™ the displacement field, by e(u) := (g;;(u)) the strain tensor,
by o : Q — S, the stress tensor, by D : Q — R, D = (D;) the electric displacement
field and by ¢ : Q2 — R the electric potential we can now write the strong formulation of
the problem which describes the above process:

(P) Find a displacement field # : 2 — R and an electric potential ¢ : 2 — R s.t.

Divo + fo =0 in Q, (12.2)
div D = gy in Q, (12.3)
o =8su)+PVy inQ, (12.4)
D =Pe(u) — BVe inQ, (12.5)
u=0 onTy, (12.6)

¢=0onl,, (12.7)
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on = f> onIy, (12.8)
D-n=gqp only, (12.9)

—0, =S; —or € 92j(x,ur); D-n€dgp(x,9—gr)onTs,  (12.10)

We point out the fact that once the displacement field u and the electric potential ¢ are
determined, the stress tensor o and the electric displacement field D can be obtained via
relations (12.4) and (12.5), respectively. Similar

Let us now provide explanation of the equations and the conditions (12.2)-(12.10) in
which, for simplicity, we have omitted the dependence of the functions on the spatial
variable x.

First, Eqs. (12.2)—(12.3) are the governing equations consisting of the equilibrium
conditions, while Eqs. (12.4)—(12.5) represent the electro-elastic constitutive law.

In the sequel we assume that & : Q x S, — S, is a nonlinear elasticity operator,
P:QxS, - R"and PT : Q x R" — S, are the piezoelectric operator (third
order tensor field) and its transpose, respectively and 8 : Q x R” — R™ denotes the
electric permittivity operator (second order tensor field) which is considered to be linear.
The tensors P and P satisfy the equality

Pr.y=1:P'y, VreS,andallyecR"

and the components of the tensor 7 are given by pﬂ « = Dkij-

When t — &(x, 1) is linear, E(x, t) := C(x)t with the elasticity coefficients C :=
(cijrr) which may be functions indicating the position in a nonhomogeneous material. The
decoupled state can be obtained by taking p;jx = 0, in this case we have purely elastic and
purely electric deformations.

Conditions (12.6) and (12.7) model the fact that the displacement field and the electrical
potential vanish on 'y and I'y, respectively, while conditions (12.8) and (12.9) represent
the traction and the electric boundary conditions showing that the forces and the electric
charges are prescribed on ', and T, respectively.

Conditions (12.10) describe the contact, the frictional and the electrical conductivity
conditions on the contact surface I'3, respectively. Here, S is the normal load imposed on
'3, the functions j : '3 x R” — R™ and ¢ : I'3s x R — R are prescribed and ¢F is the
electric potential of the foundation.

12.2 Variational Formulation and Existence of Weak Solutions

The strong formulation of problem (P) consists in findingu : @ — R” and ¢ : Q —
R such that (12.2)-(12.10) hold. However, it is well known that, in general, the strong
formulation of a contact problem does not admit any solution. Therefore, we reformulate
problem (P) in a weaker sense, i.e., we shall derive its variational formulation. With this
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end in view, we introduce the functional spaces for the displacement field and the electrical
potential

V.= iveHl(Q;Rm): v=00nF1}, W= {(pEHl(Q): go:OonI‘a}

which are closed subspaces of H; and H'(2). We endow V and W with the following
inner products and the corresponding norms

(w, v)y = (e(), )y, lvllv = lle@)lln

@, DOw =NV, Vg, lxllw =I1Vxla

and conclude that (V, || - ||v), (W, || - |lw) are Hilbert spaces.

Assuming sufficient regularity of the functions involved in the problem, using the Green
formula (12.1), the relations (12.2)—(12.10), the definition of the Clarke subdifferntial and
the equality

(on) - vdl' =/ op v, dIl —{—/ or - vpdDl’
I'3 ] I'3

we obtain the following variational formulation of problem (P) in terms of the displace-
ment field and the electric potential:
(Py) Find (u, ¢) € V x W such thatforall (v, x) € V x W

(ag(u) L PTVg, e(v) e(u))w +/ 40, urs vr —up)dl > (f, v — )y

I3
(BVy —Pe(u), Vx —Vo)y +/ %0 —grix — )L > (g, X — @)w

I'3

where f € V and g € W are the elements given by the Riesz’s representation theorem as
follows

(fiv—u)y :=/ fo-vdx + f2~vdF—/ Sv,dl,
Q Iy I's

@ XOw 1=/ qoxdx—/ qaxdr.
Q Iy

In the study of problem (Py) we shall assume fulfilled the following hypotheses:

(H1) The elasticity operator & : 2 x S,;; — S,;, such that
(i) x > &E(x, t) is measurable for all T € S,,;;
(ii) T+ &(x, 1) is continuous for a.e. x € ;
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(iii) thereexistc; > O and o € L*(Q) s.t. IEx, Dls,, < ci1a(x)+|tls,) forall
T e€Syandae. x € Q;
@iv) T+ &E(x, 1) : (0 —1)is weakly uu.sc forall o € S;,, and a.e. x € Q;
(v) thereexistscy > 0s.t. E(x, 1) : 7 > cz||t||§m forall T € S,.
(H>2) The piezoelectric operator £ : Q2 x S,, — R™ is such that
(@) Px,7) = px)tforallt € S;, and a.e. x € 2;
(ii) p(x) = (pijk(x)) with p;jr = pixj € L>(L).
(H3) B: Q2 x R™ — R™ is such that
@) B(x,y)=Bx)yforally e R" and a.e. x € Q;
(ii) B(x) = (Bij(x)) with f;j = Bji € LO(R);
(iii) there exists m > Os.t. (B(x)y)-y = m|y|>forall y € R™ and a.e. x € Q.
(Hy) j:T3 x R™ — Ris such that
(I) x — j(x,y) is measurable for all y € R";
(ii) ¢ +— j(x,y) islocally Lipschitz for a.e. x € I's;
(iii) there exist c3 > 0s.t. [82j (x, y)| < c3(1 + |y]) forall y € R™;
(iv) there exists c4 > 0 s.t. j’oz(x, y; —y) <c4|y|forall y € R" and a.e. x € I'3;
(v) y = j(x,y)isregular fora.e. x € I's.
(Hs) ¢ : '3 x R — Ris such that
(i) x — ¢(x,t) is measurable for all € R;
(ii) t — ¢(x,1) is locally Lipschitz for a.e. x € I's;
(iii) there exist cs > 0 s.t. |8%¢(x, t)| < cslt|forallt € Rand a.e. x € I'3;
(iv) t — ¢(x, 1) is regular for a.e. x € I'3.
(He) fo € H, f» € L*(T2;R™), go € LX(Q), q» € L*(T), S € L®(3), S > 0,
or € L*(T'3).

The main result of this chapter is given by the following theorem.

Theorem 12.1 ([3, Theorem 4.4]) Assume conditions (H1)—(Hg) hold. Then problem
(Py) possesses at least one solution.

Proof We observe that problem (Py ) is in fact a system of two coupled hemivariational
inequalities. The idea is to apply one of the existence results obtained in Sect. 8.4 with
suitable choice of ¥, J, and Fy (k € {1, 2}).

First, let us take n := 2 and define X; := V, X := W, ¥} := L2(I'3;R™), ¥, :=
LZ(F3), Ki := Xj;and K, := X). Nextwe introduce 7 : X; — Yiand T» : X —> 1>
defined by

Ty =it oymoinlry, Tr:i=yoiln,

im:V > H = HI(Q; R™) is the embedding operator y,,, : H — HY2(T, R™) is
the Sobolev trace operator, it : H V2, R™) - L%(I'3; R™) is the operator defined by
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ir(v) == vr,i : W — HYQ) is the embedding operator and y : HYQ) > HY2() 128
is the Sobolev trace operator. Clearly 77 and 75 are linear and compact operators. We 129
consider next Y1 : X1 x X2 x X1 — Rand ¢y : X1 x X2 x X2 — R defined by 130

Y1, 9. v) = Eew). 5(v) — ey + (P Vg, o) —e)) .
131

Yo(u, @, x) := (BVe, VY = Vo) — (Pe), Vx —Vo)y,

J : Y] x Y2 — R defined by 132
J(w,n) 1=[ J(x, w(x))dl +/ ¢ (x, n(x) — @r(x))dl,
I'3 I3

and Fy : X1 x X2 — Xjand F, : X| x X5 — X] defined by 133

Fi(u,9) :=f, F(u,9):=q.

It is easy to check from the above definitions that if (Hj)—(He) hold, then J is a regular 134
locally Lipschitz functional which satisfies 135

TG w, n; 2) = /F 7O G wx); 2(x))dT

136

I w, : 0) = /F $%(x. n(x) — 9r(0): L))T.
3

Moreover, all the conditions of Corollary 8.2 are fulfilled, therefore problem (Py)
possesses at least one solution. O
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13.1 The Mechanical Model and Its Variational Formulation

Let us consider a body 8 which occupies the domain @ C R”™ (m = 2,3) with a
sufficiently smooth boundary I' (e.g. Lipschitz continuous) and a unit outward normal
n. The body is acted upon by forces of density fy and it is mechanically constrained on
the boundary. In order to describe these constraints we assume I is partitioned into three
Lebesgue measurable parts I'1, I'2, '3 such that I'; has positive Lebesgue measure. The
body is clamped on I'1, hence the displacement field vanishes here, while surface tractions
of density f> act on I';. On I'; the body may come in contact with an obstacle which
will be referred to as foundation. The process is assumed to be static and the behavior
of the material is modeled by a (possibly multivalued) constitutive law expressed as a
subdifferential inclusion. The contact between the body and the foundation is modeled
with respect to the normal and the tangent direction respectively, to each corresponding
an inclusion involving the sum between the Clarke subdifferential of a locally Lipschitz
function and the normal cone of a nonempty, closed and convex set.

It is well known that the subdifferential of a convex function is a monotone set-valued
operator, while the Clarke subdifferential is a set-valued operator which is not monotone
in general. This is why we say that the constitutive law is monotone and the boundary
conditions are nonmonotone.

The mathematical model which describes the above process is the following. For
simplicity we omit the dependence of some functions of the spatial variable.
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(P) Find a displacement u : 2 — R™ and a stress tensor o : Q2 — S, such that

Div o = fp, in Q (13.1)
o € dp(e(u)), ae. in Q (13.2)
u=0, onl (13.3)
ov = fa, onIy (13.4)
—oy € 3% j1(x, uy) + Nc, (1), on T3 (13.5)
—or € h(x,ur)d¢ jo(x, ur) + Nc, (ur), on T3 (13.6)

where ¢ : S,;;, — R is convex and lower semicontinuous, j; : '3 x R — Rand j; : '3 x
R™ — R are locally Lipschitz with respect to the second variable and /2 : I'3; x R" — R
is a prescribed function. Here, C; C R and C» C R™ are nonempty closed and convex
subsets and N¢, denotes the normal cone of Cy (k = 1, 2). For a Banach space E and
a nonempty, closed and convex subset K C E, recall that the normal cone of K at x is
defined by

Ng(x):={6 € E*: (§,y —xX)piyp <0, Vy € K}.
It is well known that
Nk (x) = 91k (x),
where [ is the indicator function of K, that is,

0, ifx € K,
Ix (x) == .
400, otherwise.

Relation (13.1) represents the equilibrium equation, (13.2) is the constitutive law,
(13.3)—(13.4) are the displacement and traction boundary conditions and (13.5)-(13.6)
describe the contact between body and the foundation.

Relations between the stress tensor o and the strain tensor ¢ of the type (13.2) describe
the constitutive laws of the deformation theory of plasticity, of Hencky plasticity with
convex yield function, of locking materials with convex locking functions etc. For concrete
examples and their physical interpretation one can consult Sections 3.3.1 and 3.3.2 in
Panagiotopoulos [7, Sections 3.3.1 & 3.3.2] (see also [8, Section 3]). A particular case of
interest regarding (13.2) is when the constitutive map ¢ is Gateaux differentiable, thus the
subdifferential inclusion reducing to

o =¢'(ew)), (13.7)

which corresponds to nonlinear elastic materials.
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Some classical constitutive laws which can be written in the form (13.7) are presented
below:

(@)

(i1)

(iii)

Assume that ¢ is defined by

1
d(u) == 28M 7

where & := (&jjx1), 1 < i, j,k,I < m is a fourth order tensor which satisfies the
symmetry property

En:t=pu:8t,Vu,t €Sy,
and the ellipticity property
Ew:p = clul’, Yu € Sp.

In this case (13.7) reduces to Hooke’s law, that is, o := Ee(u), and corresponds to
linearly elastic materials.
Assume that ¢ is defined by

1
S = Ep it Bli— Prenl®,
where & is the elasticity tensor and satisfies the same properties as in the previous

example, § > 0 is a constant coefficient of the material, P : S,, — %K is the
projection operator and K is the nonempty, closed and convex von Mises set

1
‘K::{MeSm: ZMDIMD§Q2,0>O}.

Here the notation uP” stands for the deviator of the tensor w. In this case (13.7)
becomes

o :=8su)+ 28 — Px)e(u),
which is known in the literature as piecewise linear constitutive law (see, e.g., Han

& Sofonea [3]).
Assume ¢ is defined by

k 1 2
G0 = JTrl u+ ¢ (\MD\ ) ,

where ko > 0 is a constant and ¢ : [0, o0) — [0, 00) is a continuously differentiable
constitutive function.
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In this case (13.7) becomes

YSNCAN
o = koTr(e@)I + ¢/ (‘s (u)‘ ) P ),
and this describes the behavior of the Hencky materials (see, e.g., Zeidler [9]).

Boundary conditions of the type (13.5) and (13.6) can model a large class of contact
problems arising in mechanics and engineering. For the case 7 = 1 many examples of
nonmonotone laws of the type

—0, € dc j1(uy) and — o7 € dc jo(ur),

can be found in [8, Section 2.4], [6, Section 1.4] or [2, Section 2.8].
The case when the function % actually depends on the second variable allows the study
of contact problems with slip-dependent friction law. This friction law reads as follows

ur .
—or < pu(x, lurl), —or = pu(x, lurl) | ifup # 0, (13.8)

where p : I's x [0, +00) — [0, +00) is the sliding threshold and it is assumed to satisfy
0<pux,t) < uo, forae.x el'sandallr >0,

for some positive constant fig. It is easy to see that (13.6) can be put in the form (13.8)
simply by choosing

h(x,ur) i=pu(x, lur|) and ja(x, ur) := lurl.

We point out the fact that the above example cannot be written in the form —or €
dc j2(ur) as, in general, for two locally Lipschitz functions %, g there does not exists j
such that ocj(u) = h(u)dcg(u). We would also like to point out that many boundary
conditions of classical elasticity are particular cases of (13.5) and (13.6), in most of
these cases the functions j; and j, being convex, hence leading to monotone boundary
conditions. We list below some examples:

(a) The Winkler boundary condition

—O0p = koun, k() > 0.

64

66
67
68

69
70

7

72

73
74

75
76
7
78
79
80

81



13.1 The Mechanical Model and Its Variational Formulation 389

This law is used in engineering as it describes the interaction between a deformable s2

body and the soil and can be expressed in the form (13.5) by setting 83
k
Ci:=Rand ji(x,1) := 201‘2,

More generally, if we want to describe the case when the body may lose contact with 84

the foundation, we can consider the following law 85
U, <0=o0,=0,

The first relation corresponds to the case when there is no contact, while the second ss

models the contact case. Obviously the above law can be expressed in the form (13.5) 87
by choosing 88

0 ift <0

Ci:=Rand ji(x,1) =14 ’

1 .]1( ) {kzotz’ 1ft20,
In [5] the following nonmonotone boundary conditions were imposed to model the so
contact between a body and a Winkler-type foundation which may sustain limited 9o
values of efforts 91

up, <0=o0,=0,
u, €10,a) = —o, = kouy,,
U, =a = —oy € |0, koa],
up, >a= o, =0.

This means that the rupture of the foundation is assumed to occur at those points in 92
which the limit effort is attained. The first condition holds in the noncontact zone, the 93
second describes the zone where the contact occurs and it is idealized by the Winkler o4
law. The maximal value of reactions that can be maintained by the foundation is given s
by koa and it is accomplished when u,, = a, with k¢ being the Winkler coefficient. The o
fourth relation holds in the zone where the foundation has been destroyed. The above o7

Winkler-type law can be written as an inclusion of the type (13.5) by setting 98
0, ift <0,
Ci:=Rand ji(x,1):={ %72 if0<t<a,
ko 2

5 a°, ift > a.

Since all of the above example only describe what happens in the normal direction, 99
in order to complete the model we must combine these with boundary conditions 100
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concerning or, ut, or both. The simplest cases are ur = 0 (which corresponds 101
to C = {0}) and o7 = S, where St = S7(x) is given (which corresponds to 102
Jo(x,ur) = =S8t -ur). 103
(b) The Signorini boundary conditions, which hold if the foundation is rigid and are as 104
follows 105

U, <0=o0, =0,
u, =0=o0, <0,

or equivalently, 106
u, <0, o, <0ando,u, =0.
This can be written equivalently in form (13.5) by setting 107
Cy :=(—o0,0] and j; =0.

(c) In [4] the following static version of Coulomb’s law of dry friction with prescribed 108
normal stress was considered 109

—0on(x) = F(x)
lor| < k(x)lonl,
or = —k@lonl T, if ur(x) #0.

Tl’
We can write the above law in the form of (13.5) and (13.6) simply by setting 110
Ci1:=R, C2:=R", ji(x,1) := F(x)t
and 111

h(x,y) = k(x)|F(x)| and j2(x, y) := [|y|.

The assumptions on the functions fy, f2, ¢, h, ji and j» required to prove our main 112
result are listed below. 113

(H¢) The constraint sets C; and C; are convex cones, i.e., 114
0eCy and AC,p CCyforalld >0, k=1,2.

(Hy) The density of the volume forces and the traction satisfy fo € H and f, € 115
L2(y; R™). 116
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391

(Hy) The constitutive function ¢ : S;, — R and its conjugate ¢* : S;; — (—o00, +-00]

satisfy:
(i) ¢ is convex and lower semicontinuous;
(ii) there exists oy > O such that ¢ (7) > allrlz, forall T € S,;
(iii) there exists an > 0 such that ¢* (1) > aa|p|?, forall i € Sp;
(iv) ¢(e(v)) € L1(Q), forallv e V and ¢*(7) € L' (Q), forall T € H.
(Hp) The function & : '3 x R™ — R is such that:
(i) '3 > x — h(x, y) is measurable for each y € R™;
(ii) R™ 5 y > h(x, y) is continuous for a.e. x € I'3;

(iii) there exists hg > OsuchthatO < h(x, y) < hgfora.e.x € '3 andall y € R™.

(Hj,) The function j; : I's x R — Ris such that:
(@) I's > x — j1(x, 1) is measurable for each ¢ € R;
(ii) there exists p € L2(F3) such that fora.e. x e 'y and all 1,7 € R

[j1(x, 1) — ji(x, )] < p(X)|t1 = ta;
(iii) ji(x,0) € L'(T'3).
(Hj,) The function j; : I's x R™ — R is such that:

(i) '3 > x — j;(x, y) is measurable for each y € R";
(ii) there exist g € L?(I'3) such that fora.e. x € I's and all y;, y, € R™

[j2(x, y1) = ja(x, y2)| < g(x)y1 — y2l;

(iii) jp(x,0) € L' (I'3; R™).

The strong formulation of problem (P) consists in finding u : @ — R” and o :

Q — S, regular enough, such that (13.1)-(13.6) are satisfied. However, it is a fact that

for most contact problem the strong formulation has no solution. Therefore, it is useful to
reformulate problem (P) in a weaker sense, i.e., we shall derive a variational formulation.

With this end in mind, we consider the following function space

Vi={veH : v=0ae. onIy}

which is a closed subspace of Hj, hence a Hilbert space. Since the Lebesgue measure of

' is positive, it follows from Korn’s inequality that the following inner product

(u, v)y = (e(u), e(v)y

generates a norm on V which is equivalent with the norm inherited from H;.

(13.9)

(13.10)
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Let us provide a variational formulation for problem (P). To this end, we consider u a
strong solution, v € V a test function and we multiply the first line of (P) by v — u. Using
the Green formula (see (12.1)) we have

(fo,v—uw)g=—Divo,v—u)y

= - / (ov) - (v —u)dl' + (o, e(v) — (u)) gy
r

= - f2‘(v_”)dF_/ [on(vy — up) + o7 - (vr —ur)]dl’
1) s
+(o, e(v) — e(u))y
forallv € V.Since V 3 v > (fp,v)g + sz f> - vdI is linear and continuous, we can

apply Riesz’s representation theorem to conclude that there exists a unique element f € V
such that

(f,vv = (fo,v)g + | f2-vdl. (13.11)

Consider now the following nonempty, closed and convex subset of V
A:={veV:vx)eCandvr(x) € Cr fora.e. x € I'3},
which is called the set of admissible displacement fields.

Since Cy, C» are convex cones, it follows that A is also a convex cone. Moreover, for
all v € A the following inequalities hold

—/ (v — uy)dl’ S/ JY0e, uns vy — up)dl (13.12)
I3 I3
and
~ [ o wr —urar < [ o) 0curior — urar. (13.13)
I3 I3

Here, and hereafter, the generalized derivatives of the functions j; and j, are taken
with respect to the second variable, i.e. of the functions R > # — ji(x,#) and R" 5 y >
J2(x, y) respectively, but for simplicity we omit to mention that in fact these are partial
generalized derivatives. On the other hand, according to Theorem 1.4, we can rewrite
(13.2) as

e(u) € 9¢* (o), a.e.in Q,
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and which after integration over €2 leads to 159
@ p = oh+ [ 900~ " @)= 0. e H. (13.14)
Q
Let us denote by ¢* : H — V the adjoint of ¢, i.e., 160

e*(w), v)y = (n, e(v))g, Vv € Vandall u € H.

Using (13.11)—(13.14) we arrive at the following system of inequalities 161
(P) Findu € A and o € H such that 162

(e*(0) — fov—u)y +f [jf(x, Uns Un — n) + h(x, ur) jO(x, urs vr — ur)] dr >0,
I'3

=t [ (070~ 67(@) dx 20,
Q

forall (v, u) € A x H. 163

The first inequality of (P) is related to the equilibrium relation, whereas the second 164

inequality represents the functional extension of the constitutive law (13.2). It is well- 165

known (see, e.g., [2, Theorem 1.3.21]) that it implies e(u) € d¢p* (o) a.e. in Q. 166
We can connect the constitutive law, the function ¢ and its conjugate ¢* through the 167
separable bipotential a : S, x S;; — (—00, +00] defined by 168

a(t, ) :=¢(t) + ¢* (1), VT, |1 € Spy.
Using the bipotential a let us define A : V x H — R by 169
A(v, w) = /Qa(s(v), wdx,YvveV,ueH.
and note that, due to (Hy), A is well defined and 170
A, ) = arllvly + aalluliz, Yo € V, i € H.

Moreover, 171

A(u,0) = (*(0),u)y and A(v, u) > (e*(w),v)y,Yv e V, u e H. (13.15)
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Combining the first line of (P) and (13.15) we get

A(v,o)—A(u,a)—i—f [j?(x, U Oy — ) + h(x, ur) jOCe, urs vy — uT)] dr > (f, v—u)y,
I3

(13.16)
forallv € A.

Let us define now the set of admissible stress tensors with respect to the displacement
u, to be the following subset of H

(e* (), v)v +f [ 700 was ) + e ) 8 e, urs o) | ar

. I3
O, = weH

v

(f,v)v, Yve A
Let w € A be fixed. Choosing v := u + w € A in the first inequality of (P) shows that

o € ©,, hence ®, # . It is easy to check that ®,, is an unbounded, closed and convex
subset of H. Taking into account (13.15) we have

A, ) +/F L7900 wni ) + e, ) j9e, s up) | AT = (fw)y, Vi € O,
3
while for v = 0 € A we have
—Au, o) +fr [7900e. s =)+ b ) j9 e, urs —ur) [ dr = =(f )y
3
Adding the above relations, for all © € ®, we have

OSA(M,M)—A(M,6)+/ 06 i ) + 70 s =) [ AT (13.17)

I3

+/ h(x,ur) (jé’(x, urs ur) + j5 (. urs —MT)) dr.
I'3
On the other hand, Proposition 2.4 and (H},) ensure that

fr [0 s ) + 10, s =) + e, up) (J9 s wp) + 90w —ug) ) [ dr z 0,
’ (13.18)

as
0= j)0x, un; 0) + h(x, ur)j3 (x, ur; 0)
= 0 uns ty — un) + h(x, ur)j9(x, urs ur —ur)

< (j?(x, Uns Un) + X, s —un)) +h(x,ur) (jé)(x, ur; ur) + jY(x, ur; —ur)) .
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Putting together (13.16)—(13.18) we derive the variational formulation in terms of
bipotentials of problem (P) which reads as follows:
(Pb,.) Findu € A and o € ©, such that

var

A(v,0) — A(u, 0) +/ h(x,ur)jd(x, ur; vp — ur)dl

I'3

+/ JYC s vy — un)dT > (f,v —u)y, Yv € A,
I3

A(u, ) — A(u,0) 20, Vue0,.

Each solution (4, 0) € A x ©, of problem (Pﬁa,) is called a weak solution for problem

(P).

13.2 The Connection with Classical Variational Formulations

In this section we highlight the connection between the variational formulation in terms
of bipotentials and other variational formulations such as the primal and dual variational
formulations. As we have seen in the previous section, multiplying the first line of
problem (P) by v — u, integrating over €2 and then taking the functional extension of the
constitutive law, we get a coupled system of inequalities, namely problem (P). The primal
variational formulation consists in rewriting (P) as an inequality which depends only on
the displacement field u, while the dual variational formulation consists in rewriting (P) in
terms of the stress tensor o. The primal variational formulation can be derived by reasoning
in the following way.

The second line of (13) implies that £(u) € 9¢™* (o) and this can be written equivalently
as o € d¢(e(u)), hence

o:(n—e) = ¢(n) —¢e), Vi € Sp.

For each v € A, taking i := ¢(v) in the previous inequality and integrating over €2 yields
("), v—u)y < / ¢(e(v)) — p(e(u))dx, Vv € A.
Q

Now, combining the above relation and the first line of (P) we get the following problem
(Pfa,) Find u € A such thatforall v e A

F(v)—F(u)—i—/

[j?(x, Uni Vg — Un) + h(x,ur) j3 O, urs vr — ur)] dl' > (f, v—u)y,
I3
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where F : V — R is the convex and lower semicontinuous functional defined by
FQ) = / ¢ (e(v))dx.
Q

Problem (Pf,’ar) is called the primal variational formulation of problem (P).

Conversely, in order to transform (P) into a problem formulated in terms of the stress

tensor we reason in the following way. First let us define G : H — R by

G(w) 2=/ ¢*(w)dx,
Q

and for a fixed w € A let ®,, be the following subset of H

(* (W), VIV + [ry [17 0 was va) + AGx, wr) j3 (8, wrs vr) ] dT

Op:={pneH
> (fiv)v, Yv e A

Let us consider the following inclusion
(P4) Find o € H such that

0€9dG(o)+0dlp,(0),

which we call the dual variational formulation with respect to w.

Now, looking at the first line of (P) and keeping in mind the above notations, we deduce

that ®, # & as o0 € ©,. Moreover, for each 4 € ®, we have

—(e* (1 — ), u)y 5/ h,ur) (0 urs up) + 2, urs —ur)) dr

I3

+ / j?(xa Up; Up) + j?(-xv Up; —uy)dl,
'3
which combined with the second line of (P) leads to

G(u) — Go) > — /

hx,ur) (J0urs ur) + 8, urs —up)) dr
I3

- / [j?(x, Un: ) + (X, s —un)] dr,
I3

forall u € ®.
A simple computation shows that any solution of (P‘u" ) will also solve (13.19).

(13.19)
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A particular case of interest regarding problem (Pdw) is if the set ®,, does not actually 2
depend on w. In this case problem (Pg) will be simply denoted (Pd) and will be called 2
the dual variational formulation of problem (P). For example, this case is encountered 219
when the functions j; and j, are convex and positive homogeneous, as it is the case of 220

7

8

examples (a) — (c) presented in Sect. 13.1. 221

In the above particular case, problem (15) reduces to the following system of 222
variational inequalities 223
(P")Findu € A and o € H such that 224

(e*(o),v—u)yy + Hv) — H@w) > (f,v—u)y, Vv € A
— (), p—0)y +G(u) —Go) =0, Y e H,

where H := joT, j: L> (I's; R") — Ris defined by 225
I3

and T : V — L*(I'3; R™) is given by Tv := [(y o i)(v)]|r;, withi : V — H; being the 226

embedding operator and y : Hy — H'/?>(I'; R”) being the trace operator. On the other 227

hand, for each w € A, 228

Ow=0:={ueH: (W, vy +HW = (fiv)y, Yv e A},

and thus by taking v := 2u and v := 0 in the first line of (P’) we get 229
(@), wy + Hw) = (f,u)v,

hence 230
—(eu),p—0o)y =<0,V € O.

Combining this and the second line of (P') we get 231

G(u) —G(0) =0,Vu €O,

which can be formulated equivalently as 232
(P?) Find o € H such that 233

0€0G(o)+0dlp(0).
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The following proposition points out the connection between the variational formulations 234
presented above. 235

Proposition 13.1 A pair (u,0) € V x ‘H is a solution for (P}ZW) if and only if u solves 236
(Pfa,) and o solves (P‘,f) 237

Proof “ = " Let (u,0) € V x H be a solution for (Pb

var

)-Thenu € A, o € ©, and 238

A(v,G)—A(u,G)Jr/ h(x,ur) S, ur; v — ur)dl

I'3

+/ 06, s v — )AL = (F0 — W)y,
I3

A(l/l, ,bL) - A(l/l, U) > 07

forall (v, u) € A x ©,. 239
Taking into account the way A, F' and G were defined we get 240
AWw,0) — Au,0) = F(v) — F(u),Yv e V, (13.20)
and 241
A, n) — A(w,0) =G(u) — G(o),Vu € H, (13.21)
which shows that u is a solution for (P5,,) and 242

[G(w) + 1o, ()] — [G(0) + Ie, (@)] = 0.V € H.
The last inequality can be written equivalently as 243
0€d(G+1p,)(0).
On the other hand, applying Proposition 1.3.10 in [2] we deduce that 244

3(G + Ie,)(0) = 3G(0) + 3o, (0),

hence o solves (SDZ). 245
“ & ” Assume now that u € V is a solution of (P},,) and o € H solves (P9,.). The fact 246
that o solves (P¢) implies that D(31e,) # @ and 247

o€ D@Io,).

248
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On the other hand, it is well known that 249
D(@dle,) € D(e,) = Oy,

hence o € ®,. Moreover, 250

F(v) —F(u)+f h(x,ur)jSCx, ur; vr — ur)dl
I3

+/ JY, s v — un)dT > (f, v — w)y,
I3
G(u) —G(o) =0,

for all (v, u) € A x ©,, which combined with (13.20) and (13.21) shows that (u, o) is 251

a solution for problem (%,,). 252

O
13.3 Weak Solvability of the Model 253
The main result of this chapter is given by the following theorem. 254

Theorem 13.1 ([1, Theorem 1]) Assume (Hc), (Hy), (Hy), (H},), (H},) and (Hy) hold. 255
Then problem (SD}’

va,) has at least one solution. 256

Before proving the main result we need the following Aubin-Clarke type result 257
concerning the Clarke subdifferential of integral functions. Let us consider the function 258
j:L*(I'3; R™) x L% (T3; R™) — R defined by 250

J,2):= / J1(x,zn) +h (x, y7) j2 (x, z7) dl. (13.22)
I'3

Lemma 13.1 Assume (Hj), (H/l) and (Hj) are fulfilled. Then, for each y € 260

L?(I'3; R™), the function z — j (y, z) is Lipschitz continuous and 261
B0.aD = [ 000z E) ) B Gz dr. (13.23)
I3
Proof Let y, 1, 2el? (I'3; R™) be fixed. Then 262

‘j (y,zl) —j (y, zz)‘ = ,/r J1 (x,z}l) —ji (x, zﬁ) +h(x,yr) (jz (x,z%) —J2 (x, 2%)) dl“‘
3
< /1:3 1 (x,zrll> -1 (x, z,%) dr” + ho /I‘s ‘jz (x, 21T> ) (x,z%)‘dl“.
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The equality 263
1z =z 2= zuzn + 27 - 27 = |zal?* + l2z1/%,
shows thatif z € L2 (I'3; R™), then z,, € L? (I'3) and z7 € L2 (T3; R™) and 264

lznllL2(rs)s lzT L2y rmy < N2l L2myimmy-

Thus, from the hypotheses and Holder’s inequality we get 265
. 1 _ 2\| < 12 h ‘ 1.2
i (3:21) =7 (0 2) < 0oy [on = 2] Lo, + A0l oy ob = 2] L
1_ 2
< (Ipllz2qry) + hollgllz2gry)) HZ -z ‘LZ(Fg;Rm)’
which shows that j is Lipschitz continuous. 266
In order to prove (13.23) we use Fatou’s lemma and the fact that the convergence in 267
L? (T3; R™) implies, up to a subsequence, the pointwise convergence a.e. on I'; 268
0 o JO u+2rz) —j(y,u)
J2(v,z;2) = limsup N
340
. i1 (X, u, +Az,) — j1 (x,u
=hmsup</ Ji( n Zn) — 1 ( n)dr
u—z ]"3 )\-
210

D r. AEr) — i (.
+/ A Geiyr) J2(x,ur + z;) J2 (x MT)dF>
I3

5/ hmsup]l (X, up +AZp) — ji (xyun)dl—‘

1"3 u—z }\.
20

2 (¥, AZT) — jo (x,
+/ h (x, yr) lim sup Jo (X, ur + Z;) J2 (x,ur) dr
h 47

p / P, zns Zn) + b (e, yr) J3 (x, 2 Zr) T
I'3
O

In order to prove Theorem 13.1 we consider the following system of nonlinear 269
hemivariational inequalities. 270
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(Sk,.x,) Find (4, 0) € K1 x K3 such that
Y1, 0,v) + JY(Tu, So; Tv — Tu) > (Fi(u,0),v —u)x,, ¥ve Ky,

V2(u, 0, 1) + I (Tu, S0 Sp = 50) = (Fa(u, 0), ju = 0)x,, Vit € Ko,
where

e X1 :=V,Xp:=H, K; C X;isclosed and convex (i = 1,2), Y] := L2(F3; R™),
Yy :={0};

* Yy : X1 x X2 x X1 — Risdefined by 1 (u, 0,v) := A(v,0) — A(u, 0);

* Yn: X1 X X2 x Xo — Risdefined by y2(u, 0, n) := A(u, u) — A(u, 0);

e T :X; — Yjisdefined by Tv := [(y 0 i)(V)]Ir;, withi : V — Hj the embedding
operatorand y : Hy — H 1/ 2(F; R™) is the trace operator;

* S:Xp;— Yyisdefined by St :=0, forall T € X»;

e J : Y] x Y, > Ris defined by J(yl,yz) = j(yo,yl), where j : L>(I'3; R™) x
L?(I'3; R™) — Ris asin (13.22) and y° is a fixed element of L?(I'3; R™);

* F1: X1 x Xo — Xjisdefined by Fi(v, u) := f;

* F: X1 x Xy = Xjpisdefined by Fo(v, u) :=0.

Lemma 13.2 Assume (Hy), (Hj,), (Hj,) and (Hy) are fulfilled. Then the following
statements hold:

@) ¥1(u,o,u) =0and yr(u,0,0) =0, forall (u,o) € X1 x Xo;
(ii) for each v € X and each u € X, the maps (u,o0) — Y¥1(u,o,v) and (u,0) —
Yo (u, o, 1) are weakly upper semicontinuous;
(iii) for each (u,o0) € X1 x X the maps v — Y1 (u,o,v) and u — yYo(u, o, L) are
convex;
@v) Liminf(Fy (ug, ox)sv —up)x, = (Fi1(u,0), v —u)x, and liminf(F> (ui, ox), u —
k—+00 k—+o00
oK) x, = (Fa(u,0), u — o) x, whenever (ug, ox) — (u,0) as k — 400;
(v) there exists ¢ : Ry — Ry with the property t_l)i$oo c(t) = 400 such that

mwmm+mwmmsﬂ($w;+wﬁ)$w&+wﬁf
forall (u,0) € X1 x Xp;

(vi) The function J : Y1 x Yo — R is Lipschitz with respect to each variable. Moreover,
forall (yl, y2) , (zl, zz) € Y1 x Yo we have

79 (yl, y% zl) =j9 (yo, v zl)
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and
J’% (yl, ¥2; zz) =0;
(vii) There exists M > 0 such that
Jq (yl,yz; —y1> <M HyIHY1 , forall (yl,yz) €Y1 x Ya;
(viii) thereexistm; > 0,i = 1,2, suchthat ||F;(u, o)l x;, < m;, forall (u,o0) € X1 xXo.
Proof

(i) Trivial.

(ii) Letv € X be fixed and let {(ux, ox)}x be a sequence such that (ux, ox) converges
weakly in X1 x X, to (u,0) as k — +oo. Using the fact that L is linear, ¢ is
convex and lower semicontinuous, hence weakly lower semicontinuous and Fatou’s
lemma, we have

lim sup vy (k. oy, v) = limsup [A(v, o) — A(ug, o))
k—+o00 k——+o00

= limsupfﬂcb(e(v)) — ¢ (e(u)r)dx

k—+o00

< / qb(s(v))dx—/ liminf ¢ (e (i) )dx
Q Q k—+00

< /chﬁ(s(v)) —¢(e)) + ¢*(0) — ¢*(0)dx
=A(Ww,o0) — A(u, o)
= vY1(u,0,v),

which show that the map (u, o) — 1 (u, o, v) is weakly upper semicontinuous.
In a similar fashion we prove that for u € X, fixed, the map (u,0) +—
Y2 (u, o, 1) is weakly upper semicontinuous.
(iii) Follows from the convexity of ¢ and ¢*;
(iv) Let {(ux,or)} be a sequence which converges weakly to (u,0) in X1 x X3 as
k — +o0o. Then up — uin X| as k — +o0 and

liminf (Fj(uk, ok), v — uk)x, = liminf(f, v —up)x, = (fiv —u)x,,
k—+o00 k—+00
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and 313
liminf (F2(uk, o), u — ox)x, =0 = (F2(u,0), 4 — 0)x,.
k— 00

(v) Let (u,0) € X1 x X». Using (Hy) we get the following estimates 314

Y1(u,o0,0)+yo(u,o0,0) = A0,0) — A(u,0) + A(u,0) — A(u, o)

/Q ¢ (0) +¢*(0) — (¢(e(w)) + ¢"(0))dx

= & —minfer, az) (lully, + o1, )
Choosing c(¢) := bot, with by > 0 a suitable constant, we get the desired 315
inequality. 316
(vi) It follows directly from Lemma 13.1 and the definition of J. 317
(vii) From (vi) and Lemma 13.1 we deduce 318

Jq (yl, v —y1> =j% (yo, »h —yl)
< /m 3¢ (%o i =yh) o+ (x.08) 2 (. vps —vh ) dr
On the other hand, assumptions (H;,) and (H},) imply 319
WG 5 0) < p)lnl Vi n € R,
and 320

0, ¢ 0) < g8, Ve, & e R™.

Thus, invoking Holder’s inequality we get 321

0,1 2. 1 1
T (5 5% =5") = 1PNz + hollglagem) |31 o

(viii) Trivial. O 322
Proof of Theorem 13.1 The proof will be carried out in three steps as follows. 323

Step 1. Let K1 C X1 and Ky C X5 be closed and convex sets. Then (Sk, k,) admits at 324
least one solution. 325

This will be done by applying a slightly modified version of Corollary 8.2. 326

Lemma 13.2 ensures that all the conditions of the aforementioned corollary are 327
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satisfied except the regularity of J. We point out the fact that in our case this 328
condition needs not be imposed because the only reason it is imposed there is to 329
ensure the following inequality 330

J° (yl, ¥2; zl,zz) <J (yl, Nt zl) +J9 (yl, Nt zz)

which in this chapter is automatically fulfilled because J does not depend on the 331
second variable and the following equalities take place 332

70 (yl, v 2l zz) =J (yl, v zl)
and 333
75 (yl, v z2) =0,

and this completes the first step. 334
Step 2. Let Kll, K12 C Xi and K1, K22 C X be closed and convex sets and let 335
1 -1 2 2 . .
(u , O ) and (u , O ) be solutions for (SKII’KZI) and (SKlz’Kzz)’ respectively. 336
1 2 Y g
Then (u , 0 ) solves (SKf’Kzz) and (u , 0 ) solves (SKIZ’KZI). 337

11
The fact that (u , O ) solves (S Kl K21> means 338
Yi!, ol v) + 4 Tut, Sols To — Tu') = (Fi(', o), v —uh),

Vol ol ) +I5(Tu!. So's S — Sol) = (Fy'. o). u—oh),
(13.24)

for all (v, n) € Kll X Kzl, while the fact that (uz, 0'2) solves (SKIQ’Kg) shows 339
V1P, 0%, v) + J§(Tu?, So? Tv — Tu?) = (Fi(u?, 0%), v —u?),

Ya@?, 0%, 1) + J5(Tu?, So?; S — So?) = (Fau?, 0%), u — 0?),
(13.25)
forall (v, u) € K 12 X K22. Putting together the first line of (13.24) and the second 340
line of (13.25) we get 341
Y ol o)+ I (T Sol i To = Tul) = (Fi' oh), v —ub),

V2(u?, 0%, 1) + I (Tu?, S0 Sp = So?) = (Fy(?, 0?), = 0?),
(13.26)
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for all (v,n) € Kll X K22. On the other hand, keeping in mind the way 342
Y1, Y2, J, F1, F> were defined is it easy to check that for any (v, p) € Kl1 X K22 343
the following equalities hold 344

P!, ol v) = g, 0%, v) and Yo (u?, 02, w) = Yo', 02, w,
345
JQ(Tu', o'y Tv — Tu'y = J§(Tu', So?; Tv — Tu')

346
JY(Tu?, So*; Sp — So?) = J(Tu', So*; Sp — So'!)

347
Fi', o' = Fi', 0% and F,u? 0%) = Fu', o?).
Using these equalities and (13.26) we obtain 348
v, o v) + I (Tu', So% Tv — Tu') = (Fi(u', o), v —u')x,,

Yau', 0%, ) + J§(Tu', So?; S — Sa?) = (Fa(u', 0%), uw — 0%)x,.,

hence (ul, 02) solves (SKII’KZZ). In a similar way we can prove that (uz, al) 349

solves (SKIZ’KZI). 350
Step 3. There existu € A and o € O, such that (u, o) solves (Pﬁar). 351
Let us choose K 11 = A and K21 := X». According to Step 1 there exists a pair 352

(u', o1) which solves (SKII K21> Next, we choose K12 := A and K22 1= 0,1 and 353
use again Step 1 to deduce that there exists a pair (12, o>) which solves (S K2 K22> 354

Then, according to Step 2, the pair (u', 02) will solve (S k!, K22>. Invoking the 3s5

way V1, ¥, J, Fi, F», Kll, K22 were defined, it is clear that the pair (4, o) := 356
(u',0%) € A x O, is a solution of the system 357

A@,0) — A, 0) + j% (Y0, Tu; Tv — Tu) = (f,v —w)y, Yv € A,
A(M, M)—A(M,O—) Zoa V/LE@M,

for all y0 € L?(I'3; R™), since y* was arbitrary fixed. Choosing y° := Tu an 3s8
taking into account (13.23) we conclude that (1, 0) € A x ©, solves (?’ﬁa,). O 359



406 13 The Bipotential Method for Contact Models with Nonmonotone...

References

1.

2.

N. Costea, M. Csirik, C. Varga, Weak solvability via bipotential method for contact models with
nonmonotone boundary conditions. Z. Angew. Math. Phys. 66, 2787-2806 (2015)

D. Goeleven, D. Motreanu, Y. Dumont, M. Rochdi, Variational and Hemivariational Inequalities:
Theory, Methods and Applications, Volume I: Unilateral Analysis and Unilateral Mechanics
(Kluwer Academic Publishers, Dordrecht, 2003)

. W. Han, M. Sofonea, Quasistatic Contact Problems in Viscoelasticity and Viscoplasticity, vol. 30.

Studies in Advanced Mathematics (International Press, Somerville, 2002)

. A. Matei, A variational approach via bipotentials for a class of frictional contact problems. Acta

Appl. Math. 134, 45-59 (2014)

. Z. Naniewicz, On some nonmonotone subdifferential boundary conditions in elastostatics.

Ingenieur-Archiv 60, 31-40 (1989)

. Z. Naniewicz, P.D. Panagiotopoulos, Mathematical Theory of Hemivariational Inequalities and

Applications (Marcel Dekker, New York, 1995)

. P.D. Panagiotopoulos, Inequality Problems in Mechanics and Applications. Convex and Noncon-

vex Energy Functions (Birkhduser, Basel, 1985)

. P.D. Panagiotopoulos, Hemivariational Inequalities. Applications in Mechanics and Engineering

(Springer, Berlin, 1993)

. E. Zeidler, Nonlinear Functional Analysis and its Applications IV: Applications to Mathematical

Physics (Springer, New York, 1988)

360

361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379



A.1 The Hahn-Banach Theorems 4

Theorem A.1 (Hahn-Banach, Analytic Form) Let X be a linear spaceand p : X — R s
be a Minkowski functional, i.e., a function satisfying 6

p(Au) = Ap(u), VYueX, VA >0,
and 7
pu+v) < p)+ pl), Vu,velX

Let Y C X be a linear subspace and assume ¢ : Y — R is a linear functional dominated s
by p, that is, 9

t(u) < p(uw), Vuel.

Then there exists a (not necessarily unique) linear functional ¢ : X — R that extends ¢, 10
ie., E(u) =¢(u), Yu €Y, and it is dominated by p, i.e., 11

§u) < pw), VuelX. (A.D)
Now we give some simple applications of Theorem A.1 for normed vector spaces. 12
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408 A Functional Analysis

We denote by X* the dual space of X, that is, the space of all continuous linear functionals
on X. The dual norm on X* is defined by

|« == sup [¢(u)| = sup &(u). (A2)
HES e

When there is no danger of confusion we shall simply write ||| instead [|¢]||x. Given
¢ € X* and u € X we shall often write, (¢, u) instead of ¢ (u); we say that (-, -) is the the
duality pairing for X* and X. It is well known that X* is a Banach space, following by the
fact that R is complete.

Corollary A.1 Let Y C X be a linear subspace. If ¢ : Y — R is a continuous linear
functional, then there exists & € X* such that & extends ¢ and

§lx+ = sup [£@)] = [[¢]ly=. (A.3)

ueY
llull<1

Corollary A.2 Forevery u € X we have

lull = sup |{{, u)| = max |(,u)|. (A.4)
CEX* teX
lizn<t izl=t

Definition A.1 An affine hyperplane is a subset H of X of the form
H=WueX: t(u)=ao},

where ¢ is a linear functional that does not vanish identically and o € R is a given constant.
We write H : [ = o] and say that { = « is the equation of H.

In the previous definition we do not assume that ¢ is continuous, as it is known that in
every infinite-dimensional normed space there exist discontinuous linear functionals, see,
e.g., Brezis [2, Exercise 1.5].

Proposition A.1 The hyperplane H : [{ = o] is closed if and only if ¢ is continuous.

Definition A.2 Let A and B be two subsets of X. We say that the hyperplane H : [{ = «]
separates A and B if

tw)<a<tWw), YueAVveB.
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We say that H strictly separates A and B if there exists some ¢ > 0 such that
w)+e<a<¢(w) —e, VYueAVveB.

Theorem A.2 (Hahn-Banach, Weak Separation Theorem) Let X be a n.v.s. and
A, B C X be two nonempty convex subsets such that AN B = &. Assume that one of
them is open. Then there exists a closed hyperplane that separates A and B.

Theorem A.3 (Hahn-Banach, Strong Separation Theorem) Let X be n.v.s. and
A, B C X be two nonempty convex subsets such that AN B = &. Assume that A is
closed and B is compact. Then there exists a closed hyperplane that strictly separates A
and B.

A.2 Weak Topologies

In the sequel we briefly present the weak topology and weak™*-topology of dual, respec-
tively. To this end, assume X is a set and {Y;};<; a collection of topological spaces. Given
a collection of maps {¢; };er, with ¢; : X — Y;, we consider the following problem:

A. Construct a topology on X that makes all the maps {¢; };c; continuous. If possible, find
a topology 7 that is the most economical in the sense that it has the fewest open sets.

There is always a unique smallest topology tp on X for which every map ¢; is
continuous. It is called the coarsest or weakest topology associated to the collection
{di}ier. If O; C Y; is any open set, then qbfl (0O;) is necessarily an open set in tp. As
O; runs through the family of open sets of Y; and i runs through / we obtain a family
of subsets of X, each of which must be open in the topology 7g. Let us denote this
family by {U} je;. Of course this need not to be a topology. Therefore, we are led the
following problem:

B. Given a set X and a family {U;} e, of subsets in X, construct the coarset topology 7o
on X in which U is open forall j € J.

In other words, we must find the “smallest” family # of subsets of X that is stable
by finite intersections and arbitrary unions, and with the property that U; € ¥, for
every j € J.

The construction undergoes the following steps. First, consider finite intersections
of sets in {U}} ey, i-e., [y, Uj Where Jo C J is finite. In this way we obtain a new
family, called G, of subsets of X which includes {U|};c; and which is stable under
finite intersections. Next, we consider the family # obtained by forming arbitrary
unions of elements from G. Thus, the family ¥ is stable under finite intersections and
arbitrary unions.

Therefore we find the open sets of the topology o in the following way. First we
consider (1 ¢;,ire #; '(0;) and then |J It follows that for every u € X, we

arbitrary*
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410 A Functional Analysis

obtain a basis of neighborhoods of u for the topology 79 by considering sets of the
form ﬂfl-m.te d)l._l(V,-), where V; is a neighborhood of ¢; (1) in ;.

In the following we equip X with the topology 1o that is the weakest topology
associated to the collection {¢;};c;. We have the following simple properties of the
topology 10.

Proposition A.2 Let {u,} be a sequence in X. Then u, — u in v if and only if ¢; (u,) —
¢i(u) foreveryi € I.

Proposition A.3 Let Z be a topological space and let ® : Z — X be a function. Then ®
is continuous if and only ¢; o ® is continuous from Z into Y; for everyi € I.

We are now in position to introduce the weak fopology in a Banach space X and its dual
X* and present some basic properties. For this let X be a Banach space and let { € X*.
We denote by ¢, : X — R the linear functional ¢; (1) := (¢, u). As ¢ runs through X*
we obtain a collection {¢; };cx+ of maps from X into R.

Definition A.3 The weak topology on X, denoted by t,, is the coarsest topology
associated to the collection {¢¢}rex+, with ¥; := R and I := X*.
We shall denote the space X endowed with the t,, topology by w — X.

Proposition A.4 The space w — X is Hausdorff.
Remark A.1 The weak convergence is denoted by —.
Theorem A.4 Let {u,} be a sequence in X. Then

(l) Un —u <:> <§7 un) e (;v I/l), VC € X*;
@ii) Ifu, — u, thenu, — u;
@@ii) Ifup, = u, then {||uy||} is bounded and ||u|| < liminf ||u,|;
n—o0

@iv) Ifup, — xin X and &, — ¢ in X*, then (¢, un) — (¢, u).

Remark A.2 Open (resp. closed) subsets in 7, are automatically open (resp. closed) in the
strong topology.

If X is finite-dimensional, then the two topologies (weak and strong) coincide. In
particular, u, — u if and only if u, — u.

If X is infinite-dimensional, then the weak topology is strictly coarser than the strong
topology, i.e. there exist open (resp. closed) sets in the strong topology that are not weakly
open (resp. weakly closed). Simple examples are as follows: the unit ball B(0; 1) is not
weakly open, whereas the unit sphere of S := {# € X : |u| = 1} is not weakly closed
(see, e.g., Brezis [2, Examples 1 and 2]).
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Theorem A.5 Let C be a convex subset of X. Then C is weakly closed if and only if it is 98
strongly closed. 99

Corollary A.3 (Mazur) If u, — u in X, then there exists a sequence {v,} made up of 100

convex combinations of the u,,” s that converges strongly to u. 101
So far we have two topologies on X*: 102

(i) the usual strong topology associated to the norm of X*, denoted by t;; 103
(ii) the weak topology t,, by performing on X* by above construction. 104

A third topology on X*, called the weak*-topology and denoted by 7+, can be defined 105
as follows: for every u € X define ¢, : X* — R by ¢,(¢) = (¢, u). As u runs through X 106
we obtain a collection (¢, ),cx mapping X* into R. 107

Definition A.4 The weak*-topology 7%, is the coarsest topology on X* associated to the 108
collection (¢, )yex.- 109

Since X C X™**, it is clear that the topology 7.+ is coarser than the topology 7y, i.e., 110
the topology 7+ has fewer open sets (resp. closed sets) than the topology t,,, which in 111
turn has fewer open sets (resp. closed sets) than the strong topology . 112

Remark A.3 Sometimes we shall denote (X*, 75) by s — X*, (X*, 1) by w — X* and 113
(X*, Ty+) by w* — X*. Here and hereafter, the weak™ convergence shall be denoted by —. 114

Proposition A.5 The space w* — X* is Hausdorff. 15
Regarding the weak™ convergence we have the following properties. 116
Proposition A.6 Let {¢,} be a sequence in X*. Then 17
(i) S — & < (Cn,u) = (L u), Yu € X; 118
@i) If ¢y — ¢, then &y, — ¢, and, if &, — ¢, then &, — &5 119
(@ii) If &n — &, then {[|5nl} is bounded and ||¢ || < lim inf|g, | 120
n
@(iv) If ¢y — ¢ and uy, — u, then (&y, un) — (¢, u). 121

Proposition A.7 Let ¢ : X* — R be a linear functional that is continuous for the weak*- 122
topology. Then there exists some ug € X such that 123

¢(¢) = (¢, uo), V¢ eX*
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Corollary A.4 Assume that H is a hyperplane in X* that is closed in w* — X*. Then H 124
has the form 125

H:={ceX": (¢ uo) =a},
Sfor some ug € X \ {0}, and some a € R. 126
The most important property of the 7.+ topology is given by the following result. 127

Theorem A.6 (Banach-Alaoglu) The closed unit ball of X*, Bx+:={¢ € X* : ||| < 1}, 1

N

8

is weak™ compact. 129
A.3  Reflexive Spaces 130
Let X be a normed vector space and let X* be the dual with the norm 131

€ 1ls := sup (£, u)l.

ueX
lull <7
The bidual X** is the dual of X* with the norm 132

I f Il :=sup [(f, £)I.

There is a canonical injection I : X — X** defined as follows: given u € X, the map 133
¢ + (£, u) is a continuous linear functional on X*; thus it is an element of X**, which we 134
denote by 7 (u). We have 135

(I(u), &) xwe x+ = (S, u)x+ x Yu € X, V¢ € X*.
It is clear that 7 is linear and that [ is an isometry, that is, 136
1 @)l = Nuellx-
Indeed, we have 137

11 @) llsx = sup [(I(u), ) = sup [{&,u)| = [ull
reXx* rex*
glle=<1 igl=<1
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Definition A.5 Let X be a Banach space and let / : X — X™** be the canonical injection 138
from X into X**. The space X is said to be reflexive if I is surjective, i.e., [(X) = X**. 139

Due to this bijection, for a reflexive space X, we shall identify sometimes X** with X. We 140
have the following results regarding reflexive spaces. 141

Theorem A.7 (Kakutani) Let X be a Banach space. Then X is reflexive if and only if 142
By :={ueX: |ull =1},
is weakly compact. 143

Theorem A.8 (Eberlein-Smulian) A Banach space X is reflexive if and only if every 144
bounded sequence X possesses a weakly convergent subsequence. 145

Theorem A.9 Assume that X is a reflexive Banach space and let Y C X be a closed 146
linear subspace of X. Then Y is reflexive. 147

Corollary A.5 A Banach space X is reflexive if and only if X* is reflexive. 148

Proposition A.8 Ler X be a reflexive Banach space and assume K C X is a bounded, 149
closed and convex subset of X. Then K is weakly compact. 150



B.1 Kuratowski Convergence 4

Definition B.1 (Kuratowski Convergence) Let (X, p) be a metric space and {A, },en be 5
a sequence of subsets of X. Then 6

(i) the upper limit or outer limit of the sequence {A,},cN is the subset of X given by 7

limsup A, := {u € X : liminfdist(u, Ay) = o} :

n—00 n—oQo

(ii) the lower limit or inner limit of the sequence {A,},eN is the subset of X given by 8

liminf A, := {u € X: lim dist(u, A,) = 0}.
n—oo

n—oo

If limsup,,_, .o Ay = liminf,_. o A, we say that the limit of {A,},cN exists and 9

lim A, :=limsup A, = liminf A,.
n—00 n—00 n—00

Remark B.1 For a fixed set A C X, the distance function dist(-, A) : X — R is Lipschitz 1o
continuous. This is straightforward from the fact that 11

dist(u, A) < p(u, it) + dist(ii, A), Vu, i € X.
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Thus, 13

|dist(u, A) — dist(u, A)| < p(u, ),

which shows that, if u, — u in X, then lim,,_, o dist(u,, A) = dist(u, A). 14
Proposition B.1 Let {A,},cn be a sequence of subsets of a metric space X. Then 15

(@) liminf, o0 A, C limsup,_, o, Ap; 16
(ii) the sets limsup,_, ., A, and liminf,_, A, are closed in X. 17
Proposition B.2 If {A,},eN is a sequence of sets in a metric space X, then 18

(i) limsup,_, o Ay ={u € X : Juy, € Ay 5.1 up, — u}; 19
(ii) liminf, oo Ay, ={u € X : Ju, € A, s.t. u, —> u}. 20

That is, liminf,_. o A, is the collection of limits of sequences {un}neN, With u, € A,; 21
whereas limsup,,_, ., A, is the collection of cluster points of sequences {u}neN, with 22
u, € A,. 23

Proposition B.3 Let {A,},cn be a sequence of subsets in a metric space (X, p). Then 24

@) limsupA, ={ueX:Ve>0,YNeN,an>N: B:(u)NA, #3}; 25
n—0o0

@@i) liminfA, ={u e X: Ve >0,3AN(e) e N: B.(u)N A, # ,Vn > N(¢)}. 26
n—0oQ

Remark B.2 The statement in Propositions B.2 and B.3 can be used as alternative 27
definitions of inferior and superior limit of a sequence of sets, respectively. In particular, 28

from Proposition B.3, it follows that 29
(¢) lim SUP, s 00 Ap = me>0 mNzl UnzN U (An); 30
(1) Mpz1 S (Upsm Am) C limsup,, o Aps 31
@iii) liminfysoo An = NeooUns1 MNasy Ue(An). 32

Proposition B.4 If {A,},cN is a sequence such that A,+1 C Ap, n € N, i.e. adecreasing 33
sequence, then lim,_, oo Ay exists and lim,_, oo Ay = ﬂneN cl(Ay). 34

Theorem B.1 Let {A,},eN and { B, }neN be two sequences of sets and K C X a compact 35
set. Assume for every neighborhood U of K, there exists N € N such that A, C U, 36
whenever n > N. Then for every neighborhood V of K N (lim SUpP, s oo Bn), there exists 37
N € N such that A, N B, C V, whenevern > N. 38
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Theorem B.2 Let {A,},en be a sequence of sets in a metric space X and K C X. If for
every neighborhood U of K, there exists N € N such that A,, C U, whenevern > N, then
limsup,_, ., Ay C cl(K).

Conversely, if X is a compact metric space, then for every neighborhood U of
limsup,,_, o, Ay, there exists N € N such that A,, C U, whenevern > N.

Proposition B.5 Let {A,},en and { By }nen be two sequences of subsets of a metric space
X. Then the following statements hold:

(i) limsup (A, N By) C limsup A, N lim sup B,

n—o0 n—od n—o0

(ii) liminf(A, N By) C liminf A, N liminf B,;
n—0o0 n—0o0 n—0o0

(iii) limsup(A, U B,) = limsup A, U limsup B,;
n—o0 n—od n—o0

(iv) liminf(A, U B,) D liminf A,, U liminf B,,;
n—o0 n—o0 n—od

(v) limsup,_, (A, x B,) C limsup,_, ,, A, x limsup,_, ., By,

(vi) liminf, (A, X B;) = liminf,, . A, x liminf,— - B;.

Lemma B.1 Let X be a real normed space, and let { A}, { B} be two sequences of subsets
of X. Then the following assertions are true:

(i) liminf, o A, + liminf,_, o B, C liminf,_, (A, + By);
(ii) If A, C By foralln € N, then liminf,_, A, C liminf,_, 5 By.

Proposition B.6 Let X and Y be metric spaces, {Ap}nen and { Bn},eN Sequences of sets in
X and Y, respectively. If f : X — Y is continuous function, then the following assertions
hold:

@ f (lim SUP,, s 00 A,,) C limsup,_, o, f(Ay);

(ii) f (diminf, o Ay) C liminf, oo f(An);
(iii) limsup,_ s f'(By) C f~! (limsup,_, o, Bn);
(iv) liminf,— s f71(By) C f~! (diminf,_ o By).

B.2 Set-Valued Maps

Definition B.2 Let X and Y be topological spaces. If for each u € X, there is a
corresponding set F(u) C Y, then F(-) is called a set-valued map from X to Y. We
denote this F : X ~~ Y.
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418 B Set-Valued Analysis

Definition B.3 Let X and Y be topological spaces and F' : X ~» Y a set-valued map.
Then

* the domain of F(-), denoted by Dom(F), is defined as
Dom(F):={ue X: F(u) # 9};
* the range of F(-), denoted by R(F), is defined as

R(F) = |J Fw:

ueDom(F)

» the graph of F(-), denoted by Graph(F), is defined as
Graph(F) :=={(u,z) e X xY : z € F(u),u € Dom(F)}.

A set-valued map is said to be nontrivial if it’s graph is not empty, i.e. if there exists at
least an element u € X such that F (u) # @.

If K C X, we denote by F|k the restriction of F to K, defined by

Fu), ifuek
Flg(u) = B.1
k(@) , otherwise. (B.1)

Definition B.4 Let X and Y be topological spaces.

* A set-valued map F : X ~» Y is said to be closed valued, open valued or compact
valued if for each u € X, F(u) is a closed, open or compact set in Y, respectively.
Furthermore, if Y is a topological linear space and F'(«) is a convex set in Y for each
u € X, the F(-) is called convex valued.

* F : X ~ Yissaid to be a closed, open or compact set-valued map, if Graph(F) is a
closed, open or compact set w.r.t. the product topology of X x Y. Furthermore, if X and
Y are topological vector spaces, then F(-) called a convex set-valued map if Graph(F)
is convex set in w.r.t. X x Y.

Remark B.3 In Definition B.4 one must not confuse closed valued maps and closed set-
valued maps. The former refers to the values of the map, whereas the latter refers to the
graph of the map.
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Definition B.5 Let X and Y be topological spaces and F' : X ~» Y a set-valued map.
Then

* the closure sv-map associated with F is the map cl(F) : X ~» Y, where cl(F)(u) :=
cl(F(u)), foreachu € X;

* the interior sv-map associated with F is the map int(F) : X ~» Y, where int(F)(u) :=
int(F(u)), foreachu € X,

* Moreover, if Y is a topological linear space, then the convex-hull sv-map associated
with F is the map conv(F) : X ~» Y, where conv(F)(u) := co(F(u)), foreachu € X.

B.3  Continuity of Set-Valued Maps

Definition B.6 (Lower Inverse of a sv-Map) Let F : X ~» Y be a set-valued map. For
any V C Y the lower inverse image of V under F, denoted F'~ (V), is defined by

F-(V):={fueX: FuNV #+a}= U F~(v).

veV

Definition B.7 (Upper Inverse of a sv-Map) Let F' : X ~~ Y be a set-valued map. For
any V C Y the upper inverse image of V under F, denoted FT(V), is defined by

FY*(VY:={ueX: Fu) C V}.

F~(V) is called sometimes the inverse image of V by F, whereas F* (V) is called the
coreof V by F.

Definition B.8 Let F : X ~» Y be a set-valued map and Dom(F) # @. Then F is said

to be upper semicontinuous (u.s.c.) at ug € X iff, for any open set V C Y, such that

F(up) C V, there exists a neighborhood U C X of ug such that F(u) C V,forallu € U.
The map F is said to be u.s.c. on X, if itis u.s.c. atevery u € X.

Definition B.9 Let F : X ~» Y be a set-valued map and Dom(F) # @. Then F is said
to be lower semicontinuous (Ls.c.) at ug € X iff, for any open set V. C Y, such that
F(up) NV # &, there exists a neighborhood U C X of uq such that for every u € U, we
have F(u) NV # 2.

The map F is said to be l.s.c. on X, if it is 1.s.c. at every u € X.

Definition B.10 A set-valued map F : X ~~ Y is called continuous if it is both lower and
upper semicontinuous.
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420 B Set-Valued Analysis

The following two propositions give a useful characterization of lower semicontinuous
(upper semicontinuous) set-valued maps and are direct consequences of the above
definitions.

Proposition B.7 Let X, Y be Hausdorff topological spaces and F ~~ Y a given sv-map.
Then the following statements are equivalent:

(i) Fisls.c;
(ii) FY(C) is closed in X whenever C is closed in Y ;
(iii) for any pair (u,v) € Graph(F) and any sequence {u,} C X converging to u, there
exists a sequence v, € F(uy,) such that v, — v;

Proposition B.8 Ler X, Y be Hausdorff topological spaces and F ~~ Y a given sv-map.
Then the following statements are equivalent:

(i) Fisus.c.;
(ii) F~(C) is closed in X whenever C is closedinY;
(iii) For any sequence {u,} C X converging to u and any open set V. C Y such that
F(u) C V, there exists a rank no > 1 such that F(u,) C V for alln > ny.

Proposition B.9 Let X, Y be two Hausdorff topological spaces and F : X ~> Y a set-
valued map. Then

(i) Let F(u) be closed forallu € C C X. If F is u.s.c. and C is closed, then Graph(F)
is closed. If F (C) is compact and C is closed, then F is u.s.c. if and only if Graph(F’)
is closed;

(ii) If K € X is compact, F is u.s.c. and F (u) is compact for allu € K, then F(K) is
compact.

Remark B.4 1t is clear from above that when F is single-valued, i.e. F (1) = {v} C Y, the
notions of lower and upper semicontinuity coincide with the usual notion of continuity of

a map between two Hausdorff topological spaces.

In general the notion of lower and upper semicontinuity are distinct. In order to see this
let us consider F : R ~» R be defined by

Fu) = [¢1(u), p2(u)],
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B Set-Valued Analysis 421

where ¢; : R — R are prescribed functionals such that ¢;(u) < ¢o(u) for all u € X.
Then

* ¢rus.c.and ¢ l.s.c. = Fisls.c,
e ¢ ls.c.and ¢y us.c. = Fisus.c
* ¢1, ¢ continuous = F continuous.

Here, the 1.s.c. (u.s.c.) of the functionals ¢; is understood in the sense of Section 1.2.

Definition B.11 Let X and Y be normed spaces and F' : X ~» Y a set-valued map. We say
that F is Lipschitz around u € X, if there exists a positive constant L and a neighborhood
U C Dom(F) of u such that

VYui,up € U:  F(uy) C F(u2) + Llluy — uz||By (0, 1).

In this case F also called Lipschitz or L-Lipschitz on U.
F is said to be pseudo-Lipschitz around (u,v) € Graph(F) if there exists a positive
constant L, a neighborhood U C Dom(F) of u and a neighborhood V of v such that

Yuj,upeU: Fu)NV C Fu2)+ L|luy —uz||By(0, 1).

In particular, if F : X ~» R is a set-valued mapping, we say that F is Lipschitz around
u € X if there exists a positive constant L and a neighborhood U of u such that for every
ui, uy € U we have

F(ui) C F(u2) + Liluy — uzf/[-1, 1].

For a nonempty subset K of X, we say that F' is K-locally Lipschitz if it is Lipschitz
aroundall u € K.

Proposition B.10 If FF : X ~» R is a K-locally Lipschitz sv-map, then the restriction
F|x : K ~ Ris continuous on K.

B.4 Monotonicity of Set-Valued Operators

Unless otherwise stated, throughout this subsection X denotes a real Banach space with
dual X*. A set-valued map A : X ~» X* shall often be called set-valued operator. In order
to increase the clarity of the exposition, we shall denote the elements of A («) by u* instead
of using Greek letters (as we have done so far when referring to elements of X*).
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422 B Set-Valued Analysis

If A(u) is a singleton, then we shall often identify A(u) with its unique element. The
inverse A™1 : X* ~» X of A is defined as

A ={ueX: u* e Aw)}.

Obviously Dom(A™") = R(A), R(A™!) = Dom(A) and Graph(A™!) = {(u*,u) €
X*x X : (u,u*) € Graph(A)}.

Definition B.12 A set-valued operator A : X ~» X* is said to be monotone if
W' —u*,v—u)>0, Vu,u"), (v,v*) € Graph(A). (B.2)

A monotone operator A : X ~» X* is called maximal motonone if Graph(A) is not
properly contained in the graph of any other monotone operator A" : X ~» X*.

We point out the fact that A is said to be strictly monotone if (B.2) holds with strict
inequality whenever u # v. Moreover, if there exists m > 0 such that the stronger
inequality holds

W —u* v —u) =mlv—ull®, V(u,u*), (v,v*) € Graph(A), (B.3)
then A is called strongly monotone. Actually, (B.3) means that A — m J is monotone, with
J being the normalized duality mapping.

We present next some generalizations of the monotonicity concept.

Definition B.13 Letn : K Xx K — X and @ : X — R be two single-valued maps. A
set-valued map A : K ~» X* is said to be

* relaxed n — o monotone, if
W —u n,u)) = a—u), V(u,u*),(v,v*) € Graph(A); (B.4)
* relaxed n — o pseudomonotone, if

[Fu* € A@w) : (", n(v, w)) = 0] = [(v*, n(v, w)) = a(v —u), Yv* € A()];
(B.5)

* relaxed n — a quasimonotone, if

[Au* € Aw) : (W™, n(v,u)) > 0] = [(v", n(v,u)) > a(v —u), Vv* € AW)];
(B.6)
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B Set-Valued Analysis
If n(v—u) := v — u, then
(B.4) reduces to
W —u*v—u)>a—u), VYu,u),(,v*) e Graph(A);

and A is said to be relaxed o« monotone;
(B.5) reduces to

[Fu* e Aw): (w*,v—u)>0]= [V, v—u)>al—u), Yv* € A(v)];

and A is said to be relaxed o pseudomonotone;
(B.6) reduces to

[Qu* e Aw) : (w*,v—u)>0]1=[(Wv—u)>al@-—u), Yo" € AW)];

and A is said to be relaxed a quasimonotone.
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C1 Smooth Banach Spaces

Definition C.1 A Banach space X is called smooth if for every u # 0 there exists a unique

¢ € X*suchthat |[¢|| = 1and (¢, u) = |ju].

Proposition C.1 For every u # 0 one has

ull = {¢ € X* 2 (& uy = lull, llg| = 1}.

From this proposition and the fact that any proper convex continuous functional ¢ is
Gateaux differentiable at u € int(D(¢)) if and only if d¢(u) is a singleton (see, e.g.,

Ciordnescu [4, Corollary 2.7]) we have the following characterization of smooth spaces.

Theorem C.1 A Banach space X is smooth if and only if || - || is Gateaux differentiable

on X \ {0}.

Definition C.2 For a Banach space X the function p : (0, c0) — (0, co) defined by

1
p@) =, sup (lutrvf+ flu—rv] =2)
lull=lvl=1

is called the modulus of smoothness of X.
The modulus of smoothness at u € X is defined as

1
p(t,u) : sup ([lu + tvl 4 [lu — rvl| = 2f|ul]) .

2 )=t
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426 C Geometry of Banach Spaces

Definition C.3 A Banach space X is called uniformly smooth if 16
t
tim ”* 0,
N0 1
The space X is said to be locally uniformly smooth if 17
tv
lim T 0. vuex\ (o).
t\0 t
Proposition C.2 For a Banach spaces X the following implications hold 18

X is uniformly smooth = X is locally uniformly smooth = X is smooth.

Theorem C.2 19
(i) A Banach space X is locally uniformly smooth if and only if | - || is Fréchet 20
differentiable on X \ {0}, 21
(ii) A Banach space X is uniformly smooth if and only if || - || is uniformly Fréchet 22
differentiable on the unit sphere, i.e., 23
t A=
tim sup | I <o
NO = |v)=1 4
C.2  Uniform Convexity, Strict Convexity and Reflexivity 24

Definition C.4 A Banach space is called uniformly convex if for any ¢ € (0, 2] there 25
exists § = 8(e) > 0 such that for u, v € X satisfying |lu|| = |jv]| = 1 and ||ju —v|| = ¢ 2
one has || “'5” || <1-35. 27

(=]

In other words, X is uniformly convex if for any two distinct points on the sphere u, v the 28
midpoint of the line segment joining # and v is never on the sphere, but inside the unit ball. 29

Example C.1 The Lebesgue spaces L”, 1 < p < 0o, are uniformly convex. 30
This is a simple consequence of Clarkson’s inequalities (see, e.g., Diestel [5]): 31
P —_ P p P
utv =)l e 1 p e 2, 00, (C.1)

2 2 - 2

32
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and
p _l? p p\ /(p=1
v u—v )" (™l . Vuvell pe(l,2]. (C2)
2 2 2
Lete € (0,2] and u, v € X be such that ||u|| = ||v|| = 1 and ||u —v|| > €. Then Clarkson’s

inequalities ensure that

u-+v
2

hence we can pick 8 :=1—[1 — (8/2)1’]1/1’.

Example C.2 Any Hilbert space is uniformly convex.
In order to see this, fix ¢ € (0,2] and u,v € H such that |u|| = |v]|] = 1 and
|lu — v|| = e. Then, according to the parallelogram law

wtv|® Ju—v|® ful?+ ol?
2 2 o 2 ’
and thus
2
Rl PR witha:=1—\/1—€4.

Definition C.5 A Banach space X is called strictly convex if for u,v € X satisfying
u # v, [[u]l = |lv|| = 1 one has

Au + (1 —A)v| <1, Vi e (0,1).
Proposition C.3 The following statements are equivalent:

(i) X is strictly convex;
(ii) The unit sphere contains no line segments;
@@ii) Ifu # v and ||u|| = |lv|l = 1, then |lu + v| < 2;
@(iv) If u,v,w € X are such that |lu — v|| = |lu — w| + lw — v||, then there exists
X € [0, 1] such that w = Au + (1 — A)v;
(v) Any ¢ € X* assumes its supremum in at most one point of the unit ball.

It is clear from this proposition that any uniformly convex space is strictly convex.
However, not all Banach spaces are strictly convex and there exist strictly convex spaces
that are not uniformly convex as it can be seen from the following examples.
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Example C.3 The space I! is not strictly convex.
To see this take u := (1,0,0,0,...) € I!,v:= (0, —=1,0,0,...) € I'. Clearly, |lu|; =
lvlli = 1 and ||u 4 v||; = 2, which shows that /! is not strictly convex.

Example C.4 The space [*° is not strictly convex.
Choose u := (1,1,0,0,...) and v := (—1,1,0,0,...). Again u,v € I®, |ulleo =

lvlloo = 1 and |lu + v]oo = 2, showing that [*° is not strictly convex.

Example C.5 (Goebel and Kirk [8])

(i) The space (C[O0, 1], || - |loo) is not strictly convex, where || - ||« is the standard “sup
norm’;

(ii) The space (C[O, 11, || - II,.) is strictly convex, but not uniformly convex, where for
w>0

1 1/2
lulle == llulloo + 1 (fo u%x)dx)

Definition C.6 Let X be a Banach space with dimX > 2. The modulus of convexity of X
is the function A : (0, 2] — [0, 1] defined by

u-+v

A(e) := inf{l — H )

H el =l =1, flu — vl = 8}-
Theorem C.3 A Banach space is uniformly convex if and only if A(e) > 0 forall ¢ €
0, 2].

Theorem C.4 (Milman-Pettis) If X is a uniformly convex Banach space, then X is
reflexive.

Remark C.1 Uniform convexity is a geometric property of the norm: endowed with an
equivalent norm the space might not be uniformly convex. On the other hand, reflexivity
is a topological property: a reflexive space remains reflexive for an equivalent norm.

Proposition C.4 Let X be a uniformly convex Banach space and {u,} C X be such that
up — u and limsup,_, o x|l < llull. Then u, — u.

In order to establish the connection between the strict/uniform convexity and the
differentiability of the norm on a Banach space, we have the following duality results.
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Theorem C.5 For a Banach space X the following implications hold:

(i) X* is smooth = X is strictly convex;
(ii) X* is strictly convex = X is smooth.

Corollary C.1 (Weak Duality) If X is reflexive, then X is strictly convex (respectively
smooth) if and only if X* is smooth (respectively strictly convex).

Theorem C.6 (Strong Duality) Let X be a Banach space. Then

(i) X is uniformly smooth if and only if X* is uniformly convex;
(ii) X is uniformly convex if and only if X* is uniformly smooth.

Corollary C.2 If X is a uniformly smooth Banach space, then X is reflexive.

C.3  Duality Mappings

Definition C.7 A continuous and strictly increasing function ¢ : [0, co) — [0, 0c0) such
that ¢ (0) = 0 and lim;—, »c ¢ (¢) = o0 is called a normalization function.

Lemma C.1 Let ¢ be a normalization function and

t
O(1) := / ¢ (s)ds.
0
Then @ is convex function on [0, 00).

Definition C.8 Given a normalization function ¢, the set-valued map Jy : X ~» X*
defined by

Jou = {¢ € X* 1 (& u) = I lull, 151 = ¢(lul)}

is called the duality mapping corresponding to ¢.
The duality mapping corresponding to ¢(t) = ¢ is called the normalized duality

mapping.

Remark C.2 For any normalization function ¢, Jyu # @ for every u € X, hence
D(Jy) = X.

Proposition C.5 If H is a Hilbert space, then the normalized duality mapping is the
identity operator.
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430 C Geometry of Banach Spaces

Theorem C.7 (Asplund) If Jy is the duality mapping corresponding to the normalization
Sunction ¢, then Jyu = 0@ (||u|), for all u € X.

Corollary C.3 Let X be a Banach space and ¢ a normalization function. Then X is
smooth if and only if Jy is single-valued. In this case

d
Jpu,v) = S d(u+m)| . VuveX. (C.3)
dr t=0

Theorem C.8 If Jy is the duality mapping corresponding to the normalization function
¢, then

(i) Foreveryu € X the set Jyu is nonempty, convex and weak™* closed in X*;
(ii) Jp is monotone;
(iii) Jp(—u) = —Jp(u), forallu € X;
(iv) Foreveryu € X \ {0} and every . > 0 we have

A
1000 = iy B

(v) If ¢~ is the inverse of ¢, then ¢~ is a normalization function and ¢ € Jou
whenever u € J;,I{, with J;,l being the duality mapping corresponding to ¢~
on X*;

(vi) If Jy is the duality mapping corresponding to the normalization function v, then

_ Y lluell)

J =
YEZ bl

Jou, Vu e X\ {0}.

Proposition C.6 If X is uniformly convex and smooth, then J satisfies the (S) property,
i.e,ifu, = uandlimsup,_, (Jpuun, uy, —u) <0, then u, — u.

Proposition C.7 If X is reflexive and smooth, then Jy is demicontinuous, i.e., if u, — u
in X, then Jyu, — Jpu in X*.
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D.1 Variants of the KKM Lemma and Fixed Point Results 5

In this subsection we present some variants of the KKM lemma. We begin with the well &
known result of Knaster, Kuratowski and Mazurkiewicz. 7

Lemma D.1 (KKM Lemma [9]) Let PyP;... P, C R”" be a closed simplex and let
Ko, K1, ..., K, be compact subsets of R" such that 9

k
PyPy...P, | K.
s=0

for every face of PyP1 ... Py. Then 10
n
ﬂ K; # @.
i=0

Theorem D.1 (Fan [7, Theorem 4]) In a Hausdorff topological vector space E, let C be 11
a convex setand @ # K C C. Let F : K ~» C be a set-valued mapping such that 12
(i) foreachu € K, F(u) a relatively closed subset of C; 13
(ii) F is a KKM mapping, i.e., for any finite subset {u1, us, ..., u,} C K one has 14

cofuy,...,up} C U F(u;);

i=1

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021 431
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(iii) there exists a nonempty subset Ko of K such that the intersection muEKo F(u) is

compact and Ky is contained in a compact convex subset K1 of C.

Then (,cx F(u) # 2.

The following result represents a generalization of the KKM-lemma and it was
originally proved by Ky Fan in [6]. Here it is stated here as a particular case of the previous
theorem.

Corollary D.1 (Fan-KKM) Let K be an arbitrary set in a Hausdorff topological vector
space E and F : K ~~ E such that:

(i) foreachu € K, F(u) is closed in E;
(ii) F is a KKM mapping;
(iii) there exists ug € K such that F (ug) is compact.

Then (,cx F(u) # 2.

Theorem D.2 (Lin [10]) Let K be a nonempty convex subset of a Hausdorff topological
vector space E. Let A C K x K be a subset such that

(i) foreachu € K, the set{v € K : (u,v) € A} is closedin K;

(ii) foreachv € K, the set {u € K : (u,v) ¢ A} is convex or empty;
(@ii) (u,u) € A foreachu € K;
(iv) K has a nonempty compact subset K such that the set

B:={veK: (u,v) € A, Vu € Ko}
is compact.
Then there exists a point vo € B such that K x {vp} C A.

Theorem D.3 (Tarafdar [17]) Let K be a nonempty convex subset of a topological vector
space. Let f : K ~ K be a set valued mapping such that:

(@) foreachu € K, f(u) is a nonempty convex subset of K ;
(ii) foreachv € K, f~'(v) := {u € K : v € f(u)} contains a relatively open subset
0, of K (O, may be empty for some v);
(i) Uyex Ou =K
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D KKM-Type Theorems, Fixed Point Results and Minimax Principles 433

(iv) there exists a nonempty subset Ko C K such that K is contained in a compact
convex subset K1 of K and the set D := ﬂueKO
and Of; denotes the complement of O, in K ).

O¢ is compact, (D could be empty

Then there exists a point ug € K such that ug € f(uo).

Theorem D.4 (Ansari and Yao [1]) Let K be a nonempty closed and convex subset of
a Hausdorff topological vector space X and let S, T : K ~~ K be two set-valued maps.
Assume that:

(i) foreachu € K, S(u) is nonempty and co{S(u)} C T (u),
(ii) K = Upeg intg S (v);
(iii) if K is not compact, assume that there exists a nonempty compact convex subset C
of K and a nonempty compact subset Cy of K such that for eachu € K \ Ci there
exists v € Cq with the property that u € intg S~ (v).

Then there exists ug € K such that ug € T (ug).

D.2 Minimax Results

In this subsection we present some minimax inequalities due to Ky Fan [6, 7], a variant
proved by Brezis, Nirenberg & Stampacchia [3] and an alternative due to Mosco [12] on
vector spaces, as well as minimax results on topological spaces due to McClendon [11]
and Ricceri [13-15].

Definition D.1 Let K be a convex set of a topological vector space E and f : K — R
be a function. The function f is said to be quasi-convex if for every real number ¢ the
set {x € K : f(u) < t} is convex. The function f is said to be quasi-concave if —f is
quasi-convex.

Theorem D.5 (Fan Minimax Principle [7]) Let K be a nonempty convex set in a
Hausdorff topological vector space and let be f : K x K — R be a function such
that:

(i) Foreachfixedu € K, v f(u,v) is lower semicontinuous;
(ii) Foreachfixedv € K, u — f(u, v) is quasi-concave;
@@ii) f(u,u) <0, forallu € K;
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434 D KKM-Type Theorems, Fixed Point Results and Minimax Principles

(iv) K has a nonempty compact convex subset K such that the set

(Nvek: flu,v) <0}

ueky

is compact.
Then there exists a point 0 € K, such that f(u,0) <0, forallu € K.

Corollary D.2 Let K be a nonempty convex compact set in a Hausdorff topological vector
space and let be f : K x K — R be a function such that:

(i) Foreachfixedu € K, v f(u,v) is lower semicontinuous;
(ii) Foreachfixedv € K, u — f(u, v) is quasi-concave;
@@ii) f(u,u) <0, forallu € K;

Then there exists a point v € K, such that f(u,0) <0, forallu € K.

Theorem D.6 (Brezis et al. [3]) Let X be a Hausdorff linear topological vector space
and K a convex subsetin E. Let f : K x K — R be a real function satisfying:

(1) f(u,u) <O0forallu € K;

(2) For every fixedu € K, the set {v € K : f(u,v) > 0} is convex;

(3) For every fixed v € K, f(-,v) is a lower semicontinuous function on the intersection
of K with any finite dimensional subspace of E.

(4) Wheneveru,v € K anduy, is a filter on K converging to u, then f (uy, (1—t)u+tv) <
0 for every t € [0, 1] implies f (u,v) <O.

(5) There exists a compact subset L of E and vop € LN K such that f(u, vo) > 0 for every
uekK,ué¢lL.

Then there exists ug € L N K such that
fuo,v) <0, VYvek.
In particular,

inf sup f(u,v) <O0.

UK yeg

Now, let F be a Hausdorff topological vector space and let G be a vector space and let
A C F, B C G be convex sets.
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D KKM-Type Theorems, Fixed Point Results and Minimax Principles 435

Theorem D.7 Let f : A x B — R be a function satisfying

(i) Foreach fixed v € B, the function f (-, v) is quasi-convex and lower semicontinuous
on A.
(ii) For each fixed u € A, the function f(u,-) is quasi-concave on B and lower
semicontinuous on the intersection of B with any finite dimensional subspace.
(iii) For some v € B and some A > sup, pinfyca f(u,v), theset{u € A : f(u,v) <
A} is compact.

Then

sup inf f(u,v) = inf sup f(u, v).
veBUEA u€A ,cp

Theorem D.8 (Mosco’s Alternative [12]) Let K be a nonempty, compact and convex

subset of a Hausdorff topological vector space E and let ¢ : E — (—00, 00] be a proper,

convex and lower semicontinuous functional such that D(¢) N K # &. Assume f, g :

E x E — R are two functions that satisfy:

(@) f(u,v) <gu,v), forallu,v € E;
(ii) foreachu € E, v f(u,v) is lower semicontinous,
(iii) for eachv € E, u +— g(u, v) is concave.
Then for every A € R holds the alternative:
(A1) there exists vy € D(¢p) N K such that
S, v) + @) —e) <A, VuekE;

(A2) there exists ug € E such that g(ug, uog) > A

We conclude this part by a KyFan-type minimax result on topological spaces given by
McClendon [11]. To complete this, we need two notions.

Definition D.2

(a) An ANR (absolute neighborhood retract) is a separable metric space X such that
whenever X is embedded as a closed subset into another separable metric space Y,
it is a retract of some neighborhoodin Y.

(b) A nonempty set X is acyclic if it is connected and its Cech homology (coefficients in
a fixed field) is zero in dimensions greater than zero.

92

93

94

95
96

98

99

100
101
102
103

104

105

106

107

108

109

110
111

112

113
114
115
116

17
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The following result can be viewed as a topological version of the Fan minimax
principle (see Corollary D.2):

Theorem D.9 (McClendon [11, Theorem 3.11) Suppose that X is a compact acyclic
finite-dimensional ANR. Suppose h : X x X — R is a function such that {(x,y) :
h(y,y) > h(x,y)} is open and {x : h(y,y) > h(x,y)} is contractible or empty for
ally € X. Then there is a yo € X with h(yo, yo) < h(x, yo) forall x € X.

Theorem D.10 (Ricceri [14, Theorem 4]) Let X be a real, reflexive Banach space, let
A C R be an interval, and let ¢ : X x A — R be a function satisfying the following
conditions:

1. A+ @(u, A) is concave forallu € X;
2. u — @(u, A) is continuous, coercive and sequentially weakly lower semicontinuous in
forall A € A;

3. B1:=supycp infyex @(u, A) < infyex sup;cp @, 1) =: Ba.

Then, for each o > P there exists a nonempty open set Ao C A with the following
property: for every . € Ag and every sequentially weakly lower semicontinuous function
¢ 1 X — R, there exists g > 0 such that, for each i € (0, o), the function ¢(-, A) +
uo (+) has at least two local minima lying in the set {u € X : o(u,\) < o}.

Theorem D.11 (Ricceri [15, Theorem 1]) Ler X be a topological space, I C R an open
interval and  : X x I — R a function satisfying the following conditions:

(i) for eachu € X, the function A — ¥ (u, A) is quasi-concave and continuous;
(ii) for each A € I, the function u — ¥ (u, A) has compact and closed sub-level sets;
(iii) one has

sup inf ¥ (u, 1) < inf sup ¥ (u, A).
rel ueX ueX ey

Then there exists \* € I, such that the function u — ¥ (u, \*) has at least two global
minimum points.

Theorem D.12 (Ricceri [13, Theorem 1 and Remark 1]) Let (X, t) be a topological
space, I a real interval and ¥ : X x I — R a functional satisfying:

(c1) foreveryu € X, the function . — ¥ (u, A) is quasi-concave and continuous;
(c2) for each ) € I, the function u +— Y (u, X) is L.s.c. and each of its local minima is a
global minimum;
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(c3) there exist p > sup, oy infuex ¥ (u, A) and Ao € I such that the set
{ueX: Yu, ro) < p}
is compact.
Then the following equality holds

sup inf ¥ (u, X) = inf sup ¥ (u, A).
rel UeX ueX ey
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In this section we introduce various concepts of linking sets and highlight the connection
between different types of “linking” used in the literature to find, classify and locate the
critical points of a given smooth or nonsmooth functional.

Definition E.1 Let X be a topological space and let D € X be a nonempty subset. We
say that D is contractible, if there exists a continuous function 4 : [0, 1] x D — X (the
so-called homotopy) and a point ug € X, such that 4(0, u) = u and h(1, u) = uo for all
ueD.

Definition E.2 Let X be a Banach space and A, C € Z two nonempty subset. We say
that A links C if and only if AN C = @ and A is not contractiblein X \ C.

In many books appears the following definition of the notion of linking.

Definition E.3 Let X be a Banach space and A and C be two nonempty subsets of X.
We say that A and C link if and only if there exists a closed set B € Z such that A C
B, ANC = and forany map 6 € C(B, Z) with 0|4 = id4, we have 0(B) N C # Q.

In some conditions the Definitions E.2 and E.3 are equivalent. We have the following
result.

Theorem E.1 Let X be a Banach space, A is relative boundary of a nonempty bounded
convex set B C X. Then the definitions E.2 and E.3 are equivalent.

Lemma E.1 IfY is a finite dimensional Banach space, U C Y is a nonempty, bounded,
open set and yo € U, then 0U is not contractible in Y \ {yo}.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021 439
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440 E Linking Sets

Example E.1 Let X be a Banach space, A := {uj,u2},C := Sp(u1) ={u € X : |ju—
ui|| = R} with R > O and |lu; — uz|| > R. Itis clear that A is not contractible in X \ C.
Note that if we use Theorem E.1 follows that the sets A and C also link in the sense of
Definition E.3.

Example E.2 Let X be a Banach space, X := Y @ Z withdimY < 400, A :={ue Y :
lullx = R} with R > 0 and C = Z. Then the set A links C.

By contradiction, suppose the statement is false. Then we can find 4 : [0, 1] x A —
X\ C, acontractionof Ain X \ C. Let Py : X — Y be the projection operator to the finite
dimensional subspace Y and let

Y(t,x):=(Pyoh)t,u), (r,u)€l0,1]xA.
Then  is a contraction of A in Y \ {0}, which contradicts Lemma E.1 (take U := Bg =
{u eY: |lullx < R}). Using Theorem E.1 follows that the sets A and C link in the sense
of Definition E.3.

Example E.3 Let X be a Banach space, X := Y @ Z, withdimY < +o00,v9 € Z |wllx =
land 0 <r < R. Let

B:={v+tvy: 0<t <R, |vlx <R}
and let A be the boundary of B, hence
A={v+tvy: t €f{0,R},|lvlx <Rorte[0,R], ||[v]|z=R}
and let
C={ueZz: ulx=r).
Then the set A links C.

We proceed by contradiction. Suppose that 22 : [0, 1] x A — X \ C is a contraction of
Ain X \ C. Consider the projections Py : X — Y and Pz : X — Z and set

V(t,u) == (Py o h)(t,u) + [[(Pz o h)(t, u)llxvo.

Then v is a contraction of A in (Y @ R) \ {rvg}, which contradicts Lemma E.1. As before
the two sets A and C link in the sense of Definition E.3.
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E Linking Sets 441

Next we present the linking notion introduced by Schechter, see [16]. Let X be a Banach
space. We introduce the set of admissible deformations ® C C([0, 1] x X, X) whose
elements I" satisfy the following properties:

(a) for each t € [0,1],T'(z,-) is a homeomorphism of X into itself and F’l(t, -) is
continuous on [0, 1) x X;

(b) T'(0,-) =id;

(c) for each T' € & there is a ur € X, such that I'(1,u) = ur for all u € X and
I'(t,u) — ur ast — 1 uniformly on bounded subsets of X.

Definition E.4 Let X be a Banach space and A, B C X. We say A links B w.rt. @ if
ANB=and, foreach" € ¥, thereisar € (0, 1] such that I'(¢, A) N B # @.

If there is no danger of confusion we shall simply say that A links B. In the following
we present some properties of this notion of linking and some examples.

Proposition E.1 Let A, B be two closed, bounded subsets of X such that X \ A is path
connected. If A links B, then B links A.

Proposition E.2 Let A, B be subsets of X such that A links B. Let S(t) be a family of
homeomorphisms of X onto itself such that S(0) = I, S(¢), S(t)~Varein C([0, 1] x X, X)
and

SHANB=o, 0<r<T. (E.1)

Then A1 := S(T)A links B.

Proposition E.3 Under the same hypotheses as in Proposition E.2, A links By =
S~HT)B.

Proposition E4 IfH : X — X is a homeomorphism and A links B, then H A links HB.
The next result gives a very useful method of checking the linking of two sets.

Proposition E.5 Let F : E — R" be a continuous map, and let Q C E be such that

Fo = F|g is a homeomorphisms of Q onto the closure of a bounded open subset Q of R".

If p € Q, then Fy ' (3) links F~'(p).

Remark E.1 The examples of linking sets given above, i.e., E.1, E.2 and E.3 are also valid
in the sense of Definition E.4.
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Few more examples due to Schechter [16] are provided below. 71

Example E.4 Let X be a Hilbert space and Y, Z two closed subspaces such that dimY < 72
ococand X =Y @ Zandlet Bg :={u € X : |lu]| < R}. Let vy # 0 be an element of Y. 73
We write Y := {vg} @ Y’'. We take 74

A=0"eY : V| <RIU{svo+v : vV eY',s>0,|svy+ V| =R}
75

B={weZ: |w|>r}U{svo+w: weZ,s>0,|svo+wl| =r},

where 0 < r < R. Then A links B. 76
To see this let 77

Q:={svo+v:VeY s>0,|sv+| <R}

For simplicity, we assume that |jvg|| = 1. Because X is a Hilbert space follows that the 7s

splitting X := Y’ @ {vo} & Z is orthogonal. If 79
u:=v +w+svy,v e, weZ s eR, (E.2)

we define 80

/ 2 2 1
o !v +<s+r+\/r lwll )vo, if lw| < r 3

v + (s + r)vo, if Jw] > r.

Note that F|gp = I while F ~(rvg) is precisely the set B. Then we can conclude via s1
Proposition E.5 that A links B. 82

Example E.5 This is the same as Example E.4 with A replaced by A := d0Bg NY. The 83
proof is the same with Q replacedby Q := BpNY. 84

Example E.6 Let Y, Z be as in Example E.4. Take A := 0B, NY, and let vy be any ss
element in d By N Y. Take B to be the set of all u of the form 86

u:=w-+svy,w e ”Z

satisfying any of the following 87
@) wll = R,s =0; 88
(i) lw|l < R, s = 2Ro; 89

(iii) lw|l = R,0 <s < 2Ry, 90

where 0 < r < min{R, Rp}. Then A and B link each other. 91
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To see this take Y := {vg} @ Y’. Then any u € X can be written in the form (E.2).
Define

. Ro /
F(u) .= | Rp — max R||w||,|s—R0| vo+ v

and Q := B, NY.

We may identify ¥ with some R"”. Then F € C(X,Y) with F|p = I. Moreover,
A = F~1(0). Hence A links B by Proposition E.5. Since X \ A is path connected, B links
A by Proposition E. 1.

We end this appendix with the notion of Schechter’s definition of linking for the ball
Bg. To this end we introduce the family of admissible deformations to be the set &g C
C([0, 1] x Bgr, Bg) whose elements I' € &y satisfy:

(a) Foreacht € [0,1),I'(¢,-) : BR — Bg is a homeomorphism;

(b) I'O0,) =1;

(c¢) Foreach I' € ®p, there exists ur € By such that I'(1, u) = ur forall u € Bg and
I'(t,u) — ur uniformly as r — 1.

Definition E.5 We say that A C Bpg links B C B w.r.t. g if

(L)) ANB =g,
(L) Forevery I' € ®p there exists t € (0, 1] such that I'(r, A) N B # @.

Using the above examples one can easily construct linking sets in a ball.
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