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ABSTRACT
Vehicle safety is an important field of today’s engineering practice and the scientific
research as well. One of the basics of the modern vehicle system dynamics control
systems is braking or driving torque control. Ensuring proper connection between
the tyre and the road surface is essential for safety and good handling behaviour.
Fundamental questions may arise about the details of the model, such as feedback
delay, sampling effect, numerical differentiation in the control algorithm or the dy-
namical characteristics of the tyre model. In this article a connected dynamical sys-
tem is presented which contains a wheel model and a PID type traction controller.
Steady state and dynamical brush type tyre models are presented and compared.
Two different ways are described to model the feedback delay. The fully continuous
time model contains constant time delay, while there is another case, where the sam-
pling effect and the numerical differentiation methods of the control algorithm are
presented. Finally, stability analysis of the delayed system is performed. The sta-
bility and performance characteristics and different bifurcations are presented using
stability charts. The type of the tyre model has significant effect on the stability
characteristics.
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1. Introduction

One of the largest industry where safety critical control systems appear is transporta-
tion. Every year new vehicle control functions are developed for passenger cars and
commercial vehicles as well. Nowadays, evolution of technology requires more and more
precise and efficiently operating solutions. Therefore, detailed and accurate develop-
ment, analysis and mathematical modelling are becoming more and more important,
especially in case of different safety critical control systems. The main goal of the
present study is to show up some of the questions of accurate modelling of vehicle
dynamics control systems, like dynamic behaviour of tyre models, modelling of time
delay and sampling phenomenon, and finally, numerical differentiation methods in the
control algorithm. In addition, the effect of these issues on system stability will be
treated.

As a ground vehicle is rolling, it is in contact with the environment through wheels
and tyres. The tyre forces are generated by the contact between the tyres and the road.
These forces determine the path on which the vehicle is travelling. Proper modelling of
this contact is a challenging task. Therefore, there are a huge amount of tyre models for
different applications. The theory of tyre modelling is widely discussed in [1]. Dynamic
tyre models (e.g. [2], [3], [4], [5], [6], [7]) are used when transient phenomenons are
examined, like wheel shimmy or a braking situation with ABS control. But there are
cases, when much simpler steady state tyre models (e.g. [8]) are used for dynamic
analysis of vehicles or advanced control design, even if steady state models do not
contain any detail of the dynamic behaviour of the tyre itself.

Control systems suffer from an effect which has significant influence over the be-
haviour of the operation, called feedback delay. These delayed control systems are
often described with continuous time models, even if the real system contains a digi-
tal controller. Delay differential equations (DDE) are widely used as a mathematical
model for such systems, as it is presented in [9]. The theory of different types of
DDEs are discussed in [10], [11] and [12]. Several methods of stability investigations
are presented as well, like Pontriagin’s and Chebotarev’s theorem (see [10] page 53.)
or method of D-subdivision (see [10] page 55.). These methods are based on the in-
vestigation of the characteristic function of the system. Semi-discretization (see [13])
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provides a numerical method to obtain the stability of DDEs.
There are cases, when continuous time models are unable to describe the feedback

loop precisely. For instance, DDEs of advanced type can appear, as it is presented in
[14] and [15]. It may be seen, in case of such systems the causality is violated, that
leads to instability. As it will be seen later, a controller can be easily made that leads
to such a system. Nonetheless, when that control strategy is implemented to a digital
system, it can produce well and stable operation. It means, there might be effects that
should be considered to make the mathematical model of the system more precise. For
instance, one of these effects is sampling.

After considering the effect of sampling, continuous time system will be transformed
to a hybrid system. Such a system contains a discrete time part, the digital controller
itself, and a continuous time part, that can be a mechanical system as the plant. Semi-
discretization may be used to obtain the stability of the hybrid system, as it will be
presented. Moving on the details, in digital systems numerical differentiation methods
are used to obtain the time derivative of different signals. It means, additional mod-
ifications may be necessary regarding the mathematical model. In this research two-
point backward-difference formula (BWD) (see [16] page 244.) and high-gain observer
(HGO) are used for numerical time-differentiation. Concerning high-gain observers in
control applications, [17] presents the basic theory, while [18] describes a derivative
tracker based on high-gain observers, and presents the discrete time implementation of
it. As an advanced method, [19] presents a switched-gain application of the derivative
tracker, that can produce better noise filtering ability.

These issues will be investigated using a wheel traction control system as an ex-
ample. The article is organized as follows: Section 2 contains the description of the
continuous time dynamical model of the control loop. Firstly, the equations of motion
of the wheel is presented, that is followed by the dynamic and steady state brush tyre
models. Finally, a PID controller and the feedback delay is presented. Section 3 deals
with the hybrid model of the control loop, in which sampling and different methods
of numerical differentiation are considered. Stability analysis is performed using the
method of semi-discretization. Section 4 contains the results concerning the stability
maps and performance of the control loop, and some numerical simulation results.
Finally, section 5 is about the conclusions of the study.

2. Continuous time model of the control loop

In this section the continuous time model of the control loop is described. Firstly, the
wheel model is shown using the dynamical and the steady state brush tyre model.
Thereafter, the control strategy and the continuous time controller is shown consider-
ing feedback delay.

2.1. Equations of motion of the wheel

The hereby used wheel model consists of a rotating rigid body and a tyre model
which defines the connection between the wheel and the road surface. In this section
equations of motion of the rotating rigid body are described, while the tyre model is
presented in the next ones. Figure 1 depicts the wheel itself, state variables, external
forces and torques and finally the effective radius of the wheel. The state variables are
velocity V of the centre point and angular velocity ω. Two separate torques affects
the wheel, torque of the transmission is denoted by TD, while braking torque which
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produced by the brake system is denoted by TB. Fx stands for the longitudinal tyre
force, which is determined by the tyre model. m denotes the mass, while θ stands for
the moment of inertia of the wheel.

Figure 1. Sketch of the wheel with the main parameters, forces and torques

Equations of motion can be obtained with use of Newton’s second axiom. After
summarizing external forces and torques equations of motion can be written as

V̇ =
Fx
m
, (1a)

ω̇ =
TD
θ

+
TB
θ
−RFx

θ
. (1b)

2.2. Dynamic brush tyre model

There are a huge amount of tyre models in the literature, as [1] describes some of
the steady state and transient models as well. Modelling the contact between different
bodies precisely is a challenging task. In addition, the tyre itself is a complex part
of a vehicle, as a composite element it contains different materials and structures.
Therefore, almost every application necessitates a tyre model which is optimised for
the special conditions and needs. For the present research it is important to use a
physical model, in addition the spatial extent of the contact area between the tyre
and the road surface should be considered at least in one dimension. As it is noted
in [1], the finite length of the contact patch may be neglected in case of relatively
low frequency and large-wavelength transients. Regarding the present application and
goal, namely the accurate modelling and stability analysis of the controlled wheel,
high frequency transients are assumed as well.

The deformation of the tire is described by means of the brush model (see [1]). This
model is built up of massless, infinitesimally small elastic bristle elements which stick
to the road surface on a contact line. Figure 2 depicts the sketch of the model. Each
of the bristle elements has a point which is connected to the rim – point Q –, and
another point which sticks to the road – point P – on the 2a long contact segment.
Leading and back points of this segment are denoted by L and B, respectively. As the
wheel rolls, all of the elements moves and rotates with the edge of the rim, therefore an
element enters to the segment when reach point L, moves through it, then exits after
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Figure 2. Brush tyre model and the function of deformation. (1) – rim, (2) – a brush element, (3) – road
surface

passing through point B. The bristle elements do not effect each other, consequently
their deformation can be assumed to be zero outside the contact area.

The principle assumption of this model is that the bristle elements stick to the
road surface between points L and B. Furthermore, it means that no sliding effect is
modelled regarding the contact between the tire and the road. This assumption can
be acceptable in some circumstances, where the force that is generated by the contact
is assumed to be small enough. Between the leading and rear points displacement of
elements is described by state variable u(x, t), x ∈ [−a, a], t ∈ [0,∞).

The kinematic constraint can be derived from the above mentioned principle as-
sumption, namely, that point P of an element sticks to the road, that is, the velocity
of this point is zero with respect to the road surface. Velocity of point P can be written
in form

VP = V (t)−Rω(t)︸ ︷︷ ︸
=VQ(t)

+

= d

dt
u(x,t)︷ ︸︸ ︷

∂

∂t
u(x, t)︸ ︷︷ ︸

=u̇(x,t)

− ∂

∂x
u(x, t)︸ ︷︷ ︸

=u′(x,t)

Rω(t) = 0 , (2)

which after rearranging can be written as

u̇(x, t) = Rω(t)− V (t) + u′(x, t)Rω(t) . (3)

Now one can see that the here presented tyre model is of infinite degree of freedom
continuum model which is described by partial differential equation (3).

A boundary condition is needed, which is determined by the value of deformation
at the leading edge. Outside of the contact segment the deformation is assumed to
be zero which implies that the deformation is just zero at point L. This leads to the
Dirichlet boundary condition

u(a, t) = 0 , t ∈ [0,∞) . (4)

The contact force consists of elastic and damping effects of the bristle elements.
As one of them is moving from point L to point B, deformation of it is increasing
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continuously, thus the force – which is generated by this element – is increasing, too.
Homogeneity of stiffness and damping coefficients (k and b, respectively) is assumed,
that is, same coefficients are considered for all of the elements. The contact force of
the whole segment is obtained by the sum of the forces of the brush elements. As the
model is a continuum model the contact force can be given as

Fx = k

∫ a

−a
u(x, t)dx+ b

∫ a

−a

d

dt
u(x, t)︸ ︷︷ ︸

=Rω(t)−V (t)

dx . (5)

For further investigations it is useful to perform a spatial discretization of the con-
tinuum model. For this, the contact segment should be divided to N finite intervals,
which implies that N +1 brush elements are taken into consideration. Therefore in eq.
(5), integral of the continuous deformation u(x, t) over spatial domain becomes the sum
of N + 1 trapezoidal area defined by discrete deformation values ui(t), i = 1 . . . N + 1.
Thus, the longitudinal force can be written in form

Fx = k
2a

N

N+1∑
i=1

ui(t) + b2a
(
Rω(t)− V (t)

)
. (6)

Spatial discretization affects not only the longitudinal force, but the governing equa-
tion of the model too. The discrete model is governed by N + 1 ordinary differential
equations instead of a partial differential equation, and these ODEs can be derived
from eq. (3). Firstly, u′(x, t) term is approximated with a finite difference formula,
then governing equation of ith bristle element reads

u̇i(t) = Rω(t)− V (t) +
ui−1(t)− ui(t)

2a
N+1

Rω(t) , i = 2 . . . N + 1 , (7)

while in case of i = 1, taking into consideration eq. (4), u1(t) = 0. Finally, the equations
of motion of the wheel model can be written as

V̇ (t) =
2ak

mN

N+1∑
i=1

ui(t) +
2ab

m

(
Rω(t)− V (t)

)
, (8a)

ω̇(t) =
TD(t) + TB(t)

θ
− 2akR

θN

N+1∑
i=1

ui(t)−
2abR

θ

(
Rω(t)− V (t)

)
, (8b)

u̇1(t) =0 , (8c)

u̇i(t) =Rω(t)− V (t) +
ui−1(t)− ui(t)

2a
N+1

Rω(t) , i = 2 . . . N + 1 . (8d)

System of equations (8) contains the equations of the rigid body (1), and equations
of the hereby presented tyre model. All of them are autonomous ordinary differential
equations. Except for (8d), they are all linear, except for (8b), they are all homogenous.
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2.3. Steady state brush tyre model

In general, steady state models are less computationally intensive compared to the
transient or dynamic models.

In perspective of the mathematical model, in case of the dynamic brush model (3)
which describes the deformation of the bristle elements is a differential equation, in
contrast, in case of the steady state brush model it will be seen that the deformation
is determined by an algebraic equation. This fact implies that steady state models are
unable to handle the dynamic behaviour of the tyre, nonetheless, steady state models
are often use for tasks where strongly dynamic effects rise up.

In the present study, a brush type steady state tyre model will be applied and
compared to the dynamic one. The model is presented in [1]. The basic considerations
are the same as for the dynamic brush model. As it can be seen in Figure 2, the model
consists of elastic bristle elements, and the end of them (point P) sticks to the road
surface. While in case of the dynamical model the function of deformation (Figure 2)
is a general function over the interval [−a, a], in case of the steady state brush model
this function (see (10)) is linear. In addition, relying on [1] it can be seen that the
slope of this linear characteristic is the wheel slip itself, that can be written as

κ =
V −Rω

V
. (9)

With (9) the function of deformation can be written as

u(x) = (a− x)κ . (10)

Integrating (10) over the interval [−a, a], the longitudinal force that is generated by
the contact between the tyre and the road can be described as

Fx = 2ka2κ . (11)

Compared to the dynamic brush model, (11) does not contain the term of dissipa-
tive effect, and the model is described by a non-linear algebraic formula of the state
variables V and ω. The dissipative term could be added to the formula. Using (6), the
tyre force can be formulated as

Fx = 2ka2κ+ b2a
(
Rω(t)− V (t)

)
. (12)

2.4. Continuous model of the control system

As it was mentioned in the introduction, here a traction control strategy is used as an
example to investigate system stability and performance. The main aim of a traction
control is to prevent the wheel from spinning on slippery surface. Therefore, there are
cases when it becomes necessary to increase the braking torque to help the wheel to
transmit enough traction force. In the present research a simple PID scheme is applied
as the basis of the controller. As it can be read in [20], there are two main approaches
how the brake force may be controlled by a simple PID controller: wheel slip control
and wheel angular deceleration or angular acceleration control. In this research these
strategies are used, but instead of slip (see (9)) control angular velocity control is
applied, so angular velocity ω(t) and its first time-derivative, angular acceleration
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ω̇(t) are used as reference signals of the controller. Angular velocity has been chosen
instead of wheel slip because the effect of the numerical differentiation can be presented
in a more spectacular way if angular velocity and angular acceleration are used.

Let error signal e(t) be the difference between a desired set-point and the controlled
process variable. Then the mathematical form of the PID controller reads

TB(t) = kP e(t) + kI

∫ t

0
e(T )dT + kDė(t) , (13)

where kP , kI , and kD are the coefficients of proportional, integral and derivative terms,
respectively.

Velocity of information spread is a non-zero finite value in feedback control systems
as well as almost everywhere in the world, therefore, time delay should be consid-
ered in the feedback signal. Modelling this effect influences the fundamentals of the
model. Until this point of the research, governing equations were ordinary differential
equations (system of equations (8)), but after considering feedback delay, a DDE will
appear. Fundamentals and stability theory of DDEs with some illustrative examples
are described in [10], [11] and [12].

Figure 3. Continuous time coupled dynamical system of the wheel and the PID controller

Considering feedback delay, the brake torque can be given as

TB(t) = kP e(t− τ) + kI

∫ t−τ

0
e(T )dT + kDė(t− τ) , (14)

where τ is the value of the delay. The system which consists of the wheel and the
presented controller is depicted by Figure 3. As it can be seen, the physical signal
comes from the wheel – here the presence of sensors and signal processing systems,
filters etc., as well as actuator dynamics are neglected –, then feedback delay enters,
which transforms ω(t) to ω(t− τ). It is important to note, that here constant delay is
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considered, that is the value of the delay is independent from time.
If the delayed PID control scheme (14) is substituted into the equation of the angular

velocity (e.g. (1b)), neutral and advanced types of DDEs are obtained. Firstly, when
angular velocity is used for the control, the equation can be written as

ω̇(t) =
kPv
θ

(ωd−ω(t−τ))+
kIv
θ

∫ t−τ

0
ωd−ω(T )dT+

kDv
θ
ω̇(t−τ)+

TD(t)

θ
−RFx . (15)

As it can be seen, the highest order derivative of the delayed term is one, the same
as the highest order of the non-delayed term. Therefore (15) implies a neutral system.
In contrast, when angular acceleration is used for the control, the system becomes an
advanced type. In this case the equation can be formulated as

ω̇(t) =
kPa
θ
ω̇(t− τ) +

kIa
θ

∫ t−τ

0
ω̇(T )dT +

kDa
θ
ω̈(t− τ) +

TD(t)

θ
−RFx . (16)

Here, subscripts v and a are for velocity and acceleration control, respectively. The
delayed term has higher order derivative than the non-delayed term, therefore in this
case the causality is violated. This fact implies, that a system that is described with
(16) can not be stable. In addition, this equation can not govern a natural system in
this form because of the lack of causality.

Nonetheless, a controller, that is used in (16) can be implemented as a digital system,
and it results a stable feedback loop.

2.5. Linearization, steady state solution, perturbation

State variables of the system can be divided into two parts. A time independent

constant represents a stationary motion
(
�
)

, while a time dependent part represents

a small perturbation
(
�̃(t)

)
of the state variable. With these notations, every state

variable can be written as the sum of a time independent steady state part and a time
dependent part: �(t) = � + �̃(t).

Firstly, steady state solution should be determined, the stability will be examined
later. The steady state solution can be determined by V or ω, as if free rolling is
considered, V = Rω. Obviously, in this case the deformation of each brush element is
zero, so ui = 0, i = 1 . . . N + 1.

Taking into consideration the steady state solution and the time dependent part
and substituting them into (8), equations of the perturbed system can be obtained.
After rearrangements it can be read as

˙̃
V (t) =

2ak

mN

N+1∑
i=1

ũi(t) +
2ab

m

(
Rω̃(t)− Ṽ (t)

)
, (17a)

˙̃ω(t) =
TD
θ

+
T̃B(t)

θ
− 2akR

θN

N+1∑
i=1

ũi(t)−
2abR

θ

(
Rω̃(t)− Ṽ (t)

)
, (17b)

˙̃ui(t) =Rω̃(t)− Ṽ (t) +
ũi−1(t)− ũi(t)

2a
N+1

Rω(t) , i = 2 . . . N + 1 . (17c)
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As it may be seen, equation (17c) contains a nonlinear term, in form

ui−1(t)− ui(t)
2a
N+1Rω(t)

.

After considering small perturbation this nonlinear term can be assumed to be small
in second order, so it can be considered to be zero.

In case of the steady state model the linearized form of the wheel slip should be
written. Linearizing around the steady state solution, the wheel slip can be written as

κlin =
∂κ

∂V

∣∣∣
V=V ,ω=ω

V (t) +
∂κ

∂ω

∣∣∣
V=V ,ω=ω

ω(t) =
Rω

V
2 V (t) +

R

V
ω(t) . (18)

3. Hybrid modelling and stability analysis

As it was described in the previous section, if continuous models are used for the
feedback loop, neutral and advanced types of DDEs with constant time delay describe
the system. In this section it will be shown, if sampling and numerical differentiation
methods are taken into account, the mathematical model becomes a periodic DDE,
and the stability of the system can be examined with the method of semi-discretization
described in [13].

Figure 4. Hybrid model of the wheel and the controller

First of all, the exact meaning of phrase ’hybrid model’ should be unfolded. Figure 4
shows the composition of a digital controller and the continuous wheel model. Until this
point of the research, all of the presented parts of the system operates continuously in
time domain. Sampling is executed by an analogue-digital converter which is modelled
with a zero-order hold that is often comes up in control problems ([18], [13], [21],
[20]). Thus, the model can be separated to two main parts. The wheel model can be
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assumed to be a continuous part, while the digital controller is considered discrete in
time. These two parts make up the hybrid system.

In addition, there exist industrial applications like vehicle dynamics control systems,
where the derivative of a physical signal can not be measured, but it can be calculated
by the control algorythm with use of different numerical differentiation methods. That
is, such a digital control system does not use the exact derivative of the error signal, for
instance ė, only the approximated value. Therefore, in case of continuous controllers
(see formula (14)), the control signal TB(e, ė) depends on both the error signal and the
derivative of it as physical signals. In case of a digital implementation, the controller
output TB(e) depends on only the error signal, the derivative is calculated from the
angular velocity by a numerical method.

3.1. Numerical Differentiation methods

Presenting the discrete part of the model and the numerical methods, firstly discrete
time scale ti = ih, i ∈ Z is introduced, with h as discretization step, or sampling time.
To obtain the first derivative of any signal x(t) with respect to time, finite difference
formulas can be used, as it is described in [16]. When real time numerical differentiation
is needed, that is, the future values of the signal are unknown, a widespread method
that may be used is described by the formula

ẋ(ti) ≈
x(ti)− x(ti−1)

h
. (19)

It is the formula of the BWD method. Discrete time domain is considered, so ti is the
ith instant of time, and for any i

ti − ti−1 = h .

As another approach, HGOs are widely used in nonlinear control. Literature studies
a wide range of these problems, like stabilization, regulation, tracking and adaptive
control, as it can be seen in [17]. The study provides a well briefing of applications
of HGOs, in addition, they introduce the theory of such kind of observers. A method
how the time derivatives of a signal can be approximated with an HGO is presented in
[18], in addition, this research writes about the discrete time implementation as well.

According to [18] the mathematical model of this derivative tracker observer can be
written in form

ẋ(t) = Adx(t) + H(yd(t)−Cdx(t)) . (20)

State vector x is the vector of estimated derivatives of the input signal yd,

x(t) =
[
x(t) ẋ(t) ẍ(t) ... x(n)(t)

]T
.
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System matrix Ad is read as

Ad =


0 1 . . . . . . 0
0 0 1 . . . 0
...

...
0 . . . . . . 0 1
0 . . . . . . . . . 0

 ,

while vectors H and Cd are written in form

H =
[
α1

ε
α2

ε2 . . . αn

εn

]T
,

Cd =
[
1 0 . . . 0

]
.

The core of system (20) is estimation error yd(t) − Cdx(t), that is, multiplied with
observer gain H. In H, ε is a positive small parameter, and constants αi are chosen
such that the system is stable. In [22] it is shown using singular perturbation analysis,
that after a transient, the estimation error decays to O(ε), thus the observer can be
capable to track the derivative of yd accurately.

3.2. Semi-discretization

In contrast to the continuous system, if sampling process is assumed, time delay ap-
pears as a periodic function of time. As [13] points out, the latter case may be seen
as an approximation of the continuous system. The numerical method described in
[13] can be used to describe the hybrid system and using it, stability analysis can be
performed. Hereafter, the present study relies on the method described in [13].

Figure 5. Sawthooth-like characteristic of time-periodic delay with different sampling times. h1 > h2 > h3

For easier understanding, Figure 5 depicts the sawtooth-like characteristic of the
periodic delay ρ(t). The input of the digital part of the model is a continuous signal,
which is converted to a discrete signal by measuring it at discrete moments. At the
instant when a sample is taken, the time delay is exactly (r+ 1)h, then this measured
value is constant until the next sample is taken. Between two samples the delay in-
creases from (r+1)h to (r+2)h, then becomes (r+1)h again, then increases again, and
so it goes on. Positive constant r characterize how many samples are delayed in the
feedback loop. If a relatively big amount of other sensors and data processing systems
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or data transmitting systems are considered, this value can be high, otherwise it can
be assumed to be r = 1. This time-periodic point delay can be described with

ρ(t) = (r + 1)h+ t− ti , t ∈ [ti, ti+1) .

If ρ(t) is substituted into the continuous perturbed system (17), the resulting equations
in general can be written in form

˙̃x(t) = Ax̃(t) + Bv(t− ρ(t)) , t ∈ [ti, ti+1) (21a)

v(t) = Dx̃(t) , (21b)

where

x̃ =
[
Ṽ (t) ω̃(t) ũ1 . . . ũN+1

]
contains the state variables of the perturbed system, while v(t) is the reference signal
for the control, and B contains the controller gains. The full system can be separated
to two main parts, A represents the wheel, while Bv(t − ρ(t)) contains the formula
of the controller with time-periodic point delay presented above. In fact, this delay
can be considered as a periodic parametric excitation, therefore (21) is a time-periodic
DDE.

For the sake of simplicity, introduce notation �(ti) = �i in general for the time
signals and state variables. As a result of the delay, in (21) the delayed term remains
constant between two periods, therefore (21) can be rewritten as

˙̃x(t) = Ax̃(t) + Bvi , t ∈ [ti, ti+1) , (22a)

vi = Dx̃i , (22b)

Over the interval [ti, ti+1) (22) can be considered as a series of ordinary differential
equations with constant forcing, and can be solved. Considering (22), state variable
at the instant ti+1 can be read as

xi+1 = exp(Ah)︸ ︷︷ ︸
=P

xi +

∫ h

0
exp(A(h− s))dsB︸ ︷︷ ︸

=R

vi−r . (23)

Finally, according to [13] (23) and (22b) results the discrete map that can be written
in general as



xi+1

vi
vi−1

...
vi−r+2

vi−r+1

 =



P 0 0 . . . R
D 0 0 . . . 0
0 1 0 . . . 0
...

. . .
...

0 0 0
. . . 0

0 0 0 . . . 1


︸ ︷︷ ︸

=G



xi
vi−1

vi−2
...

vi−r+1

vi−r

 , (24)

In (24) matrix G represents a linear transformation between instants ti and ti+1. State
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vectors contain the state variables of the wheel model (xi+1 and xi), and the delayed
reference signal samples vi . . . v(i−r) for the control. Principal matrix G contains the
parameters of the wheel model (in P, as it is marked in (23)), while R contains the
controller gains.

Linear stability analysis can be performed with use of the eigenvalues of the princi-
pal matrix. These eigenvalues are called characteristic multipliers of the system. The
stationary motion is said to be stable if and only if all the characteristic multipliers
have modulus less then one [13]. In other words, if all the characteristic multipliers
are located inside the unit circle of the complex plane, the perturbation decays, and
after a transient the steady state motion will be set. Otherwise, the system is said to
be unstable.

4. Results

The model parameters can be divided into two main groups. One group contains the
controller parameters, like sampling time h, the number of delayed samples r and
controller gains kP , kD, kI , while one parameter group can be made for the physical
parameters of the tyre, namely the half-length of the contact segment a, stiffness k and
damping coefficient b of the bristle elements. Effect of these parameters on stability
will be investigated with use of stability maps. The values of the wheel parameters,
sampling time and integral term gain are contained by Table 1. For the results these
parameters are used.

Figure 6. The D-curves of the systems (a) and (b), and the NUE of different parameter domains

For the sake of simplicity, at the beginning of the section new notations are in-
troduced. Angular velocity control with BWD and angular acceleration control with
BWD is denoted by (a) and (b), while in case of HGO, the two different control meth-
ods are denoted by (c) and (d), respectively. Figure 6 depicts the D-curves (see [11] or
[13]) of systems (a) and (b) in the space of proportional and derivative gains. Inside the
closed curves the number of unstable eigenvalues (NUE) are shown. Moving through
the curves characteristic multipliers are leaving the unit circle. Where a complex pole
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Table 1. Parameters of the wheel model and the controller

Parameter a b k R m Θ h kIv kIa

Value 0.1 1.2 · 104 1 · 107 1 2500 15 0.05 1000 1000
Unit [m] [Ns/m] [N/m] [m] [kg] [kgm2] [s] [Nm] [Nm/s]

pair has left, Hopf-bifurcation occurs. Where only one pure real pole has left the unit
circle, period doubling bifurcation occurs. Where the value of NUE is exactly zero,
the system performs stable operation. Where two curves intersect each other double
Hopf-bifurcation occurs (denoted by ’HH’ in Figure 6). The characteristic frequency
of the solution is shown in this figure for all stability bounds.

If integral gain kI = 0, the system is said to be stable in the Lyapunov sense, but not
asymptotically stable. If asymptotic stability is expected, the integral gain should not
be zero, but a positive value. In general it can be said, that high values of kI reduce the
size of the stable area in the stability map with cases (a) and (b) as well. Furthermore,
in case (a) with a positive kI Hopf-bifurcation occurs with negative values of kP .

4.1. Numerical differentiation methods, stable parameter domain and
performance

The effect of the two differentiation methods are examined. As it can be seen in
Figure 7, in this case the HGO based derivative tracker provides a bigger amount of
stable controller gains in contrast with the BWD method. It is important to note,
that this increment can be seen only on that parameters which are affected by the
differentiation method, in case of type (a) it is only kDv, while in case of type (b) all
the two parameters are influenced.

Figure 7. Stability maps with different numerical differentiation methods, optimal points are noted by ’+’
and ’x’

Figure 8 depicts the stable domains, while the grayscale maps represents the distance
of the rightmost pole of the system from the imaginary axis, that can characterize the
performance of the controller. Here, the two control methods can be compared as well.
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In these cases the angular acceleration control provides better performance, almost
two times better as the angular velocity control.

Figure 8. The stable domains, maximum values of Re(λ) and the optimal points denoted by ’+’ and ’x’

As can be seen, the type of the numerical differentiation method doesn’t affect the
performance significantly. However, the exact behaviour of the HGO strongly depends
on the value of the observer gain H, thus it is possible to influence the performance
of the controller with it. It is an important detail, that as it can be seen in Figure 8,
negative values of kDv and kPa will provide the best performance for the control.

4.2. Sampling time and the size of the stable domain

Regarding the tyre, the most important parameters are related to the contact between
the wheel and the road surface. Stiffness and damping coefficients and the length of
the contact segment may affect the system behaviour as they mainly influence the
characteristics of the wheel.
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Figure 9. Size of the stable area as a function of the sampling time – a = 0.03 [m], k1 = 106 [N/m], k2 =
107 [N/m], k3 = 5 · 107 [N/m], k4 = 108 [N/m]

Usually, for controller design tasks wheel and tyre properties are predefined, and only
controller parameters can be designed in order to gain a properly functioning system.
Therefore, the attention is drawn to these parameters. Regarding the controller design
process one of the most important parameter is sampling time h. It may be important
to know how a change in this parameter affects system stability. In addition, it would
be great to know how the tyre parameters and the type of the tyre model itself act
the system concerning stability. In the present study two types of brush tyre models
are used, and the only and most significant difference between them is the presence of
dynamic behaviour.

Figure 9 depicts the size of the stable parameter domain of the angular velocity
control as a function of sampling time in case of different stiffness parameters. The
curve of the two tyre models can be compared. While in case of the steady state brush
model, the size is changing in a ’smooth’ way, in case of the dynamic model there
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Figure 10. Size of the stable area as a function of the sampling time – a = 0.03 [m], k1 = 106 [N/m], k2 =
107 [N/m], k3 = 5 · 107 [N/m], k4 = 108 [N/m]

are changes with much higher gradient. The amount of these changes or so called
oscillations in the size of the stable area are growing with the growth of the stiffness
value. While in the first case, there are only one local maximum of the solid curve, in
the last case there are a huge amount of them. In contrast, the steady state model does
not produce these oscillations. In addition, the tendency of the curves of the steady
state model is changing with the stiffness value as well. That means, with relatively
low stiffness values decreasing of the sampling time may cause instability, while with
higher stiffness, the size of the stable area is increasing.

In case of angular acceleration control, in Figure 10, the behaviour of the size tran-
sition is almost the same. With lower values of the stiffness the two curves are almost
running together, while with high values the oscillations rise up. In this case, the
tendency of the curves remain the same. With decreasing sample time the size is
decreasing, and there is a value where it is practically zero.
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The presence of the oscillations may be caused by the fast movements of the D
curves of the system. These results shows that the steady state model does not contain
probably important dynamic effects of the tyre. Although, as it can be seen in Figures
9 and 10, there is a value of the sampling time where the curve of the dynamical model
goes close to the curve of the steady state model, and the oscillations disappear. Above
this value, the steady state model provides accurate solutions for the stability of the
dynamical model. Nonetheless, it is seen that there are modelling tasks where the
dynamical behaviour should not be neglected for the sake of accuracy.

It is important to remind the reader, that the continuous model of the angular
velocity control is a neutral system, while in case of the angular acceleration control
it is an advanced system. Sampling can be considered as a imperfection in continuity,
if this imperfection tends to zero, that is, the hybrid system tends to the continuous
system, the shape of the stable domain tends to the continuous system’s stable area.
An advanced system can not be stable because of the violated causality, and this can
be captured in Figure 10, since the stable domain is shrinking with decreasing sampling
time in every cases. But not in case of a neutral system. Regarding Figure 9, the exact
behaviour can not be determined, and the impact of a change of the stiffness value
can be unpredictable regarding stability.

4.3. Simulation results

Numerical simulation of the full system can be a used to validate the qualitative
behaviour of the system. Now, stability stands in focus of the study, and one can
determine easily the behaviour of present system regarding stability with use of time
domain signal analysis. If time evolution of state variables presents increasing ten-
dency with or without oscillations in the signals, system is considered unstable, but if
perturbation decays and steady state value is set, the system can be considered stable.

Now, for simulation Simulink� is used as a development environment, as it provides
easy-to-use but powerful techniques to build such kind of hybrid systems. Figure 11
depicts layout of the simulation model.

Figure 11. The Simulink� model

The model is divided to two main parts: the controller, which is modelled as a
discrete time system and the continuous time model of the wheel. It is important to
note, that a numerical simulation can not be a real continuous solution in time, it is
only a discrete approximation of it, therefore, for the sake of simplicity, hereinafter
the continuous part of the simulation will be referred as quasi-continuous. Between
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the two main parts rate transition blocks are placed, which blocks are responsible for
sampling the quasi-continuous output signal of the wheel model with the sample time
of the controller h, and for transforming the controller’s discrete output signal to the
wheel model’s quasi-continuous input signal. Controller submodel contains discrete
version of equation (14), while the wheel is represented by the equations of (8).

Figure 12 contains four marginally stable simulation results. Each plots contain the
step driving torque signal (TD) with dashed line and the controller output braking
torque signal (TB) with solid line. These results shows the difference between the

Figure 12. Marginally stable solutions – semi-discretization and simulation results

different stability boundaries regarding the frequency of the solution. In this case, the
maximum frequency is fmax = 10 [Hz]. When the controller gains are located on the
bottom or on the top bounds, the main frequency is relatively high, while in case of
the right and left bounding curves these frequencies are lower.

Time signals can be captured in Figure 13. Under each other, three diagrams are
placed. The first and second diagrams are the velocity V (t) and the angular velocity
ω(t) respectively, while the last diagram contains the driving torque signal TD (with
dashed line) and the braking torque signal TB(t). In the first case a stable operation
can be captured. As driving torque TD(t) rises from 0 to 100, the braking torque sets
to the same value. After a transient period, the controller error and the oscillations
decay. In the second case, the system is marginally stable. There is a low frequency
part of the solution that decays, but a high frequency periodic solution remains. The
third part depicts an unstable simulation, where the perturbations do not decay.

5. Conclusions

The presented study has highlighted some important aspects of accurate modelling
and analysis of a wheel controller. As it can be seen, there are effects that can cause
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Figure 13. Stable, marginally stable and unstable simulation results

significant change of the main system characteristics.
The type of tyre model has strong effect on stability properties. On the edge of

stable operation, strongly dynamic effects appear. Therefore, the steady state brush
model can not provide a quite accurate description of the system behaviour. Below
a certain value of the sampling time of the digital controller, the dynamical model
cause an oscillation on the size of the stable domain, that is, the D-curves are moving
fast, while the sampling time is varying. In case of the steady state brush model,
this fast changing can not be captured. It means, the steady-state model can be used
for approximating the dynamical behaviour of the controlled wheel, especially with
relatively large sampling time of the digital system. Nonetheless, the dynamical model
provides a more accuracy, the dynamical details should not be neglected with relatively
small sampling time.

It has been presented that the presence of feedback delay has a significant effect on
the stability properties. First of all, in some cases continuous models can not be used,
and sampling needs to be considered, especially in case of advanced type systems.
It is important to note, that considering feedback delay is important because the
presence of this time delay implies a different mathematical model, called DDE. These
differential equations has some crucial features. It is enough to mention the advanced
type system. While in the continuous case the causality is violated, that is, the system
can not be stable, the sampling as a parametric excitation can stabilize it. However,
in contrast with the non-delayed systems, the stable parameter domain shrinks if the
sampling time decreases. In addition, the neutral type system can produce increasing
and decreasing characteristics as well, depending on the tyre parameters.

The numerical differentiation technique that is used in the control algorythm affects
the characteristics of the system. The simple BWD technique provides an easy and less
computationally intensive way to obtain the time derivative of a signal. In contrast, the
HGO requires more resources to use and observer gains must be tuned well. The tuning
provides an opportunity to affect the size of the stable parameter domain, the exact
location of the parameters belonging to the best performance, and the noise filtering
characteristics as well. Therefore, an HGO is a versatile application for numerical time
differentiation.

Overall, it can be said that dynamical tyre models should be used for stability
analysis, and in case of highly dynamic scenarios, as these models contain important
details of the wheel as a dynamical system. The feedback delay should be considered
during the design process, since neutral and advanced type systems can appear, and
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they have particular stability characteristics. The effect of sampling should be taken
into consideration as well, since without it key properties are neglected. Last, but not
least, it could be advantageous to use complicated numerical differentiation methods,
as they provide an opportunity to affect the stability and performance properties.
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