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Abstract

In this paper, we introduce a new type of the Vieta polynomial, which is
Vieta—Fibonacci-like polynomial. After that, we establish the Binet formula,
the generating function, the well-known identities, and the sum formula of
this polynomial. Finally, we present the relationship between this polynomial
and the previous well-known Vieta polynomials.
Keywords: Vieta—Fibonacci polynomial, Vieta—Lucas polynomial, Vieta—Fi-
bonacci-like polynomial
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1. Introduction

In 2002, Horadam [1] introduced the new types of second order recursive sequences
of polynomials which are called Vieta—Fibonacci and Vieta—Lucas polynomials re-
spectively. The definition of Vieta—Fibonacci and Vieta—Lucas polynomials are
defined as follows:
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Definition 1.1 ([1]). For any natural number n the Vieta-Fibonacci polynomials
sequence {V,,(2)}5%, and the Vieta-Lucas polynomials sequence {v,(x)}52, are
defined by

V() Vie1(x) — Vipo(z), form > 2,

=z
V() = 20p—1(x) — vp_2o(x), forn>2,
respectively, where Vy(z) =0, Vi(z) = 1 and vo(z) = 2, v1(z) = .

The first few terms of the Vieta-Fibonacci polynomials sequence are 0, 1, z, 22 —
1,23 — 2z, 2% — 322 + 1 and the first few terms of the Vieta-Lucas polynomials
sequence are 2, z,x2 — 2,23 — 3z, z* — 422 + 2, 2% — 52° 4+ 52. The Binet formulas
of the Vieta—Fibonacci and Vieta—Lucas polynomials are given by

_ o) ()
) = o B
0n(2) = 0" (&) + "2,

respectively. Where (z) = Z+¥z =1 V2f”2*4 and f(x) = === V;"L‘l are the roots the char-
acteristic equation 72 —zr+1 = 0. We also note that a(z)+3(z) = =, a(z)3(x) = 1,
and a(z) — 8(z) = Va2 — 4.

Recall that the Chebyshev polynomials are a sequence of orthogonal polyno-
mials which can be defined recursively. The n!* Chebyshev polynomials of the
first and second kinds are denoted by {T),(z)}22, and {U,(x)}52, and are defined
respectively by To(z) = 1, Ti(z) = 2, T(v) = 22T, 1(x) — T —2(x), for n > 2,
and Up(z) = 1, Ui(z) = 22,U,(z) = 22U,_1(x) — Uy—2(x), for n > 2. These
polynomials are of great importance in many areas of mathematics, particularly
approximation theory. It is well known that the Chebyshev polynomials of the
first kind and second kind are closely related to Vieta—Fibonacci and Vieta—Lucas
polynomials. So, in [4] Vitula and Slota redefined Vieta polynomials as modified
Chebyshev polynomials. The related features of Vieta and Chebyshev polynomials
are given as V,,(z) = U, (32) and v,(2) = 2T, (3z) (see [1, 2, 5]).

In 2013, Tasci and Yalcin [6] introduced the recurrence relation of Vieta—Pell
and Vieta—Pell-Lucas polynomials as follows:

Definition 1.2 ([6]). For |z| > 1 and for any natural number n the Vieta—Pell
polynomials sequence {¢,(z)}52, and the Vieta—Pell-Lucas polynomials sequence
{sn(2)}22, are defined by

to(x) = 2zt —1(x) — th_o(x), forn>2
sn(x) = 2x8p-1(x) — Sp—2(x), formn > 2.
respectively, where tg(x) =0, t1(x) =1 and so(z) = 2, s1(z) = 2.

The t,,(x) and s, (x) are called the n*® Vieta-Pell polynomial and the n'" Vieta—
Pell-Lucas polynomial respectively. Tasci and Yalcin [6] obtained the Binet form
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and generating functions of Vieta—Pell and Vieta—Pell-Lucas polynomials. Also,
they obtained some differentiation rules and the finite summation formulas. More-
over, the following relations are obtained

sp(x) =2T,(z), and tn41(x) = Uy(z).

In 2015, Yalcin et al. [8], introduced and studied the Vieta—Jacobsthal and
Vieta—Jacobsthal-Lucas polynomials which defined as follows:

Definition 1.3 ([8]). For any natural number n the Vieta—Jacobsthal polynomi-
als sequence {G,(x)}22, and the Vieta—Jacobsthal-Lucas polynomials sequence
{gn(z)}22, are defined by

Gn(z) = Guo1(z) — 22Gr—o(x), forn > 2,
9n(2) = gn—1(z) — 22gn—2(z), forn >2,

respectively, where Go(z) = 0, G1(z) = 1 and go(z) = 2, g1(x) = 1.

Moreover, for any nonnegative integer k with 1—2%+2z =£ 0, Yalcin et al. [8] also
considered the generalized Vieta—Jacobsthal polynomials sequences {Gj (%) }2%,
and Vieta—Jacobsthal-Lucas polynomials sequences {g.,(x)}2%, by the following
recurrence relations

Gin(z) =Grpo1(x) — 2k.'L'G]€7"_2(I)7 for n > 2,
Gk () = Gem—1(x) — 2°2gp n_a(z), forn>2,

respectively, where G o(z) =0, G 1(z) =1l and gro(z) =2, gr1(x) = 1. If k=1,
then G ,(z) = Gn(x) and g1.,(x) = gn(z). In [8], the Binet form and generating
functions for these polynomials are derived. Furthermore, some special cases of the
results are presented.

Recently, the generalization of Vieta—Fibonacci, Vieta—Lucas, Vieta—Pell, Vieta—
Pell-Lucas, Vieta—Jacobsthal, and Vieta—Jacobsthal-Lucas polynomials have been
studied by many authors.

In 2016 Kocer [3], considered the bivariate Vieta—Fibonacci and bivariate Vieta—
Lucas polynomials which are generalized of Vieta—Fibonacci, Vieta-Lucas, Vieta—
Pell, Vieta—Pell-Lucas polynomials. She also gave some properties. Afterward, she
obtained some identities for the bivariate Vieta—Fibonacci and bivariate Vieta—
Lucas polynomials by using the known properties of bivariate Vieta—Fibonacci and
bivariate Vieta-Lucas polynomials.

In 2020 Uygun et al. [7], introduced the generalized Vieta—Pell and Vieta—
Pell-Lucas polynomial sequences. They also gave the Binet formula, generating
functions, sum formulas, differentiation rules, and some important properties for
these sequences. And then they generated a matrix whose elements are of gen-
eralized Vieta—Pell terms. By using this matrix they derived some properties for
generalized Vieta—Pell and generalized Vieta—Pell-Lucas polynomial sequences.

Inspired by the research going on in this direction, in this paper, we introduce
a new type of Vieta polynomial, which is called Vieta—Fibonacci-like polynomial.
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We also give the Binet form, the generating function, the well-known identities,
and the sum formula for this polynomial. Furthermore, the relationship between
this polynomial and the previous well-known Vieta polynomials are given in this
study.

2. Vieta—Fibonacci-like polynomials

In this section, we introduce a new type of Vieta polynomial, called the Vieta—
Fibonacci-like polynomials, as the following definition.

Definition 2.1. For any natural number n the Vieta-Fibonacci-like polynomials
sequence {S,(z)}22, is defined by

Sp(x) = xSp_1(x) — Sp—a(x), forn>2, (2.1)
with the initial conditions Sy(z) = 2 and S;(x) = 2.

The first few terms of {S,(z)}5°, are 2, 2z, 222 — 2, 223 — 4z, 22 — 622 +
2, 225 — 823 + 6z, 228 — 102* 4+ 1222 — 2, 227 — 122° + 2023 — 8z and so on. The
nt" terms of this sequence are called Vieta—Fibonacci-like polynomials.

First, we give the generating function for the Vieta—Fibonacci-like polynomials
as follows.

Theorem 2.2 (The generating function). The generating function of the Vieta—
Fibonacci-like polynomials sequence is given by

2

)= — ="
g(x,t) p——

Proof. The generating function g(z,¢) can be written as g(z,t) = > ° ) Sn(2)t".
Consider,

g(x,t) = i Sy (2)t" = So(x) + Sy (@)t + So(x)t? 4+ -+ Sp(2)t" + ... .
n=0

Then, we get

—atg(x,t) = —xSo(x)t — x5y (x)t* — 2Sa(2)t> — -+ — xS,y (2)t" — ...
t2g(x,t) = So(x)t* + Sy (x)t> + So(2)t* + - + Sy _o(@)t" + ... .

Thus,
g(x, t)(1 — at + t2) = So(x) + (S1(z) — 2So(z))t
+ ) (Sn(@) = 2Sn—1(7) + Spa(@))t"
n=2

=2

b



Vieta—Fibonacci-like polynomials and some identities 101

(1) = 7

r,t) = ———.

I 1—at+1t2

This completes the proof. O
Next, we give the explicit formula for the n** Vieta-Fibonacci-like polynomials.

Theorem 2.3 (Binet’s formula). Let {S,,(2)}52, be the sequence of Vieta—Fibonac-
ci-like polynomials, then

Sp(x) = Aa"(x) + B"™ (z), (2.2)

2(x—pB(x 2a(x)—z - g e
a((m)_ﬁ,g(i)), B = a((zg_)g(z)) and a(z) = %m, Blz) = =271 4
the roots of the characteristic equation 2 — xr +1 = 0.

where A =

Proof. The characteristic equation of the recurrence relation (2.1) is 72 —ar+1 =0

and the roots of this equation are a(x) = ZHvi—2 V§”2_4 and ((x) = === V2””2_4.
It follows that

Sp(z) = dia"™(x) + dof7 (),

for some real numbers d; and ds. Putting n = 0, n = 1, and then solving the
system of linear equations, we obtain that

2(x — B(x)) 2(a(z) — x)
Sp(r) = =" (2) + —F—23"(x).
W= @ s T e - aw "
Setting A = % and B = %, we get
Sp(x) = Aa"(x) + B"™(z).
This completes the proof. O

‘We note that A + B = 2, AB = —m, and Aﬁ(ﬂj) + BO&(J:) =0.
The other explicit forms of Vieta—Fibonacci-like polynomials are given in the
following two theorems.

Theorem 2.4 (Explicit form). Let {S,(z)}22, be the sequence of Vieta—Fibonacci-
like polynomials. Then

Sp(z)=2) (~1) <n h i):z:"%, forn > 1.

=0

Proof. From Theorem 2.2, we obtain

o0 " 2
2 S =

n=0
=2 (at—t7)"
n=0
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From the equality of both sides, the desired result is obtained. This complete the
proof. O

Theorem 2.5 (Explicit form). Let {S,(z)}22, be the sequence of Vieta—Fibonacci-
like polynomials. Then

—nt1 - i(nH 1N n2i 2 i
Sp(x) =2 Z(fl) 2 +1)" (z—4)", forn>1.
i=0

Proof. Consider,
" (z) — g (2) = 2_(""'1 [(z+ Va2 —4)" T — (z — Va2 —4)" )
n+1
+1 - ,
— 27(n+1) n n—i+1 2 _ 4yt
S (e

2i4+1
Thus,
Sp(x) = Aa™(z) + BB" ()
_ ot @) = B )
a(z) — B(z)
0" (@) = B @)
2 —4
L3]
_ 27n+1 (n + 1) n72z(x2 _ 4)z
par 2i+1

This completes the proof. O
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Theorem 2.6 (Sum formula). Let {S,(z)}22, be the sequence of Vieta—Fibonacci-
like polynomials. Then

n—1
Z Sk(z) = 2= Sn(g)_+x5n—1($)7 forn > 1.
k=0

Proof. By using Binet formula (2.2), we get

Zsk =) (Ad(z) + B*(x))
0

k=
1—a™(x) 1—8"(x)
1—ax) +B 1-p5(x)
_ A+ B—(AB(z) + Ba(z)) — (Aa"(z) + BS" (x))

=A

1—-xz+1
Ao L(x) + B L(x)
+
l—z+1
_2- Sp(x) + Sp—1(x)
2—x '
This completes the proof. O

Since the derivative of the polynomials is always exists, we can give the following
formula.

Theorem 2.7 (Differentiation formula). The derivative of S,(x) is obtained as
the follows.

where Vy,(x) and v, (x) are the n'" Vieta—Fibonacci and Vieta—Lucas polynomials,
respectively.

Proof. The result is obtained by using Binet formula (2.2). O

Again, by using Binet formula (2.2), we obtain some well-known identities as
follows.

Theorem 2.8 (Catalan’s identity or Simson identities). Let {S,(z)}5, be the
sequence of Vieta—Fibonacci-like polynomials. Then

S2(2) = Spiyr(2)Sn_r(x) = S? (), forn>r>1. (2.3)
Proof. By using Binet formula (2.2), we obtain

STQL(x) - Sn-i-r(x)sn—r(x)
— (Ao (@) + BE"(@)° — (A" (@) + BE™ (2)) (Aa"~"(a) + B (2)
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= —AB (a(z)B(2))""" (o () - 2(a(z)B(z))" + 5% (2))
S o’ (z) — B (2))?
~ (e — @y )
= (Aa""H(z) + BF"H(z))
= S7_1(2).
Thus,
STQL(J") = Sptr (@) Sn—r (2) = 53_1(33)-

This completes the proof. O

Take r = 1 in Catalan’s identity (2.3), then we get the following corollary.

Corollary 2.9 (Cassini’s identity). Let {S,(z)}5%, be the sequence of Vieta—Fibo-
nacci-like polynomials. Then

S%(z) — Spy1(x)Sp_1(x) =4, forn>1.

Theorem 2.10 (d’ Ocagne’s identity). Let {S,(x)}2, be the sequence of Vieta—
Fibonacci-like polynomials. Then

S () Spt1(x) — Spa1(2)Sn(x) = 2Sm—n-1(x), form>n>1. (2.4)

Proof. We will prove d’ Ocagne’s identity (2.4) by using Binet formula (2.2). Con-
sider,

S (2)Sn+1(x) = St (2)Sn (@)
= (Aa™(z) + B™ (x)) (Aa"" (z) + BS" " ()
— (Aa™ ! (z) + BB (2)) (Aa"(z) + BB" ()
= —AB (a(2)B(2))" (a(z) — B(2)) (™" (z) = " " ()
4 m—n m—n
= (a@) @) (a(z) = B()) (@™ "(z) = B™ " (2))
=2(Aa™ " (z) + BT (@)
=25 —n_1(x).

This completes the proof. O

Theorem 2.11 (Honsberger identity). Let {S,(z)}32, be the sequence of Vieta—
Fibonacci-like polynomials. Then

_ Axvmny3(2) — 8V ()

Smt1(2)Sp41(2) + S (2) S (2) 22 _ 4 ’

form>n>1,

where v, () is the n'* Vieta—Lucas polynomials.
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Proof. By using Binet formula (2.2), we obtain

Sim41(2)Sp41(2) + S (2)Sn (@)
= (Aa™* (z) + B (2)) (Aa""H (2) + B (x))
+ (Aa™(z) + B™ () (A" (z) + BS" (z))

=g A2QmT (2) + 2 B2 (1) + 2AB (™" (z) 4+ A" (2))

(@™ a) + 7 ) — 80 ) + 57 ()
(a(z) — B(z))?
_ 42V 47 13(2) — 8Upm—n(T)
2 —4 '

This completes the proof.

O

In the next theorem, we obtain the relation between the Vieta—Fibonacci-like,
Vieta—Fibonacci and the Vieta—Lucas polynomials by using Binet formula (2.2).

Theorem 2.12. Let {S,(x)}22, {Va(2)}52, and {v,(x)}22, be the sequences of
Vieta—Fibonacci-like, Vieta—Fibonacci and Vieta—Lucas polynomials, respectively.

Then
(1) Sn(z) = 2Vpia(x), forn >0,
(2) Sn(z) = vn(z) +aVo(z), forn >0,
(3) Sn(@)vni1(x) = 2Van42(z), forn >0,
(1) Sn1(2) + Su1(x) = 20Vii1(z), forn>1,
(5) Suir(x) — Sn1(2) = 20nsa(2), forn > 1,
(6) Spio(x) — Si_y(2) = daVanya(z), forn =1,

(8) Spt2(x) + Sn—2(z
(9) 5721+2(33) 2 -2

(10) vpgr(z) — vn(z) = (22 —4)Sp_1(z), forn>1,

(222 — 4) Vi1 (), forn >2,

)
—1(x) =
(x) =
(7) 25n(x) = 2Sp—1(2) = 200(x), forn =1,
(z) =
()

r) = 4z (2% — 2)Vapya(x), forn >2,
(11) 2vp41(x) — 20y (2) = 3(2® — 4)S,_1(z), forn>1,
(12) 402 (x) + (2? — 4)S2_,(z) = 8v,(z), forn >1,

(18) 4v%(x) — (22 —4)S2_,(z) =16, forn > 1.

Proof. The results (1)—(13) are easily obtained by using Binet formula (2.2).
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3. Matrix Form of Vieta—Fibonacci-like polynomials

In this section, we establish some identities of Vieta—Fibonacci-like and Vieta—
Fibonacci polynomials by using elementary matrix methods.
Let Qs be 2 x 2 matrix defined by

2% — 2 2x} . (3.1)

@s = { -2z -2

Then by using this matrix we can deduce some identities of Vieta—Fibonacci-like
and Vieta-Fibonacci polynomials.

Theorem 3.1. Let {S,(x)}52, be the sequence of Vieta—Fibonacci-like polynomials
and Qs be 2 X 2 matriz defined by (3.1). Then

=z gn - Sl foraz

Proof. For the proof, mathematical induction method is used. It obvious that the
statement is true for n = 1. Suppose that the result is true for any positive integer
k, then we also have the result is true for k + 1. Because

=04 Qs
_ Qkfl |: Sgk((E) Sgkfl(l‘) :| |:2(E2 -2 21‘]
—Sgkfl(l‘) —Sgkfg(l‘) —2x —2

_ (k1)1 { Sotkt1) () Sa(kt1)—1(7) ] .
*52(k+1)—1(93) *52(k+1)—2(f0)

By Mathematical induction, we have that the result is true for each n € N, that is

Sgn(x) SQn—l('r)

n _ on—1
Qs =2 |:_52n—1(1:) —S2n—2(17)} , forn>1. O

Theorem 3.2. Let {S,(z)}22, be the sequence of Vieta—Fibonacci-like polynomi-
als. Then for all integers m > 1, n > 1, the following statements hold.

(1) 2Sa(m1n)(¥) = Som(2)S2n () — S2m—1(2)S2n—1(2),

(2) 282(myn)—1(x) = Som(x)S2n—1(x) — S2m—1(z)S2n—2(z),
(3) 282(m4n)-1(x) = S2m-1(2)S2n(x) — S2m—2(2)S2n—1(2),
(4) 282(m+n)—2(2) = S2m—1(2)S2n—1(x) — S2m—2()S2n—2().

Proof. By Theorem 3.1 and the property of power matrix Q™" = Q™ - Q7, then
we obtained the results. O

By Theorem 3.1 and S, (z) = 2V,,4+1(z), we get the following Corollary.



Vieta—Fibonacci-like polynomials and some identities 107

Corollary 3.3. Let {V,,(2)}5%, be the sequence of Vieta—Fibonacci polynomials
and Qs be 2 X 2 matriz defined by (3.1). Then

_‘/271(-7;) _V2n—1(x)
Proof. From Theorem 3.1, we get

n _ on—1 SQn(x) Sgnfl(x)
95=2 {—5%1(90) —Son—2(x)

Since Sy, (x) = 2V, 11(x), we get that

n _ on—1 2V, 1(%) 2V2n(.’£)
o5 =2 {—2@(@ —2v2n1(x)}

pY [‘f";;((;f)) —“//22:_(31;213)} , forn>1.

Qi =2" [Vznﬂ(m) Van(2) } , forn>1.

}, for n > 1.

This completes the proof. O
By Theorem 3.2 and S, (z) = 2V,,+1(z), we get the following Corollary.

Corollary 3.4. Let {V,,(2)}52, be the sequence of Vieta—Fibonacci polynomials.
Then for all integers m > 1, n > 1, the following statements hold.

(1) Vaimany+1() = Vami1 (@) Vant1(2) — Vo (2) Van (),

(2) Va(min)(®) = Vams1(@) Vo (@) = Vo (@) Van-1(2),

(3) Vaiman) (@) = Vam (2)Vany1(2) = Vam—1(2) Van(2),

(4) Vatman)—1(®) = Vo (2)Van () — Vam—1(2)Van—1(z).
Proof. From Theorem 3.2 and S, (x) = 2V,,+1(x), we get that

1
Vaimtn)+1(2) = 552(mtn) (2)

= i (S2m () S2n () — Sam—1(2)S2n—1(x))

= 5 (Vo 1(2)2Vn 41(8) = 2V ()2V2n ()

= Vom41(2)Vans1(2) = Vam (2)Van (2).

Thus, we get that (1) holds. By the same argument as above, we get that (2), (3),
and (4) holds. This completes the proof. O

By Corollary 3.4 and S, (z) = 2V,,41(z), we get the following corollary.

Corollary 3.5. Let {S,(z)}22 and {V,,(2)}52, be the sequences of Vieta—Fibonac-
ci-like polynomials and Vieta—Fibonacci polynomials, respectively. Then for all in-
tegers m > 1, n > 1, the following statements hold.
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(1) Sagmny (@) = ) ( ) )

(2) Sa(min)-1(z) = 2 (Vami1 (2)Van(z) — Vom (2)Van-1(2))
(3) So(man)—1(7) = 2 (Vam(2)Vant1(x) + Vam-—1(2)Van(z)),
(4) Saiman)—2(2) = 2 (Vam (@) Vo (#) + Vom—1(2)Von—1(2)) .
Proof. From Corollary 3.4 and Sy, (2) = 2V, (x), we get that

(X/Qm—i-l(z Vv2n+1 SC) - %m(x Vin(x )

S2(m+n)(x) = 2V2(m+n)+1(x)
=2 (Vamg1(2)Vant1(z) — Vam (2)Van () -

Thus, we get that (1) holds. By the same argument as above, we get that (2), (3),
and (4) holds. This completes the proof. O
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