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Abstract. In this paper, we give explicit formulas of the solutions of the two general systems of
difference equations

Xnet = £ (ag(yn) + b (xn1) + cg(yn—2) +df(xn-3)),
Yn+1 = 871 (af(xn) + bg(ynfl) + Cf(xn72) +dg(yn73)) 5
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where n € Ny, f,g: D — R are “1 — 1” continuous functions on D C R, the initial values x_;,
y_i, i =0,1,2,3 are arbitrary real numbers in D and the parameters a, b, ¢ and d are arbitrary
real numbers. Our results considerably extend some existing results in the literature.
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1. INTRODUCTION AND PRELIMINARIES

Difference equations are used to describes real discrete models in various branches
of modern sciences such as, biology, economy, control theory. This explain why a big
number of papers is devoted to this subject, see for example ([ 1] - [20]). Itis clear that
if we want to understand our models, we need to know the behavior of the solutions
of the equations of the models, and this fact will be possible if we can solve in closed
form these equations. One can find in the literature a lot of works on difference
equations where explicit formulas of the solutions are given, see for instance [1], [2],
(51, (81, (90, (101, [71, [121, (01D, (031, (161, [15), (141, [171, [18], (211, [201, [22].
Such type of difference equations and systems is called solvable difference equations.
In the present work, we continue our interest in solvable difference equations, more
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precisely, we will solve the following two general systems of difference equations
Xawt = 1 (ag(yn) +bf (xn—1) +cg(yn—2) +df (xa-3)),

Ynt1 =8 (af(xn) +bg(yn—1) +cf (xn—2) + dg(yn-3)),
and

_ it (ay b ° a
o =1 (o4 26+ s g(yn>f<xn1>g<ynz>> |

—1 b C d
o = (4 s+ ey f<xn>g<yn1>f<xn2)> |
where n € Ny, f,g: D — R are one to one (“1 — 1) continuous functions on D C
R, the initial values x_;, y_;, i = 0,1,2,3 are arbitrary real numbers in D and the
parameters a, b, ¢ and d are arbitrary real numbers.

In our study, we are inspired and motivated by the ideas, the equations and the
systems of some recent published papers. The papers, [1], [2] and especially [15] are
our main motivation in the present work. The obtained results considerably general-
ize some existing results in the literature, see [1], [2], [3], [4], [5], [12], [11], [13],
[I6], [1ST, (141, T/, [18], [21]

Now, we will recall some known results that will be useful, in solving in closed
form our systems. To this end, let consider the two following homogeneous fourth
order linear difference equations

R,i11=aR,+bR,_ |+ cR,_2»+dR,_3,n € Ny, (L.1)
Sny1 = —aS, +bS, 1 —cSy2+dS, 3,n €Ny, (1.2)
where the initial values Ry, R_1, R_», R_3, Sp, S_1, S_» and S_3 and the parameters
a, b, ¢ and d, d # 0 are real numbers. Noting that the formulas of the solutions of

equations (1.1) and (1.2), see [2], are expressed in terms of the the sequence (Jn);:o
defined by the recurrent relation

Jnta = alyiz +blyio+clyp1 +dJ,, n €Ny, (1.3)
and the special initial values

J():O7 J]ZO, Jzzlandjgza. (1.4)

The closed form of the solutions of (Jn):{:o and many properties of them are well

known in the literature see for example [19], [6].
The following result from [2], gave the general terms of (1.1) and (1.2) in terms
of the sequence (J,);~%. The obtained formulas will be very useful to obtain the

formulas of the solutions of our systems.
Lemma 1. We have for all n € Ny,
Ry =dJl, 1R 3+ (cJpr1 +dTy) R 2+ (N3 — aJyi2) R +Jni2Ro, (1.5)
Sp=(=1)""dJy15-3 — (cTus1 +dJn) S—2 + (Jus3 — aJus2) S—1 — Jus2S0] . (1.6)
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Consider the following fourth order linear system of difference equations

Upi1 = aVy+buy_1 +cvy_o+duy_3, vpp1 = auy +bvy—1 +cuy— +dvy—3, n € N,
(1.7)

where the initial values u_;, v_;, i = 0, 1,2, 3 are nonzero real numbers.

In [2], the authors got the solutions of (1.7), in terms of the sequence (Jn)::() and the

initial values u_;,v_;,i=0,1,2,3.

For the interest of the readers we show how we can solve system (1.7).

Lemma 2. The solutions of the system (1.7) are given by the following formulas

uon—1 = doqu_3+ (cJon+dJon—1)v_2+ (Jons2 — aJops1) u—1 +Jopp1vo, n € N,
(1.8)

uon = dons1v_3+ (cons1 +dloy) u—2 + (Joni3 — aany2) v_1 +Jonioug, n € No,
(1.9)

Von—1 = dJogv_3 + (cJon +dJon—1) u—2 + (Jony2 — aony1) v_i +Jont 1o, n €N,
(1.10)

Von = dJopi1u—3+ (cJans1 +dJon) v_o + (Jans3 — aJoni2) u—1 + Jany2vo, n € No.
(1.11)

Proof. From (1.7), we get
Upt1+ Vi1 = a(vn + Ltn) + b(unfl + anl) + C(anZ + Mn72) +d(un73 + an3)a n € Ny
and
Upn+1 — Vn+1 = a(Vn - un) +b(”n71 - anl) + C(Vn72 - ”n72) +d(un73 - Vn73), n € Np.
Putting
Ry=up+vy, Sp=up—vy,n>-3, (1.12)

we obtain two homogeneous linear difference equations of fourth order:

Ry 1 =aR,+bR, 1+ cR, »+dR, 3,n € Ny,
and

Spt1=—aS, +bS,—1—cS,_2+dS,—3,n € Np. (1.13)
Using (1.12), we get

1

1
U, = E(Rn—l—Sn), v, = E(Rn—Sn),n > 3.

From Lemma 1, we obtain
uzp—1 = dhoyu_3 + (cJon +dJon—1) v_2 + (Jont2 — aJops1) u—1 + Jopt1vo, n €N,
uoy = dons1v_3+ (chons1 +don) u—2 + (Joni3 — aJons2) v_1 +Jonsouo, n € Ny,
Vo1 = dJonv_3 + (cJon +dJon—1) u—o + (Jons2 — aJops1) v_1 +Jopt 1o, n € N,
Von = dJanp1u—3+ (cJont1 +dJon) vor + (Jany3 — aJoni2) u—1 + Joni2vo,n € No.
I
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2. SOLUTIONS OF A FIRST GENERAL SYSTEM OF DIFFERENCE EQUATIONS

In this part, we will focus our interest on our first general system of difference
equations, that is the system

Xnp1 = [ (ag(yn) +bf (1) +c8(vn—2) +df (x1-3)), o1
Yni1 =& (af (xa) +bg(yn-1) +cf (xn-2) +dg(yn-3)) '

where n € Ny, f, g : D — R are continuous functions, with D = Dy = Dy, that is f
and g have the same domain, and it is also assumed that f, g are “1 —1” on D C R, the
initial values x_;, y_;, i = 0, 1,2,3 are arbitrary real numbers in D and the parameters
a, b, c and d are arbitrary real numbers.

2.1. Explicit formulas of solutions of system (2.1) with d # 0
In the following result, we solve in closed form (2.1).

Definition 1. A solution {x,,y,},> 3 of system (2.1) is said to be well-defined if
for all n € Ny, we have
ag(yn) +bf (Xn-1) +cg(yn-2) +df(xn—3) € Dy,
and
af(xn) +bg(yn-1) +cf(xn—2) +dg(yn—3) € Dg-1.
Theorem 1. Let {xy,yn},> 3 be a well-defined solution of the system (2.1), then
we have the following representation
X1 = f N (dIanf(x-3) + (cJan +dIon—1) g(y—2) + (Jant2 — aJoni1) f(x-1)
+J2n+1g(y0)) ,n S Na
X2n = 1 (dJ2n18(y-3) + (cJans1 +ddan) f(x-2) + (Jont3 — aloni2) g(y-1)
+ont2f(x0)) ;1 € No,

2.2)
Vo1 =& ' (dJang(y_3) + (chon+dJan_1) f(x_2) + (Joni2 — aJans1) g(y_1)
+J2n+1f(x0)) ,ne Na
Yan =g Ndhui1f(x3) + (chans1 +dTon) §(y—2) + (Jans3 — adoni2) f(x_1)
+J20128(¥0)) ,n € No.
(2.3)
Proof. Since the functions f, g are “1 — 17, then from (2.1) we get
J 1) = ag(yn) +bf (xn—1) +cg(yn—2) +df(xn-3), 2.4)
8n+1) = af(xn) +bg(yn-1) +cf (Xn—2) +dg(yn-3), n € No.

By the change of variables
Xo=f(xn),  Ya=g0n),n=-3, (2.5)
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system (2.4) is transformed to the following one

{Xn—H = aYn + bXn—l + CYn—Z + an—37

(2.6)
Yor1 =aX, +bY,—1 +cX,—o+dY,—3, neNy.

Clearly (2.6) is in the form of system (1.7), by Lemma (2), we obtain the following
representation of solutions

Xon1 = dIopnX 3+ (chan+dhon1)Y 2+ (Joni2 —aloni1) X1 +J2np1Yo,n €N,
Xon = dJopi1Y_3+ (cJons1 +dJon) X2+ (Joni3 — aJoni2) Yo1 + Jon2Xo,n € Ny,
2.7)

You = dJon1X 3+ (chons1 +dJon) Yoo + (Jons3 — aJoni2) X1 +Jon2Y0,n € No.
(2.8)

{Yan =dY 3+ (chan+dlon—1)X 2+ (Jony2 —aJoni1) Yo +Joni1Xo,n €N,

Now, by (2.5) we get that

Xono1 = f dInf(x3) 4 (cTon+dJon 1) g(y-—2) + (Jania — adoni1) f(x_1)
+]2n+18()’0)] NG S N?
P

Xon = [ dJon118(y-3) + (¢Jons1 +dJon) f(x-2) + (J2ni3 —aJani2) §(y-1)

+Jont2f(x0)],n € Ny,
(2.9)

Vo1 =g 'dng(y_3)+ (cJon +dan_1) f(x_2) + (Joni2 — aJans1) g(y_1)
+J2n+1f(-x0)] NG S N7
Yon =g dhui1 f(x_3) + (chans1 +dJon) g(y—2) + (Jonisz — adonin) f(x_1)

+Jon428(y0)] s n € No.
(2.10)

O

Remark 1. Moreover, if g= fandy_; =x_;, i = 0,3 then, the system (2.1) will be
the equation

Xnt = f1 (@f () + b (tnr) + ¢ f (¥-2) +df (x-3)) (2.11)
and then the representation of the well-defined solutions are given by
Xt = T Ao f(x23) + (clon + dJon1) f(x—2) + (Jons2 — aJans1) f(x-1)
+J2n+lf(x0)] ne N7
xon = dDw1 f(x23) + (o1 +ddan) f(x-2) + (Jonts — i) f(x-1)

+Jany2f(x0)],n € No.
2.12)
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In [15], Stevic studied the equation (2.11).
Now as applications of theorem 1, we give the following examples.
Example 1. Let
f(6) =131 g() =%, j keN,. (2.13)

Then, Dy = D, = R, clearly the functions f and g are “1 — 1" continuous functions
on R and the system (2.1) becomes

2j+1 2j41 T
gyt = [aynk“—i—bxf Loyl an }

)

1 (2.14)
Yntl = [ 4—19)/2’“rl —|—cx2’+] +d 2/‘“} e N,

Then from (2.2) and (2.3), we obtain that general solution of the equation (2.14) is

. 5
(X001 = [dfznxz_J;1 + (eI +dIan 1) Y5 + (Jansa — adoni 1) %
1
+J2n+1y2k“] 2 peN, 215
Xon = [d12n+1y2k+ + (¢Jant1 +dj2n)x21+ + (Jont3 _aJ2n+2)y2k1+1 .
1
\ +Jzn+2x2ﬁl} u ,n € Ny,
(Vo1 = [dfznyz_k;r Y (a4 ddan 1) 5+ (Janga — adan 1) Y25
2j+1] 2T
iz } Tonel, (2.16)
Yon = |:dJ2n+1x 3 (CJ2n+l +dJo)y” 2k+1 + (Jont3 —annJrz)xszr]
L +J2n+2y2k+l] T ,n € Np.
Example 2. Let
1 1 .
f(t) [21+] 7g( ) t2k+1 y I k € No. (2.17)

Then, Dy = D, = R — {0}, clearly the functions f and g are “I —1” continuous
functions on R — {0} and the system (2.1) becomes

2j+1
Xn+1 = [ ST+ 2/+1 +)2k+1 + 2,+1] ,
2
=1 n Xn=3 . (218)

2+
Yn+1 = [ 51+ 2k+| + 2/+1 + 2A+1:| , n€ Ny,

Xn=2 Yn-3
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or equivalently

2k+1 2/+1 2k+1 2/+1 2j+1
X | = Yn X1 Yn—2 X3
n+1 — 24T 241, 274 k1 2k+1 2j+1 2k-+1, 27+ 241 2k+1 2/+l 2k+1 )
axy 1 Yn—2 Xu=3 +b} Yn—2 %13 +Cy Xn—1 *n—3 +dy 1 Yn—2
1
Pl ,2k+1 2j+1 2k+1 2k+T
Yn+1 = In—1 =3 Yu=3 ne NO
n - 2kt-1, 2741 2k+1 2j+1 2/+1 2k+| 2j+1 2/<+1 2k+| 2j+1 2k+1 iR ’ '
ay, 1 X2 yn— +bx xn 2 Yn— 3 +exy Yn— +dx Yo—1 Xn=2

Then from (2.2) and (2.3), we obtain that general solution of system (2.19) is

k
Xon—1 [szn —@2j+l )—I— (chon+dJan—1)y gz D + (Jont2 — aJopgr) x 52]+1)
— L
+Dont1Yy (Zkﬂ)} v ,neEN,
2%+ 1 2j+1 2k+1
X2n - [dfznﬂy SRS + (cJant1 +dJo) x_ (H )+(J2n+3_a‘]2n+2)y Pl
L
\ +ans2Xy QJH)} 77 neNo,
(2.20)
—(2k 2 2k+1
V-1 = [szny,g Dy (el +d Iy x (21+1) + (Jons2 —aJons1)y_ 5 1
1
+J2n11%y (G ;neN,
Yo = [djznﬂx_g Vot (chnr +ddn)y 5 + (B — adan) Y
1
\ +Jont2Yg (Zkﬂ)} 1 neN,.
2.21)
If j = k =0, then system (2.18) becomes
Xnt1 = o ym 2 3+b 7)’:?:;1)’»1—5%;1 Xp—3+dynXn—1Yn—2 '’
n—1Yn—2Xn—3+0YnYn—2Xn—3+CynXn—1Xn—-3+dYynXn—1yn—2 (222)

_ XnYn—1Xn—2Yn—3
yn+1 o aynflxn72yn73+bxnxn72))n73+cxny;171}7n73+dxnyn7Ixn72, ne NO

The form of the well-defined solutions of (2.22), can be obtained by putting j =k =0,
in the formulas of the solutions of (2.18). The solutions of the equation, see [15]

XnXn—1Xn—2Xn—3

, n € Ny,

(2.23)
can be obtained from the solutions of (2.22) by taking y_; =x_;,i =0,1,2,3.

Xnt+1 =
AXp—1Xp—2Xn—3 + bXpXp_2Xp_3 4 CXpXp_1Xp—3 + dXpXp—1Xn—2
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2.2. Particular cases of system (2.1)
2.2.1. The cased =0and c #0
In this case the system (2.1) takes the form:
{ = /" (ag(vn) + 0 (xn-1) +cg(vn-2), (224
Yur1 =8 (af(n) +0g(va-1) +cf(xn-2)), n € No.
Using the change of variables (2.5), with n > —2, we get the third order linear system
Xor1 =aY, +bXy—1+ Yy, Y1 =aX,+bY,—1 +cXyn,n > —2. (2.25)

Consider the sequence <j:l) o defined by
n>

Jnis = alyia+ bl +cly,  n€No, (2.26)
and the special initial values
./7):0,]::1,]2261.

The sequence (],,) o is obtained from the sequence (J,),~ defined by (1.3):
n> -

Jorqa =atyi3+ b0 +cly1 +dJ,, Jo=0, J1 =0, Jp=1andJ3=a,n e Nj.
For d = 0, we obtain

Juia=alyi3+ bl + el
Putting

]n = n+lan€NOa

we get the sequence (2.26). Noting that in this case, the corresponding sequences
(Rn)n>0- (Su)n>0 will be

R,i1=aR,+bR,_1+cRy,_2,S,+1=—aS,+bS,—1 —cS,—2,n € Ny,

with the initial values Rg,R_1, R_2, So,S_1, S_5. The formulas of the solutions of

these equations are expressed using the sequence (]n> , see [2].
n>0

The formulas of the solutions of (2.25) and (2.24), can_be~obtaining from those of
solutions of (1.7) and solutions of (2.1) by changing J, by J,,_1.
In summary we have the following result.

Corollary 1. Let {xy,yu},>_, be a well-defined solution of system (2.24), then
Xop—1 = f_l [C-Enflg(y72) + (jv2n+l - a-En) f(xfl) +~];ng(y0)i| ,neN,
xon=f"" [sznf(x—z) + (J~2n+2 - aJ~2n+1> g(y-1) +~72n+1f(x0)] ,n € N,

V1=g" [C«]Enflf(xfﬁ + (\72n+1 _a-TZn> glv—1) +J;nf(x0)} ,neN,
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Y=g [cfing(yfz) + (fmz - aJNan) flxo) +J§n+1g(yo)] ,n e Np.
Remark 2. If g= fandy_; =x_;,i=0,1,2 then, system (2.24) becomes
Tue1 = 7 [af () +bf (1) +ef (x-2)] (2.27)
and by Corollary 1, the every well defined solution is given by
X1 =f"" [ijanlf(fo) + (~72n+1 —ann) Fx1)+Juf(x0)| n €N,

Xop = f7! [C\Enf(x—Z) + (J~2n+2 —aJ~2n+1) Fx_1) +Janr1f(x0) | sn € No,
(2.28)

which can written in a unified form as
5= 7 [eTuf(e2) 4 (Tusz =@l ) FG) T fx0) | m e No. (2:29)
Noting again that this equation, was studied by Stevic in [15].

22.2. Cased=0,c#0anda=0

In this case we get the system

X1 =f7" [bf (xn—1) +cg(yn-2)], (2.30)
Yn+1 = g_l [bg(Ynfl) +Cf(xn72)] , n€Np.
Here, (fn) o will be the sequence defined by
n>
anJ,_?, = an—i-] +C?n7 ne NO, (231)
and the special initial values
’P() = 0, ’P] =1 and sz = 0, (2.32)
s0, the solutions are expressed in terms of (P) n>0 and are given by
Xon1 = f [cPrn18(y-2) + Poni1 f(x_1) + Poug(y0)] ,n €N,
X2 = f 7 [P f(x-2) + Pons28(y-1) + Pany1 £ (%0)] ;1 € N,
Y1 =8 [ePon_1f(x_2) + Prus18(y—1) + Ponf(x0)],n €N,
yon =8 ' [cPoung(y—2) + Ponsaf(x_1) + Pons18(30)] ,n € No,

for the system (2.30) and by
Xy = [ B f (x2) + Bua f (x-1) + Busr f (0)], 1 € No,

for its one dimensional version, that is the equation

Xnit = 7 (0f (1) +f (3n-2)).
If b # 0, (P),>o will be a generalized Padovan sequence and if b = ¢ = 1, then
(%n),>0 Will be the famous Padovan sequence.
Noting that system (2.30) generalize for example the works of [5] and [21].



538 Y. AKROUR, M. KARA, N. TOUAFEK, AND Y. YAZLIK

22.3. Casec=d=0and b +#0

In this case, we get the system

{Xn+1 = ' ag(yn) +bf (n1)], (2.33)

Yur1 =g [af (xa) +bg(yu-1)], n € No.
By the same philosophy, we obtain the sequence (E) 0" (j,;r]) K defined by
n> n>

EH-Z :aﬁ}l+1+bﬁhaﬁ): lvfi :a,nGNO,
and the solutions of (2.33) and its one dimensional version, are obtained from the
solutions of (2.24) and (2.27), by writing fn,l instead of J~,, If a #0, (13;1)

n>0

is a generalized Fibonacci sequence and if a =b =1, <E> o will be the famous
n>

Fibonacci sequence.

System (2.33) and its one dimensional versions, generalize for example the works of

[17], [18].
224. Caseb=c=d=0anda#0
In this case, we get the system

ue1 = 7' (ag(yn))) yr1 =8 (af (xa)), n € No. (2.34)
Using the fact that f, g are one to one functions, and the change of variables
Xy = f(xn), Y =8(n),n >0
the system (2.34), will be
Xu1 = a¥y, Y1 = aXy, n € Ny.

So,
Xon = a*"Xo, You = @Yo, Xont1 = @'Yy, Yany1 = a™ ' Xo, n € Ny.
Hence
Xon = f (@ f(x0)), yan = &' (a™g(30)), n € Ng
and

—1/ 2n+1 —17 2n+1
Xoni1 = (@ g(00)), yanr1 = & (@ f(x0)), n € No.
3. SOLUTIONS OF A SECOND GENERAL SYSTEM OF DIFFERENCE EQUATIONS

In this part, we are interested in the following system of difference equations given
by

_ r—1 b c d
Antl = f (a t g0m) + &) f (xn—1) - &) f(xn-1)g(yn-2) )’ (3 1)
_ o1 b c d ’
Yl =8 <a F 70 T w0 T TwIst ) )
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where n € Ny, f, g : D — R are continuous functions, with D = D¢ = Dy, thatis f
and g have the same domain, in addition we assume that f, g are “1 —1"on D C R, the
initial values x_;, y_;, i = 0, 1,2, are arbitrary real numbers in D and the parameters
a, b, c and d are arbitrary real numbers.

Definition 2. A solution {x,, yn}n272 of system (3.1) is said to be well-defined if
for all n € Ny, we have

b c d
a+ + + €D,
g0n) | g0 1) 8O fa)glna) T

and b J
L A A— €D,

fOan)  fOn)8n-1)  f(xn)g(n—1)f(xn—2)

We solve in closed form (3.1) and we investigated particular cases of it. The philo-
sophy is the same as in the previous section (2), so we will brief in presenting our
formulas of the solutions.

3.1. Explicit formulas of solutions of system (3.1) with d # 0

The following result is devoted to the formulas of well-defined solutions of (3.1).

Theorem 2. Let {x,,y,},~_, be a well-defined solution of system (3.1). Then, for
all n € Ny we have -

Xoni1 = (donsa + (elansz + dJanir) §(v—2) + (Jonta — adoni3) f(x-1)g(v—2)
+20438(30) f(x-1)8(y—2)) (dons1 + (c¢Jons1 +dJ2n) g(y-2)
+ (Jant3 — alang2) F(x-1)8(y-2) +J2n 128 (0) f (x-1)g(y—2)) 7],

Xonia = (dIony3 + (cangs +dTons2) f(x2) + (Jants — @Jonia) §(y-1) f(x2)
+ o4 f (x0)8(v—1) f (x=2))(doni2 + (¢Jont2 + doni1) f(x-2)
+ (Jansa — aJ2ns3) §(v—1) F(x—2) +Jons3f (x0)g(y—1) f(x-2)) '],

Yot =& [(dJons2 + (chonsz +dons1) f(x-2) + (Jonta — aJoni3) §(v—1) f(x—2)
+ant3f (x0)g(y-1)f (x-2))(dJ2n+1 + (cJant1 +dJan) f(x-2)
+ (Jant3 — alant2) §(y-1) f(x—2) +Jan 2 f (x0)g(v-1) f(x-2)) '],

Y2 =8 [(dJania+ (¢Tonys +dIoni2) §(y-2) + (Jants — alonya) f(x-1)g(y—2)
+Jon+48(y0) f(x-1)8(y-2))(d2n+2 + (¢J2nt2 +dJont1) 8(y-2)
+ (Janta — alany3) f(x-1)8(y—2) +Jan 138 (o) f (x-1)g(y—2)) ~']-

Proof. Using the fact that the functions f, g are one to one and using the change
of variables (2.5), with n > —2, the system (3.1) becomes

X, TR A
1=ar 4 ’
" Yn Yanfl Yanlen72 (3 2)
¢ .

b
Vo1 =a+—+ - :
" Xy Xu¥i1 XY 1X, 2

n € Ny,
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or equivalently,

a¥ Xy 1Yy 2 +bXy 1Y, 2+cY, 2 +d

Y, X, 1Y, > ’ (3 3)
aXnYn—IXn—Z + an—IXn—Z + CXn—Z +d )
, n € Np.

XY 1Xn 2

n+l =

Yo =

This system was solved in [2], and for n € Ny, the solutions of (3.3) takes the form

dJoni2 + (chans2 +dIony 1) Y2 + (Jonia — aJoni3) X Y2 + T2 3Y0X 1Y o

Xont1= ,
o dJyni1 + (chong1 +ddon) Yoo + (Joni3 — aJoni2) X1V +~]2n+2Y0X71f§24)

X0 = dJrni3 + (chong3 +dIons2) X2+ (Jongs — aJonga) Vo1 X o + JopiaXoY -1 X2
" Ay + (cJonsa +dIoni1) X2+ (Jonss — aJoni3) Yo1 X0 4+ Jop 3 Xo Y- 13{(52 ’

(3.5

Yo, | — dJania + (chonya +ddons1) X2+ (Jonta — aJons3) Y1 X o +Jon3XoY 1 X2
o dhons1 + (¢l +dIon) X2 + (Jong3 — adoni2) Y1 X o + Jon o XoY— 1)((3%) ’

Yo .0 — dJony3 + (chanys +don2) Y2 + (Jonis — adonia) X 1Y 2+ JopaYoX 1Y
n+2 —

dJoni2 + (chany2 +don 1) Y2+ (Jonia — adony3) X 1Y 2+ Jop3Y0X 1(13’772)’

where (J),,cy, is the sequence defined by (1.3).

Using (2.5), (3.4), (3.5), (3.6) and (3.7), we get that for n € Ny, every well-defined
solution of system (3.1) has the following representation

Xon1 = [ (dJania + (cJania +dTos1) 8(y—2) + (Janta — adany3) f(x-1)g(y—2)
+J2n+38(v0) f(x=1)8(v—2)) (d2n+1 + (cJont1 +dJ2n) g(y-2)
+ (Jant3 — aang2) f(x-1)&(y—2) +Jan 128 (0) f (x-1)g(y—2)) 7],

Xont2 = f 7 [(dJony3 + (canss +dans2) £(x2) + (Jants — aJania) €(y-1) f(x2)
+Jonraf (x0)8(v-1)f (x-2))(dToni2 + (¢lons2 + dJontr) f(x-2)
+ (244 = @02043) 8- 1) f(x-2) +Jan i3 f(x0)g(y-1) f(x-2)) '],

Yot =& [(dJoni2 + (cToniz +dJoni1) f(x-2) + (Jonta — aJoni3) §(v—1) f(x—2)
+Jong3f (x0)g(y-1)f(x-2))(dJon+1 + (chant1 +dJon) f(x-2)
+ (2043 — @J2042) g(v-1) f (x2) +Tansa f(x0)g (y-1) £ (x-2)) '],

Yong2 =8 [(dJonss + (chans3 +dIoni) §(y-2) + (Janss — alania) f(x-1)8(y-2)
+J2n+48(¥0) f (x-1)8(y—2)) (d2n+2 + (¢Jons2 + dJons1) 8 (v-2)
+ (Janta — aany3) f(x-1)8(y-2) +J20138 (o) f(x-1)g(y-2)) ~']-
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Remark 3. (1) In [2], to solve the system (3.3), the authors used the change of
variables " y
Xn:7n7Yn: nunz_zu
Vn—1 Un—1

to obtain the fourth linear system (1.7).
(2) Wheng= fandy_; =x_;, i = 0,2 then system (3.1) becomes the equation

b c d
7o) " PG FCo) PG o) (on2)
and the form of every well-defined solution of (3.8) is given by
xon1 = (dJania + (chania +dIonir) f(x2) + (Jansa — adani3) f(x 1) f(x2)
+J2n43f (x0) f (x=1) f (x=2)) (dSans1 + (¢Jont1 +dJon) f(x-2)
+ (Jant3 — @lani2) F(x1) f(x-2) + Tonsaf (x0) f(x-1) f(x2)) '],
Xon2 = f " [(dJani3 + (chanis +dTany2) f(x-2) + (Jants — adania) f(x1) f(x2)
+Jantaf (x0) f(x-1)f(x-2))(dSant2 + (clont2 +dIont1) f(x-2)
+ (Janpa —@any3) F0x-1) £ (x-2) +Janss f(x0) f(x-1) f(x-2)) '],
which can be represented in the unified form
Xnt1 = f 7 [(ddnra+ (cTuya +dIuin) fx2) + (Jua —aduy3) flx1) f(x2)
+Jn3f (%0) f(x-1) f(x-2))(dps1 + (cns1 +dTn) fx-2)
+ U3 — adns2) f (1) f(x2) +Jusaf (x0) flx-1) f(x-2)) 7).

Now we give some applications of Theorem 2.

Xor1 =1 |a+ ,n€Ny, (3.8)

Example 3. Let '
fo) =127 g(e) =, j k€ No.
We have the functions f and g are one to one continuous functions on R = Dy = D,.
In this case, system (3.1) becomes

b d I
C
’Cl’l-'rl a 2k+1 2j+1 +1_ 2j+1 +
y y2k+1x J | y2k lx J | y2k 1 ?

(3.9)

2%F1
b c d
Ynt1 = @+ 77 + =7 + T n € No.
xﬂﬂr xnj+ yik:rll xanr y21\+1x J+ 9

n—1 "n-2
Then by Theorem 2, we obtain that the solutions of system (3.9) have the following
form

[ 2k+1 2j+1 2k+1 2k+1 2j+1 2k+17 ZjFT
x dhuia+ (chuia +dDoni1) Y25 + (Jonga — adons3) x5 4 Jopgayg 22| A (3.10)
2n+1 = - - .
. 2k+1 2j+1 2k+1 2k+1_2j+1 2k+1
| donst + (ot +dJ2n) Y25 + (Janss — adons2) X7 y257 +dansayy a7y
1
r 2j+1 U1 2j+1 2j+1 k41 2j+1 | 7T
dTonss + (CTonss + dDoni2) X057 + (Jangs — adansa) Y2275 A o 220 | 2
Yont2 = 2+ 21 2j+1 2T 2k+1 271 G.11)
| dPnr2 + (elonr2 +dJoni1) X7+ (Janpa — adan3) y27 X750 oy’ v,
1
r 2j+1 2k+1.2j+1 2j+1 2k+1 2j+17 2%k+T
y dhoniz + (CTonsz + dlonit) X5 + (Jansa — adons3) Y27 X250 + onaxy”™ 2 A + G.12)
2l = 251 2k+1 2j+1 2j+1N 2k+1,2j+1 ’
| Aot + (a1 +ddon) X757 + (Janss — @ons2) YT X2 +Donaxy’ y2 x|
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!
il 2k 21 2541 2k ] T
dJonss + (honts +ddon2) Y25 + (Janss — alonsa) X7 V257 +Jontayy v *

Yant2 = 2/+1 2k+1 2k+1 2/+1 e

G.13)
dJopir + (CTonsa + ddoi1) Y5+ (Janra — adonys) X +J2n13Yp v

Example 4. Let
1 |
f(t) = mwg(I) = W?JakeNO-

We have the functions f and g are one to one continuous functions on R — {0} =
Dy = D,. Then, system (3.1) becomes

1 2j+1
X =
n+1 atbyZeH oyt 2’“+d 2T 2T 2k T )

Xp—1 Yn—2 (314)
1 2k+1
= n € Np.
Yn+1 a+bx2/+l+tx%/+l Zkﬂ—‘rd 2/+])211+1 Zi+2] ) 0

Then by Theorem 2, the solutions of system (3.14) have the following representation

1

. dJ?nH}‘kH 27“)12”1 + (chans1 +dho) 2k+lxifl+l + (243 — @oi2) Yo 4+ g 17 (.15)
2n+1 = : .
dJ2n+2\2k+l zfﬂ P 4 (chansa +ddans) ZHIXZJIH + (Jonsa — aJans3) ygiH! +J2n13 |
. ) ) ) o
. dJﬂquzx(z)HlyzH] 2 (chonsa +dIons1) Z/H)ZHI + (Janta *1112u+3)x(2]/+] +dongs | T (3.16)
W2 = = - , .
d12n+3x2!+l)f+] 7’“ + (chans3 +dJons2) zﬁlvz,kﬂ + (Jonss *alzn+4)xg‘7+] +Jon14 |
. [
] dJa,,HAz”lekfr]szl + (chops1 +dda) 7/+1}ul+l + (Jons3 7alzn+2)xgr+1 Sy | T o
2n+1 = i ) .
_d12n+zx(z)j+ly2,kfrl 2,'2“ (consr +dJopsr) 'ﬁl)ZH] (12n+4—uJ2n+3)X§j+] +J2n43 |
R
y d-/zn+2}2k+l 2,+1 2+ (cansa + d o) y3EH! Z/H + (Janta — aJ2us3) V3 4 Janga | (.18)
2042 = .
den+3Y“HI 7’“ 2H] + (chanss +daia) yE! Z/H + (Jouss — alouss) Yo +Jont4 |
3.1.1. The system X, 11 = !
y n+l a+byn+cynxnfl +dYan71yn72 ’
1
Yn+1 =
a+ bxy + cxpyn—1 +dxpyn-1Xn—2
Here we will focus our study on the system of difference equations
1
Xn+1 = >
a+b CYnXn—1+dYnXn—1Yn—
+ Dyn +Cyn n11+ YnXn—1Yn—2 n € Ny, (3.19)
Yn+1 =

a+bxy + cXpYn—1 + dxpyn_1Xp—2’

which is a particular case of system (3.14) with j = k = 0. Noting that system (3.19),
generalize the studies in [12], [11], [13]. Then, putting j = k = 0 in the formulas of
well-defined solutions of system (3.14), we obtain the following result.

Corollary 2. Let {x,,y,} ., be a well-defined solution of (3.19), then for n € Ny,
we have B
dDons1y0x—1y—2 + (¢Jans1 +dJ2n) yox—1 + (Jons3 — aJons2) Yo + Joni2
dJon2y0x—1y—2 + (¢hani2 +dJons1) yox—1 + (Jonta — aJoni3) Yo + Jonss’

Xon+1 =
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_dhniaxoy_1x2 + (chony2 +dIoni1) X0y 1 + (Jonta — aoni3) Xo +Jon i3

Xont2 = dJons3x0y—1%—2 + (¢Janss +dIoni2) Xoy—1 + (Janss — aania) X0 + Jonsa’

et = dJopy1x0y-1X_2 + (clons1 4+ don) X0y -1+ (Jant3 — @lony2) Xo + Joni2 |
dJoni2X0y-1%—2 + (cIoni2 +dJani1) Xoy—1 + (Janta — aJoni3) X0+ J2ns3

Vomss — dJani2yox—1y—2+ (cJont2 +dJoni1) yox—1 + (Jonta — adans3) Yo +Jont3

dJong3y0X_1Y—2 + (¢J2nt3 + dJang2) Yox—1 + (Jonts — aJonsa) Yo+ Jonsa

Moreover, if we choose a =b = c =d = 1, the sequence (Jn)::() will be nothing other
than the famous Tetranacci sequence defined for n € Ny by

Lia=Thi3+Thi2t+Thni+T, To=T1=0, Lh=T1=1, (3.20)
and for this choice of the parameters, the solutions takes the form

Don1Y0X—1Y—2 + (Tans+1 + Ton) Yox—1 + (Tont3 — Tons2) Yo + Tans2

X2n+1 = ’
T s2Y0X_1Y—2 + (Tonsa + Do 1) Y0X—1 + (Tonsa — Tons3) Yo + Tonss
X = Toni2X0Y-1X-2 4 (Tons2 4 Tont1) X0Y—1 4 (Tonsa — Toni3) X0 + Tons3 ’
Doni3x0y—1X—2 4 (Ton+3 + Dni2) X0y—1 + (Tonts — Donta) X0 + Tonsa
Yot = Tont1%0y 1% 2+ (Tans1 +Ton) X0y -1 + (Tan43 — Tont2) X0 + Toni2 ;
Toni2x0y—1X—2 + (Tant2 + Tons1) X0y—1 + (Ton+a — Tont3) X0 + Tan3
anes = Ton2y0x—1Y—2 + (Tons2 + Tons1) YoxX—1 + (Dnsa — Tous3) Yo+ Touss

Dont3¥0X-1Y-2 + (Tont3 + Tont2) YoX—1 + (Tonts — Tonta) Yo + Tonva
Now, we will study the stability of the equilibrium points of system (3.19) with
a=>b=c=d =1, that is the system

— _ 1
{ Xny1 = f1 (xmxnfl7xn72ayn;yn717yn72) = T 19 b
1

yn+1 - fz(xl’Hxn*l 7xn*2’yn7yn71 ,Yn72) = 1+Xn+ynflxn+xn72yn71xn '

(3.21)

For the stability of the equilibrium points, we assume that the initial values are posit-
ive real numbers.

11 11 11 11
The points | —,— |, | =, = |, | —,— | and | <=, < | are solutions of the system
oo BB Y'Y d'9d
1
X=—+
1+y+icy+xy2
Y= 1 +x+yx+x2y’

where o, 3, Y and d are roots of polynomial characteristic associated to the equation
11
(3.20), see [2]. It follows that (X,y) = (a’a) is the only equilibrium point for

system (3.21) in (0, 4-o0)?.

11
For the equilibrium point (¥,y) = ((x’ oc> , we have the following result.
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11
Theorem 3. The equilibrium point (X,y) = <0L7 OL> is globally asymptotically
stable.
Proof. The Jacobean matrix associated to the system (3.21) around the equilibrium
11
oint (%,y) = [ —,— |, is given b
point (x,y) (a a) is given by

1

Q
|

1
0 % 0 5 0 -
1 0 0 0 0 0
A 0 1 0 0 0 0
= —1 1 1
T A
0 0 0 1 0 0
0 0 0 0 1 0
The characteristic polynomial of A is
B a3 a—1., o+l 1
P(A) = —h(A)h(—A), where h(L) = A" — o A+ o k—a. (3.22)
Consider the two functions
a3 _a—1,, a+l 1
hi(A) =N, hp(A) = A — o l+@'
We have
a—1 oa+1 1
h(A)| < |—— —_— — | <1=|h(N)|,VA A =1,
()] < | | 2 | <1 = m e oy

It follows by Rouché’s Theorem, that all the roots of 4(A) lie in the open unit disk,
11
and so it is for the roots of P(A). Thus the equilibrium point (0(’ oc> is locally

asymptotically stable.
It remains to prove that
lim x, = lim y, = —.
n——+oo n——+oo o
To this end we will, use the fact
T,
lim —* — gk, VkeN. (3.23)

n—yoo n

Using the formula of the solutions, we have

i o Dppyox—1y—2+ (Tang1 4 Ton) yox—1 + (Tang3 — Tong2) yo + Tont2
im xp,41 = lim
n—seo n=e0 Top12y0X-1y-2 4+ (Tong2 + Tont1) YoX—1 + (Tontd — Tons3) Yo + Tons3

Dont1 Dnt1 | Do Dnt3 _ Donyo Don+2
_ llm Tzn yox_ly_z + T2n + TZn yox_l + T2n TZn yO + TZn

n—o Tonio Dni2 | Donti Dnia _ Dnis Toni3
TZVL y0X71y72+ TZVL + T2n yOx*l + T2n T2n y0+ T2n
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~ayox_1y-a+ (04 1) yox 1 + (o — o) yo + o
02yox_1y—2 + (02 +al) yox_1 + (et — o) yo + o
1

o

Similarly, we show that
lim x40 = lim yop+1 = lim ypp10 = —,
n—yoo n—yoo n—yeo o
that is
limx, = limy, = —. (3.24)
n—oo n—oo o
This complete the proof. U

As a consequence of Corollary (2), when choosing the initial values to satisfies
y_i=x_;,i=0,1,2, we get the formulas of the well-defined solutions of the equation
1

Xpil = ,n € Np. 3.25
Ty + bx, + cxp_ 1%, + dx,_2Xp_1X, 0 ( )

These formulas are given in the next result.

Corollary 3. For all n € Ny, the form of every well-defined solution of equation
(3.25) is given by
dJopg1X0X-1X—2 + (cJont1 +dJon) Xox—1 + (J2ng3 — aJoni2) X0 + Jons2
dJons2x0x-1X_2 + (¢ons2 + dJani1) X0x—1 + (Jonta — aoni3) Xo +Jopi3”
dJopi2x0x-1X_2 + (¢Jany2 +dIopi1) Xox—1 + (J2nsa — adany3) Xo +J2ns3
dJon3x0x_1X_2 + (¢ons3 + dJoni2) X0x—1 + (Jonts — aonia) Xo +Jonta’

Xon+1 =

Xon42 =

which can represented in a unified form as

dJy1x0X—1X—2 + (cJuy1 +dJy) Xox—1 4+ (Juy3 — aJyi2) X0 + Jniy2

Xpi] = . (3.26)
T 20X 1 X2+ (CIpa + A1) X0X—1 + (Tysd — A 3) X0 + Jns3
Moreover, ifa=b=c=d =1, then (3.25) becomes
1
Xai1 = (3.27)

14X + X 1%, + Xp—2Xn—_1Xn
and the solutions are expressed in terms of Tetranacci numbers as follows

Don1%0X—1X—2 + (Tont1 + Ton) X0xX—1 + (Tont3 — Tont2) X0 + Tont2

Xopn+1 = y

" Tyiaxox 1x 2+ (Tonsa + Tonr1) X0X 1 + (Tonia — Tanr3) Xo + T2n+(33 )
Yoy — Dopi2x0X—1X—2 4 (Tons2 4 Tong1) Xox—1 + (Tansa — Tony3) X0 + Tont 3

n+2 —

Topi3x0X—1X—2 4+ (Tony3 + Tong2) XoX—1 + (Tonss — Tonra) X0 + T2n+437 2)
(3.
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or equivalently in the unified form,

Thy1x0x—1X—2 + (Thg1 + 1) x0x—1 + (Thy3 — Tng2) X0 + Trg2
Thiox0x—1X—2 + (Tyia + Tu1) X0x—1 + (Tysa — Ti3) X0+ Thss

(3.30)

Xnt+1 =

1
Remark 4. Tt is not hard to see that X = P is the unique equilibrium point for (3.27)

n (0, +o0) when taking the initial values positive real numbers.

1
The linearized equation of (3.27) about the equilibrium point X = o is

oa—1 a+1 1
Wnt1 = — o Wp — ot Wn—l_awn—Z- (3.3D
We have O‘T_], O‘a—t], é are real numbers and
o—1 o+1 1
EINSTER
o o o

thus, X = é is locally asymptotically stable.
Now, using (3.23) and (3.30), we get

Th1x0x—1x_2 + (TnJrl +T, )X()x 1+ (Tn+3 - Tn+2)x0 +Thi2
lim x,,+1 = lim
n—seo n—eo Ty yoxoX—1X-2 + (T2 + Tpg1) XoX—1 + (Tya — Tns3) Xo + Tt

T, T,
n+1x0x lx 2+<n+l+T>x0x 1+<n+3_n+2>x+n+2

= lim
n—soo T””xox X 2+( n+2+ ”“)X()x 1+( ntd TnT+3>xO_'_TnT+3
'l n n
owox—1x—2 + (0t + 1) xpx_1 + ((x3 —a )xo+oc
0(2)60)6_1)6_2 + (0(2 + OC) XoX—1+ (0!.4 — 0(3))60 +0o3

In summary, the equilibrium point X = é is globally asymptotically stable.

3.2. Particular cases of system (3.1)
3.2.1. The cased =0and c #0
In this case the system (3.1) take the form:

_ 1 b 4
Xot1 = 70 |a+ ooy o | (3.32)

_ .1 b c
Ynet =8 |4t 7oy ) € No.
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Corollary 4. The formulas of well-defined solutions of system (3.32), are given,
for all n € Ny, by

B [ cloni1 + <-72n+3 - aJ~2n+2> FO) +T20128(0) f(x1) ]
Xon+1 = f - — - - )
| el t <J2n+2 — ann+1> J1) + onr18(yo) f(x-1) |
» [ Chonia + (-]En+4 — afzn+3> g(y_1) +Janaf(x0)g(v-1)]
Xon+2 = f - - - - )
| ¢Jonv1 + <J2n+3 - aJZrH—Z) g(y-1) +J2n+2f(x0)g(Y—1)_
B [ coni1 + (-72n+3 - aJ~2n+2> g-1) a2 f(x0)g(y-1) |
Yon+1 = 8 P — o P )
| o+ (J2n+2 - a-]2n+l) 8(y—1) +Jans1f (x0)g(y-1) |
. _CJ~2n+2 + (J~2n+4 - afém) flx-1) +J~2n+38(y0)f(x—1 ) ]
Yoni2 =8 P — P -
| clons1 + (J2n+3 - ann+2> f(x=1) +Jans28(y0) f(x-1) |

Ifg=fandy_;j=x_;,i=0,1,2 then, system (3.32) becomes

c

b
FCon) " FCon) FCon 1)

hence, every well-defined solution of equation (3.33) is given by

Xop1=f [a+ ] , n €Ny, (3.33)

» [ chni1 + <\f2n+3 - aJ~2n+2) FOeo1) 4 Tangaf (x0) f(x 1) |
o=t | e+ <J~2n+2 —a~72n+1) FE) + D1 f(x0) flx1) | 7

B [ T2+ (Jzn+4 - aJ~2n+3) Fo1) + Do f(x0) f(x-1) |
T ot (T —anes) S a0 )|

or in the unified form
i+ (Joes = aluia) £ )+ Tusaf (v0) f-1)

cJn+ <~i;z+2 —Clj:z+1> flx-1) —|—j;+1f(xo)f(x_1)

xn+1:f_ ,}’IENQ,

where (JN,,) o is the sequence defined by
nz

Jnsz = a2 + bl ey, Jo=0,J1 = 1,J = a,n € Ny.

1

_ _ 1
3.2.2. The system X, 11 = Tt Yt T o

In the following, we are interested in a particular system of (3.32) and some par-
ticular equations of its one dimensional version.
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Let f(1) = % and g(1) = %, then, system (3.32) becomes
B 1 B 1
a-+by, +cx,_ 1y, Yntl =01 bx, + Cyn_1X,

Xn4-1

So, by Corollary 4, we get the following result.

(3.34)

Corollary 5. For all n € Ny, the representation of well-defined solution of system

(3.34) is

CjVZnyOX—l + <Jzn+2 — a‘72n+1) Yo+ Jznﬂ

Xon+1 = —C = = - s
chonp1yox—1+ <J2n+3 — aJ2n+2) Yo +Jont2
C-];n—i-lxoy—] + <‘72n+3 - a-]~2n+2) X0 +‘72n+2

Xon42 = —Z = = - s
congaxoy—1-+ (Jzn+4 — ann+3> x0+J2m43

C-Tanoy—l + <\72n+2 - a-72n+1) X0+ -f2n+l

Yon+1 = ;

C-]~2n+1x0y71 + <~72n+3 - a-];nJrZ) X0+ J~2n+2

Yo+ ~72n+3

C~,~2n+1y0x—1 + (-72n+3 - a-En-‘rZ) Yo +‘72n+2
chonioyox—1+ | Jon+a — dJ2n+3)

Yon+2 = —C <~ —

Moreover, the solutions of the following equation
1
a+bx, +cx,_1x,

Xn+l1 =

(3.35)

follows directly from those of the system (3.34) by taking y_; = x_;,i = 0,1. Then,

representation of well-defined solution is

CJ~2nx0L1 + <J~zn+2 — a\f2n+l> X0 + J~2n+1

Xon+1 =

)

copp1x0x—1 + (Jzn+3 - aJ2n+2) X0 +Jont2

copp1x0X—1 + (Jzn+3 - aJ2n+2) X0 +J2n42
Xon4+2 = —Z = = —
cJongaxox—1+ (Jzn+4 - ann+3) X0 +J2n43

Recently in [12], the authors studied the particular difference equations

1

Xp+1 =

" —1+x, +xn—1xn,
1

Xp+1 =

)
L+ X, — Xp— 1%

(3.36)

(3.37)

(3.38)

(3.39)
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1
1 —x, +Xxp—1%, ’
1
—1 =X, —Xp_1X,
and as a generalization of (3.38), (3.39), (3.40), (3.41) the authors studied again in
[11], the equation

Xyl = (3.40)

(3.41)

Xn+1 =

1

1
% + %xn + ?xnflxn

- Y7 0. (3.42)
Clearly these equations are particular cases of equation (3.35).

In fact to obtain equation (3.38) it suffices to take a = —1, b =1 and ¢ = 1 in (3.35),
when choosing a =1, b =1 and ¢ = —1 in (3.35) we get equation (3.39). Equation
(3.40) follows from (3.35) for the choice a =1, b = —1 and ¢ = 1. Again if we take
a=—1,b=—1and c=—11n (3.35) we get the equation (3.41), finally for the choice
a= %, b= % and ¢ = % in (3.35) we find the equation (3.42).

Noting, that the authors studied in [13] the following systems

1
Xn+l = 77—,
1 _
- +yn‘|1‘xn 1Vn (3.43)
Yn+1 = 1+xn+yn7[xn’
1
Xn+1 = )
—1 — X,
- +Yn1 Xn—1Yn (3.44)
Ynt+1 = _1+xn_yn71xn.

Systems (3.43) and (3.44) are particular cases of system (3.34) for the choices a =
b=c=1landa=—1,b=1,c= —1 respectively.
Now, we will investigate each of these cases separately.

(1) Consider a = —1,b =1, ¢ = 1, equation (3.35) boeocomes (3.38). For this

choice of the parameters, we get the sequence (J;) o defined by:

Jnts = —Ins2 Fdpst H Jo= 0,01 = 1,1 = — 1.
It is easy to see that
Jn=— <i+;n> (—1)”+%, n € Np.
From this it follows that
Jon = =1, Jani1 = n+1.
Replacing in (3.36) and (3.37), we obtain

—nx_ixo+n+1
n+1)x_1xo+x0—(n+1)’
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(n+1)xox_1 +x0— (n+1)
—(n+1)xox_1 +n+2

and these are the formulas given in [12] for the solutions of (3.38).
(2) Consider a = 1,b =1, ¢c = —1, equation (3.35) becomes (3.39). For this

X2pn+2 =

)

choice of the parameters, we get the sequence (Jn> o defined by:

j;l+3:j;z+2+j;1+l_j;17‘70:07ji:17‘]2:1'
It is easy to see that
~ 1 1 1
=—4+-n——-(=1)" .
Jn 4+21’l 4( ), neNy
From this it follows that

Jzn :n,J~2n+1 =n+1.
Replacing in (3.36) and (3.37), we get
nx_1xo— (n+1)
n+1)x_1xo—xo— (n+1)’
(n+1xox_1 —x0— (n+1)
(n+Dxox_1 — (n+2)

and these are the formulas given in [12] for the solutions of (3.39).
(3) Consider a = 1,b = —1, ¢ = 1, equation (3.35) becomes (3.40). For this

choice of the parameters, we get the sequence (Jn) o defined by:

Xon+1 = (

X2n+2 =

)

j;l+3:‘Zl+2_j;l+l+Zl7‘Z):O7ﬂ: 17‘7221

From this it follows that

~ 1 1 ~ 1
Jon = 5 - 5(_1)n7-]2n+1 = 5""7(_1)”7

depending on 7 is even or odd, we get
J~4n = 07 -Zln-‘rl - 17 J~4n+2 = 17 j:ln-i—?a =0.
Replacing in (3.36) and (3.37), we obtain

1

Xgpy) = —————
s x,IX()*ijLl’
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X_1x9—x0+1

Xan+2 =

X_1X0
Xan+3 = X—1,
X4n+4 = X0,

and these are the formulas given in [12] for the solutions of (3.39).
(4) Consider a = b = c = —1, equation (3.35) becomes (3.41). For this choice of

the parameters, we get the sequence (J,,) o defined by:

n=

Jn+3:_7l+2_jl;+l_j;l7j(/):0)ji:17‘72:_1'

We have

- 1 1 1

= (1) s e

From this it follows that

~ 1 1 _
Jon = 7‘1‘ 5(—1)n7-]2n+1 =3 +5(=1)",

depending on n is even or odd, we get
j:ln = 07 ‘En—i-l = 17j:ln+2 = —17Z1n+3 =0.

Replacing in (3.36) and (3.37), we get

1
Xap+1l = ———— >
—X_1X0 — X0 — 1
—Xx_1x0—x9— 1
Xan42 = )
X—-1X0
x4n+3 =X_1 )
Xdn+4 = X0,

and these are the formulas given in [12] for the solutions of (3.41).
(5) Consider a = b = ¢ = 1, system (3.34) becomes (3.43). For this choice of
~+oo

the parameters, the sequence (J~n> o will be nothing other than the famous
0 by

n
Tribonacci sequence defined for n €

T3 = Tn+2 + Tn+1 +T,, Ty = 0, h=T=1. (3.45)
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The solutions are given by

N Tonyox—1 + (Tant2 — Tont1) Yo + Tonti
" Dpyoxo1 + ET2n+3 — T2n+2;y0 +Topin’
oy = Tnr1x0y—1+ (Tont3 — Tony2) X0 + Toni2
" Ton2x0y—1+ (Tonsa — Tony3) X0 + g3’ (3.46)
S Tonxoy—1+ (Tant2 — Tont1) X0 + Tont
" Dpixoyo1 + gT2n+3 - T2n+2gxo +Topin’
Yomis = Dp1yox—1+ (Tons3 — Tons2) Yo + Tony2
" Dyayox 1 + (Tonta — Tont3) Yo + Tanss3

(6) Consider a = —1,b =1,c = —1, system (3.34) becomes (3.44). For this
choice of the parameters, we get the sequence (J;) o defined by:
n=
Z’l+3 = _Z’l+2+~,];l+l _‘,]717'}6 = Ov‘ﬂ = 17-72 =-1
Using the fact that J, = (=)™, ([11), we get from Corollary 5 that the
representation of well-defined solutions of system (3.44) is

— (Donyox—1+ (Tont1 — Tons2) Yo+ Tont1)

Xoptl =
" Ton+1Y0X—1 — (Tont 1+ Tan) Yo + Tan+2
N (Tont1x0y-1+ (Tong2 — Tang3) X0 + Tony2)
" Tons2%0Y—1 — (Tons2 + Ton1) X0 + Dotz (3.47)
I (Tanxoy—1+ (Tont1 — Tong2) X0 + Ton1) :
" Tont1%0Y—1 — (Tan+1 + Ton) X0 + Tont2
T (Tont1y0x-1 + (Tong2 — Tong3) Yo + Tony2)
" Ton+2Y0X—1 — (Tons2 + Tont1) Yo + Tang3

and these are the formulas given in [13] for the solutions of (3.44).
323. Cased=0,c#0anda=0

In this case, we obtain the following system

_ 1| _b ___c

Xnt1 = [ 20m) + 8(n)f(xn=1) | (3.48)
1| b ¢ |

Yni1 =8 | oy t s | 1 € No-

Here, (j:,) will be the sequence (%), defined by

n>0

Tn+3 = b-(Pn-H +Can, fP() = 0, ﬂP] = 1, sz = O,n S N(). (3.49)
So, well-defined solutions are expressed in terms of (%), and takes the form

cPopi1+ Poni3f(x-1) + Poni28(y0) f(x-1)
cPon+ Popiaf(x_1) + Prpr18(vo) f(x_1)
cPopi2+ Pona8(y-1) + Prny3f(x0)g(y-1)
cPoni1 + Poni38(y-1) + Pt f(x0)g(y-1)

x2n+1:fl|: :|7n€N07

X2n+2_f1|: :|7n€N07
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1 [Pt + Pong38(y-1) + Pt f(x0)g(y-1)
Yani1 =8 1 € No,
cPon + Pops28(y-1) + Pont1.f (x0)g(y-1)
1 [ Ponga+ Pongaf(x-1) + Pony3g(yo) f(x-1)
Y2 =8 ,n € Np.
cPopr1 + Poni3f(x-1) + Ponr28(yo) f(x-1)
for system (3.48) and by
foet = £ [CTn—H + Buaf(x-1) +5Pn+zf(xo)f(x—1)] ne N,
B+ P f(x-1) + Buy1f (x0) f(x-1)
for its one dimensional version, that is the equation
b c
—1
Xnt1=F [ + :| , n € Np.
" f(xn) f(xn)f<xn—1>

Also, (3.48) generalize some works in the literature, see, for example [5] and [21].

324. Casec=d=0,b#0

In this case, we get the system

b
Xn+1 :f_l [a+] y Yn+1 Ig_1 [a—l— } , n € Np. (3.50)

b
g(n) f(xn)

In this case, the well-defined solutions will be expressed using terms of the sequence
Fa) = (Je1) _.definedb
( " n>0 ntl n>0 eine y

Foia = aFppy +bFy, Fo=1,F =a,n€ Ny

and the solutions forN (3.50) and its one dimensional version, are obtained from Corol-
lary (4), by writing F,,_ instead of J,,. System (3.48) and its one dimensional version,
generalize some existing works, for example [17], [18].

Remark 5. Ifb=c=d =0,a# 0, we get
xn:f_l(a)7yn:g_l(a)7n:1727""

4. CONCLUSION

In this work, we have presented formulas of well-defined solutions of some gen-
eral systems of difference equations defined by one to one functions on a set D of
real numbers. Noting that the obtained formulas of the solutions of our systems
are expressed using some remarkable sequences, like Fibonacci, Tribonaci, Padovan,
Tetranacci and their generalizations. Our work generalizes a lot of existing works in
the literature on solvable difference equations and systems. Although, the condition
“one to one functions”, reduces the set of possibilities surveyed by this work. But
our results, can be used to obtain the formulas of well-defined solutions of other sys-
tems, that their solvability, seems for the first sight impossible. So, under appropriate
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choice of the the set D, we can solve complicated difference equations and systems
involving for example functions like ”tan”, ”’In” and others.
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