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Abstract. In this paper, we give explicit formulas of the solutions of the two general systems of
difference equations

xn+1 = f−1 (ag(yn)+b f (xn−1)+ cg(yn−2)+d f (xn−3)) ,

yn+1 = g−1 (a f (xn)+bg(yn−1)+ c f (xn−2)+dg(yn−3)) ,

and

xn+1 = f−1

(
a+

b
g(yn)

+
c

g(yn) f (xn−1)
+

d
g(yn) f (xn−1)g(yn−2)

)
,

yn+1 = g−1

(
a+

b
f (xn)

+
c

f (xn)g(yn−1)
+

d
f (xn)g(yn−1) f (xn−2)

)
,

where n ∈ N0, f ,g : D −→ R are “1−1” continuous functions on D ⊆ R, the initial values x−i,
y−i, i = 0,1,2,3 are arbitrary real numbers in D and the parameters a, b, c and d are arbitrary
real numbers. Our results considerably extend some existing results in the literature.
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1. INTRODUCTION AND PRELIMINARIES

Difference equations are used to describes real discrete models in various branches
of modern sciences such as, biology, economy, control theory. This explain why a big
number of papers is devoted to this subject, see for example ([1] - [20]). It is clear that
if we want to understand our models, we need to know the behavior of the solutions
of the equations of the models, and this fact will be possible if we can solve in closed
form these equations. One can find in the literature a lot of works on difference
equations where explicit formulas of the solutions are given, see for instance [1], [2],
[5], [8], [9], [10], [7], [12], [11], [13], [16], [15], [14], [17], [18], [21], [20], [22].
Such type of difference equations and systems is called solvable difference equations.
In the present work, we continue our interest in solvable difference equations, more
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precisely, we will solve the following two general systems of difference equations

xn+1 = f−1 (ag(yn)+b f (xn−1)+ cg(yn−2)+d f (xn−3)) ,

yn+1 = g−1 (a f (xn)+bg(yn−1)+ c f (xn−2)+dg(yn−3)) ,

and

xn+1 = f−1
(

a+
b

g(yn)
+

c
g(yn) f (xn−1)

+
d

g(yn) f (xn−1)g(yn−2)

)
,

yn+1 = g−1
(

a+
b

f (xn)
+

c
f (xn)g(yn−1)

+
d

f (xn)g(yn−1) f (xn−2)

)
,

where n ∈ N0, f ,g : D −→ R are one to one (“1− 1”) continuous functions on D ⊆
R, the initial values x−i, y−i, i = 0,1,2,3 are arbitrary real numbers in D and the
parameters a, b, c and d are arbitrary real numbers.

In our study, we are inspired and motivated by the ideas, the equations and the
systems of some recent published papers. The papers, [1], [2] and especially [15] are
our main motivation in the present work. The obtained results considerably general-
ize some existing results in the literature, see [1], [2], [3], [4], [5], [12], [11], [13],
[16], [15], [14], [17], [18], [21].

Now, we will recall some known results that will be useful, in solving in closed
form our systems. To this end, let consider the two following homogeneous fourth
order linear difference equations

Rn+1 = aRn +bRn−1 + cRn−2 +dRn−3, n ∈ N0, (1.1)

Sn+1 =−aSn +bSn−1 − cSn−2 +dSn−3, n ∈ N0, (1.2)
where the initial values R0, R−1, R−2, R−3, S0, S−1, S−2 and S−3 and the parameters
a, b, c and d, d ̸= 0 are real numbers. Noting that the formulas of the solutions of
equations (1.1) and (1.2), see [2], are expressed in terms of the the sequence (Jn)

+∞

n=0
defined by the recurrent relation

Jn+4 = aJn+3 +bJn+2 + cJn+1 +dJn, n ∈ N0, (1.3)

and the special initial values

J0 = 0, J1 = 0, J2 = 1 and J3 = a. (1.4)

The closed form of the solutions of (Jn)
+∞

n=0 and many properties of them are well
known in the literature see for example [19], [6].

The following result from [2], gave the general terms of (1.1) and (1.2) in terms
of the sequence (Jn)

+∞

n=0. The obtained formulas will be very useful to obtain the
formulas of the solutions of our systems.

Lemma 1. We have for all n ∈ N0,

Rn = dJn+1R−3 +(cJn+1 +dJn)R−2 +(Jn+3 −aJn+2)R−1 + Jn+2R0, (1.5)

Sn = (−1)n+1 [dJn+1S−3 − (cJn+1 +dJn)S−2 +(Jn+3 −aJn+2)S−1 − Jn+2S0] . (1.6)
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Consider the following fourth order linear system of difference equations

un+1 = avn +bun−1 + cvn−2 +dun−3, vn+1 = aun +bvn−1 + cun−2 +dvn−3, n ∈ N0,
(1.7)

where the initial values u−i, v−i, i = 0,1,2,3 are nonzero real numbers.
In [2], the authors got the solutions of (1.7), in terms of the sequence (Jn)

+∞

n=0 and the
initial values u−i, v−i, i = 0,1,2,3.
For the interest of the readers we show how we can solve system (1.7).

Lemma 2. The solutions of the system (1.7) are given by the following formulas

u2n−1 = dJ2nu−3 +(cJ2n +dJ2n−1)v−2 +(J2n+2 −aJ2n+1)u−1 + J2n+1v0, n ∈ N,
(1.8)

u2n = dJ2n+1v−3 +(cJ2n+1 +dJ2n)u−2 +(J2n+3 −aJ2n+2)v−1 + J2n+2u0, n ∈ N0,
(1.9)

v2n−1 = dJ2nv−3 +(cJ2n +dJ2n−1)u−2 +(J2n+2 −aJ2n+1)v−1 + J2n+1u0, n ∈ N,
(1.10)

v2n = dJ2n+1u−3 +(cJ2n+1 +dJ2n)v−2 +(J2n+3 −aJ2n+2)u−1 + J2n+2v0, n ∈ N0.
(1.11)

Proof. From (1.7), we get

un+1+vn+1 = a(vn+un)+b(un−1+vn−1)+c(vn−2+un−2)+d(un−3+vn−3), n ∈N0

and

un+1−vn+1 = a(vn−un)+b(un−1−vn−1)+c(vn−2−un−2)+d(un−3−vn−3), n∈N0.

Putting
Rn = un + vn, Sn = un − vn, n ≥−3, (1.12)

we obtain two homogeneous linear difference equations of fourth order:

Rn+1 = aRn +bRn−1 + cRn−2 +dRn−3, n ∈ N0,

and
Sn+1 =−aSn +bSn−1 − cSn−2 +dSn−3, n ∈ N0. (1.13)

Using (1.12), we get

un =
1
2
(Rn +Sn), vn =

1
2
(Rn −Sn), n ≥−3.

From Lemma 1, we obtain

u2n−1 = dJ2nu−3 +(cJ2n +dJ2n−1)v−2 +(J2n+2 −aJ2n+1)u−1 + J2n+1v0, n ∈ N,
u2n = dJ2n+1v−3 +(cJ2n+1 +dJ2n)u−2 +(J2n+3 −aJ2n+2)v−1 + J2n+2u0, n ∈ N0,

v2n−1 = dJ2nv−3 +(cJ2n +dJ2n−1)u−2 +(J2n+2 −aJ2n+1)v−1 + J2n+1u0, n ∈ N,
v2n = dJ2n+1u−3 +(cJ2n+1 +dJ2n)v−2 +(J2n+3 −aJ2n+2)u−1 + J2n+2v0,n ∈ N0.

□
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2. SOLUTIONS OF A FIRST GENERAL SYSTEM OF DIFFERENCE EQUATIONS

In this part, we will focus our interest on our first general system of difference
equations, that is the system{

xn+1 = f−1 (ag(yn)+b f (xn−1)+ cg(yn−2)+d f (xn−3)) ,

yn+1 = g−1 (a f (xn)+bg(yn−1)+ c f (xn−2)+dg(yn−3)) ,
(2.1)

where n ∈ N0, f , g : D −→ R are continuous functions, with D = D f = Dg, that is f
and g have the same domain, and it is also assumed that f , g are “1−1” on D⊆R, the
initial values x−i, y−i, i = 0,1,2,3 are arbitrary real numbers in D and the parameters
a, b, c and d are arbitrary real numbers.

2.1. Explicit formulas of solutions of system (2.1) with d ̸= 0

In the following result, we solve in closed form (2.1).

Definition 1. A solution {xn,yn}n≥−3 of system (2.1) is said to be well-defined if
for all n ∈ N0, we have

ag(yn)+b f (xn−1)+ cg(yn−2)+d f (xn−3) ∈ D f−1 ,

and
a f (xn)+bg(yn−1)+ c f (xn−2)+dg(yn−3) ∈ Dg−1 .

Theorem 1. Let {xn,yn}n≥−3 be a well-defined solution of the system (2.1), then
we have the following representation

x2n−1 = f−1 (dJ2n f (x−3)+(cJ2n +dJ2n−1)g(y−2)+(J2n+2 −aJ2n+1) f (x−1)

+J2n+1g(y0)) ,n ∈ N,
x2n = f−1 (dJ2n+1g(y−3)+(cJ2n+1 +dJ2n) f (x−2)+(J2n+3 −aJ2n+2)g(y−1)

+J2n+2 f (x0)) ,n ∈ N0,
(2.2)

y2n−1 = g−1 (dJ2ng(y−3)+(cJ2n +dJ2n−1) f (x−2)+(J2n+2 −aJ2n+1)g(y−1)

+J2n+1 f (x0)) ,n ∈ N,
y2n = g−1 (dJ2n+1 f (x−3)+(cJ2n+1 +dJ2n)g(y−2)+(J2n+3 −aJ2n+2) f (x−1)

+J2n+2g(y0)) ,n ∈ N0.
(2.3)

Proof. Since the functions f , g are “1−1”, then from (2.1) we get{
f (xn+1) = ag(yn)+b f (xn−1)+ cg(yn−2)+d f (xn−3),

g(yn+1) = a f (xn)+bg(yn−1)+ c f (xn−2)+dg(yn−3), n ∈ N0.
(2.4)

By the change of variables

Xn = f (xn), Yn = g(yn), n ≥−3, (2.5)
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system (2.4) is transformed to the following one{
Xn+1 = aYn +bXn−1 + cYn−2 +dXn−3,

Yn+1 = aXn +bYn−1 + cXn−2 +dYn−3, n ∈ N0.
(2.6)

Clearly (2.6) is in the form of system (1.7), by Lemma (2), we obtain the following
representation of solutions{

X2n−1 = dJ2nX−3 +(cJ2n +dJ2n−1)Y−2 +(J2n+2 −aJ2n+1)X−1 + J2n+1Y0,n ∈ N,
X2n = dJ2n+1Y−3 +(cJ2n+1 +dJ2n)X−2 +(J2n+3 −aJ2n+2)Y−1 + J2n+2X0,n ∈ N0,

(2.7){
Y2n−1 = dJ2nY−3 +(cJ2n +dJ2n−1)X−2 +(J2n+2 −aJ2n+1)Y−1 + J2n+1X0,n ∈ N,
Y2n = dJ2n+1X−3 +(cJ2n+1 +dJ2n)Y−2 +(J2n+3 −aJ2n+2)X−1 + J2n+2Y0,n ∈ N0.

(2.8)

Now, by (2.5) we get that
x2n−1 = f−1 [dJ2n f (x−3)+(cJ2n +dJ2n−1)g(y−2)+(J2n+2 −aJ2n+1) f (x−1)

+J2n+1g(y0)] ,n ∈ N,
x2n = f−1 [dJ2n+1g(y−3)+(cJ2n+1 +dJ2n) f (x−2)+(J2n+3 −aJ2n+2)g(y−1)

+J2n+2 f (x0)] ,n ∈ N0,
(2.9)

y2n−1 = g−1 [dJ2ng(y−3)+(cJ2n +dJ2n−1) f (x−2)+(J2n+2 −aJ2n+1)g(y−1)

+J2n+1 f (x0)] ,n ∈ N,
y2n = g−1 [dJ2n+1 f (x−3)+(cJ2n+1 +dJ2n)g(y−2)+(J2n+3 −aJ2n+2) f (x−1)

+J2n+2g(y0)] ,n ∈ N0.
(2.10)

□

Remark 1. Moreover, if g ≡ f and y−i = x−i, i = 0,3 then, the system (2.1) will be
the equation

xn+1 = f−1 (a f (xn)+b f (xn−1)+ c f (xn−2)+d f (xn−3)) (2.11)

and then the representation of the well-defined solutions are given by
x2n−1 = f−1 [dJ2n f (x−3)+(cJ2n +dJ2n−1) f (x−2)+(J2n+2 −aJ2n+1) f (x−1)

+J2n+1 f (x0)] ,n ∈ N,
x2n = f−1 [dJ2n+1 f (x−3)+(cJ2n+1 +dJ2n) f (x−2)+(J2n+3 −aJ2n+2) f (x−1)

+J2n+2 f (x0)] ,n ∈ N0.
(2.12)
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In [15], Stevic studied the equation (2.11).

Now as applications of theorem 1, we give the following examples.

Example 1. Let

f (t) = t2 j+1, g(t) = t2k+1, j, k ∈ N0. (2.13)

Then, D f = Dg = R, clearly the functions f and g are “1− 1” continuous functions
on R and the system (2.1) becomesxn+1 =

[
ay2k+1

n +bx2 j+1
n−1 + cy2k+1

n−2 +dx2 j+1
n−3

] 1
2 j+1

,

yn+1 =
[
ax2 j+1

n +by2k+1
n−1 + cx2 j+1

n−2 +dy2k+1
n−3

] 1
2k+1

, n ∈ N0.

(2.14)

Then from (2.2) and (2.3), we obtain that general solution of the equation (2.14) is

x2n−1 =
[
dJ2nx2 j+1

−3 +(cJ2n +dJ2n−1)y2k+1
−2 +(J2n+2 −aJ2n+1)x2 j+1

−1

+J2n+1y2k+1
0

] 1
2 j+1 ,n ∈ N,

x2n =
[
dJ2n+1y2k+1

−3 +(cJ2n+1 +dJ2n)x2 j+1
−2 +(J2n+3 −aJ2n+2)y2k+1

−1

+J2n+2x2 j+1
0

] 1
2 j+1

,n ∈ N0,

(2.15)



y2n−1 =
[
dJ2ny2k+1

−3 +(cJ2n +dJ2n−1)x2 j+1
−2 +(J2n+2 −aJ2n+1)y2k+1

−1

+J2n+1x2 j+1
0

] 1
2k+1

,n ∈ N,

y2n =
[
dJ2n+1x2 j+1

−3 +(cJ2n+1 +dJ2n)y2k+1
−2 +(J2n+3 −aJ2n+2)x2 j+1

−1

+J2n+2y2k+1
0

] 1
2k+1 ,n ∈ N0.

(2.16)

Example 2. Let

f (t) =
1

t2 j+1 , g(t) =
1

t2k+1 , j, k ∈ N0. (2.17)

Then, D f = Dg = R−{0}, clearly the functions f and g are “1 − 1” continuous
functions on R−{0} and the system (2.1) becomes

xn+1 =

[
a

y2k+1
n

+ b
x2 j+1

n−1
+ c

y2k+1
n−2

+ d
x2 j+1

n−3

] −1
2 j+1

,

yn+1 =

[
a

x2 j+1
n

+ b
y2k+1

n−1
+ c

x2 j+1
n−2

+ d
y2k+1

n−3

] −1
2k+1

, n ∈ N0,

(2.18)
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or equivalently
xn+1 =

[
y2k+1

n x2 j+1
n−1 y2k+1

n−2 x2 j+1
n−3

ax2 j+1
n−1 y2k+1

n−2 x2 j+1
n−3 +by2k+1

n y2k+1
n−2 x2 j+1

n−3 +cy2k+1
n x2 j+1

n−1 x2 j+1
n−3 +dy2k+1

n x2 j+1
n−1 y2k+1

n−2

] 1
2 j+1

,

yn+1 =

[
x2 j+1

n y2k+1
n−1 x2 j+1

n−2 y2k+1
n−3

ay2k+1
n−1 x2 j+1

n−2 y2k+1
n−3 +bx2 j+1

n x2 j+1
n−2 y2k+1

n−3 +cx2 j+1
n y2k+1

n−1 y2k+1
n−3 +dx2 j+1

n y2k+1
n−1 x2 j+1

n−2

] 1
2k+1

, n ∈ N0.

(2.19)

Then from (2.2) and (2.3), we obtain that general solution of system (2.19) is

x2n−1 =
[
dJ2nx−(2 j+1)

−3 +(cJ2n +dJ2n−1)y−(2k+1)
−2 +(J2n+2 −aJ2n+1)x−(2 j+1)

−1

+J2n+1y−(2k+1)
0

]− 1
2 j+1

,n ∈ N,

x2n =
[
dJ2n+1y−(2k+1)

−3 +(cJ2n+1 +dJ2n)x−(2 j+1)
−2 +(J2n+3 −aJ2n+2)y−(2k+1)

−1

+J2n+2x−(2 j+1)
0

]− 1
2 j+1

,n ∈ N0,

(2.20)



y2n−1 =
[
dJ2ny−(2k+1)

−3 +(cJ2n +dJ2n−1)x−(2 j+1)
−2 +(J2n+2 −aJ2n+1)y−(2k+1)

−1

+J2n+1x−(2 j+1)
0

]− 1
2k+1

,n ∈ N,

y2n =
[
dJ2n+1x−(2 j+1)

−3 +(cJ2n+1 +dJ2n)y−(2k+1)
−2 +(J2n+3 −aJ2n+2)x−(2 j+1)

−1

+J2n+2y−(2k+1)
0

]− 1
2k+1

,n ∈ N0.

(2.21)

If j = k = 0, then system (2.18) becomes{
xn+1 =

ynxn−1yn−2xn−3
axn−1yn−2xn−3+bynyn−2xn−3+cynxn−1xn−3+dynxn−1yn−2

,

yn+1 =
xnyn−1xn−2yn−3

ayn−1xn−2yn−3+bxnxn−2yn−3+cxnyn−1yn−3+dxnyn−1xn−2
, n ∈ N0.

(2.22)

The form of the well-defined solutions of (2.22), can be obtained by putting j = k = 0,
in the formulas of the solutions of (2.18). The solutions of the equation, see [15]

xn+1 =
xnxn−1xn−2xn−3

axn−1xn−2xn−3 +bxnxn−2xn−3 + cxnxn−1xn−3 +dxnxn−1xn−2
, n ∈ N0,

(2.23)
can be obtained from the solutions of (2.22) by taking y−i = x−i, i = 0,1,2,3.
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2.2. Particular cases of system (2.1)

2.2.1. The case d = 0 and c ̸= 0

In this case the system (2.1) takes the form:{
xn+1 = f−1 (ag(yn)+b f (xn−1)+ cg(yn−2)) ,

yn+1 = g−1 (a f (xn)+bg(yn−1)+ c f (xn−2)) , n ∈ N0.
(2.24)

Using the change of variables (2.5), with n ≥−2, we get the third order linear system

Xn+1 = aYn +bXn−1 + cYn−2, Yn+1 = aXn +bYn−1 + cXn−2, n ≥−2. (2.25)

Consider the sequence
(

J̃n

)
n≥0

defined by

J̃n+3 = aJ̃n+2 +bJ̃n+1 + cJ̃n, n ∈ N0, (2.26)

and the special initial values

J̃0 = 0, J̃1 = 1, J̃2 = a.

The sequence
(

J̃n

)
n≥0

is obtained from the sequence (Jn)n≥0 defined by (1.3):

Jn+4 = aJn+3 +bJn+2 + cJn+1 +dJn, J0 = 0, J1 = 0, J2 = 1 and J3 = a, n ∈ N0.

For d = 0, we obtain
Jn+4 = aJn+3 +bJn+2 + cJn+1.

Putting
J̃n = Jn+1, n ∈ N0,

we get the sequence (2.26). Noting that in this case, the corresponding sequences
(Rn)n≥0, (Sn)n≥0 will be

Rn+1 = aRn +bRn−1 + cRn−2, Sn+1 =−aSn +bSn−1 − cSn−2, n ∈ N0,

with the initial values R0,R−1, R−2, S0,S−1, S−2. The formulas of the solutions of
these equations are expressed using the sequence

(
J̃n

)
n≥0

, see [2].

The formulas of the solutions of (2.25) and (2.24), can be obtaining from those of
solutions of (1.7) and solutions of (2.1) by changing Jn by J̃n−1.

In summary we have the following result.

Corollary 1. Let {xn,yn}n≥−2 be a well-defined solution of system (2.24), then

x2n−1 = f−1
[
cJ̃2n−1g(y−2)+

(
J̃2n+1 −aJ̃2n

)
f (x−1)+ J̃2ng(y0)

]
,n ∈ N,

x2n = f−1
[
cJ̃2n f (x−2)+

(
J̃2n+2 −aJ̃2n+1

)
g(y−1)+ J̃2n+1 f (x0)

]
,n ∈ N0,

y2n−1 = g−1
[
cJ̃2n−1 f (x−2)+

(
J̃2n+1 −aJ̃2n

)
g(y−1)+ J̃2n f (x0)

]
,n ∈ N,
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y2n = g−1
[
cJ̃2ng(y−2)+

(
J̃2n+2 −aJ̃2n+1

)
f (x−1)+ J̃2n+1g(y0)

]
,n ∈ N0.

Remark 2. If g ≡ f and y−i = x−i, i = 0,1,2 then, system (2.24) becomes

xn+1 = f−1 [a f (xn)+b f (xn−1)+ c f (xn−2)] (2.27)

and by Corollary 1, the every well defined solution is given byx2n−1 = f−1
[
cJ̃2n−1 f (x−2)+

(
J̃2n+1 −aJ̃2n

)
f (x−1)+ J̃2n f (x0)

]
,n ∈ N,

x2n = f−1
[
cJ̃2n f (x−2)+

(
J̃2n+2 −aJ̃2n+1

)
f (x−1)+ J̃2n+1 f (x0)

]
,n ∈ N0,

(2.28)

which can written in a unified form as

xn = f−1
[
cJ̃n f (x−2)+

(
J̃n+2 −aJ̃n+1

)
f (x−1)+ J̃n+1 f (x0)

]
, n ∈ N0. (2.29)

Noting again that this equation, was studied by Stevic in [15].

2.2.2. Case d = 0,c ̸= 0 and a = 0

In this case we get the system{
xn+1 = f−1 [b f (xn−1)+ cg(yn−2)] ,

yn+1 = g−1 [bg(yn−1)+ c f (xn−2)] , n ∈ N0.
(2.30)

Here,
(

J̃n

)
n≥0

will be the sequence defined by

Pn+3 = bPn+1 + cPn, n ∈ N0, (2.31)

and the special initial values

P0 = 0, P1 = 1 and P2 = 0, (2.32)

so, the solutions are expressed in terms of (P )n≥0 and are given by

x2n−1 = f−1 [cP2n−1g(y−2)+P2n+1 f (x−1)+P2ng(y0)] ,n ∈ N,

x2n = f−1 [cP2n f (x−2)+P2n+2g(y−1)+P2n+1 f (x0)] ,n ∈ N0,

y2n−1 = g−1 [cP2n−1 f (x−2)+P2n+1g(y−1)+P2n f (x0)] ,n ∈ N,

y2n = g−1 [cP2ng(y−2)+P2n+2 f (x−1)+P2n+1g(y0)] ,n ∈ N0,

for the system (2.30) and by

xn = f−1 [cPn f (x−2)+Pn+2 f (x−1)+Pn+1 f (x0)] , n ∈ N0,

for its one dimensional version, that is the equation

xn+1 = f−1 (b f (xn−1)+ c f (xn−2)) .

If b ̸= 0, (P )n≥0 will be a generalized Padovan sequence and if b = c = 1, then
(Pn)n≥0 will be the famous Padovan sequence.
Noting that system (2.30) generalize for example the works of [5] and [21].
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2.2.3. Case c = d = 0 and b ̸= 0

In this case, we get the system{
xn+1 = f−1 [ag(yn)+b f (xn−1)] ,

yn+1 = g−1 [a f (xn)+bg(yn−1)] , n ∈ N0.
(2.33)

By the same philosophy, we obtain the sequence
(

F̃n

)
n≥0

=
(

J̃n+1

)
n≥0

, defined by

F̃n+2 = aF̃n+1 +bF̃n, F̃0 = 1, F̃1 = a, n ∈ N0,

and the solutions of (2.33) and its one dimensional version, are obtained from the
solutions of (2.24) and (2.27), by writing F̃n−1 instead of J̃n. If a ̸= 0,

(
F̃n

)
n≥0

is a generalized Fibonacci sequence and if a = b = 1,
(

F̃n

)
n≥0

will be the famous

Fibonacci sequence.
System (2.33) and its one dimensional versions, generalize for example the works of
[17], [18].

2.2.4. Case b = c = d = 0 and a ̸= 0

In this case, we get the system

xn+1 = f−1 (ag(yn))) , yn+1 = g−1 (a f (xn)) , n ∈ N0. (2.34)

Using the fact that f , g are one to one functions, and the change of variables

Xn = f (xn), Yn = g(yn), n ≥ 0

the system (2.34), will be

Xn+1 = aYn, Yn+1 = aXn, n ∈ N0.

So,

X2n = a2nX0, Y2n = a2nY0, X2n+1 = a2n+1Y0, Y2n+1 = a2n+1X0, n ∈ N0.

Hence
x2n = f−1(a2n f (x0)), y2n = g−1(a2ng(y0)), n ∈ N0

and
x2n+1 = f−1(a2n+1g(y0)), y2n+1 = g−1(a2n+1 f (x0)), n ∈ N0.

3. SOLUTIONS OF A SECOND GENERAL SYSTEM OF DIFFERENCE EQUATIONS

In this part, we are interested in the following system of difference equations given
by xn+1 = f−1

(
a+ b

g(yn)
+ c

g(yn) f (xn−1)
+ d

g(yn) f (xn−1)g(yn−2)

)
,

yn+1 = g−1
(

a+ b
f (xn)

+ c
f (xn)g(yn−1)

+ d
f (xn)g(yn−1) f (xn−2)

)
,

(3.1)
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where n ∈ N0, f , g : D −→ R are continuous functions, with D = D f = Dg, that is f
and g have the same domain, in addition we assume that f , g are “1−1” on D⊆R, the
initial values x−i, y−i, i = 0,1,2, are arbitrary real numbers in D and the parameters
a, b, c and d are arbitrary real numbers.

Definition 2. A solution {xn,yn}n≥−2 of system (3.1) is said to be well-defined if
for all n ∈ N0, we have

a+
b

g(yn)
+

c
g(yn) f (xn−1)

+
d

g(yn) f (xn−1)g(yn−2)
∈ D f−1 ,

and
a+

b
f (xn)

+
c

f (xn)g(yn−1)
+

d
f (xn)g(yn−1) f (xn−2)

∈ Dg−1 .

We solve in closed form (3.1) and we investigated particular cases of it. The philo-
sophy is the same as in the previous section (2), so we will brief in presenting our
formulas of the solutions.

3.1. Explicit formulas of solutions of system (3.1) with d ̸= 0

The following result is devoted to the formulas of well-defined solutions of (3.1).
Theorem 2. Let {xn,yn}n≥−2 be a well-defined solution of system (3.1). Then, for

all n ∈ N0 we have
x2n+1 = f−1[(dJ2n+2 +(cJ2n+2 +dJ2n+1)g(y−2)+(J2n+4 −aJ2n+3) f (x−1)g(y−2)

+ J2n+3g(y0) f (x−1)g(y−2))(dJ2n+1 +(cJ2n+1 +dJ2n)g(y−2)

+(J2n+3 −aJ2n+2) f (x−1)g(y−2)+ J2n+2g(y0) f (x−1)g(y−2))
−1],

x2n+2 = f−1[(dJ2n+3 +(cJ2n+3 +dJ2n+2) f (x−2)+(J2n+5 −aJ2n+4)g(y−1) f (x−2)

+ J2n+4 f (x0)g(y−1) f (x−2))(dJ2n+2 +(cJ2n+2 +dJ2n+1) f (x−2)

+(J2n+4 −aJ2n+3)g(y−1) f (x−2)+ J2n+3 f (x0)g(y−1) f (x−2))
−1],

y2n+1 = g−1[(dJ2n+2 +(cJ2n+2 +dJ2n+1) f (x−2)+(J2n+4 −aJ2n+3)g(y−1) f (x−2)

+ J2n+3 f (x0)g(y−1) f (x−2))(dJ2n+1 +(cJ2n+1 +dJ2n) f (x−2)

+(J2n+3 −aJ2n+2)g(y−1) f (x−2)+ J2n+2 f (x0)g(y−1) f (x−2))
−1],

y2n+2 = g−1[(dJ2n+3 +(cJ2n+3 +dJ2n+2)g(y−2)+(J2n+5 −aJ2n+4) f (x−1)g(y−2)

+ J2n+4g(y0) f (x−1)g(y−2))(dJ2n+2 +(cJ2n+2 +dJ2n+1)g(y−2)

+(J2n+4 −aJ2n+3) f (x−1)g(y−2)+ J2n+3g(y0) f (x−1)g(y−2))
−1].

Proof. Using the fact that the functions f , g are one to one and using the change
of variables (2.5), with n ≥−2, the system (3.1) becomes

Xn+1 = a+
b
Yn

+
c

YnXn−1
+

d
YnXn−1Yn−2

,

Yn+1 = a+
b
Xn

+
c

XnYn−1
+

d
XnYn−1Xn−2

, n ∈ N0,
(3.2)
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or equivalently,
Xn+1 =

aYnXn−1Yn−2 +bXn−1Yn−2 + cYn−2 +d
YnXn−1Yn−2

,

Yn+1 =
aXnYn−1Xn−2 +bYn−1Xn−2 + cXn−2 +d

XnYn−1Xn−2
, n ∈ N0.

(3.3)

This system was solved in [2], and for n ∈ N0, the solutions of (3.3) takes the form

X2n+1 =
dJ2n+2 +(cJ2n+2 +dJ2n+1)Y−2 +(J2n+4 −aJ2n+3)X−1Y−2 + J2n+3Y0X−1Y−2

dJ2n+1 +(cJ2n+1 +dJ2n)Y−2 +(J2n+3 −aJ2n+2)X−1Y−2 + J2n+2Y0X−1Y−2
,

(3.4)

X2n+2 =
dJ2n+3 +(cJ2n+3 +dJ2n+2)X−2 +(J2n+5 −aJ2n+4)Y−1X−2 + J2n+4X0Y−1X−2

dJ2n+2 +(cJ2n+2 +dJ2n+1)X−2 +(J2n+4 −aJ2n+3)Y−1X−2 + J2n+3X0Y−1X−2
,

(3.5)

Y2n+1 =
dJ2n+2 +(cJ2n+2 +dJ2n+1)X−2 +(J2n+4 −aJ2n+3)Y−1X−2 + J2n+3X0Y−1X−2

dJ2n+1 +(cJ2n+1 +dJ2n)X−2 +(J2n+3 −aJ2n+2)Y−1X−2 + J2n+2X0Y−1X−2
,

(3.6)

Y2n+2 =
dJ2n+3 +(cJ2n+3 +dJ2n+2)Y−2 +(J2n+5 −aJ2n+4)X−1Y−2 + J2n+4Y0X−1Y−2

dJ2n+2 +(cJ2n+2 +dJ2n+1)Y−2 +(J2n+4 −aJ2n+3)X−1Y−2 + J2n+3Y0X−1Y−2
,

(3.7)
where (Jn)n∈N0

is the sequence defined by (1.3).

Using (2.5), (3.4), (3.5), (3.6) and (3.7), we get that for n ∈N0, every well-defined
solution of system (3.1) has the following representation

x2n+1 = f−1[(dJ2n+2 +(cJ2n+2 +dJ2n+1)g(y−2)+(J2n+4 −aJ2n+3) f (x−1)g(y−2)

+ J2n+3g(y0) f (x−1)g(y−2))(dJ2n+1 +(cJ2n+1 +dJ2n)g(y−2)

+(J2n+3 −aJ2n+2) f (x−1)g(y−2)+ J2n+2g(y0) f (x−1)g(y−2))
−1],

x2n+2 = f−1[(dJ2n+3 +(cJ2n+3 +dJ2n+2) f (x−2)+(J2n+5 −aJ2n+4)g(y−1) f (x−2)

+ J2n+4 f (x0)g(y−1) f (x−2))(dJ2n+2 +(cJ2n+2 +dJ2n+1) f (x−2)

+(J2n+4 −aJ2n+3)g(y−1) f (x−2)+ J2n+3 f (x0)g(y−1) f (x−2))
−1],

y2n+1 = g−1[(dJ2n+2 +(cJ2n+2 +dJ2n+1) f (x−2)+(J2n+4 −aJ2n+3)g(y−1) f (x−2)

+ J2n+3 f (x0)g(y−1) f (x−2))(dJ2n+1 +(cJ2n+1 +dJ2n) f (x−2)

+(J2n+3 −aJ2n+2)g(y−1) f (x−2)+ J2n+2 f (x0)g(y−1) f (x−2))
−1],

y2n+2 = g−1[(dJ2n+3 +(cJ2n+3 +dJ2n+2)g(y−2)+(J2n+5 −aJ2n+4) f (x−1)g(y−2)

+ J2n+4g(y0) f (x−1)g(y−2))(dJ2n+2 +(cJ2n+2 +dJ2n+1)g(y−2)

+(J2n+4 −aJ2n+3) f (x−1)g(y−2)+ J2n+3g(y0) f (x−1)g(y−2))
−1].

□



SOLUTIONS FORMULAS FOR SOME GENERAL SYSTEMS 541

Remark 3. (1) In [2], to solve the system (3.3), the authors used the change of
variables

Xn =
un

vn−1
, Yn =

vn

un−1
, n ≥−2,

to obtain the fourth linear system (1.7).
(2) When g ≡ f and y−i = x−i, i = 0,2 then system (3.1) becomes the equation

xn+1 = f−1
[

a+
b

f (xn)
+

c
f (xn) f (xn−1)

+
d

f (xn) f (xn−1) f (xn−2)

]
, n ∈ N0, (3.8)

and the form of every well-defined solution of (3.8) is given by

x2n+1 = f−1[(dJ2n+2 +(cJ2n+2 +dJ2n+1) f (x−2)+(J2n+4 −aJ2n+3) f (x−1) f (x−2)

+ J2n+3 f (x0) f (x−1) f (x−2))(dJ2n+1 +(cJ2n+1 +dJ2n) f (x−2)

+(J2n+3 −aJ2n+2) f (x−1) f (x−2)+ J2n+2 f (x0) f (x−1) f (x−2))
−1],

x2n+2 = f−1[(dJ2n+3 +(cJ2n+3 +dJ2n+2) f (x−2)+(J2n+5 −aJ2n+4) f (x−1) f (x−2)

+ J2n+4 f (x0) f (x−1) f (x−2))(dJ2n+2 +(cJ2n+2 +dJ2n+1) f (x−2)

+(J2n+4 −aJ2n+3) f (x−1) f (x−2)+ J2n+3 f (x0) f (x−1) f (x−2))
−1],

which can be represented in the unified form

xn+1 = f−1[(dJn+2 +(cJn+2 +dJn+1) f (x−2)+(Jn+4 −aJn+3) f (x−1) f (x−2)

+ Jn+3 f (x0) f (x−1) f (x−2))(dJn+1 +(cJn+1 +dJn) f (x−2)

+(Jn+3 −aJn+2) f (x−1) f (x−2)+ Jn+2 f (x0) f (x−1) f (x−2))
−1].

Now we give some applications of Theorem 2.

Example 3. Let
f (t) = t2 j+1, g(t) = t2k+1, j, k ∈ N0.

We have the functions f and g are one to one continuous functions on R= D f = Dg.
In this case, system (3.1) becomes

xn+1 =

[
a+ b

y2k+1
n

+ c
y2k+1

n x2 j+1
n−1

+ d
y2k+1

n x2 j+1
n−1 y2k+1

n−2

] 1
2 j+1

,

yn+1 =

[
a+ b

x2 j+1
n

+ c
x2 j+1

n y2k+1
n−1

+ d
x2 j+1

n y2k+1
n−1 x2 j+1

n−2

] 1
2k+1

, n ∈ N0.

(3.9)

Then by Theorem 2, we obtain that the solutions of system (3.9) have the following
form

x2n+1 =

[
dJ2n+2 +(cJ2n+2 +dJ2n+1)y2k+1

−2 +(J2n+4 −aJ2n+3)x2 j+1
−1 y2k+1

−2 + J2n+3y2k+1
0 x2 j+1

−1 y2k+1
−2

dJ2n+1 +(cJ2n+1 +dJ2n)y2k+1
−2 +(J2n+3 −aJ2n+2)x2 j+1

−1 y2k+1
−2 + J2n+2y2k+1

0 x2 j+1
−1 y2k+1

−2

] 1
2 j+1

, (3.10)

x2n+2 =

[
dJ2n+3 +(cJ2n+3 +dJ2n+2)x2 j+1

−2 +(J2n+5 −aJ2n+4)y2k+1
−1 x2 j+1

−2 + J2n+4x2 j+1
0 y2k+1

−1 x2 j+1
−2

dJ2n+2 +(cJ2n+2 +dJ2n+1)x2 j+1
−2 +(J2n+4 −aJ2n+3)y2k+1

−1 x2 j+1
−2 + J2n+3x2 j+1

0 y2k+1
−1 x2 j+1

−2

] 1
2 j+1

, (3.11)

y2n+1 =

[
dJ2n+2 +(cJ2n+2 +dJ2n+1)x2 j+1

−2 +(J2n+4 −aJ2n+3)y2k+1
−1 x2 j+1

−2 + J2n+3x2 j+1
0 y2k+1

−1 x2 j+1
−2

dJ2n+1 +(cJ2n+1 +dJ2n)x2 j+1
−2 +(J2n+3 −aJ2n+2)y2k+1

−1 x2 j+1
−2 + J2n+2x2 j+1

0 )y2k+1
−1 x2 j+1

−2

] 1
2k+1

, (3.12)
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y2n+2 =

[
dJ2n+3 +(cJ2n+3 +dJ2n+2)y2k+1

−2 +(J2n+5 −aJ2n+4)x2 j+1
−1 y2k+1

−2 + J2n+4y2k+1
0 x2 j+1

−1 y2k+1
−2

dJ2n+2 +(cJ2n+2 +dJ2n+1)y2k+1
−2 +(J2n+4 −aJ2n+3)x2 j+1

−1 y2k+1
−2 + J2n+3y2k+1

0 x2 j+1
−1 y2k+1

−2

] 1
2k+1

. (3.13)

Example 4. Let

f (t) =
1

t2 j+1 , g(t) =
1

t2k+1 , j, k ∈ N0.

We have the functions f and g are one to one continuous functions on R−{0} =
D f = Dg. Then, system (3.1) becomes

xn+1 =

[
1

a+by2k+1
n +cy2k+1

n x2 j+1
n−1 +dy2k+1

n x2 j+1
n−1 y2k+1

n−2

] 1
2 j+1

,

yn+1 =

[
1

a+bx2 j+1
n +cx2 j+1

n y2k+1
n−1 +dx2 j+1

n y2k+1
n−1 x2 j+1

n−2

] 1
2k+1

, n ∈ N0.

(3.14)

Then by Theorem 2, the solutions of system (3.14) have the following representation

x2n+1 =

[
dJ2n+1y2k+1

0 x2 j+1
−1 y2k+1

−2 +(cJ2n+1 +dJ2n)y2k+1
0 x2 j+1

−1 +(J2n+3 −aJ2n+2)y2k+1
0 + J2n+2

dJ2n+2y2k+1
0 x2 j+1

−1 y2k+1
−2 +(cJ2n+2 +dJ2n+1)y2k+1

0 x2 j+1
−1 +(J2n+4 −aJ2n+3)y2k+1

0 + J2n+3

] 1
2 j+1

, (3.15)

x2n+2 =

[
dJ2n+2x2 j+1

0 y2k+1
−1 x2 j+1

−2 +(cJ2n+2 +dJ2n+1)x2 j+1
0 y2k+1

−1 +(J2n+4 −aJ2n+3)x2 j+1
0 + J2n+3

dJ2n+3x2 j+1
0 y2k+1

−1 x2 j+1
−2 +(cJ2n+3 +dJ2n+2)x2 j+1

0 y2k+1
−1 +(J2n+5 −aJ2n+4)x2 j+1

0 + J2n+4

] 1
2 j+1

, (3.16)

y2n+1 =

[
dJ2n+1x2 j+1

0 y2k+1
−1 x2 j+1

−2 +(cJ2n+1 +dJ2n)x2 j+1
0 y2k+1

−1 +(J2n+3 −aJ2n+2)x2 j+1
0 + J2n+2

dJ2n+2x2 j+1
0 y2k+1

−1 x2 j+1
−2 +(cJ2n+2 +dJ2n+1)x2 j+1

0 y2k+1
−1 +(J2n+4 −aJ2n+3)x2 j+1

0 + J2n+3

] 1
2k+1

, (3.17)

y2n+2 =

[
dJ2n+2y2k+1

0 x2 j+1
−1 y2k+1

−2 +(cJ2n+2 +dJ2n+1)y2k+1
0 x2 j+1

−1 +(J2n+4 −aJ2n+3)y2k+1
0 + J2n+3

dJ2n+3y2k+1
0 x2 j+1

−1 y2k+1
−2 +(cJ2n+3 +dJ2n+2)y2k+1

0 x2 j+1
−1 +(J2n+5 −aJ2n+4)y2k+1

0 + J2n+4

] 1
2k+1

. (3.18)

3.1.1. The system xn+1 =
1

a+byn+cynxn−1+dynxn−1yn−2
,

yn+1 =
1

a+bxn + cxnyn−1 +dxnyn−1xn−2

Here we will focus our study on the system of difference equations
xn+1 =

1
a+byn + cynxn−1 +dynxn−1yn−2

,

yn+1 =
1

a+bxn + cxnyn−1 +dxnyn−1xn−2
,

n ∈ N0, (3.19)

which is a particular case of system (3.14) with j = k = 0. Noting that system (3.19),
generalize the studies in [12], [11], [13]. Then, putting j = k = 0 in the formulas of
well-defined solutions of system (3.14), we obtain the following result.

Corollary 2. Let {xn,y,}n≥−2 be a well-defined solution of (3.19), then for n∈N0,
we have

x2n+1 =
dJ2n+1y0x−1y−2 +(cJ2n+1 +dJ2n)y0x−1 +(J2n+3 −aJ2n+2)y0 + J2n+2

dJ2n+2y0x−1y−2 +(cJ2n+2 +dJ2n+1)y0x−1 +(J2n+4 −aJ2n+3)y0 + J2n+3
,
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x2n+2 =
dJ2n+2x0y−1x−2 +(cJ2n+2 +dJ2n+1)x0y−1 +(J2n+4 −aJ2n+3)x0 + J2n+3

dJ2n+3x0y−1x−2 +(cJ2n+3 +dJ2n+2)x0y−1 +(J2n+5 −aJ2n+4)x0 + J2n+4
,

y2n+1 =
dJ2n+1x0y−1x−2 +(cJ2n+1 +dJ2n)x0y−1 +(J2n+3 −aJ2n+2)x0 + J2n+2

dJ2n+2x0y−1x−2 +(cJ2n+2 +dJ2n+1)x0y−1 +(J2n+4 −aJ2n+3)x0 + J2n+3
,

y2n+2 =
dJ2n+2y0x−1y−2 +(cJ2n+2 +dJ2n+1)y0x−1 +(J2n+4 −aJ2n+3)y0 + J2n+3

dJ2n+3y0x−1y−2 +(cJ2n+3 +dJ2n+2)y0x−1 +(J2n+5 −aJ2n+4)y0 + J2n+4
.

Moreover, if we choose a = b = c = d = 1, the sequence (Jn)
+∞

n=0 will be nothing other
than the famous Tetranacci sequence defined for n ∈ N0 by

Tn+4 = Tn+3 +Tn+2 +Tn+1 +Tn, T0 = T1 = 0, T2 = T3 = 1, (3.20)

and for this choice of the parameters, the solutions takes the form

x2n+1 =
T2n+1y0x−1y−2 +(T2n+1 +T2n)y0x−1 +(T2n+3 −T2n+2)y0 +T2n+2

T2n+2y0x−1y−2 +(T2n+2 +T2n+1)y0x−1 +(T2n+4 −T2n+3)y0 +T2n+3
,

x2n+2 =
T2n+2x0y−1x−2 +(T2n+2 +T2n+1)x0y−1 +(T2n+4 −T2n+3)x0 +T2n+3

T2n+3x0y−1x−2 +(T2n+3 +T2n+2)x0y−1 +(T2n+5 −T2n+4)x0 +T2n+4
,

y2n+1 =
T2n+1x0y−1x−2 +(T2n+1 +T2n)x0y−1 +(T2n+3 −T2n+2)x0 +T2n+2

T2n+2x0y−1x−2 +(T2n+2 +T2n+1)x0y−1 +(T2n+4 −T2n+3)x0 +T2n+3
,

y2n+2 =
T2n+2y0x−1y−2 +(T2n+2 +T2n+1)y0x−1 +(T2n+4 −T2n+3)y0 +T2n+3

T2n+3y0x−1y−2 +(T2n+3 +T2n+2)y0x−1 +(T2n+5 −T2n+4)y0 +T2n+4
.

Now, we will study the stability of the equilibrium points of system (3.19) with
a = b = c = d = 1, that is the system{

xn+1 = f1(xn,xn−1,xn−2,yn,yn−1,yn−2) =
1

1+yn+xn−1yn+yn−2xn−1yn
,

yn+1 = f2(xn,xn−1,xn−2,yn,yn−1,yn−2) =
1

1+xn+yn−1xn+xn−2yn−1xn
.

(3.21)

For the stability of the equilibrium points, we assume that the initial values are posit-
ive real numbers.

The points
(

1
α
,

1
α

)
,
(

1
β
,

1
β

)
,
(

1
γ
,
1
γ

)
and

(
1
δ
,
1
δ

)
are solutions of the system

x =
1

1+ y+ xy+ xy2 ,

y =
1

1+ x+ yx+ x2y
,

where α, β, γ and δ are roots of polynomial characteristic associated to the equation

(3.20), see [2]. It follows that (x,y) =
(

1
α
,

1
α

)
is the only equilibrium point for

system (3.21) in (0,+∞)2.

For the equilibrium point (x,y) =
(

1
α
,

1
α

)
, we have the following result.
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Theorem 3. The equilibrium point (x,y) =
(

1
α
,

1
α

)
is globally asymptotically

stable.

Proof. The Jacobean matrix associated to the system (3.21) around the equilibrium

point (x,y) =
(

1
α
,

1
α

)
, is given by

A =


0 −α+1

α4 0 −α−1
α

0 − 1
α4

1 0 0 0 0 0
0 1 0 0 0 0

−α−1
α

0 − 1
α4 0 −α+1

α4 0
0 0 0 1 0 0
0 0 0 0 1 0

 .

The characteristic polynomial of A is

P(λ) =−h(λ)h(−λ), where h(λ) = λ
3 − α−1

α
λ

2 +
α+1

α4 λ− 1
α4 . (3.22)

Consider the two functions

h1(λ) = λ
3, h2(λ) =

α−1
α

λ
2 − α+1

α4 λ+
1

α4 .

We have

|h2(λ)| ≤
∣∣∣∣α−1

α

∣∣∣∣+ ∣∣∣∣α+1
α4

∣∣∣∣+ ∣∣∣∣ 1
α4

∣∣∣∣< 1 = |h1(λ)|,∀λ ∈ C : |λ|= 1.

It follows by Rouché’s Theorem, that all the roots of h(λ) lie in the open unit disk,

and so it is for the roots of P(λ). Thus the equilibrium point
(

1
α
,

1
α

)
is locally

asymptotically stable.
It remains to prove that

lim
n→+∞

xn = lim
n→+∞

yn =
1
α
.

To this end we will, use the fact

lim
n→∞

Tn+k

Tn
= α

k , ∀k ∈ N. (3.23)

Using the formula of the solutions, we have

lim
n→∞

x2n+1 = lim
n→∞

T2n+1y0x−1y−2 +(T2n+1 +T2n)y0x−1 +(T2n+3 −T2n+2)y0 +T2n+2

T2n+2y0x−1y−2 +(T2n+2 +T2n+1)y0x−1 +(T2n+4 −T2n+3)y0 +T2n+3

= lim
n→∞

T2n+1
T2n

y0x−1y−2 +
(

T2n+1
T2n

+ T2n
T2n

)
y0x−1 +

(
T2n+3
T2n

− T2n+2
T2n

)
y0 +

T2n+2
T2n

T2n+2
T2n

y0x−1y−2 +
(

T2n+2
T2n

+ T2n+1
T2n

)
y0x−1 +

(
T2n+4
T2n

− T2n+3
T2n

)
y0 +

T2n+3
T2n
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=
αy0x−1y−2 +(α+1)y0x−1 +

(
α3 −α2

)
y0 +α2

α2y0x−1y−2 +(α2 +α1)y0x−1 +(α4 −α3)y0 +α3

=
1
α
.

Similarly, we show that

lim
n→∞

x2n+2 = lim
n→∞

y2n+1 = lim
n→∞

y2n+2 =
1
α
,

that is

lim
n→∞

xn = lim
n→∞

yn =
1
α
. (3.24)

This complete the proof. □

As a consequence of Corollary (2), when choosing the initial values to satisfies
y−i = x−i, i= 0,1,2, we get the formulas of the well-defined solutions of the equation

xn+1 =
1

a+bxn + cxn−1xn +dxn−2xn−1xn
, n ∈ N0. (3.25)

These formulas are given in the next result.

Corollary 3. For all n ∈ N0, the form of every well-defined solution of equation
(3.25) is given by

x2n+1 =
dJ2n+1x0x−1x−2 +(cJ2n+1 +dJ2n)x0x−1 +(J2n+3 −aJ2n+2)x0 + J2n+2

dJ2n+2x0x−1x−2 +(cJ2n+2 +dJ2n+1)x0x−1 +(J2n+4 −aJ2n+3)x0 + J2n+3
,

x2n+2 =
dJ2n+2x0x−1x−2 +(cJ2n+2 +dJ2n+1)x0x−1 +(J2n+4 −aJ2n+3)x0 + J2n+3

dJ2n+3x0x−1x−2 +(cJ2n+3 +dJ2n+2)x0x−1 +(J2n+5 −aJ2n+4)x0 + J2n+4
,

which can represented in a unified form as

xn+1 =
dJn+1x0x−1x−2 +(cJn+1 +dJn)x0x−1 +(Jn+3 −aJn+2)x0 + Jn+2

dJn+2x0x−1x−2 +(cJn+2 +dJn+1)x0x−1 +(Jn+4 −aJn+3)x0 + Jn+3
. (3.26)

Moreover, if a = b = c = d = 1, then (3.25) becomes

xn+1 =
1

1+ xn + xn−1xn + xn−2xn−1xn
(3.27)

and the solutions are expressed in terms of Tetranacci numbers as follows

x2n+1 =
T2n+1x0x−1x−2 +(T2n+1 +T2n)x0x−1 +(T2n+3 −T2n+2)x0 +T2n+2

T2n+2x0x−1x−2 +(T2n+2 +T2n+1)x0x−1 +(T2n+4 −T2n+3)x0 +T2n+3
,

(3.28)

x2n+2 =
T2n+2x0x−1x−2 +(T2n+2 +T2n+1)x0x−1 +(T2n+4 −T2n+3)x0 +T2n+3

T2n+3x0x−1x−2 +(T2n+3 +T2n+2)x0x−1 +(T2n+5 −T2n+4)x0 +T2n+4
,

(3.29)
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or equivalently in the unified form,

xn+1 =
Tn+1x0x−1x−2 +(Tn+1 +Tn)x0x−1 +(Tn+3 −Tn+2)x0 +Tn+2

Tn+2x0x−1x−2 +(Tn+2 +Tn+1)x0x−1 +(Tn+4 −Tn+3)x0 +Tn+3
. (3.30)

Remark 4. It is not hard to see that x =
1
α

is the unique equilibrium point for (3.27)

in (0,+∞) when taking the initial values positive real numbers.

The linearized equation of (3.27) about the equilibrium point x =
1
α

is

wn+1 =−α−1
α

wn −
α+1

α4 wn−1 −
1

α4 wn−2. (3.31)

We have α−1
α

, α+1
α4 , 1

α4 are real numbers and∣∣∣∣α−1
α

∣∣∣∣+ ∣∣∣∣α+1
α4

∣∣∣∣+ ∣∣∣∣ 1
α4

∣∣∣∣< 1,

thus, x = 1
α

is locally asymptotically stable.
Now, using (3.23) and (3.30), we get

lim
n→∞

xn+1 = lim
n→∞

Tn+1x0x−1x−2 +(Tn+1 +Tn)x0x−1 +(Tn+3 −Tn+2)x0 +Tn+2

Tn+2x0x−1x−2 +(Tn+2 +Tn+1)x0x−1 +(Tn+4 −Tn+3)x0 +Tn+3

= lim
n→∞

Tn+1
Tn

x0x−1x−2 +
(

Tn+1
Tn

+ Tn
Tn

)
x0x−1 +

(
Tn+3
Tn

− Tn+2
Tn

)
x0 +

Tn+2
Tn

Tn+2
Tn

x0x−1x−2 +
(

Tn+2
Tn

+ Tn+1
Tn

)
x0x−1 +

(
Tn+4
Tn

− Tn+3
Tn

)
x0 +

Tn+3
Tn

=
αx0x−1x−2 +(α+1)x0x−1 +

(
α3 −α2

)
x0 +α2

α2x0x−1x−2 +(α2 +α)x0x−1 +(α4 −α3)x0 +α3

=
1
α
.

In summary, the equilibrium point x = 1
α

is globally asymptotically stable.

3.2. Particular cases of system (3.1)

3.2.1. The case d = 0 and c ̸= 0

In this case the system (3.1) take the form:xn+1 = f−1
[
a+ b

g(yn)
+ c

g(yn) f (xn−1)

]
,

yn+1 = g−1
[
a+ b

f (xn)
+ c

f (xn)g(yn−1)

]
, n ∈ N0.

(3.32)
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Corollary 4. The formulas of well-defined solutions of system (3.32), are given,
for all n ∈ N0, by

x2n+1 = f−1

cJ̃2n+1 +
(

J̃2n+3 −aJ̃2n+2

)
f (x−1)+ J̃2n+2g(y0) f (x−1)

cJ̃2n +
(

J̃2n+2 −aJ̃2n+1

)
f (x−1)+ J̃2n+1g(y0) f (x−1)

 ,
x2n+2 = f−1

cJ̃2n+2 +
(

J̃2n+4 −aJ̃2n+3

)
g(y−1)+ J̃2n+3 f (x0)g(y−1)

cJ̃2n+1 +
(

J̃2n+3 −aJ̃2n+2

)
g(y−1)+ J̃2n+2 f (x0)g(y−1)

 ,
y2n+1 = g−1

cJ̃2n+1 +
(

J̃2n+3 −aJ̃2n+2

)
g(y−1)+ J̃2n+2 f (x0)g(y−1)

cJ̃2n +
(

J̃2n+2 −aJ̃2n+1

)
g(y−1)+ J̃2n+1 f (x0)g(y−1)

 ,
y2n+2 = g−1

cJ̃2n+2 +
(

J̃2n+4 −aJ̃2n+3

)
f (x−1)+ J̃2n+3g(y0) f (x−1)

cJ̃2n+1 +
(

J̃2n+3 −aJ̃2n+2

)
f (x−1)+ J̃2n+2g(y0) f (x−1)

 .
If g = f and y−i = x−i, i = 0,1,2 then, system (3.32) becomes

xn+1 = f−1
[

a+
b

f (xn)
+

c
f (xn) f (xn−1)

]
, n ∈ N0, (3.33)

hence, every well-defined solution of equation (3.33) is given by

x2n+1 = f−1

cJ̃2n+1 +
(

J̃2n+3 −aJ̃2n+2

)
f (x−1)+ J̃2n+2 f (x0) f (x−1)

cJ̃2n +
(

J̃2n+2 −aJ̃2n+1

)
f (x−1)+ J̃2n+1 f (x0) f (x−1)

 ,
x2n+2 = f−1

cJ̃2n+2 +
(

J̃2n+4 −aJ̃2n+3

)
f (x−1)+ J̃2n+3 f (x0) f (x−1)

cJ̃2n+1 +
(

J̃2n+3 −aJ̃2n+2

)
f (x−1)+ J̃2n+2 f (x0) f (x−1)

 ,
or in the unified form

xn+1 = f−1

cJ̃n+1 +
(

J̃n+3 −aJ̃n+2

)
f (x−1)+ J̃n+2 f (x0) f (x−1)

cJ̃n +
(

J̃n+2 −aJ̃n+1

)
f (x−1)+ J̃n+1 f (x0) f (x−1)

 , n ∈ N0,

where
(

J̃n

)
n≥0

is the sequence defined by

J̃n+3 = aJ̃n+2 +bJ̃n+1 + cJ̃n, J̃0 = 0, J̃1 = 1, J̃2 = a, n ∈ N0.

3.2.2. The system xn+1 =
1

a+byn+cxn−1yn
, yn+1 =

1
a+bxn+cyn−1xn

In the following, we are interested in a particular system of (3.32) and some par-
ticular equations of its one dimensional version.
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Let f (t) = 1
t and g(t) = 1

t , then, system (3.32) becomes

xn+1 =
1

a+byn + cxn−1yn
, yn+1 =

1
a+bxn + cyn−1xn

. (3.34)

So, by Corollary 4, we get the following result.

Corollary 5. For all n ∈ N0, the representation of well-defined solution of system
(3.34) is

x2n+1 =
cJ̃2ny0x−1 +

(
J̃2n+2 −aJ̃2n+1

)
y0 + J̃2n+1

cJ̃2n+1y0x−1 +
(

J̃2n+3 −aJ̃2n+2

)
y0 + J̃2n+2

,

x2n+2 =
cJ̃2n+1x0y−1 +

(
J̃2n+3 −aJ̃2n+2

)
x0 + J̃2n+2

cJ̃2n+2x0y−1 +
(

J̃2n+4 −aJ̃2n+3

)
x0 + J̃2n+3

,

y2n+1 =
cJ̃2nx0y−1 +

(
J̃2n+2 −aJ̃2n+1

)
x0 + J̃2n+1

cJ̃2n+1x0y−1 +
(

J̃2n+3 −aJ̃2n+2

)
x0 + J̃2n+2

,

y2n+2 =
cJ̃2n+1y0x−1 +

(
J̃2n+3 −aJ̃2n+2

)
y0 + J̃2n+2

cJ̃2n+2y0x−1 +
(

J̃2n+4 −aJ̃2n+3

)
y0 + J̃2n+3

.

Moreover, the solutions of the following equation

xn+1 =
1

a+bxn + cxn−1xn
, (3.35)

follows directly from those of the system (3.34) by taking y−i = x−i, i = 0,1. Then,
representation of well-defined solution is

x2n+1 =
cJ̃2nx0x−1 +

(
J̃2n+2 −aJ̃2n+1

)
x0 + J̃2n+1

cJ̃2n+1x0x−1 +
(

J̃2n+3 −aJ̃2n+2

)
x0 + J̃2n+2

, (3.36)

x2n+2 =
cJ̃2n+1x0x−1 +

(
J̃2n+3 −aJ̃2n+2

)
x0 + J̃2n+2

cJ̃2n+2x0x−1 +
(

J̃2n+4 −aJ̃2n+3

)
x0 + J̃2n+3

. (3.37)

Recently in [12], the authors studied the particular difference equations

xn+1 =
1

−1+ xn + xn−1xn
, (3.38)

xn+1 =
1

1+ xn − xn−1xn
, (3.39)
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xn+1 =
1

1− xn + xn−1xn
, (3.40)

xn+1 =
1

−1− xn − xn−1xn
, (3.41)

and as a generalization of (3.38), (3.39), (3.40), (3.41) the authors studied again in
[11], the equation

xn+1 =
1

β

γ
+ α

γ
xn +

1
γ
xn−1xn

, γ ̸= 0. (3.42)

Clearly these equations are particular cases of equation (3.35).
In fact to obtain equation (3.38) it suffices to take a =−1, b = 1 and c = 1 in (3.35),
when choosing a = 1, b = 1 and c = −1 in (3.35) we get equation (3.39). Equation
(3.40) follows from (3.35) for the choice a = 1, b =−1 and c = 1. Again if we take
a=−1, b=−1 and c=−1 in (3.35) we get the equation (3.41), finally for the choice
a = β

γ
, b = α

γ
and c = 1

γ
in (3.35) we find the equation (3.42).

Noting, that the authors studied in [13] the following systems
xn+1 =

1
1+ yn + xn−1yn

,

yn+1 =
1

1+ xn + yn−1xn
,

(3.43)


xn+1 =

1
−1+ yn − xn−1yn

,

yn+1 =
1

−1+ xn − yn−1xn
.

(3.44)

Systems (3.43) and (3.44) are particular cases of system (3.34) for the choices a =
b = c = 1 and a =−1,b = 1,c =−1 respectively.
Now, we will investigate each of these cases separately.

(1) Consider a = −1, b = 1, c = 1, equation (3.35) becomes (3.38). For this
choice of the parameters, we get the sequence

(
J̃n

)∞

n=0
defined by:

J̃n+3 =−J̃n+2 + J̃n+1 + J̃n, J̃0 = 0, J̃1 = 1, J̃2 =−1.

It is easy to see that

J̃n =−
(

1
4
+

1
2

n
)
(−1)n +

1
4
, n ∈ N0.

From this it follows that

J̃2n =−n, J̃2n+1 = n+1.

Replacing in (3.36) and (3.37), we obtain

x2n+1 =
−nx−1x0 +n+1

(n+1)x−1x0 + x0 − (n+1)
,
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x2n+2 =
(n+1)x0x−1 + x0 − (n+1)
−(n+1)x0x−1 +n+2

,

and these are the formulas given in [12] for the solutions of (3.38).
(2) Consider a = 1, b = 1, c = −1, equation (3.35) becomes (3.39). For this

choice of the parameters, we get the sequence
(

J̃n

)∞

n=0
defined by:

J̃n+3 = J̃n+2 + J̃n+1 − J̃n, J̃0 = 0, J̃1 = 1, J̃2 = 1.

It is easy to see that

J̃n =
1
4
+

1
2

n− 1
4
(−1)n, n ∈ N0.

From this it follows that

J̃2n = n, J̃2n+1 = n+1.

Replacing in (3.36) and (3.37), we get

x2n+1 =
nx−1x0 − (n+1)

(n+1)x−1x0 − x0 − (n+1)
,

x2n+2 =
(n+1)x0x−1 − x0 − (n+1)
(n+1)x0x−1 − (n+2)

,

and these are the formulas given in [12] for the solutions of (3.39).
(3) Consider a = 1, b = −1, c = 1, equation (3.35) becomes (3.40). For this

choice of the parameters, we get the sequence
(

J̃n

)∞

n=0
defined by:

J̃n+3 = J̃n+2 − J̃n+1 + J̃n, J̃0 = 0, J̃1 = 1, J̃2 = 1.

We have

J̃n =
1
2
+

1
2(i−1)

(i)n +
−1

2(i+1)
(−i)n

=
1
2
+

(
−1
4

− 1
4

i
)
(i)n +

(
−1
4

+
1
4

i
)
(−i)n, n ∈ N0.

From this it follows that

J̃2n =
1
2
− 1

2
(−1)n, J̃2n+1 =

1
2
+

1
2
(−1)n,

depending on n is even or odd, we get

J̃4n = 0, J̃4n+1 = 1, J̃4n+2 = 1, J̃4n+3 = 0.

Replacing in (3.36) and (3.37), we obtain

x4n+1 =
1

x−1x0 − x0 +1
,
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x4n+2 =
x−1x0 − x0 +1

x−1x0
,

x4n+3 = x−1,

x4n+4 = x0,

and these are the formulas given in [12] for the solutions of (3.39).
(4) Consider a = b = c =−1, equation (3.35) becomes (3.41). For this choice of

the parameters, we get the sequence
(

J̃n

)∞

n=0
defined by:

J̃n+3 =−J̃n+2 − J̃n+1 − J̃n, J̃0 = 0, J̃1 = 1, J̃2 =−1.

We have

J̃n =
−1
2
(−1)n +

1
2(1+ i)

(i)n +
1

2(1− i)
(−i)n

=
−1
2
(−1)n +

(
1
4
− 1

4
i
)
(i)n +

(
1
4
+

1
4

i
)
(−i)n, n ∈ N0.

From this it follows that

J̃2n =
−1
2

+
1
2
(−1)n, J̃2n+1 =

1
2
+

1
2
(−1)n,

depending on n is even or odd, we get

J̃4n = 0, J̃4n+1 = 1, J̃4n+2 =−1, J̃4n+3 = 0.

Replacing in (3.36) and (3.37), we get

x4n+1 =
1

−x−1x0 − x0 −1
,

x4n+2 =
−x−1x0 − x0 −1

x−1x0
,

x4n+3 = x−1,

x4n+4 = x0,

and these are the formulas given in [12] for the solutions of (3.41).
(5) Consider a = b = c = 1, system (3.34) becomes (3.43). For this choice of

the parameters, the sequence
(

J̃n

)+∞

n=0
will be nothing other than the famous

Tribonacci sequence defined for n ∈ N0 by

Tn+3 = Tn+2 +Tn+1 +Tn, T0 = 0, T1 = T2 = 1. (3.45)
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The solutions are given by

x2n+1 =
T2ny0x−1 +(T2n+2 −T2n+1)y0 +T2n+1

T2n+1y0x−1 +(T2n+3 −T2n+2)y0 +T2n+2
,

x2n+2 =
T2n+1x0y−1 +(T2n+3 −T2n+2)x0 +T2n+2

T2n+2x0y−1 +(T2n+4 −T2n+3)x0 +T2n+3
,

y2n+1 =
T2nx0y−1 +(T2n+2 −T2n+1)x0 +T2n+1

T2n+1x0y−1 +(T2n+3 −T2n+2)x0 +T2n+2
,

y2n+2 =
T2n+1y0x−1 +(T2n+3 −T2n+2)y0 +T2n+2

T2n+2y0x−1 +(T2n+4 −T2n+3)y0 +T2n+3
.

(3.46)

(6) Consider a = −1, b = 1, c = −1, system (3.34) becomes (3.44). For this
choice of the parameters, we get the sequence

(
J̃n

)∞

n=0
defined by:

J̃n+3 =−J̃n+2 + J̃n+1 − J̃n, J̃0 = 0, J̃1 = 1, J̃2 =−1.

Using the fact that J̃n = (−1)n+1Tn ([1]), we get from Corollary 5 that the
representation of well-defined solutions of system (3.44) is

x2n+1 =
−(T2ny0x−1 +(T2n+1 −T2n+2)y0 +T2n+1)

T2n+1y0x−1 − (T2n+1 +T2n)y0 +T2n+2
,

x2n+2 =
−(T2n+1x0y−1 +(T2n+2 −T2n+3)x0 +T2n+2)

T2n+2x0y−1 − (T2n+2 +T2n+1)x0 +T2n+3
,

y2n+1 =
−(T2nx0y−1 +(T2n+1 −T2n+2)x0 +T2n+1)

T2n+1x0y−1 − (T2n+1 +T2n)x0 +T2n+2
,

y2n+2 =
−(T2n+1y0x−1 +(T2n+2 −T2n+3)y0 +T2n+2)

T2n+2y0x−1 − (T2n+2 +T2n+1)y0 +T2n+3
,

(3.47)

and these are the formulas given in [13] for the solutions of (3.44).

3.2.3. Case d = 0,c ̸= 0 and a = 0

In this case, we obtain the following systemxn+1 = f−1
[

b
g(yn)

+ c
g(yn) f (xn−1)

]
,

yn+1 = g−1
[

b
f (xn)

+ c
f (xn)g(yn−1)

]
, n ∈ N0.

(3.48)

Here,
(

J̃n

)
n≥0

will be the sequence (Pn)n≥0 defined by

Pn+3 = bPn+1 + cPn, P0 = 0, P1 = 1, P2 = 0,n ∈ N0. (3.49)

So, well-defined solutions are expressed in terms of (Pn)n≥0 and takes the form

x2n+1 = f−1
[

cP2n+1 +P2n+3 f (x−1)+P2n+2g(y0) f (x−1)

cP2n +P2n+2 f (x−1)+P2n+1g(y0) f (x−1)

]
, n ∈ N0,

x2n+2 = f−1
[

cP2n+2 +P2n+4g(y−1)+P2n+3 f (x0)g(y−1)

cP2n+1 +P2n+3g(y−1)+P2n+2 f (x0)g(y−1)

]
, n ∈ N0,
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y2n+1 = g−1
[

cP2n+1 +P2n+3g(y−1)+P2n+2 f (x0)g(y−1)

cP2n +P2n+2g(y−1)+P2n+1 f (x0)g(y−1)

]
, n ∈ N0,

y2n+2 = g−1
[

cP2n+2 +P2n+4 f (x−1)+P2n+3g(y0) f (x−1)

cP2n+1 +P2n+3 f (x−1)+P2n+2g(y0) f (x−1)

]
, n ∈ N0.

for system (3.48) and by

xn+1 = f−1
[

cPn+1 +Pn+3 f (x−1)+Pn+2 f (x0) f (x−1)

cPn +Pn+2 f (x−1)+Pn+1 f (x0) f (x−1)

]
, n ∈ N0,

for its one dimensional version, that is the equation

xn+1 = f−1
[

b
f (xn)

+
c

f (xn) f (xn−1)

]
, n ∈ N0.

Also, (3.48) generalize some works in the literature, see, for example [5] and [21].

3.2.4. Case c = d = 0, b ̸= 0

In this case, we get the system

xn+1 = f−1
[

a+
b

g(yn)

]
, yn+1 = g−1

[
a+

b
f (xn)

]
, n ∈ N0. (3.50)

In this case, the well-defined solutions will be expressed using terms of the sequence(
F̃n

)
n≥0

=
(

J̃n+1

)
n≥0

, defined by

F̃n+2 = aF̃n+1 +bF̃n, F̃0 = 1, F̃1 = a, n ∈ N0

and the solutions for (3.50) and its one dimensional version, are obtained from Corol-
lary (4), by writing F̃n−1 instead of J̃n. System (3.48) and its one dimensional version,
generalize some existing works, for example [17], [18].

Remark 5. If b = c = d = 0, a ̸= 0, we get

xn = f−1(a), yn = g−1(a), n = 1,2, · · · .

4. CONCLUSION

In this work, we have presented formulas of well-defined solutions of some gen-
eral systems of difference equations defined by one to one functions on a set D of
real numbers. Noting that the obtained formulas of the solutions of our systems
are expressed using some remarkable sequences, like Fibonacci, Tribonaci, Padovan,
Tetranacci and their generalizations. Our work generalizes a lot of existing works in
the literature on solvable difference equations and systems. Although, the condition
”one to one functions”, reduces the set of possibilities surveyed by this work. But
our results, can be used to obtain the formulas of well-defined solutions of other sys-
tems, that their solvability, seems for the first sight impossible. So, under appropriate
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choice of the the set D, we can solve complicated difference equations and systems
involving for example functions like ”tan”, ”ln” and others.
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