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Abstract. In this paper, we consider the initial boundary value problem of a coupled viscoelastic
Kirchhoff-type equations with degenerate damping:

= M|V B+ o (¢ = 5)Buu(s)ds+ (Jul* + V1" )l "y = i (),
vie = MUIVYIP)A -+ fi o (¢ = 5)Av(s)ds -+ (1° -+ Jul® ) bl v = o a,v)

Firstly, we prove a local existence theorem by using the Faedo-Galerkin approximations. Then,
we study blow up of solutions when initial energy is positive.
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1. INTRODUCTION AND PRELIMINARIES

This paper is concerned with the local existence and blow up of solutions to the
following viscoelastic Kirchhoff-type equation with degenerate damping:

i — M|V Au+ [ 01 o= s)a(s)ds+ (luf*+ vl ) P~ e = fi (,0)
(x,0) € Q% (0,T),
~ M(IVIP)AV+ [ ale = )Av(s)ds + (1wl + JulP ) il v = fa (,v)
(x,0) € Q% (0,T),
u(x,t)=v(x,1) =0, (x,1) €0Q % (0,7),
u(x,0) =uo(x), ur (x,0) =u; (x), xeQ,
\ v(x,0) =vo (x), v (x,0) =v; (x), xXeQ,
(1.1)
where Q is a bounded domain of R" (n > 1) with smooth boundary 0Q, p,q > 1,
j,k,1,0,p >0; wi(.): RT — R, fi(.,.): R”* — R (i = 1,2) are given functions to
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be specified later. M(s) is a nonnegative C' function satisfying
M(s) = by +bys",

where y,s > 0 and b; = by = 1.

For last years, the study on nonlinear evolution equations with damping terms has
been an interesting topic. These problems have wide range of applications in the
context of fluid flows, viscosity effects often arise as damping terms in evolution
equations. In addition, in the theory of classical mechanics, the physical problems
of vibrating membranes, strings or shells in elastic media, damping terms reflect the
internal energy that is dissipated by the motion. There is an extensive literature on
this kind of problems having damping terms. For instance [4, 11, 12, 15] and one
of them is our work [9] where we investigated problem (1.1) and obtained global
existence and the general decay of the global solution. Then we proved blow up of
solutions of non-linear wave equations having negative initial energy.

We now state other related problem in the literature. Firstly, we mention the pi-
oneer work of Wu [17], where he studied a general decay of the solution for the
following famous system

s — Aut [ 110 = 5)Au(s)ds+ (Il + vl") P~ e = fi ()
Vi — Av+ [ o (t — 5)Av(s)ds + (|vy°+ MP) Wl v = o ().

Then, Pigkin et al. [10] studied local existence and uniqueness results by using the
Faedo-Galerkin method with a new scenario under appropriate assumptions on de-
generate damping terms, the parameters and the relaxation functions w;, (i = 1,2). In
addition, some author studied blow up, existence and decay of the solutions (1.2) for
k=1=0=p=0(see[2,3,6-8, 14]).

Rammaha and Sakuntasathien [13] and Zennir et al. [1, 18] investigated the fol-
lowing famous system with degenerate damping

Uzt —AM+ (’M|k+ ’V’l> ‘Mt‘p_] Ur = fl (M,V),
= 8 (Il ) v = s ).

The authors considered well posedness of solutions, blow up and growth properties.
Moreover, Liu et al. [5] investigated the following system with weak damping

{ sy — M|Vl ) Au+ [ (2 — 5)Au(s)ds — Au, = fi (u,v),
Vi fM(HVvHZ)Aerfé,uz(t —$)Av(s)ds — Av, = f> (u,v).

Under some conditions, they proved blow up and general decay result.

The content of this paper is organized as follows: In Section 1, we give necessary
assumptions and notation that will be used later. In Section 2, firstly, we give defin-
ition of weak solution then we investigate the local existence of weak solutions by
Galerkin’s approximation. In Section 3, we obtain finite time blow up of solutions
with positive initial energy.

(1.2)

(1.3)



LOCAL EXISTENCE AND BLOW UP OF SOLUTIONS 863

Throughout this paper, we denote the standard L? (Q)-norm by ||.|| = |.|| 12(q) and
L7 (Q)-norm by [[.|| = [|.[| »()-
We need the following assumptions to state and prove our results.

(A1) y; (i =1,2) are nonincreasing relaxation functions and satisfy
pi(s) >0, wi(s) <0, 1—/ pi(s)ds =1; >0, s > 0. (1.4)
0

(A2) For the nonlinearity in damping, we suppose that

1<p,qgifn=1,2,

We pick up fi (u,v) and f> (u,v) functions as follows

i ) = alu+ 0D (atv) 4 b ful vl (15)
Hv)=alu+ v @)+ o | v |u 2, '
where a,b > ( are constants and r satisfies
—1<r ifn=1,2,
{ —l<r<&ifn>3. (16
One can easily verify that
wfi (1,9) + v (1,v) = 2(r 4+ 2)F (u,v), ¥ (u,v) € R, (1.7)
where
1
Flv) =305 [ayu+v|2(’+2> +2byuv\’+2} . (1.8)
We introduce the energy function associated to problem (1.1) by
1 1
E(6) =5 (Il + 1v]17) + 5 [l 0 Vi) () + (2 0 V) ()]
1 t t
3]0 [in@a a4 (- [ o6 vvorR]
1 2(y+1) 2(4+1)
+———(IVu|| 4+ vy —/Fu,vdx. 1.9
3y (VP TP = [ ) (19)

where (40 Vw)(t) = [fui(t —s) |[Vw(t) — Vw(s) Hgds.
By computation, we get

E (1) = 5 [(6h 0 V) (1) + (o) (0)] — 5 (s (0) IVl +1(0) 192

f/ (|u\k+|v|’) |ut|p+1dx—/ (\v|°+|u\f’) v, dx, (1.10)
Q Q
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2. LOCAL EXISTENCE

In this section, we shall discuss the local existence of a weak solution of problem
(1.1). Firstly, we give the definition of weak solutions to problem (1.1).

Definition 1. We say that (u,v) is a weak solution of (1.1) on [0, 7) under the as-
sumptions (A1) and (A2) if u,v € L~ (0, ;w20 (Q)) v €L (0, T3 12 (Q))
and satisfies

<u’(t),6>—<u1,6>—I—/t</QM(||VuH2)Vu(0c)d0L,V9>d&
0

N

/t</y1 &—a)Vu(a)do, V9>d§+/ lul* + |v| > ' (&)[7~ : u'( ),6>dE_,
0

0
/ i (u(),(8)).0) e,
0

<v’(t),¢>—<vl,¢>~|—/t</QM(||Vv||2)Vv(oc)doc,V¢>dE_,
0

N

- / < / u2<a—oc>w<oc>doc,v¢> d&+ / (W + 1) [ @ v (8),0)
0 0 0

— [ (@) 0)d
0

for almost everywhere ¢ € [0,7) and any test functions 6,¢ € WO1 At (Q).

Theorem 1 (Local existence). Assume assumptions (Al), (A2), (1.6) and n =
1,2,3 hold. Then, for some T > 0 problem (1.1) has at least a local weak solution
(u,v) on [0,T).

Proof. We follow the standard Fadeo-Galerkin approximation to show the exist-
ence of solution (1.1). The combination of the Faedo-Galerkin method and the com-
pactness argument give us an efficient method that allows us to deal with some evol-
ution equations with degenerate damping terms.

Let the sequence {ej 1 j=1,2, } is an orthogonal basis for L?(Q) OWOI’Z(YH).
Standard results on ordinary differential equations guarantee that there exists only one
local solution. We construct approximate solutions (up(7),vp(t)) (M =1,2,3,...) in



LOCAL EXISTENCE AND BLOW UP OF SOLUTIONS 865
the form
M M
um(t) = Z um,j(t)ej, vm(t) = Z v j(t)e;
Jj=1 Jj=1

Approximate system

<u;(,,(t),ej>—|—</g (||VuM( VuM Vej> </0 i (t—s)Vuy (s )ds,Vej>
(s O+ Ioaa 1) [y (O] by (0), ) = (Fiana (), (1))se) - 2.1
<v§(,,(t),ej>+</g <||VVM VVM Ve,> </0 w(t—5)Vvpy(s )ds,Ve.,->
o (1w )1+l (O ) [ (O] a0, = (ol (0), v ()5, 2:2)
with initial data
M M
upy(0) = X up j(0)ej,  vm(0) = X v, ;j(0)e;,
j=1 j=1
N N 2.3)
1y (0) = ,-)::1 upr j(0)ej, vy (0) = jgl v j(0)e;,
where
g j(0) = (u%se), v j(0) = (V0 e5), uhy ;(0) = (u'e;), V&,j(O)—@l?eg-@

A priori estimate
Multiply (2.1) by u), ;(t), (2.2) by v}, ;(#), and summing with respect j from 1 to
M, we get

o P+ (1= [ 61 ) 9 -+ o V) )+ (9 )

+ 0 0) [V 0= 5 (6 0¥ie) 0+ [ (1 OF + o OF) a0

2
= [ Al )y (), @:5)

3 [+ (1 [ i 60 ) 1m0 + G0 ¥o) 0+ 5 1900 0P

382 )19 )1 = 3 (oo Vo) 0+ [ (I 01+ s 00 ) 0]~

1
+2
:Aﬁwmpmm%mw.am
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Summing (2.5) and (2.6) and integrating from 0 to r < Ty, we obtain

1
3 [Hu (0] }

- /0 " <s>ds) Vi () + (1 [ <s>ds) ||VvM<r>u2]
u1 o Vuyy) () 4 (u2 0 V) ()]

1 () Va1 ()P 122 (5) [ Vo (5) ] i

s
i
=
E

+

+

=

_l_
= N == N =

S— S—

[(,u'1 <>VuM) (s)+ (,u’2<>VVM) (s)] ds

[a—

+

3y Ve O 19 (1))

[ a6 o)1) iy 5) [ s

+// o ()1 -+ aar (5)17) [ (5)| " s

2 (1P + N O + 17230 )+ 9w (0) )
1

3y UV O+ [9mi(0) )

+/0[/Q[fl(”M(S)vVM(S))”;VI(S)+f2(MM(S),VM(S))v§V,(s)] dxds
§C0+/OZ/Q[fl(uM(S),VM(S))Mfw(S)+f2(uM(s),vM(s))v§W(s)] dxds, (2.7)

with a positive constant

CO:C(‘MO‘Hl(Q) )(Q))‘

To estimate the last term in (2.7) applying (1.5) and using Young inequalities,
Holder inequalities and Sobolev embedding theorem, we have

@)’ v ‘U(a) (@)

SC/ |uM+VM|2r+3}u;‘/l‘+|vM|r+2|uM|r+l ‘uﬁw‘)dx

“/g f1 (MM, vM)ua,,dx

< C | (Il 35875+ lenal B ) Mol ]+ a5y o567 1 |

< C [V P25+ 9 P2+ Wt 2D [V 2 [ [P] . 28)
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In the same way, we obtain

/sz(uM,VM)v;de SC[”V”MHZ(%H)+HVVM||2(2’+3)

[V P Il PO P @9)
Now, by putting
yn (1) = [[uhy (O + [ ()| + I Vaeaa (0) 17 + ([ Vons (1)

+ 190 (1) P00 4 [y (]P0

1
L(y+1) [
where [ = min{/;,l,} < 1. Then, we infer from (2.7)-(2.9)

ym (1 )+ 1 [(u1 © Vupr) (£) 4 (20 Vvy) ()]
;/ Hl $) [V ( )H2+uz(s)quM(s)Hds

7/ o V) (s)+ (ur o Vv ) (s)] ds

2 L[ (a6 1) i) s

l// [vag (5)]° + Ju (s )}VM ’q+ dXdS<Co+C/ w3 (s) ds,
(2.10)

Particularly, yy () satisfies the inequality

t
(1) <G +c/ Yot (s) ds. (2.11)
0
By applying Gronwall inequality we have
ym (t) < C forallz € [0,7T]. (2.12)

The estimates follow from (2.10) and (2.12):
uy, vy are uniformly bounded in L™ (O T;W, 20+1) (Q)) ;

U}y, v}y are uniformly bounded in L™ (0,73 L% (Q)) ;
The sequences { A <|uM ()[F + [vas (s)|’) iy (5) 7! dxds} and

{fé Jo (|vM ()] + [ups (s)\p) Wy (5)]47! dxds} are uniformly bounded in L= (0,7).
Then

uy —u, vy —v weakly * in L~ (O T.W, 20r+1) (Q)) ,

Uy —u, vy — V' weakly * in L (0, T,L? (Q)),
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By applying the techniques in [10], we obtain the sequence of approximate solutions
(upr,vy) satisfying

{up}, {vm} are Cauchy sequences in L* (O T, W, 20r1) (Q)) ,
{u)s}, {v}s} are Cauchy sequences in L™ (0,T,L* (Q)).

Limiting process

Integrating (2.1) and (2.2) over [0,T], we get
(uha1),7) iy )+ [ (1 (19030 5)17) Vg 5), Ve, s

T
—/ </ ,ul(s—r)VuM(r)dr,Vej>ds+/ (\uM]k—i—\vM\l) \u}w\pflufw,e»ds
o \Jo 0

:/OT<f1(uM(s),vM(s)),ej>ds, 2.13)

(0)e7) — Ohal0)e5) + [ (M (19000 5)17) Vo (5) Ve ) s

T
,/ </ w(s—1)Vvy(t)dr, Vej>ds+/ |vM|6+|uM|p) |v§‘4’q71v§w,ej>ds
0

—/ fz up (), v (s ej>ds (2.14)

Now, we can pass to the limit in (2.13) and (2.14) as M — oo. Therefore, this com-

pletes our proof of the local existence of a weak solution. 0
3. BLOW UP SOLUTIONS

Our main result in this section is to show the blow up result of the solution to (1.1).
For this purpose, we need the following lemmas.

Lemma 1 ([6]). There exist two positive constants cy and ¢y such that
co (JuPC™ 4 PU) <2042 F (wv) < er (P2 pPU) 3
is satisfied.

Lemma 2. Suppose that (1.6) holds. Then there exists | > 0 such that for the
solution (u,v)
2(r+2 2
la+vlI5045) +2 ]|} 13

1 r+2
<N <Y+1 (HVMH2(Y+1) + va”z(wl)) +1 HV”HZJFZZ HVV\2> . (2)
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Proof. By applying Minkowski inequality, we get
et vI3 2y <2 (ll3a)+ W32 )- (3:3)
Moreover, applying Holder’s inequality and Young’s inequality we have
a2y < bz Wz < 5 (i + BB B

A combination of (3.3), (3.4), and the embedding H} (Q) < L*U+?) (Q), imply

-+ v 2) < € (B 1VulP + 2901 (3.5)
vl 2y < € (Va4 1 9]) (3.6)
Then, we have
[Val] >+ [[Vv]]* < [[Varl 0D 4 w200 (3.7)
Thus,
IVl 2D 4 VP > 4y | Vul P+ | V)P (3.8)

Combining (3.3), (3.4) and (3.8), we have

i+l <€ |-y (VU0 19T 90l 429012 69

Y+

sl =€ | (9P 4 [P s 9+ 901R . G0
Thus, the lemma follows. g

We take a = b = 1 for simplicity and introduce the following:

B= Moc—B"i?E—<1 L >a2 E—< : : )oc2
=N = T\ T 201 )M 2T 2 2012 )M

(3.11)
where 1) is the optimal constant in (3.2).
Let
t 3
I(t):= (1_/0 n (s)ds) HVqu—i—(l—/O /.lz(s)ds) [VV||* + (1 © Vi) + (i 0 Vv) .
(3.12)

The next lemma will act an important role in our proof, and it is similar to a lemma
introduced firstly by Vitillaro [16].

Lemma 3. Suppose that assumptions (Al) and (1.6) hold. Let (u,v) be a solution
of (1.1). Moreover, assume that E (0) < E| and

1

(PP 4 [ @) 410) > 1)
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Then there exists a constant 0y > 01 such that

1

2
(VP 4 P 400) > onforr 0, G

(Hu—i—v”z J+2 H;ﬁ) TS Bay, fort >0, (3.15)
forallt €[0,T).
Proof. We first note that by (1.9), (3.2), (3.12) and the definition of B, we have

E(t) >

1
Vu| 2D 4 |2 £ (e /F
211 )(II ul PO | w)? +2 u,v)

1 2(y+1 2(y+1) 1
_ \AIRSERY vyl 2Dy o 21

2
(lu-+vli50s) +2 luv]3)

1
2(r+2)
1
5 (Va0 v P 4 2T (1)

r+2
1) 1)
= s [ P I9IR) 9lP [9]

> 5 | PP 4 ) 40
BZ(r+2) 1
S 2(r+2) [y+1
1 5 BZ(}’+2)

— _ 2(I’+2) — 1
50 2(r+2)0c G(a), (3.16)

r+2
(Va2 4 [ 9u2 D) 4 1o >]

where
1 2(y+1) 2(y+1) 12
o= | —([Vul]™" + |V + T (2 :
9P ) )

It is not difficult to verify that G is increasing for 0 < a < a1, decreasing for o > 0.,
G(o) = —oo as o0 — oo, and
1 B2(r+2) .
—od — 7oﬁ( +2)
2 2(r+2)

where o is given in (3.11). Since E(0) < E|, there exists oy > a; such that
G(on) =E(0).

12
Set o = [ﬁ(!IW(O)HZ(””+|\Vv(o)||2(7“))+r(0)] . Then by (3.16) we
get G(ap) < E(0) = G(a), which implies that ap > oL;.

G(oy) = —E, (3.17)
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Now, to establish (3.14), we suppose by contradiction that

12
TP 4 9 @) T )| <o
for some fo > 0. By the continuity of | =L ([|Vae (19) [PV Vv (1) [PY*V) + T (59)

we can choose fy such that

1 1/2
[wl<|!Vu<ro>||2”*”+\|Vv<ro>||2<””>+F<fo>] > o

Again, using (3.16) we get

E(l‘o) > G( [’Y-l—l

This is impossible since E(¢) < E(0) for all € [0, 7). Hence (3.14) is established.
To prove (3.15), we apply (1.9) to get

1/2
(IVau (10) [P+ + Vv (10) [ P¥+1) +r<ro>] ) > G(on) = E(0).

1
2(y+1)

1
(IVul 200 4 9w ]2 45T (1)

1 2(r+2) r+2
<E(0)+ m(||“+v\|2(r+2) +2{[uv]];13)-

Consequently, (3.14) yields

2(r42 r
22y U vl 2l 2)
1
> Vau| 2V | w2 4 ST (1) — E(0
—2(y+1)(” u VT + 5T () —£(0)
1 5 2(r+2) 2(r42)

> 202 —Glon) — . (3.18
=2 5%~ 6l0) = 30755 (3-18)
Therefore, (3.18) and (3.11) yield the desired result. ]

Theorem 2. Assume that (Al), (A2) and (1.6) hold. Assume further that
2(r+2) >max{2(y+1), k+p+1,1+p+1,0+qg+1, p+qg+1}.

Then any the solution of the problem (1.1) with initial data satisfying
1

1 2
(IVa O)[PY ) [ vw ()P +T(0)| > o, E(0) < Es,

y+1

cannot exist for all time, where o.; and E; are defined in (3.11).
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Proof. We suppose that the solution exists for all time and we reach to a contra-
diction. Set
H(t)=E,—E(t). (3.19)
By applying (1.9) and (3.19), we have

1 1
0<H(0) <H (1) =Er— 5 (lul+[w) - 5T(0)

1 2(y+1 2(y+1

(|| V| YD | POD) /F . (32

sy VP IO 4 R dr. 3.20)

From (3.18) and (3.1), we have
1 1
Ex =3 (Il + w1 ) = 5T)

1
2('Y_|_1)(HVM||2(Y+1)+HVVHZ(YH))—F/F(u,v)dx

1 2 (r+2)
<E—30tt 500y )(uuz )+ V)

r+2) r+2)
—2(+2)1+2< oy (i) + MR 3)
(r+2) (r+2
< (313 + VI35 3)) - (3:21)
2(r+2)
By combining (3.20) and (3.21), we have
C1 2r 2(r+2)
0<H©O) <H) < 507 (W) + MBS (3.22)
We then define with € > 0
W(i)=H'"%(r)+¢ </ u,udx+/ vtvdx> . (3.23)
Q Q
The remainder of the proof is similar to the proof of Theorem 12 in [9], and then we
get the desired result. O
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