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Abstract. In this paper, by the differential operator we give some congruences and new proof for
some known congruence concerning the Bell polynomials, derangement polynomials and r-Lah
polynomials.

2010 Mathematics Subject Classification: 11B73; 11A07; 47E05

Keywords: Congruence, differential operator, Bell polynomials, Derangement polynomials, r-
Lah polynomials

1. INTRODUCTION

Recall that the n-th Bell polynomial (named also Touchard polynomial) B, (x) and
the n-th r-Bell polynomial B, , (x) are defined by

By(x) =1 and ﬂn(x):i{’]:}xk,

k=0

Bo,(x)=1 and B,,(x)= {n }xk,
0 =Y 1krr).

where {Z} is (n,k)-th Stirling number of the second kind which counts the number of
partition of the set [r] into kK non-empty subsets, and {Z }r is the r-Stirling numbers of
the second kind which counts the number of partition of the set [r] into k non-empty
subsets such that the numbers 1,...,r are in distinct subsets see [2].

The numbers B, := B, (1) is the n-th Bell number which counts the number of all
partitions of the set [n] := {1,...,n} and B, , := B, ,(1) is the n-th r-Bell number
which counts the number of all partitions of set [n+ r] into k + r non-empty subsets
such that the first r elements are in distinct subsets, see [0]. These polynomials are
also given by the Dobinski formula

B, (x) =exp(—x) ) j”xfj' and B, (x) =exp(—x) ) (j—l—r)”);j!. (1.1)

Jj=0 : j>0
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In 1933 Touchard [ 1] established for any prime number p the following congruence
Biip = Bor1+ B, (mod p), neN.
Later Gertsch and Robert [3], by the umbral calculus method proved that
By p (x) = Buy1 (x) + 2B, (x)  (mod pZp[x]), neN.
Benyattou and Mihoubi [ 1] proved that
B p,r (%) = By, (x) +xP By r(x)  (mod pZy [x]), n,reN,

where Z,, denotes the ring of p-adic integers.

Several congruences involved the Bell polynomials are given in [1,3,9,10] and are
linked to other polynomials such the Lah and derangement polynomials. Motivated
by the congruences studied in the above references we use in this paper the differen-
tial operator and its properties to establish some congruences and to give a new proof
for some known congruence concerning the Bell polynomials, r-Bell polynomials,
derangement polynomials and » Lah polynomials. This paper is organized as follow:
In the next section by the differential operator we define the Bell polynomials also
we give a new proofs of some known congruences. In the third section we present
some congruences on the r-Lah polynomials and the derangement polynomials.

In the remainder of this paper we use the notations

(x)g =1, (x),=x(x—1)---(x—n+1) if n>1,
(x)g:=1 (x),=x(x+1)---(x+n—-1) if n>1,
and
(X)n _ Z(_l)nfk [Z:| xk7 Xt = Z{Z} (x)k,

k=0 k=0

where ["] is the absolute Stirling number of the first kind which counts the number

of permutations of the set [n] := {1,...,n} into k cycles.

2. CONGRUENCES ON BELL AND R-BELL POLYNOMIALS

In this section we give some properties of the differential operator and a new proof
of some known congruences on the Bell and r-Bell polynomials.

Lemma 1. Let D = % be the differential operator and P = x+ xD and let f be a
polynomial. Then for any non-negative integers n,r there hold

(P),P"1 =P"x" =x"B,, (x), (2.1)
P),f(P)l=x"f(P+r)l. (2.2)

In particular, we get
B, (x)=P" "B, (x), 0<m<n, (2.3)

X =(P),1, 2.4)
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where (X), is the Pochhammer symbol defined above.

Proof. To prove the identity P"x" = x"B, . (x) we proceed by induction n > 0. For
n=0orn=1, we have

Py =x and P'¥ = (x+xD)x" = e =X (x+r)=x"B,(x).
Assume that PXx” = x" By, (x) for all k € {0,1,...,n}. Then

P =P (PY) = (x +xD)x" By, (x) = (r+x) X" B, (x) +x'DB, , (x),
and from (1.1) we obtain

DB, (x) = But1, (x) — (r+x) By (x),

hence

P = (r+x) X By (x) + X (Bt (X) — (r+x) Buy () = X Byi1 (%),
which completes the step induction. We also have

(P),P"1 = k;) (—1)* m Pkl = P”kZ:‘B (—1)* [lj B (x) = P'x = x'B, . (x).

The identity (2.2) follows because

(P)rPnl :er;n,r ()C) — Z <n> rnfkgk (x) — Z <l’l> rnkakl =X (P+r)n 1.
o\ i—o \k

For the particular cases, by taking r =0 in (2.1) we get B, (x) = P"1. This means that
By(x) =P (P '1) =PB,_; (x) =--- =P"B,_, (x),
by taking n =0 in (2.1) we get (P), 1 =x". O

Remark 1. Since B4y, (x) =P" B, (x) = P"B, (x), the following symmetric iden-

tity follows
Brow(v)= Y {’”}as W=y {’j}xrcfsm,, ).

r=0 r=0
Letry,...,ry,n > 0 be integers such that r; <--- <r, and let
ry=(r1,...,rq), Ity =ri+--+rg

Recall the r,-Stirling numbers and the r, -Bell polynomials introduced and studied
by Maamra and Mihoubi [4, 5, 7], can be defined by

le[’ll{nﬁ- ]

Jtrg }r (x)j = @t rg)n - (b rg)ry (x4 1)

q

n+\rq,1| )
(Bn(xﬂ’q): Z {n.—}-|rq|} x.
Iy

Jj=0
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Lemma 2. There holds
(P),, -~(P),1171P"x’q =(P), ~-(P),qP”1 =x"1B,(x;1y).

Irq

Proof. Setting (u),, -+ (u),, = Zq‘, ax(ry)ut.
k=0
From Theorem 7 given in [4] and Lemma 1 we have
I Irg | I
x1B, (xir,) = Zak ry) Bk (x Zak P"+’<1—P"Zak r,)P1
= (P)rl .”(P)rq—l (P)ranl =P)y “.(P)rq—ll)n X',
]

Lemma 3. Let f be a polynomial in Z[x|. For any non negative integers n,s > 1,
and for any prime p there holds

FPYPP —P)1 = (&P +x” +---+x)f(P)1  (mod pZ,[x]).

Proof. 1t suffices to take f(x) = x" and proceed by induction on s. Indeed, for
s = 1, use the Touchard’s congruence for polynomials

By p(x) = Byt (x) +xPB,(x) (mod pZ,, [x])

to get

P'(P’ —P)1 =P""71 —P""'1 =B, ,(x) — Bpy1(x)

=x"B,(x) =x"P"1 (mod pZ, [x]).
Assume it is true for 5. Then
PP’ —P)1 = (P —P+P)’ —P)P"1

(P —P)”+P? —P)P"1
(P”" —P)’P"1 + (P’ —P)P"1
(P +x7" + - +x) (PP —P)P P 4+ xPP"]

S

(xP +xP° + - +xP)PP"] +xPP"1

(xpz NIy _i_xPs“)Pﬂl + xPP"
= (xP x4 +x1’m)P"1 (mod pZ, [x])

hence, the proof is completed. U

Now we give new proof for a congruence concerning B, (x;r,).
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Proposition 1. Let n,r,ry, > --- > r1 > 0 and s > 1 be non-negative integers. For
any prime p there holds

Buip(1:0y) = (F + - +x7 ) B, (xs1) + Buy1 (51,)  (mod pZ,[x]).  (2.5)
In particular, fors = q =1, r,=r and or r = 0 we get
Brip.r(X) = xP By r(x) + By (x)  (mod pZy [x]),
By p(x) =X By(x) + Byt1(x)  (mod pZ, [x]).
Proof. For (2.5), by Lemma 2 and Lemma 3 we have
X By ps(131g) =X Bygps (X51g) — Bug1 (x31g)) + X' 9B, 1 (x31)
— (P),,-+-(P),,P"(P” —P)1 + "B, (xvr,)
= (427 -4 x7)(P),, - (P),, P 1+ X1 B, 1 (i1,
= X1(xP 4+ ) By (x31,) + X B 1 (x31,)  (mod pZ, [x]).
This completes the proof. U

3. CONGRUENCES ON THE R-LAH POLYNOMIALS AND THE DERANGEMENT
POLYNOMIALS

In this section, we give some general congruences on the r-Lah polynomials and
the derangement polynomials.To start, let us give a short introduction to these polyno-
mials. Recall that the (n,k)-th r-Lah number L, (n,k) counts the number of partitions
of the set [n+ r| into k + r ordered list, such that the numbers of set [r] are in distinct
lists, see also [8], and the r-Lah polynomials associated to r-Lah number are defined
by

n
Ly, (x)= ZL’ (n,k)xk,
k=0
with exponential generating function

1 t" 1 t
Y L) - (l_t)z,exp<1_tx).

The derangement polynomials are defined by

D, (x) = Z (Z) D, ok = Z (Z)k!(x— 1"+,

k=0

where D, (0) := D, is the number of derangements of n elements, see [10].

Lemma 4. For any non-negative integer n,r there hold

Loy (x) = (P+27), 1, 3.1)
Dy (1—x) = (=1 (P—1),1. (3.2)
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Proof. Since (x), := (x+n— 1), and the property

<x>n+m - <x>n <X+l’l>m,

then, from the known identity [8] (x+2r), = Y{_, L, (n,k)x*, and by the relation
(2.4) the r-Lah polynomials can be written as

n

Ly, (x) = iL, (n,k)x* =Y L. (n,k) (), 1 = (P+2r), 1. (3.3)
k=0

k=0
We also have by the relation (2.4)

@-0,1=% () 0P, 1= X (7)ot = o,

k=0 k=0
g

Proposition 2. For any prime number p and any integers n,m,r > 0, there holds
Loimpr(x) =X L, (x)  (mod pZ, [x]).
Proof. From (3.1) we have
Lovimp,r(x) = (P+2r)pimpl = (P+2r) , (P+2r+p), n_1), 1
=P+2r+p— l)p <P+2r>n+(m71)p 1
= (P+ 2r>n+(m1)pki) <IIZ> 2r+p—1),(P)1

= (P+2r),, (n1)p ((2r+ p—1),+ (P)p) |

2r+p—1
:p‘< » ) <P+2r>n+(m—1)pl+(P)p <P+2r>n+(m—l)pl

=x"(P+2r+p)ym1ypl =X Loy m-1)p,(x) (mod pZ,[x]).

So, we get successively

Ln-‘rmP,r(x) = xerH-(m—])p,r(x)

= x(m_l)an+p,r(x)

X" L,,(x)  (mod pZ,[x]).
t

Proposition 3. Let p be a prime number and m,n be non-negative numbers. There
holds

Dyimp (1 —x) = (—x)"" D, (1—x) (mod pZ, [x]).
For x =1, we obtain
@n+mp = (_l)mp @n (mOd ]9)~
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Proof. By (3.2), the identity (x)4m = (x)n(x —n), and the congruence

() =0 mip 12521

we obtain

Dp(1—x) = (=) (P—1),, 1= (=1)""P(P—1),(P—1—p),l

Mf() Pt g

(=1)"P(~ =D+ (=1)"P(P),(P—1),1
(—1)"+PxP(P+p— Dol = (—1)™PxP (P — 1)1
= (—x)"D,(1—x) (mod pZj, x])

and one can proceed easily by induction on m > 0 to complete the proof.

0

Proposition 4. For any non-negative integers n,r and for any prime number p,
there holds

i <Z) (—1)k(2r—|—n)n7k Di(1—x) = Ly, (x). (3.4)

k=0
In particular forn = p — 1 we get

p—1
Y @r+p—1), 4 Di(1=x)=L, 1,(x) (mod pZ,[x]), (3.5
k=0

forn=p—1,r=0we get

p—1 —x
Z Q)k(lld) =—Ly, 1(x) (mod pZ,[x]). (3.6)

Proof. For (3.4) we have
Lyy(x)=P+2r),1=P+2r+n-1),1

-y (Z) (2r+n), (P—1),1
- i (Z) (=D 2r+n), , D(1—x).

For (3.5) and (3.6) take n = p —1 or n = p — 1, r = 0 and use the congruences

(P;1>E(—1)k (mod p), k!(p—l)pflsz—l (mod p) 0<k<p-1.

O
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Proposition 5. For any non-negative integers n and for any prime number p, there

holds
i (Z) (—1) B, 1 (x) = i {Z} (—D)*D(1—x). (3.7)

k=0 k=0
In particular for n = p— 1 or n = p we obtain

-1 -1
,,Z By 1 k(x) EPZ {p; 1}(_1)k@k(1 —x) (mod pZ,[x]),  (3.8)
k=0

k=0
Dy(1—x)=—x? (mod pZ, [x]). (3.9)
Proof. For (3.7) we have

(P—l)"lzi{Z}(P—l)kl.

k=0
Then

,g) (’;) (—1)f P ¥ — Z (’;) (—1)* By (x) = Z {Z} (—1)* D (1 —x).

k=0 k=0
For (3.8) and (3.9) take n = p — 1 or n = p and use the congruences

(p;1>5(_1)k (mod p), {Z}zo (mod p) 1<k<p.
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