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Abstract

In this paper we prove that a point set of size less than 3
2(q + 1)

in PG(2, q), q prime, that has relatively few 0-secants must contain
many collinear points. More precise bounds can be found in Theorem
2.4.

1 Introduction

A blocking set B of PG(2, q) is a set of points intersecting each line in at least
one point. Lines intersecting B in exactly one point are called tangents. A
point is essential to B, if through it there passes at least one tangent of B.
The blocking set is minimal if all of its points are essential. The smallest
examples are lines and a blocking set that does not contain a line is called
non-trivial. For a survey on blocking sets, the reader is referred to [10]. When
q is a prime, Blokhuis [1] proved an old conjecture by Di Paola.

Result 1.1 (Blokhuis [1]) A non-trivial blocking set in PG(2, q), q prime,
has at least 3

2
(q + 1) points.

If we delete a few say, ε points from a line, we get a point set intersecting
almost all but εq lines. After deleting ε points from a blocking set of size
3
2
(q + 1) (for example, from a projective triangle, see Definition 3.11 in [10])
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we get at least ε (q−1)
2

0-secant lines. The situation is similar for blocking
sets of size at most 2q; this follows easily from the result of Blokhuis and
Brouwer, see Result 2.1. In general, we cannot expect that the number of
points that block the 0-secants is the number of 0-secants divided by constant
times q. To illustrate this, let us consider a blocking set which is the union
of parabolas for q ≡ 1 (mod 4) (see Section 3.3 in [10]). Let us delete ε
parabolas completely from this blocking set. Since through each point of
a parabola, there passes one tangent line, we will get εq 0-secants. These
lines cannot be blocked by roughly ε points, since through a point there are
at most two tangent lines of a parabola, so one point can block at most 2ε
0-secants. This means, that we would need at least q/2 points to block the
0-secants. We will be interested in the question, when the number of points
needed to block the 0-secants is roughly the number of 0-secants divided by
q. If we add these points to our original set, we get a blocking set. Hence we
look for a result guaranteeing that a point set having at most cεq 0-secants
must contain a blocking set minus roughly ε points. Of course, the situation
is also interesting when we have less than q skew lines. In this case we wish to
prove that the 0-secants pass through a point. For such a result, formulated
in the dual setting, see Proposition 1.5 in [3].

The following old result of Erdős and Lovász can be considered as a
stability theorem for lines.

Result 1.2 (Erdős and Lovász, [7]) A point set of size q in a projective plane
of order q, with less than

√
q + 1(q + 1−√

q + 1) 0-secants always contains
at least q + 1−√

q + 1 points from a line.

Note that the proof of the theorem of Erdős and Lovász can be extended
to sets of size less than q +

√
q + 1 with a weaker bound on the number of

0-secants, that is roughly (q −√
q)(

√
q − k). The reason that one needs the

bound q+
√
q+1 on the size of the set is Bruen’s theorem, see [5, 6], namely

that the size of a non-trivial minimal blocking set is at least q +
√
q + 1.

The main result of the present short note is Theorem 2.4, which can
be regarded as an analogue of the Erdős and Lovász theorem (or rather its
generalization to q + k) for Galois planes of prime order.
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2 Results

In this section we will improve on the stability theorem of Erdős and Lovász,
when the plane is PG(2, q), q prime. We are going to show that if B is a
point set with |B| < 3

2
(q + 1), having at most δ = ε(q + 1) 0-secants, then it

contains a huge part of a line. Even though the bound in our main result is
not sharp, ε can even be cq, where c is a small constant depending on |B|, if
|B| is not very close to 3

2
(q + 1).

The following result, which is a consequence of the affine blocking set
theorem by Jamison [8], and Brouwer, Schrijver [4], will also be used in our
proof.

Result 2.1 (Blokhuis and Brouwer, [2]) Let B be a blocking set in PG(2, q),
|B| = 2q − s and let P be an essential point of B. Then there are at least
s+ 1 tangents through P .

Lemma 2.2 Let B be a point set in PG(2, q), |B| < 3
2
(q + 1). Assume that

there are δ 0-secants to B. Then the total number τ of tangents of B is at
least (q+1)(2q− |B| − 2δ

q+1
). Hence there is a point P of B so that there are

at least 2
3
(2q − |B| − 2δ

q+1
) tangents through P .

Proof. Take a 0-secant ℓ of B. If there is no such a line then B is a blocking
set and (by Result 2.1) through any essential point of B there pass at least
1
2
(q + 1) − 1 tangents. Let the points of ℓ be denoted by P1, . . . , Pq+1 and

let νi be the number of 0-secants, τi be the number of tangents through Pi.
Looking at B from Pi one gets q− (νi+ τi) ≤ (|B|− τi)/2, which implies that
2νi+τi ≥ 2q−|B|. Summing over all i we get that (q+1)(2q−|B|) ≤ 2δ+τ ,
from which τ ≥ (q + 1)(2q − |B| − 2δ

q+1
) + 1 follows. On the other hand, if

we add up the number of tangents at the points of B, we get τ , so there is a
point which has at least the average number of tangents.

The following lemma is an easy folklore result in algebraic geometry.

Lemma 2.3 Let S be a set of points in AG(2, q). Then there exists a non-
zero two-variable polynomial of degree at most

√

2|S| − 1, so that it vanishes
at every point of S.

Proof. Each point (u, v) ∈ S, gives a linear equation for the coefficients of
the desired polynomial p. Hence we have a homogeneous system of |S| such
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linear equations. When deg(p) ≥
√

2|S| − 1, then the number of coefficients
is larger than |S|, so we have a non-trivial solution.

The proof of our main theorem is motivated by [1] and [9].

Theorem 2.4 Let B be a set of points of PG(2, q), q = p prime, with at
most 3

2
(q+1)−β points. Suppose that the number δ of 0-secants is less than

(2
3
(β + 1))2/2. Then there is a line that contains at least q − 2δ

q+1
points.

Proof. Choose the coordinate system in such a way that (∞) is a point
of B with at least 2

3
(2q − |B| − 2δ

q+1
) tangents, one of them be the line at

infinity. Let U = {(ai, bi) : i = 1, . . . , |B| − 1} be the affine part of B. The
0-secants of B can be written as Y = mjX + cj, j = 1, . . . , δ. Consider the
polynomial a(x, y) of the smallest degree ∆, which vanishes at the points
(cj,mj), j = 1, . . . , δ. By Lemma 2.3, ∆ ≤

√
2δ − 1. Now write up the

polynomial

H(X, Y ) =
(

∏

(X + aiY − bi)
)

a(X, Y ).

The first product is the Rédei polynomial of U . This polynomial H vanishes
for every (x, y), hence it can be written as

H(X, Y ) = (Xq −X)f(X, Y ) + (Y q − Y )g(X, Y ),

where deg(f), deg(g) ≤ |B| − 1 − q + ∆. As in Blokhuis [1], consider the
terms of highest degree of this equation and substitute Y = 1 in it. Then we
get a polynomial equation

h∗(X) =
(

∏

(X + ai)
)

a∗(X) = Xqf ∗(X) + g∗(X),

where Xq ∤ g∗(X). We may suppose that f ∗ and g∗ are coprime, since
otherwise we could divide by their greatest common divisor and obtain an
equation of the same type with smaller degrees. Denote by s the maximum
of the degrees of f ∗ and g∗ after this division. The roots of h∗(X) in GF(q)
are also roots of Xf ∗(X) + g∗(X). The multiple roots of h∗(X) in GF(q)
are also roots of Xq(f ∗(X))′ + (g∗(X))′. The roots not in GF(q) are roots of
a∗(x). Hence

h∗(X)|(Xf ∗(X) + g∗(X))((f ∗(X))′g∗(X)− (g∗(X))′f ∗(X))a∗(X). (1)
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If the polynomial on the right hand side of (1) is non-zero, then comparing
the degrees gives q+ s ≤ s+1+2s− 2+∆, that is s ≥ (q+1−∆)/2. Since
s ≤ |B| − 1− q +∆, then |B| ≥ 3

2
(q + 1)− 3

2
∆, which is a contradiction.

The third term on the right hand side of (1) cannot be the zero poly-
nomial, since the terms of highest degree of a(X, Y ) form a homogeneous
polynomial and so (Y − 1) cannot be a factor of it.

If the first term on the right hand side of (1) is the zero polynomial then
h∗(X) is divisible by (Xq − X). Since a∗(X) has degree at most ∆, the
remaining q−∆ factors of (Xq−X) must arise from the product

∏

(X+ai).
Geometrically this would imply that through the point (∞) there pass at
most ∆+1 tangents, which contradicts the choice of (∞). (Here we use that
∆ + 1 < 2

3
(2q − |B| − 2δ

q+1
).)

If the second term is zero, then, since f ∗ and g∗ are coprime, f ∗(X)|(f ∗(X))′

and similarly g∗(X)|(g∗(X))′. Hence (f ∗(X))′ = (g∗(X))′ = 0. For q = p
prime, it implies that either |B| ≥ 2q + 1−∆ (which is not possible by our
upper bound on |B|) or aXq + b divides h∗(X). Since aXq + b = (aX + b)q

and at most ∆ of these factors can come from a∗(X), then there is a line ℓ
(through (∞)) that contains at least q + 1−∆ points of B. Finally, assume
that |ℓ ∩ B| = q + 1 − k, k ≤ ∆. Then the 0-secants pass through the k
missing points of ℓ. Since |B| ≤ 3

2
q+1− 3

2
∆ then the number of 0-secants is

at least k(q − (3
2
q + 1− 3

2
∆− q − 1 + k)) ≤ 1

2
k(q + 1). Hence k ≤ 2δ

q+1
.

Let us see now some constructions for sets with few 0-secants not contain-
ing a very large collinear subset. Deleting ε points from a line or a projective
triangle yields εq or at least ε q−1

2
0-secants, respectively. In the former case

the number of deleted points is δ
q
, in the latter case it is roughly 2δ

q
. The

constructions below can be regarded as generalizations of the Rédei-Megyesi
construction for blocking sets (see Theorem 3.10 in [10]). In the constructions
we use standard notation: affine points are denoted as (u, v), ideal point as
(m) or (∞).

Construction 2.5 Assume that 3|q− 1 and let H be a subgroup of GF(q)∗,
|H| = q−1

3
. Furthermore, let B be the set of size q + 2, where

B = {(0, h)|h ∈ H} ∪ {(h, 0)|h ∈ H} ∪ {(h)|h ∈ H} ∪ {(0, 0)} ∪ (0) ∪ (∞)}.

Then the number of 0-secants to B is 2
9
(q − 1)2. Add k < q+17

6
ideal points

not in B to obtain B′. Then the total number of 0-secants to B′ is (2
3
(q −

1)− k)1
3
(q − 1).
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The sets constructed above have less than (3
2
(q + 1)− |B′|) q−1

2
0-secants

(this is what we would get for a set contained in a projective triangle) and
are not contained in a projective triangle.

In general, one could choose a multiplicative subgroup H (of size q−1
t
)

from the line Y = 0, s cosets of H from the line X = 0, and the same s
cosets from the ideal line. For example, when t = 2s, |B′| = q + 2 + q−1

2s

and the number of 0-secants is roughly q−1
2
( q−1

2
− q−1

2s
), which is the same as

one could get by deleting ( q−1
2

− q−1
2s

) appropriate points from a projective
triangle. For t > 2 the cosets can be chosen in such a way that the set is not
contained in a projective triangle.

Construction 2.6 Let A and B be less than p and let B∗ be a the following
set.

B∗ = {(1, a)|0 ≤ a ≤ A}∪{(0,−b)|0 ≤ b ≤ B}∪{(∞)}∪{(c)|0 ≤ c ≤ A+B}.

Then B∗ has 2(A+B) + 4 points and the total number of 0-secants to B∗ is
(q − 1− A−B)(q − A− B − 2).

One can modify this construction and delete some points (c) (0 ≤ c ≤
A + B) which are on many tangents of B∗. To be more concrete choose α
and β, so that α ≤ A+B − β. Let

B∗∗ = {(B∗ ∩ AG(2, p)) ∪ (∞) ∪ {(c)|α ≤ c ≤ A+ B − β}.
Then |B∗∗| = 2(A + B) + 4 − α − β and there are (q − 1 − A − B)(q −

A−B− 2)+ α
2
(2q+α− 3− 2(A+B))+ β

2
(2q+β− 3− 2(A+B)) 0-secants.

For A = B = p

4
, B∗ has size p+4 and the number of 0-secants is roughly

p2

4
, which is the number of 0-secants of the a point set obtained by keeping

these many points of a projective triangle, but this set obviously cannot be
embedded in a projective triangle. One can also combine Constructions 2.6
and 2.5 by replacing arithmetic by geometric progressions. For example, if
t = 5, H is a multiplicative subgroup and ω generates G/H then

B∗∗∗ = {(0, h)|h ∈ H ∪ ωH} ∪ {(h, 0)|h ∈ H ∪ ω−1H} ∪
{(h)|h ∈ H ∪ ωH ∪ ω2H} ∪ {(0, 0)} ∪ (0) ∪ (∞)}

has 3 + 7
5
(q − 1) points and δ = 2

25
(q − 1)2 0-secants. By deleting the points

(h), h ∈ ω2H we get a set of size 3+ 6
5
(q−1) points which has δ = 4

25
(q−1)2.
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All the examples given above can be obtained from a blocking set con-
tained in the union of three lines by deleting quite a few points. In some cases
they have less 0-secants than a set of the same size contained in the projective
triangle. The examples also show that we cannot expect δ

q+1
missing points

from a line in Theorem 2.4.

Remark 2.7 1) In the case corresponding to the Erdős and Lovász theorem,

that is when |B| = q, we can allow roughly q2

18
0-secants to guarantee a

collinear subset of size at least 8q
9

in B. The bound q2

18
can most likely be

improved but we do need an upper bound of the form cq2 , (c ≤ 1
2
) on the

number of 0-secants as shown by the constructions above.
2) If a set B has size |B| = cq for some c < 1 then the number of 0-

secants is at least (1 − c)q(q + 1). This can be seen by counting 0-secants
through points of a fixed 0-secant. Hence our theorem gives a non-trivial
bound only if (1− c)q(q + 1) < (2

3
(β + 1))2/2, where β = (3

2
− c)q. Roughly

speaking, this gives that for a fixed c < 1, the value of δ has to be smaller than
(1− 2

3
c)2q2/2, which gives the equation 4c2+6c−9 = 0 for the critical value of

c. The positive root of the equation is −3+
√
45

4
≈ 0.927. So our result gives a

non-trivial stability theorem also for sets of size cq, 1 > c > −3+
√
45

4
≈ 0.927.
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