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1 Introduction

Ordinary and partial differential equations are the most important and frequently occur-
ring mathematical models in several areas of applied mathematics. In order to study and
understand certain physical, biological, etc. phenomena, such types of equations should
be solved, often with a high accuracy and/or within a reasonable computational time.
Richardson extrapolation [3] is one of the most powerful numerical techniques which can
be used in the efforts to improve the accuracy and performance of underlying numerical
methods to solve large and complex problems.

The procedure is based on calculating a suitable linear combination of numerical solu-
tions obtained on two meshes by the same underlying numerical method of order p. This
original version of the method is called classical Richardson extrapolation (CRE). The
CRE increases the order of accuracy by one if the right-hand side function of the ordinary
differential equation to be solved is sufficiently smooth. However, this accuracy is not al-
ways sufficient in the applications. The question arises naturally: how can we increase the
order even further?

We present a possible generalization of the CRE, which we call multiple Richardson
extrapolation (MRE). This method can be combined with any one-step numerical method,
e.g., with some Runge-Kutta method, both explicit and implicit. When stiff systems are
solved, which frequently arise, e.g., in chemical models, the numerical method should have
favourable stability properties on a fixed mesh. In search for an accurate scheme with
good absolute stability properties, we will study the absolute stability of the MRE for the
simplest Runge-Kutta methods, namely, the first order explicit Euler (EE) and implicit
Euler (IE) methods and analyse their stability regions.

2 Classical and multiple Richardson extrapolation

The classical Richardson extrapolation (CRE) method allows us to increase the order p of
the underlying method by one. Consider the Cauchy problem for a system of ODE’s
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where the unknown function y is of the type R — R? and 7 € R%. Solve the problem with
two different time-step sizes, h and h/2, and denote the numerical solutions at time t,, of
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the coarse mesh by z, and w,, respectively. Then the combined solution
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which is called classical Richardson extrapolation, approximates the exact solution to the
order p + 1.

The multiple Richardson extrapolation (MRE) is a new procedure [1] obtained by
applying CRE to the combined method (CRE + underlying method of order p), and it
provides an order of accuracy p + 2.
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3  Absolute stability analysis

The absolute stability analysis is based on Dahlquist’s scalar test problem
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where y : R - C, A = a+ i € C, yg € C. The exact solution is y(t) = ypexp(\t), t €
[0,00), which is bounded iff & < 0. From a numerical method for stiff problems it is
required that the numerical solution of (4) remains bounded for o < 0 as ¢, — oo for
any or at least not too small time-steps h. Let u := Ah, then for a one-step method
Yn+1 = R(1)yn, where the function R, depending on p is called stability function of the
method. Clearly, the numerical solution remains bounded for the grid points of [0, c0) iff
|R(p)] < 1. Theset S :={p e C:|R(u)| <1} is called stability region of the method with
stability function R(u). It is desirable that S is as large as possible, and for stiff systems
it should involve C~, i.e., the whole left half-plane with the imaginary axis. If C~ C S,
then the method is called A-stable.

We plotted the stability regions for the EE method as underlying method for different
versions of the Richardson extrapolation in Figure 1. The CRE increases the stability re-
gion, which becomes even larger for the MRE. The figure also shows the stability region
obtained for another possible generalization of CRE, called repeated Richardson extrap-
olation (RRE, [5]), but the MRE has a larger stability region. For more results for other
explicit Runge-Kutta methods see [1]. A larger stability region allows the choice of larger
time steps, which improves the efficiency. However, since for the EE method we always get
bounded stability regions, the application of MRE is not very helpful when stiff problems
are to be solved. Therefore, in the following we investigate the implicit Euler (IE) method
as underlying method.
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Figure 1: Stability regions for EE as underlying method.

In [2] we analysed the absolute stability function and stability region of the IE +
MRE method. The IE and IE + CRE methods have been proved to be A-stable, so their
stability regions include the entire left half-plane [4]. We plotted the stability region (in
grey) of the IE + MRE method in Fig. 2, which suggests that this method is also A-stable.
However, the zoomed picture in Fig. 3 reveals that the combined method IE + MRE is
not A-stable. Since the boundary of the stability region extends to the left half-plane, we
can have problems with the absolute stability when the matrix (or Jacobian matrix) of
the problem to be solved has purely imaginary eigenvalues. It is not recommended to solve
such problems with the IE + MRE method. For more details see [2].
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Figure 2: The stability region of IE + MRE.
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Figure 3: Zoomed detail of the stability region of IE + MRE.
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