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ON LIMITS AND COLIMITS IN THE KLEISLI CATEGORY

by Jenö SZIGETI

CAHIERS DE TOPOLOGIE

ET GÉOMÉTRIE DIFFÉRENTIELLE

Vol. XXIV- 4 (1983 )

1. INTRODUCTION. 

Given a triple (monad) R = ( R, a , B) on the category 8 the stand-

ard constructions of the Eilenberg-Moore category QR and the Kleisli

category (ÎR are well known. The computation of 8 -limits easily can be
derived from the computation of the corresponding 8-limits. On the other

hand the case of (îR-colimits proved to be far more complicated.The various
QR-colimits (and (i(R )-colimits of R-algebras)werethoroughly investigated
in a lot of papers (e. g. in [1- 3, 5, 9, 10]). In this way the raising of the

similar questions for the Kleisli category AR is quite natural. This paper
makes an attempt to get closer to the problem of the completeness and the

cocompleteness of AR. The canonical functor S : AR - QR will play a
central role in our development. It will be proved in 2 that d s is equi-
valent to the cocompleteness of (ÏR under certain circumstances. In 3 we
shall use the assumption S -l in order to prove completeness for Sp.
Mention must be made that these results are powerless in concrete instan-

ces. One can regard them as an alternative approach to the problem.
Part 4 deals with the existence of a left adjoint to R , where R

is the base functor of some R. The main result of 4 states that if A has

coequalizers of all pairs then the relative adjointness R is equivalent
to -1 R .

2. COCOMPL ETEN ESS.

Given a triple R = ( R , a, B) on the category (i an adjoint pair

F U tl consisting of functors with unit

and counit8: F o U - 1B is said to be an R-adjunction on A if 
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The Kleisli category (fR of R is defined in the following manner

(cf. [8, 11, 12 I). Objects are the same as in S, namely lARl = lAl. A

morphism r : a-o- a’ in dp (the notation -o- for (AR-arrows will be used

throughout this paper) is given by an A-morphism r : a - R a’ . Th e a -o a

unit in (TR is au : a , R a and the AR-composition V for

is given by r’ V r = Ba" o ( R r’ ) o r. The functors of the Kleisli R-adjunction

are defined by

UR is faithful since URr uniquely determines r by

(URr)=oxa=Ba,o (Rr) oaRa, or = IR a’ 0 r = r.

The well known initiality of the Kleisli R-adjunction means that any R-

adjunction F -l U involves a unique (iR -3, 93 functor making (2:1) commute.

Take F -l U to be the Eilenberg- Moore R-adjunction with FR :A - (tR,
and UR : (TR 4 (î, then there is a unique S : QR .. AR such that ( 2:2)

commutes :

The existence and the uniqueness of such a functor S also follow from the

terminal property of the Eilenberg-Moore R-adjunction. A more explicit
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definition for S is the following

UR o S = UR implies that S is faithful just as UR.

2.1. PROPOSITION. Let AR have coequalizers of all pairs (with a common
coretraction) then S has a left adjoint.

PROOF. Since FR-l UR = UR o S an application of Johnstone’s adjoint

lifting theorem can give -l S (AR can be regarded as A1R, where 1 is the

trivial triple on 8p). //

The question of Sp-coproducts doesn’t cause difficulties.

2.2. PROPOSITION. Let A have coproducts then (tR has coproducts.
PROOF. For the objects be an

(3-coproducts, then ax o pi , : ai -o-- x (z f 1) will be the required So-co-
product. / /

In ( 2.3 ) a certain converse of Proposition (2.1) will be established.

2.3. THEOREM. Let Q be cocomplete (with an initial object), QR have

coequalizers of all pairs (with a common coretraction) and suppose that

each partial R-algebra admits a free completion in A(R) (consequently
A(R) has free algebras). 1 f S has a left adjoint then (fR is cocomplete.

To prove the above theorem we need the following lemma.

2.4. LE MMA. Let A have finite coproducts and suppose that ’each partial

T-algebra admits a free completion in A(T) (apart from this T:A- 8 is

arbitrary). Then the canonical embedding functor B T: A(T) -&#x3E; (Tl1A) has
a left adjoint.

PROOF. For an object u : T a - b in ( Tl1A) consider the following par-
tial T-algebra

where ja and jb are coproduct injections. The free completion (2:3) of

this partial T-algebra in A(T) immediately yields an initial object in the
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comma category (

P ROOF OF ( 2.3 ). Since QR has coproducts by (2.2) we have to deal only
with coequalizers. Consider a set ri: a -o- a’ ( iE I ) of parallel AR-mor-
phisms. Form the coequalizer

in S and let ( 2:4 ) represent an initial obj ect in

where

are canonical embeddings

The existence of this initial object is clear since -l BR by (2.4) and

-1 ER by the assumptions that QR has coequalizers of all pairs (with a
common coretraction) and that (t( R) has free algebras ( j ohns tone’s ad-

joint lifting Theorem works again because of the free R-algebra adjunction
is always monadic). Vle claim that e*: a’ -o- a* is the AR-coequalizer of
the morphisms ri ( i f 1 ). ( 2.4) proves that

for all i, m EI. Suppose that e V ri = eVrm (i, mE I) for an dp-morphism
i : a’-o- a. The (f-coequalizer property of e gives a unique t: x -Ra
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making ( 2:5 ) commute

Now

is in (Rl1A) , so there exi sts a unique k : a* -o-a in AR such that (2.6)
commutes.

Using the facts that S is faithful and e is epimorphic in 8 one can easily
obtain that ( 2:6 ) and ( 2:7 ) are equivalent for a k : a* 2013o- a. 

3. COMPLETENESS. 

3.1. TIIEOREM. Let A be complete and suppose that S has a right ad-

j oint, then AR is complete.
P ROO F. Given a functor D: Ð... AR observe that an (fR-cone E: a -- D
is the same thing as an and vice versa.

If q : x - UR o fl is a limit cone in ti then there is a unique b. R x 4 x,

making the diagram (3:1) commute.
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The adjointness S -l yields a terminal object v*: S a* -- x, b&#x3E;
in ( Sl x, b&#x3E;) . We claim that

is an QR-lirnit cone for D . Let e: a -o- D be a cone, then there is a un-

ique t : a , x with q o t = 6. Easily it can be seen that b oR t : S a - x, h&#x3E;

is a morphism in 8 , so there exists a unique k : a -o- a4’ making ( 3:2 )
commute.

( 3:1) makes q to be a  x,b&#x3E; - S o D limit cone in QR, consequently
for a morphism k : a -o- a* ( 3:2 ) is equivalent to ( 3:3).

and i

are proved by (3:4) and ( 3:5 ) respectively.

Since S is faithful we obtained that for a k : a -o- a It: 
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3.2. THEOREM. L et AR have coequalizers of all sets of parallel mor-

phisms and suppose that UR: AR - (t preserves these coequalizers, then
S has a right adjoint.

PROO F. At first we prove that h : S x -  x , h &#x3E; is a weak terminal obj ect
in (Sl x, b&#x3E;). For an object v: Sa -  x, b&#x3E; in (Sl x, 1 h» define the

morphism k : a -- x in AR as

Clearly (3:7) commutes since b o R v = v o Ba.

Let e* : x -o- a* be the (IR- coequalizer of those morphisms r: x -o- x

f or wh i ch h o ( s r ) = h . Now

is a coequalizer diagram in 8 by the preservation property of UR. R UR e *
is also a coequalizer since R = UR o FR and FR preserves coequalizers
by FR -l UR . Thus R UR e* is proved to be an epimorphism. Accordingly,
(3:8) is a coequalizer diagram in AR, i. e. S preserves the above men-

tioned (and any other) coequalizer.
Since b o ( S r )=b for all the considered «r»’ s there exists a unique v * :

A standard terminal obj ect
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argument can prove that v* : S a*- x, b&#x3E; is terminal in ( Sl x, b&#x3E;) . / /

3.3. COROLLARY. Let a be complete, AR have coequalizers of all sets
of parallel morphisms and suppose that UR preserves these coequalizers,
then c1R is complete. //

4. L EFT ADJOINTS BY DENSITY.

We start this part with two simple but extremely powerful lemmas.

4.1. LEMMA. Let H :H-B be a functor and F : A- 93, U : B -A be the

functors of an adjoint pair F U Il with unit f : 1A- U o F . Suppose that
( alU o H) has an initial object, then there exists an initial object in

(FalH).

PROOF. If f*: a -+ UHw* is initial in (alU 0 H ), then  Hw*, f *&#x3E; is in

(alU). The initial property of Ea : a - U F a gives a unique morphism

g*: F a - H w* in 93 making (4:1) commute.

Clearly  w *, g*&#x3E; is initial in ( F alH) . / /

4.2. L E MM A. Let H be as in (4.1), D : 9 - S be a functor with a colimit
cocone y : D -b and suppose that ( D dlH) has an initial object for all

d ElDl. If H is D-cocomplete, then there exists an initial object in ( blH ).
PROOF. For dE ]D l let w (d), nd&#x3E; be an initial object in ( D dlH) and
define the functor D * : T , H by
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where w (d) - o ( d’ ) is the unique morphism making (4:2) commute.

Thus 17 becomes a D - H o D * natural transformation. If y * : D * - w * is

a colimit cocone then there is a unique g* : b - H w * making (4: 3) commute.

The purely technical details of the verification that w *, g *&#x3E; is initial

in (b! H) are omitted. / /

Now we can prove the main result of Section 4.

4.3. THEOREM. Let 8 have coequalizers of all pairs and R : (A- (i be

the base functor o f some triple R = ( R, a, (3). Suppose that R has a left
adjoint relative to R , i. e. ( R a l R ) has an initial object for all a E I (t t .

Then there is a left adjoint to R, namely -l R .

PROOF. Since R = UR o FR with the functors of the Kleisli R-adjunc-
tion FR i UR one can apply ( 4.1) in order to obtain an initial object in

and

is a coequalizer diagram in QR, so (4.2 ) gives an initial object in ( alFR)-
Thus -l FR and -l UR implies -l R . //

4.4. COROLL ARY. L et (i have coequalizers o f all pairs and R : A- (i
be the base functor o f some tripl e R = ( R , cr, B) . Suppose that for each

object a l I (I 1 there is an integer n &#x3E; 1 such that ( Rn al R) has an initial

object. Then there is a left adjoint to R, namely -l R. //



390

To illustrate the force of Lemmas 4.1 and 4.2 we give a very sim-

-ple proof for an important theorem due to W. Tholen (see in [15)).

4.5. THEOREM. Let H, F, U be as in (4. 1 ) with counit 8 : F o U 4 1B .
If (i) or (j) holds, then -1 H is equival ent to -l U o H .

(i) It has coequalizers of all pairs and each 8 b (b E lBl is a reg-
ul ar epimorphism ;

(j) fi has coequalizers of all pairs with a common coretraction and

each 8 b ( b E 1931) is a regular epimorpbism with a kernel pair.

PROOF. -l H =&#x3E; -l U o H is trivial. Set -1 U o H . If

is a coequalizer in B then so is (4.4) since db is epimorphic.

By (4.1) there is an initial object in (FU bl H ) and in ( F U blH) . Let

y : D 4 b of (4.2) represent the coequalizer (4:4), then (4.2) gives an ini-

tial object in f blH). If in addition

is a kernel pair, then ( F Ut) o F EUb is a common coretraction of TT 0 o 8 ;
and TT1 o 8 g , where t : F U b - b is the unique morphism making (4:5) com-

mute.

Now y : D - b (and consequently y * : D*- w*) represents a coequalizer
of a pair with a common coretraction. Essentially we proved that the full
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subcategory of B consisting of all objects of the form F a (a E lAl) is
a dense subcategory. / /
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