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THE CONDITION FOR GENERALIZING INVERTIBLE
SUBSPACES IN CLIFFORD ALGEBRAS

Nguyen Canh Luong (Hanoi, Vietnam)

Abstract. Let A be a universal Clifford algebra induced by m-dimensional real
linear space with basis {ei1,e2...,e;n}. The necessary and sufficient condition for the sub-
spaces of form Li=lin{eo,e1,..., €m em+1,--€m+ts} tO0 be invertible is m=2 (mod 4), s=1 and
em+1=e12...m (see [2]). In this paper we improve this assertion for the subspaces of the form

L:lin{eo,eAl7...,(3,;\T,L7e/.;m+1,...76/.;m+s}7 where A;C{1,2,....m} (i=1,2,...,m+s).

1. Introduction

Let V,, be an m—dimensional (m > 1) real linear space with basis
{e1,€2,...,em}. Consider the 2™ —dimensional real space A with basis

E= {e(av €1}y -5 €{m}>€{1,2}5 -+ E{m—1,m}> - - - 56{1,27...7m}}7

where eg;y i=¢; (i=1,2,...,m).
In the following, for each K = {k1,ka,...,k:} C {1,2,...,m} we write e =
€kiks...k, With eg = eg, and so

E = {60, €1, Emy,€12,. -, Em—1m,---, 612___m}.
The product of two elements e4,ep € E is given by

(1) eaep = (=1)FANB)(_P(AB)e g A B C{1,2,...,m},
where '

p(A,B) = X p(4A,]),

JjEB
p(A,j) =H{ic A:i>j},
AN B=(A\B)U(B\A)

and A denotes the number of elements of A.
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Each element a = Y ages € A is called a Clifford number. The product of
A

two Clifford numbers a = Y asea; b= > bpep is defined by the formula
A B

ab = ZZaAbBeAeB.
A B

It is easy to check that in this way A is turned into a linear associative non-
commutative algebra over R. It is called the Clifford algebra over V,.

It follows at once from the multiplication rule (1) that ey is identity element,
which is denoted by ep and in particular

eie; +eje; = 0 for i # j; e?z—l (i, =1,2,...,m)

and
Chiko..ky = €k1Chko - - - Ckyj 1<k <ks<...<k<m.

The involution for basic vectors is given by

B t(t+1)
Chkaky = (—1)7 2 €hyky.. ky-

For any a = > asea € A, we write @ = > aa€4. For any Clifford number ¢ =
A A

1
%:aAeA, we write |a| = (%ﬁzi)?

2. Result and Proof

We use the following definitions.

(i) An element a € A is said to be invertible if there exists an element a=!

such that aa™! = a"la =ep; a~!is said to be the inverse of a.

(ii) A subspace X C A is said to be invertible if every non-zero element in X
is invertible in A.

(iil) L(ug,ug,... uy) = lin{U]_,UQ, .. .un},ui eA (i=1,2,...,n).

It is well-known (see [1]) that for any special Clifford number of the form

m —
a= > ae; #0wehavea~! = #. So L(eg, e1,...,€en) is invertible, and if m = 2
i=0
m—+1
(mod 4) (see [2]), then every a = Y aje; # 0, where e,,41 = €12, is invertible
i=0
a
and a=! = —. So L(eq, €1, -, €m, €ms1) is invertible.

lal*
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We shall need the following lemmas.

Lemma 1. (see Lemma 1 [3]) IfL(ea,,ex,,-..,€e4,), Whereea, € E,ea, # ea, for
i#£j, i,7 €{1,2,...,k}, is invertible if and only if L(€A,€A, ,EA2EA,;s-- -, €ALEA,)
is invertible.

By Lemma 1 we shall study subspaces of A in the form
L(eg,ea,s---,€a,).

Lemma 2. (see Lemma 3 [3]) L(eg,ea,,...,e4,), ea, € E,ea, #ea, fori#j,
is invertible if and only if

eaea; +eaen, =0 fori#j, i,j7€{0,1,2,...,m}, wherees, = €.
Lemma 3. (see Theorem [3|) If L(eo,en,,€n,,---,€4,), €a, € E,ea, #ea; for
i %7, 1,7 €{1,2,....1} is invertible, then

@) I<m+1.

(i) If l=m+ 1, then

eithereAl:eAleAz...eAlfl or €A = —€4A,€A,...€4,_,.

The purpose of this paper is to prove the following.

Theorem. L(eg,€a,,...,€4,,,€A,,41s--->€A,..) i5 invertible if and only if the
following conditions simultaneously hold:

(1) eaea, +eaén, =0 fori#j i,5€{0,1,2,...m}, where es, = e,

(2) m=2 (mod 4),
(3)s=1
(4) Either ea,, ., = ea,ea,-..€a,, or €A1 = —€ACAs---CA,, -

Proof. First we prove the sufficiency. From eq,€4; +e4,€4, = 0fori #j, i,j¢€
{0,1,...m} we have

€4,€A; + €464, =0and ea, +e4, =0fori#yj, i,jec{l,...m}.

We shall prove that e4,€4,,,, + €4, ,€a, =0 for k € {0,1,...m}. For k =0, by
ab=ba and by m =2 (mod 4), we get that

€0€A, 1 T €A, 160 =CA1€A, - €A, T €4,€4,...€4,,

= €A4,,€A,,_,---€A, T €4,€64,...€4,,

= (—1)m€Am€Am,1 ...ea, teagen,...ea,,
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m(m—1)

:(—l)m(—l) 2 €A CAy -+ CA T €A CA,...CA

= —eq,€4,..-€4,, +€4,€4,...€4,, =0.
For k € {1,2,...,m} we have
€AL€A L1 T €A 1A, =€ALEA, - €A, ... €A T €A ...€4 ... €4, €A

= (—l)m_kéAm c.. €4, €4, ... €A T+ (—1)m_keA1 L. €4, €A, ...€CA,
— (—1)m_k [(—1)m_1€Am ce €A €A, - €A T €A €A EAL ...eAm}

= (D" F[~(-1)

+eA; - --€A,_ €A - .eAm} =0.

(m—1)(m—2)
2 €Ay €Ay €A, ---€CA,

m—+1

Take 0 # a = apeg + Y ajea, € L(eo,ea,,-..€a,,,€4,,.1)-
i=1
1 m—+1
_1 _ —
Let a™" = W ap€o + E a;€a, |. Then
i=1
1 m—+1 m—+1
—1 _
a-a :W apeo + E aiea, apeg + E ajeA;
i=1 i=1

1 m—+1 m—+1 m—+1

2 > 2, =
= W ap€o + ap E aiea, + E ajéa; | + E a;€A,€A,
=1 j=1 =1

1 m—+1
- - 2
+ E a;a;(ea,€a; + 6,4]-6,473) = W E a; | ep = eg.
i<j i=0

Similarly, one can check the equality ¢~ ! - a = ep.

Now we prove the necessity. By Lemma 2 we have eq,€4, +e4,€4, = 0 for
i#7; 4,7€{0,1,...,m} and by Lemma 3 we get that s = 1 and
either 6,4m+1 =€A4,€4,...€4,, O eAmJrl = —€A,€A4,...€4,,.

We shall prove that m = 2 (mod 4). From ea,és;, + ea,e4, = 0 for i #
J; 4,5 €{0,1,...,m} one gets
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ea, + €4, =0, i € {1,2,...,m}. Hence either A4; = 4p; + 1 or f#A; = 4p; +

2 (ppeIN),i€{l,2,...,m}. So eag,ea, =—ey (i=1,2,...,m).
Let m = 0 (mod4)orm = 3 (mod4). Choosing a = ey + ey and

b=-eyp—ea, , we find

m—+1

ab=eg+ €A, —€An 1 — CAM 1 CALL = €0 — €Ay .. -€A, €A, ... €A,

m(m—1) m(m+1)
— =2

—eo— [(-1)"(~1) eo] = eo — (~1)

Hence the non-zero numbers a and b are not invertible.

60:60—60:0.

Let m=1 (mod 4). Choosing a =ea, +e€4,,,, and b=eq, —ea,,_, We get
ab = (eAl + eA7n+1)(eA1 - eAm+1)

= €A €A T CACAL L T CALLICA T €A CAL

m(m+1)
—2

= —€)— €A,€4,€4,..-€4, tEa€4,...€a, €4, —(—1) €o

—1
=e€p,..-€4a,, T+ (—1)m €A1€A1CAy - - €A, =€Ay...€CA, —€A,...Ca =0.

Hence a and b are not invertible. So m =2 (mod 4). The theorem is proved.
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