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WEAK HYPERGRAPH REGULARITY AND APPLICATIONS TO
GEOMETRIC RAMSEY THEORY

NEIL LYALL AND AKOS MAGYAR

ABSTRACT. Let A = A1 X ... X Ay € R™, where R® = R"1 x --- x R™d
with each A; C R" a non-degenerate simplex of n; points. We prove that
any set S C R™, with n = n1 + --- + ng of positive upper Banach density
necessarily contains an isometric copy of all sufficiently large dilates of the
configuration A. In particular any such set S C R2? contains a d-dimensional
cube of side length A, for all A > X\g(S). We also prove analogous results with
the underlying space being the integer lattice. The proof is based on a weak
hypergraph regularity lemma and an associated counting lemma developed in
the context of Euclidean spaces and the integer lattice.

1. INTRODUCTION

1.1. Existing results I: Distances and simplices in subsets of R". Recall
that the upper Banach density of a measurable set S C R" is defined by

(SNt + Q)|

1.1 0*(S)= lim su ,

(1.1) (5) = Jim_sup ——57)

where | - | denotes Lebesgue measure on R"™ and Q(N) denotes the cube
[-N/2,N/2]"™.

A result of Furstenberg, Katznelson, and Weiss [6] states that if S C R? has
positive upper Banach density, then its distance set {|x — 2’| : x,2’ € S} contains
all sufficiently large numbers. Note that the distance set of any set of positive
Lebesgue measure in R automatically contains all sufficiently small numbers (by
the Lebesgue density theorem) and that it is easy to construct a set of positive upper
density which does not contain a fixed distance by placing small balls centered on
an appropriate square grid.

Theorem A (Furstenberg, Katznelson, and Weiss [6]). If S C R? with §*(S) > 0,
then there exists a \g = \o(S) such that S is guaranteed to contain pairs of points
{z1, 22} with |zo — 1| = A for all X > Ag.

This result was later reproved using Fourier analytic techniques by Bourgain in
[1] where he established the following more general result for all configurations of n
points in R™ whose affine span is n — 1 dimensional, namely for all non-degenerate
simplices.
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Theorem B (Bourgain [1]). Let A CR"™ be a non-degenerate simplex of n points.
If S CR™ with §*(S) > 0, then there exists a threshold Ao = Ao(S, A) such that S
contains an isometric copy of AA for all A > Ag.

Recall that a finite point configuration A’ is said to be an isometric copy of AA
if there exists a bijection ¢ : A — A’ such that |[p(v) — ¢(w)| = A|Jv — w] for all
v,w € A, ie if A’ is obtained from AA (the dilation of A by a factor A) via a
rotation and translation.

Bourgain deduced Theorem [Bl as an immediate consequence of the following
stronger quantitative result for measurable subsets of the unit cube of positive mea-
sure. In Proposition [C], and throughout this article, we shall refer to a decreasing
sequence {/\j}]J:1 as lacunary if A\j11 < A;/2forall 1 <j < J.

Proposition C (Bourgain [I]). Let A C R™ be a non-degenerate simplex of n
points. For any 0 < & < 1 there exists a constant J = OA(673") such that if
1> X >+ > Ay is any lacunary sequence and S C [0, 1]™ with |S| > 0, then there
exists 1 < j < J such that S contains an isometric copy of AA for all A € [Nj11, Aj].

In [12] the authors provided a short direct proof of Theorem [B] without using
Proposition[Cl It is based on the observation that uniformly distributed sets S C R¢
contain the expected “number” of isometric copies of dilates AA and that all sets
of positive upper density become uniformly distributed at sufficiently large scales.
However, for the purposes of this paper it will be important to recall Bourgain’s
indirect approach.

To see that Proposition [Climplies Theorem [Bl notice that if Theorem [B] were not
to hold for some set S C R™ of upper Banach density 6*(S) > ¢ > 0, then there must
exist a lacunary sequence A\; > --- > A; > 1, with J the constant in Proposition [C]
such that S does not contain an isometric copy of A;A for any 1 < j < J. Taking
a sufficiently large cube @ with side length N > Ay and [SN Q| > §|Q| and scaling
back @ — [0,1]™ contradicts Proposition

We further note that by taking A; = 277 in Proposition[Clwe obtain the following
“Falconer-type” result for subsets of [0,1]™ of positive Lebesgue measure.

Corollary D. If A C R" is a non-degenerate simplex of n points, then any S C
[0,1]™ with |S| > 0 will necessarily contain an isometric copy of AA for all A in
some interval of length at least exp(—Ca|S|™3").

Bourgain further demonstrated in [I] that no result along the lines of Theorem Bl
can hold for configurations that contain any three points in arithmetic progression
along a line, specifically showing that for any n > 1 there are sets of positive upper
Banach density in R™ which do not contain an isometric copy of configurations of
the form {0, y, 2y} with |y| = A for all sufficiently large A. This should be contrasted
with the following remarkable result of Tamar Ziegler.

Theorem E (Ziegler [25]). Let F be any configuration of k points in R™ withn > 2.

If S CR™ has positive upper density, then there exists a threshold Ag = \o(S, F)
such that Sc contains an isometric copy of AF for all X > Ao and any € > 0, where
Sc denotes the e-neighborhood of S.

Bourgain’s example was later generalized by Graham [9] to establish that the
condition that € > 0 in Theorem [E] is necessary and cannot be strengthened to
e = 0 for any given non-spherical configuration F in R™ for any n > 1, that is for
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any finite configuration of points that cannot be inscribed in some sphere. We note
that the sets constructed by Bourgain and Graham have the property that for any
€ > 0 their e-neighborhoods will contain arbitrarily large cubes and hence trivially
satisfy Theorem [El with Ag = 0.

It is natural to ask if any spherical configuration F, beyond the known example
of simplices, has the property that every positive upper Banach density subset of
R™, for some sufficiently large n, contains an isometric copy of AF for all sufficiently
large A, and even to conjecture that this ought to hold for all spherical configu-
rations. The first breakthrough in this direction came in [I2] when the authors
established this for configurations of four points forming a 2-dimensional rectangle
in R* and more generally for any configuration that is the direct product of two
non-degenerate simplices in R™ for suitably large n.

The purpose of this article is to present a strengthening of the results in [12] and
to extend them to cover configurations with a higher dimensional product structure
in both the Euclidean and discrete settings.

1.2. New results I: Rectangles and products of simplices in subsets of R™.
The first main result of this article is the following

Theorem 1.1. Let R be 2¢ points forming the vertices of a fired d-dimensional
rectangle in R>?.

(i) If S € R?? has positive upper Banach density, then there exists a threshold
Ao = Ao(S, R) such that S contains an isometric copy of AR for all X\ > Ag.

(ii) For any 0 < § < 1 there exists a constant ¢ = ¢(6,R) > 0 such that any
S C 10,127 with |S| > § is guaranteed to contain an isometric copy of AR
for all A in some interval of length at least c.

Moreover, if R has sidelengths given by t1, ..., tq, then the isometric copies of A\R
in both (i) and (i) above can all be realized in the special form {x11,x12} X -+ X
{241,742} CR? x -+ x R? with each |zjo — 21| = Atj.

The multi-dimensional extension of Szemerédi’s theorem on arithmetic progres-
sions in sets of positive density due to Furstenberg and Katznelson [5] implies, and
is equivalent to the fact, that there are isometric copies of AR in S for arbitrarily
large A, with sides parallel to the coordinate axis. Theorem [[.]] states that there
is an isometric copy of AR in S for every sufficiently large A\, but only with sides
parallel to given 2-dimensional coordinate subspaces which provides an extra degree
of freedom for each side vector of the rectangle R.

A weaker version of Theorem [[L1] with R?? replaced with R??, was later estab-
lished by Durcik and Kova¢ in [4] using an adaptation of arguments of the second
author with Cook and Pramanik in [3]. This approach also makes direct use of
the full strength of the multi-dimensional Szemerédi theorem and as such leads to
quantitatively weaker results.

Our arguments work for more general patterns where d-dimensional rectangles
are replaced with direct products of non-degenerate simplices.

Theorem 1.2. Let A = A1 X -+ x Ay C R”, where R = R™ x ... x R™ qand
each A; CR™ is a non-degenerate simplex of n; points.

(i) If S C R™ has positive upper Banach density, then there exists a threshold
Ao = Ao(S, A) such that S contains an isometric copy of AA for all X > X.
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(ii) For any 0 < § < 1 there exists a constant ¢ = ¢(§, A) > 0 such that any
S C[0,1]™ with |S| > § is guaranteed to contain an isometric copy of AA
for all X in some interval of length at least c.

Moreover the isometric copies of AA in both (i) and (ii) above can all be realized
in the special form A} x --- x Al with each A, CR™ an isometric copy of A\A;.

Quantitative Remark. A careful analysis of our proof reveals that the constant
¢(6,A) can be taken greater than W,(C\6 =31 "4)~1 where Wy (m) is a tower of
exponentials defined by Wi (m) = exp(m) and Wy1(m) = exp(Wi(m)) for k > 1.

1.3. Existing results II: Distances and simplices in subsets of Z™. The
problem of counting isometric copies of a given non-degenerate simplex in Z™ (with
one vertex fixed) has been extensively studied via its equivalent formulation as the
number of ways a quadratic form can be represented as a sum of squares of linear
forms, see [11] and [19]. This was exploited by the second author in [I6] and [17]
to establish analogous results to those described in Section [[] for subsets of the
integer lattice Z™ of positive upper density.

Recall that the upper Banach density of a set S C Z" is analogously defined by

[SN(t+ Q)|

1.2 5*(S) = lim sup 2V VU
2 )= o)
where | - | now denotes counting measure on Z"™ and Q(N) the discrete cube

[-N/2,N/2]" N Z".

In light of the fact that any pairs of distinct points {z1,22} in Z™ have the
property that the square of the distance between them |zo —z1|? is always a positive
integer we introduce the convenient notation

VN:i={A: A>0and \? € Z}.

Theorem A’ (Magyar [16]). Let 0 <6 < 1.

If S C 75 has upper Banach density at least 0, then there exists an integer
g0 = qo(0) and Ng = Ao(S) such that S contains pairs of points {x1,x2} with
lzo — 21| = qoA for all X € VN with X > ).

Theorem B’ (Magyar [I7]). Let 0 < 6 < 1 and A C Z?>"*3 be a non-degenerate
simplex of n points.

(i) If S C Z*"*3 has upper Banach density at least &, then there exists an
integer go = O(exp(Cad~ ")) and Ao = \o(S,A) such that S contains an
isometric copy of qoAA for all A € VN with A\ > ).

(ii) If N > exp(2Ca6~13"), then any S C {1,...,N}?>"*3 with cardinality |S| >
SN27+3 will necessarily contain an isometric copy of AA for some X € VN
with 1 <A< N.

Note that the fact that S C Z" could fall entirely into a fixed congruence class
of some integer 1 < g < 6~ /" ensures that the gy that appears in Theorems[A’] and
[B] must be divisible by the least common multiple of all integers 1 < ¢ < 6~ /™.
Indeed if S = (¢Z)™ with 1 < ¢ < 6~/" then S has upper Banach density at least
0, however the distance between any two points z,y € S is of the form |z — y| = gA
for some \ € vN.

However, in both Theorems [A7l and Part (i) of Theorem [B/] one can take gy = 1
if the sets S are assumed to be suitably uniformly distributed on congruence classes
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of small modulus. This leads via an easy density increment strategy to short new
proofs, see [14] for Theorem [A7 and Section [ for Part (i) of Theorem B/l

The original argument in [I7] deduced Theorem [B/] from the following discrete
analogue of Proposition

Proposition C’ (Magyar [17]). Let A C Z*"*3 be a non-degenerate simplex of n
POInts.

For any 0 < & < 1 there exist constants J = OaA(67>") and qo =
O(exp(Cad~13™)) such that if N > Xy > -+ > Ay > 1 is any lacunary sequence
in VN and S C {1, ..., N}***3 with cardinality |S| > SN?"*3, then S will

necessarily contain an isometric copy of \;A for some 1 < j < J.

To see that Proposition [implies Theorem [B] notice that if Part (i) of Theorem
[B7 were not to hold for some set S C Z2"+3 of upper Banach density 6*(S) > § > 0
with go from Proposition [7] then there must exist a lacunary sequence A; > --- >
A; > 1in goVN, with J the constant from Proposition [C] such that S does not
contain an isometric copy of A;A for any 1 < j < J. Since we can find a sufficiently
large cube ) with integer side length N that is divisible by go and greater than \;
such that |S N Q| > 6|Q)|, this contradicts Proposition [l Part (ii) of Theorem [B/]
follows from Proposition [l by taking Aj = 2773 gqq.

1.4. New results II: Rectangles and products of simplices in subsets of
Z"™. We will also establish the following discrete analogues of Theorem [[.T] and

Theorem 1.3. Let 0 < 6 < 1 and R be 2% points forming the vertices of a d-
dimensional rectangle in 7.

(i) If S C 7% has upper Banach density at least &, then there exist integers
go = qo(0, R) and \g = Ao(S, R) such that S contains an isometric copy of
GoAR for all A € VN with X\ > X.
(ii) There exists a constant N (6, R) such that if N > N(8§, R), then any S C {1,
oo, NY4 with cardinality |S| > N°¢ will necessarily contain an isometric
copy of AR for some A € VN with 1 < X < N.
If R has side lengths given by ty1, ..., tq, then each of the isometric copies in (i)
and (ii) above can be realized in the form {x11,z10} X+ X {@aq1, Taz} C Z5 x - - x 75
with each |x;0 — xj1| = qoAt; and \t;, respectively.

Our arguments again work for more general patterns where d-dimensional rect-
angles are replaced with direct products of non-degenerate simplices.

Theorem 1.4. Let 0 < § < 1 and A = Ay X --- X Ay C Z™, where Z" =
723 oo x 723 and each A; C Z2™t3 is a non-degenerate simplex of n;
points.
(i) If S C Z"™ has upper Banach density at least §, then there exist integers
go = qo(0, A) and A\g = M\o(S, A) such that S contains an isometric copy of
GoAA for all A € VN with X > \g.
(ii) There exists a constant N (6, A) such that if N > N(§,A), then any S C {1,
ooy, N} with cardinality |S| > N™ will necessarily contain an isometric
copy of MA for some A € VN with 1 < A< N.

Moreover, each of the isometric copies in (1) and (i) above can be realized in the
special form Ay x -+ x Al with each A C Z*™T3 an isometric copy of gA\A; and
AA;, respectively.
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Quantitative Remark. A careful analysis of our proof reveals that the constant
q0(8,A) (and consequently also N (8, A)) can be taken less than Wy(C/§~ 131 na)
where Wy (m) is a tower of exponentials defined by Wi (m) = exp(m) and Wy41(m)
= exp(W(m)) for k > 1.

1.5. Notations and outline. We will consider the parameters d, n1, ..., ng fixed
and will not indicate the dependence on them. Thus we will write f = O(g)
if |f|] < C(ny, ..., ng)g. If the implicit constants in our estimates depend on
additional parameters ¢, d§, K, ...then we will write f = O 5 k,...(g). We will use
the notation f < ¢ to indicate that |f| < cg for some constant ¢ > 0 sufficiently
small for our purposes.

Given an € > 0 and a (finite or infinite) sequence Lo > Ly > --- > 0, we will say
that the sequence is e-admissible if L;j/Lj11 € N and L1 < €2L; for all j > 1.
Moreover, if ¢ € N is given and L; € N for all 1 < j < J, then we will call the
sequence Lo > Ly > .-+ > Ly (e,q)-admissible if in addition L;/q € N. Such
sequences of scales will often appear in our statements both in the continuous and
the discrete case.

Our proofs are based on a weak hypergraph regularity lemma and an associated
counting lemma developed in the context of Euclidean spaces and the integer lattice.
In Section 2l we introduce our approach in the model case of finite fields and prove
an analogue of Theorem [[1] in this setting. In Section Bl we review Theorem
for a single simplex and ultimately establish the base case of our general inductive
approach to Theorem In Section @ we address Theorem for the direct
product of two simplices, this provides a new proof (and strengthening) of the main
result of [I2] and serves as a gentle preparation for the more complicated general
case which we present in the Section The proof of Theorem [[.4] is outlined in
Sections [6 and [7, while a short direct proof of Part (i) of Theorem [Bis presented
in Section B

2. MODEL CASE: VECTOR SPACES OVER FINITE FIELDS

In this section we will illustrate our general method by giving a complete proof
of Theorem [L.I] in the model setting of F; where F, denotes the finite field of ¢
elements. We do this as the notation and arguments are more transparent in this
setting yet many of the main ideas are still present.

We say that two vectors u, v € Fy are orthogonal, if z-y = 0, where “.” stands for
the usual dot product. A rectangle in Fy! is then a set R = {x1,y1} X -+ x{@pn,yn}
with side vectors y; — x; being pairwise orthogonal.

The finite field analogue of Theorem [[T]is the following

“wn

Proposition 2.1. For any 0 < 6 < 1 there exists an integer qo = qo(0) with the
following property:

If g > qo and ty, ..., ta € F, then any S C F24 with |S| > 6 ¢** will contain
points

{$11,1'12} X+ X {(Edl,l'dg} Q V1 X oo X Vd with |£L‘j2 —$j1|2 = tj fOT’ 1 S] S d

where we have written ng = Vi x - x Vg with V; ~ FZ pairwise orthogonal
coordinate subspaces.
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2.1. Overview of the proof of Proposition 2.Tl Write Iﬁ‘zd =V1 x...x Vg with
Vo~ IF% pairwise orthogonal coordinate subspaces. For any ¢ := (1, ..., tq) € Fy
and S C ng we define

d

Ne(ls) =By cvz. weve |] Ls(@1e,,- - waey) [ o (252 — 21)

(€1, La)€{1,2}4 j=1

where we used the shorthand notation Z; = (xj1,x42) for each 1 < j < d and the
averaging notation:
z€A

for a finite set A # (. We have also used the notation

if |z]2 =t
Ut(x):{q |z .

0 otherwise

for each ¢ € F;. Note that the function o; may be viewed as the discrete analogue

of the normalized surface area measure on the sphere of radius v/#. It is well-known,
see [10], that

Epcr2 o1(z) =1+ 0(¢"/?)
and for all £ # 0 one has

61(§) == Eyerz 0(2) T = =O(q V2.

Note that if V;(1g) > 0, then this implies that S contains a rectangle of the form
{1‘1171‘12} X oo X {J?dl,xdg} with Zj1,T;52 S V} and ‘l‘jg — J?jl‘Z = tj for 1 S] < d.

Our approach to Proposition 2] in fact establishes the following quantitatively
stronger result.

Proposition 2.2. For any 0 < € < 1 there exists an integer qo = qo(e) with the
following property:

If ¢ > qo, then for any S C ng and ty, ..., ta € Fy one has
2d
5]
Ni(1s) > (qu —¢,
where we have written ng = Vi x...x Vg with V; ~ F?I pairwise orthogonal

coordinate subspaces.

A crucial observation in the proof of Proposition is that the averages N;(1g)
can be compared to ones which can be easily estimated from below. We define, for
any S C F2?, the (unrestricted) count

M(ls) = EQIEVE,“-&CLEV;’ H 15(]}1(1,...73361&1).
(l1,..,£a)€{1,2}4

It is easy to see, by carefully applying Cauchy-Schwarz d times to
]E111€V17...,wdlevd15(1‘113 e 7xd1)7 that

2 mag = ()"
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Our approach to Proposition therefore reduces to establishing that for any
€ > 0 one has

(2.2) Ni(ls) = M(Ls) +0(e) + O(g~/?).

The validity of (Z2]) will follow immediately from the d = k case of Proposition
2.3l However, before we can state this counting lemma we need to introduce some
further notation from the theory of hypergraphs, notation that we shall ultimately
make use of throughout the paper.

2.2. Hypergraph notation and a counting lemma. In order to streamline our
notation we will make use the language of hypergraphs. For J := {1, ..., d} and
1 <k<d, welet Hgr = {e C J; |e] = k} denote the full k-regular hypergraph
on the vertex set J. For K := {jl; j € J, | € {1,2}} we define the projection
7m: K — J as w(jl) := j and use this in turn to define the hypergraph bundle

M, = {e CK; |e| = |n(e)| = k}

using the shorthand notation 2 = (2, 2, ..., 2) to indicate that [7~1(j)| = 2 for all
jed.

Notice when k = d then H,4 4 consists of one element, the set e = {1, ..., d},
and

Hy = { {1, dla); (L, la) € {1,2}9).
Let V := Iﬁ‘zd and V = Vi x...x Vg with V; ~ ]Fg pairwise orthogonal coordinate

subspaces. For a given x = (711, 12, ..., Ta1, Tq2) € V? with Zj1, 52 € Vj and a
given edge e = {11y, ..., dlg}, we write
Zo = (T1tys -5 Tdly)-

Note that the map z — z, defines a projection 7. : V2 — V. With this notation,
we can clearly now write

d
Ni(lg) = Egeye H ls(z H(th(fl?ﬁ —Zj1)
j=1

eG'Hgd

M(ls z€V2 H 15 —e

eGHEd
Now for any 1 < k < d and any edge ¢’ € Hqy, l.e. € C{1,...,d}, || =k, we
let Vo := HJEE, V;. For every z € V? and e € Hik, we define z, := 7.(z) where

Te: V2 — Vz(e) is the natural projection map.

Our key counting lemma, Proposition 2.3} which we will establish by induction
on 1 < k < d below, is then the statement that given a family of functions f. :
Viey = [-1,1], e € ’H%’k, the averages (generalizing those discussed above) which
are defined by

d
(23) (fea e c Hdk = wEV2 H fe H x]Z _1'31)
eG?—Lg’k Jj=1
(2'4) M(fe; ec ,H%’k;) = ]EQGV2 H fe(@e)
eE’H%’k

are approximately equal. Specifically, one has
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Proposition 2.3 (Counting lemma). Let 1 < k < d and 0 < ¢ < 1. For any
collection of functions

foi Vi) = [-1,1) with e € H3 ,
one has

(25) '/\[L(fe; e e H%,k) = M(fe; e e H%,k) + O(E) + Os(qfl/Q).

If we apply this proposition with d = k£ and f. = 1g for all e € H%’d, then
Theorem 2] clearly follows given the lower bound (2J]).

2.3. Proof of Proposition 2.3l We will establish Proposition 2.3 by inducting
onl<k<d.

For k = 1 the result follows from the basic observation that if fy, fo : F2 — [=1,1]
and let ¢ € Fy, then

By woerz f1(z1) f2(22) o0 (22 — 21) Z fi(e 74(€)
£eF?
(2.6) = f1(0)f2(0) + O(q~"/?)

=By ez fi(z1) fa(@2) + O(g/?)
by the properties of the function & given above.
To see how this implies Proposition 2.3 for £ = 1 we note that since 7—[%71 ={jl:
1<j<d, 1<1<2} it follows that
d
Ni(fe; e € ’H%,l) = H]ijl,mewg fir(@j1) fia(zj2) or(wje — 241)

7=1
d
= H ]Emjl,IjQG]Fg fjl(le)sz(sz) + O(q_l/z)
j=1

=M(fe; e € H%@) + O(qil/Q)'

The induction step has two main ingredients, the first is an estimate of the type
which is often referred to as a generalized von-Neumann inequality, namely

Lemma 2.1. Let 1 < k < d. For any collection of functions feo : Vi) — [—1,1]
with e € H(Lk one has
(2.7) Ni(fe; e € Hd k) < H;-}Il er”‘:l (Vr(e)) +O(q_1/2)7
e€
where for any e € Hﬁ,k and f: Vi) — [—1,1] we define
k
(2.8) ||fH2EI(V7,(e)) = acev2 H flz.)
ee’Hgyk

The corresponding inequality for the multi-linear expression M(fe; e € H% o)
namely the fact that

(.f€7 GEHdk < H ||fe|||:| Vir(e)) ) < énﬂm HfEHD(Vﬂ(e))
ee’r‘-{gk

is well-known and is referred to as the Gowers-Cauchy-Schwarz inequality [§].
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The second and main ingredient is an approximate decomposition of a graph to
simpler ones, and is essentially the so-called weak (hypergraph) regularity lemma
of Frieze and Kannan [7]. We choose to state this from a somewhat more ab-
stract /probabilistic point of view, a perspective that will be particularly helpful
when we consider our general results in the continuous and discrete settings.

We will first introduce this in the case d = 2. A bipartite graph with (finite)
vertex sets Vq, Vo isaset S C Vi x V5 and a function f : V; x Vo — R may be viewed
as weighted bipartite graph with weights f(x1,22) on the edges (z1,22). If P; and
Py are partitions of V; and V5 respectively then P = P; x P5 is a partition Vi x V5
and we let E(f|P) denote the function that is constant and equal to E,c4 f(x) on
each atom A = A; x Ay of P. The weak regularity lemma states that for any € > 0
and for any weighted graph f : V4 x V5 — [—1,1] there exist partitions P; of V;
with [P;| < 20 for i = 1,2, so that

(2.9) By evi Eayevy (f — E(f|P))(z1, 72) 1u, (21)1r, (22)] <€

for all U; C Vi and Uy C V5. Informally this means that the graph f can be
approximated with precision £ with the “low complexity” graph E(f,P). If we
consider the o-algebras B; generated by the partitions P; and the o-algebra B = 51V
Bs generated by Py x Py then we have E(f|B), the so-called conditional expectation
function of f. Moreover it is easy to see, using Cauchy-Schwarz, that estimate (2.9)
follows from

(2.10) If = E(fIB1V B2)llogvixve) < €.

With this more probabilistic point of view the weak regularity lemma says that
the function f can be approximated with precision € by a low complexity function
E(f|B1\ Bz), corresponding to o-algebras B; on V; generated by O(s~2) sets. This
formulation is also referred to as a Koopman von Neumann type decomposition,
see Corollary 6.3 in [23].

We will need a natural extension to k-regular hypergraphs. See [822], and also
[2] for extension to sparse hypergraphs. Given an edge ¢’ € Hgy of k elements
we define its boundary de’ := {f' € Hqr_1; f' C €'}. For each ff = &/\{j} € 9¢
let B} be a o-algebra on Vy =[], V; and By = {U x Vj; U € By} denote

its pull-back over the space V... The o-algebra B = \/f, , By is the smallest

_ €0e
o-algebra on Je’ containing By for all { € de’. Note that the atoms of B are of the
form A = ﬂf, coer Ay where Ay is an atom of By. We say that the complexity of
a o-algebra By is at most m, and write complex(By) < m, if it is generated by m

sets.

Lemma 2.2 (Weak hypergraph regularity lemma). Let 1 <k < d and fe : Vi) =
[—1,1] be a given function for each e € ’H%k, For any € > 0 there exists o-algebras
By on Vi for each § € Hap—1 such that

(2.11) complex(By) = 0(57216“)
and
(2.12) Ife —E(fl \ Bilow,., < foralleeHs,.

freom(e)
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The proof of Lemmas 2.1] and are presented in Section 241 We close this
subsection by demonstrating how these lemmas can be combined to establish Propo-
sition 231
Proof of Proposition 2.3l Let € > 0, 2 < k < d and assume that the lemma holds
for k — 1. It follows from Lemma that there exists o-algebras By of complexity
0(=2"") on Vi for each §' € Hq -1 for which (ZI2) holds for all e € H%k. For
each e € H%,k we let f. := E(f] \/f,eaﬂ(e) By/) and write f. = fe + he. By Lemma
211 and multi-linearity we have that

(213)  Ni(fer e € Hg) = Nifes e € Hiy) + 0(e) +0(g7/?)
and also by the Gowers-Cauchy-Schwarz inequality
(2.14) M(fe; e € H3 ) = M(fe; e € Ha )+ O(e).

The conditional expectation functions f, are linear combinations of the indicator
functions 14, of the atoms A. of the o-algebras B, := Vf/eaﬂ'(e) Bj. Since the

_ok+1
number of terms in this linear combination is at most 2€¢ "~ , with coefficients at
most 1 in modulus, plugging these into the multi-linear expressions NV;(fe; e € ’H% )
and M(f.; e € H% ) one obtains a linear combination of expressions of the form
Ni(1a,; e€ 'H%k) and M(14,; e € H%)k) respectively with each A, being an atoms
of B, for all e € ’Hgk

The key observation is that these expressions are at level kK — 1 instead of k.
Indeed, 14, = [Ijcon(e) L., Where Aey = ALy x V), with ALy being an atom

of By when § = w(e)\{j}. If e = (jils, ..., jl, ..., Julk)s let py(e) == (il1,
oy Jklk) € ,H%,kfl’ obtained from e by removing the jl-entry. Then we have
la,, (z,) = 1A;f, (gp/f(e)) since z;; € V;, and hence

La(z)= [[ 1a

fredn(e)

(—pf(e))

!
ef’

It therefore follows that
d

Nl e €M) =Baevs TT T1 Tar, () TLow (i =i
BGHE,k ' €0m(e) Jj=1
d

=Ezeve H H La (@) H o, (T2 — Tj1)

fEHZ |, e€HZ . T €Dn(e) J=1
pyr (e)=f

= Ni(g; f€HE,1)
and similarly that
M(1a; e € H L) = Mgy f € Haply)-
It then follows from the induction hypotheses that
N(la; e € H3p) = M(La,; e € H3,) +O(e1) + Oc, (g ?)



WEAK HYPERGRAPH REGULARITY 171

_ok+1
for any e; > 0. If we choose g :=27¢1¢ ’ , with C7 > 1 sufficiently large, then
"okl
£120577 = O(e) and it follows that

Ni(fe; e € HE ) = M(fe; e € H3 ) + O(e) + O:(g7 /).

This, together with (2ZI3)) and (2I4), establishes that (Z3) hold for d = k as
required. ([l

2.4. Proof of Lemmas [2.7] and

Proof of Lemma [Z1l We start by observing the following consequence of (2.0)),
namely that

(2.15)  |Ey, aper2 fi(21) fa(z2)ou (2 — 21) i < Eqy aerz fi(z1) fi(22) + O(q~?%)

for any f1, fo : Fg — [~1,1] and t € F},.

Now, fix an edge, say eg = (11, 21, ..., k1). Partition the edges e € H%,k into
three groups: the first group consisting of edges e for which 1 ¢ m(e), the second
where 11 € e and write e = (11,¢’) with e’ € ’H%fl,kfl and the third when 12 € e,

using the notation H%—l,k—l = {(jalo, ..., jrli)}. Accordingly we can write
(2.16) Ni(fe; e € Ha )
:EgeWH fe(ie) H f(11,e/)($117£e/)
1¢m(e) eEHE |y
d
x H f(12,e')(l’127£6')HUtj(ﬂsz —Zj1).
eleH%—l‘k—l J=t
If for given z € V; and 2’ = (z21, a2, ..., Ta1, Taz) € Vi X ... x V} we define

g (z,2') = H Jfaven(z,z.)

2
eeHy_ 1 k-1

and 92(1'72/) = H f(12,e’)(x,£e/)

e,eH%—l,k—l
then we can write
d
2
(2'17) -/\/t(fe; €c Ha,k) = E1217m227»--71d1>md2 H fe(ge) H Ot (xﬂ - le)
1¢m(e) j=2

X Eypy z1e 01(211,2")92(212,2") 04, (212 — 211).

By (2I5) we can estimate the inner sum in ([ZI7)) by the square root of

Euiie0n 91(3?11,2/)91 ($127£/) + O(q_1/2)~
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Thus by Cauchy-Schwarz, and the fact that fe : Vi) — [-1,1] forall e € 'H%k, we
can conclude that

(2.18)

Ni(fe; e € M3 ,)?

d
< Exu,xlz,i..,xdl,m H f(ll,e/)(l’lh&ef)f(lLe')(xlz,ief)HUtj (%‘2 - 333'2)-

e/EH%—l,k—l Jj=2

The expression on the right hand side of the inequality above is similar to that
in (2.1I6]) except for the following changes. The functions f. for 1 ¢ e are eliminated
i.e. replaced by 1, as well as the factor o;,. The functions f(;12 . are replaced
by fai1,ey for all e’ € Hifl,kfl' Repeating the same procedure for j = 2, ..., k
one eliminates all the factors oy, for 1 < j < k, moreover all the functions f, for
edges e such that j ¢ 7(e) for some 1 < j < k, which leaves only the edges e so
that w(e) = (1, 2, ..., k), moreover for such edges the functions f. are eventually
replaced by fe, = fi1,21,... k1. The factors oy, (xjo — ;1) are not changed for j > k
however as the function f., does not depend on the variables x;; for j > k, averaging
over these variables gives rise to a factor of 1 + O(¢~'/2). Thus one obtains the
following final estimate

k —
(219) M(fe; ec IH%J@)Q < Emu,xlz,m@m,ﬂvm H feo (ge) + O(q 1/2)
w(e)=(1,...,k)

k _
= ||f€0||2|:|(v,,r(eo)) + O(q 1/2)'

This proves the lemma, as it is clear that the above procedure can be applied to
any edge in place of ey = (11, 21, ..., k1). |

Proof of Lemma 22l For a function f. : V() — [~1,1] and a o-algebra B, on
Vz(e) define the energy of f. with respect to B (. as

g(fﬁan(E)) = ||E(f€|67r(e))||§ = ECEEVW(C) |E(f€|Bw(6))(x)|27

and for a family of functions f. and o-algebras By (), € € 'H% i its total energy as

E(ferBriey e €M) i= Y E(fe. Baie))-

eEH%Yk

We will show that if (ZI2) does not hold for a family of o-algebras B, =
vf’Gaﬂ'(e) Bj/, then the o-algebras By can be refined so that the total energy of
the system increases by a quantity depending only on . Since the functions f.
are bounded the total energy of the system is O(1), the energy increment process
must stop in O (1) steps, and (ZI2) must hold. The idea of this procedure appears
already in the proof of Szemerédi’s regularity lemma [20], and has been used since
in various places [7}[8,22].

Initially set By := {0,Vy} and hence Bry = {0, Vz()} to be the trivial o-
algebras. Assume that in general (ZI2]) does not hold for a family of o-algebras
By, with § € Hgr—1. Then there exists an edge e € ’H%)k so that [|gelloev, ., = &

with ge := fe — E(fe|Br(e)). Let e = (11, ..., k1) for simplicity of notation, hence
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m(e) = (1, ..., k). Then, with notation z’ = (z12, ..., Zx2), one has

& k
e < ngHQI:I(VW(e))

= E9€1179€127~--73€k1,xk2 H ge(I1l17~-~;Iklk)
l1,..,lx=1,2

<E

— L1253 Tk2

Eorrrozm Je(@11, -, Tp1) H M (11, @511, T, - - The)

for some functions h; . that are bounded by 1 in magnitude. Indeed if and edge
e # (11, ..., k1) then z. does not depend at least one of the variables x;;. Thus

there must be an z’ for which the inner sum in the above expression is at least €

Fix such an z’. Decomposing the functions h;,s into their positive and negatlve
parts and then writing them as an average of indicator functions, one obtains that
there sets Bj C Vi(e)\ (5} such that

—k _2F
]Ezll,...,wklge(xlla-~-7xk1 B, (%11, T 11, 11, TR1)| > 277 €

||::]»

which can be written more succinctly, using the inner product notation, as

ko

(2.20) (e = EfelBao), I,

For f’ = 0m(e)\{j} let Bi, be the o-algebra generated by By and the set B; and

let B) () = Vjcon(e) By Since the functions 1p, are measurable with respect to

the o-algebra B;(e) for all 1 < j <k, we have that

E

(221) <f f€|67r(e H

and hence, by Cauchy-Schwarz, that
(2.22)

E(felBle)) = E(fel Baie))I3 = IE(felBho)l12 = IE(felBrey)II3 > 27262

Note that the first equality above follows from the fact that conditional ex-
pectation function E(f|B) is the orthogonal projection of f to the subspace of
B-measurable functions in L?. This also implies that energy of a function is always
increasing when the underlying o-algebra is refined, and (Z22) tells us that the
energy of f. is increased by at least ¢ g2t

For ' ¢ Om(e) we set B}, := By. Then the total energy of the family f. with
respect to the system B;(e) = Vieon(e) B, e € H%,k is also increased by at least

k1
Ck 82 .

It is clear that the complexity of the o-algebras By is increased by at most 1,
hence, as explained above, the lemma follows by applying this energy increment
process at most 0(5_2“1) times. O
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3. THE BASE CASE OF AN INDUCTIVE STRATEGY TO ESTABLISH THEOREM

In this section we will ultimately establish the base case of our more general
inductive argument. We however start by giving a quick review of the proof of
Theorem when d = 1 (which contains both Theorem [B] and Corollary [D] as
stated in Section [[I]), namely the case of a single simplex. This was originally
addressed in [I] and revisited in [12] and [13].

3.1. A single simplex in R". Let @ C R" be a fixed cube and let [(Q) denotes
its side length.

Let A® = {v; =0, vg, ..., v,} € R" be a fixed non-degenerate simplex and
define ty; = vg - v; for 2 < k,I < n where “” is the dot product on R". Given
A >0, asimplex A = {x; =0, 2, ..., ¥,} C R" is isometric to AAY if and only if

xy - ] = Nty for all 2 < k,1 < n. Thus the configuration space Syao of isometric
copies of MAY is a non-singular real variety given by the above equations. Let oy a0
be natural normalized surface area measure on Syao, described in [I], [12], and
[13]. Tt is clear that the variable x; can be replaced by any of the variables z; by
redefining the constants tg;.

For any family of functions fi, ..., fn: Q@ = [-1,1] and 0 < A < I(Q) we define
the multi-linear expression

(3.1) J\/'/\AOQ (frs-- s fn)
][ / v fu@n) doxay (@2 — 21, ... 2p — 1) dy.
1€Q Jx2,..

We note that all of our functlons are 1-bounded and both integrals, in fact all
integrals in this paper are normalized. Recall that we are using the normalized

integral notation f W= ﬁ / 4 J- Since the normalized measure o a0 is supported
on Sxa, we will not indicate the support of the variables (z3, ..., x,) explicitly.
Note also that if S C @ is a measurable set and N){AO Q(lg, ..., 1g) > 0 then

S must contain an isometric copy of AA®. Proposition Bl (with Q = [0,1]") is a
quantitatively stronger version of Proposition [C] that appeared in Section [[.1] and
hence immediately establishes Theorem for d = 1.

Proposition 3.1. For any 0 < € < 1 there exists an integer J = O(e 2loge™1)
with the following property:

Given any lacunary sequence 1(Q) > Ay > -+ > Ay and S C Q, there is some
1 <5 < J such that

S
(32) N){AOQ(IS,,I)><| |> — &
’ Q|
for all X € [Njt1,Aj].
Our approach to establishing Proposition [B.1lis to compare the above expressions

to simpler ones for which it is easy to obtain lower bounds. Given a scale 0 < A <
[(Q) we define the multi-linear expression

,,,,,

where Q(\) = [-3, %] and ¢ + Q()\) is the shift of the cube Q(A) by the vector .
Note that if S C @ is a set of measure |S| > §|Q| for some § > 0, then for a given
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€ > 0, Holder implies

(3.4) M;Q(1S,...,1S):][ (f 15(x)dx> dt
teQ z€t+Q(N)

][ ][ x)dedt ] >0"—0(e),
teQ Jret+Q (A
for all scales 0 < A < €1(Q).

Recall that for any ¢ > 0 we call a sequence L1 > --- > Lj e-admissible if
Li/Ljyi € Nand Lj11 < 52LJ— for all 1 < j < J. Note that given any lacunary
sequence [(Q) > Ay > -+ > Ay with J' > (loge™!) J, one can always finds an
e-admissible sequence of scales [(Q) > Ly > --- > Ly such that for each 1 < j < J
the interval [L;41, L;] contains at least two consecutive elements from the original
lacunary sequence.

In light of this observation, and the one above regarding a lower bound for
M}\,Q(ls, ..., 1g), our proof of PropositionB.Ilreduces to establishing the following
“counting lemma”.

Proposition 3.2. Let 0 < e < 1. There exists an integer J; = O(e~2) such that
for any e-admissible sequence of scales 1(Q) > Ly > -+ > Ly, and S C Q there is
some 1 < j < Jp such that

(3.5) Niaog(ls, .. 1g) = M) o(1s, ..., 1s) + O(e)
fO’I” all A € [Lj+1, LJ]

There are two main ingredients in the proof of Proposition[3.2] this will be typical
to all of our arguments. The first ingredient is a result which establishes that the
multi-linear forms N3 Ao Q( fi, .-, fn) are controlled by an appropriate norm which
measures the uniformity of distribution of functions f : @ — [—1,1] with respect
to particular scales L. This is analogous to estimates in additive combinatorics [8]
which are often referred to as generalized von-Neumann inequalities.

The result below was proved in [12] for @ = [0, 1]™, however a simple scaling of
the variables x; transfers the result to an arbitrary cube Q.

Lemma 3.1 (A generalized von-Neumann inequality [12]). Let e > 0, 0 < A <
(@), and 0 < L < 5.
For any collections of functions f1, ..., fn: Q — [=1,1] we have

(3.6) Miao Ut f) < minIfilloy @) + O,

where for any f: Q — [—1,1] we define

2
1) 10 =F [f_ s
teQ'Jxet+Q(L)

with t + Q(L) denoting the shift of the cube Q(L) = [—%, %]” by the vector t.

The corresponding inequality for the multi-linear expression M}\Q( fis ooy fn),
namely the fact that

M%\7Q(f1a'~'afn) S i mlIl HfZHUl(Q) +O( )
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whenever 0 < L < €% follows easily from Cauchy-Schwarz together with the simple
observation that

1flvs @) < Ifllvr, @) + OCe)

whenever L' < L.

The second key ingredient, proved in [I3] and generalized in Lemma B3] is a
Koopman-von Neumann type decomposition of functions where the underlying o-
algebras are generated by cubes of a fixed length. To recall it, let @ C R"™ be a cube,
L > 0 be scale that divides 1(Q), Q(L) = [-%, £]", and G; ¢ denote the collection
of cubes t+ Q(L) partitioning the cube @ and I';, ¢ denote the grids corresponding
to the centers of the cubes. By a slightly abuse of notation we also write Gy, ¢
for the o-algebra generated by the grid. Recall that the conditional expectation

function E(f|Gr,q) is constant and equal to f, f on each cube A € G, ¢.

Lemma 3.2 (A Koopman-von Neumann type decomposition [I3]). Let 0 <e <1
and Q C R"™ be a cube.

There exists an integer J, = O(e72) such that for any s-admissible sequence
I(Q)> Ly >---> Ly and function f:Q — [—1,1] there is some 1 < j < Jy such
that

(3.8) If = E(f19z,0)llvy @ <&

Proof of Proposition B.2. Let G, o be the grid obtained from Lemma for the
functions f = 1g for some fixed ¢ > 0. Let f := E(f|Gr,,q), then by (B8) and
multi-linearity, we have

N)%A‘%Q(fv"wf) :N)}AU,Q(f_"“af_)"_O(E)a
and also
Mig(fs s /) = Mig(fs- . /) +O(e)

provided for e ®L;,; < A. Thus in showing (B3] one can replace the functions f
with f. If we make the additional assumption that A < eL; then it is easy to see,
using the fact that the function f is constant on the cubes Q:(L;) € G, o, that

N)%AO,Q(f_v o 7]?) = Mi,Q(fv SERE) _) +0(€)
Since the condition e 5L, 1 < A < eL; can be replaced with L;j11 < A < L;
if one passes to a subsequence of scales, for example L; = Ls;, this completes the
proof of Proposition O

3.2. The base case of a general inductive strategy. In this section, as prepa-
ration to handle the case of products of simplices, we prove a parametric version of
Proposition [3.2] namely Proposition [3.3] which will serve as the base case for later
inductive arguments.

Let Q = Q1 X -+ x Qg with @; C R™ be cubes of equal side length I(Q). Let L
be a scale dividing I(Q) and for each t = (t1, ..., tq) € 'L g let Q:(L) =t + Q(L)
and Q, (L) = t; + Q;(L). Note that Q,(L) = Q, (L) X -+ X Q,(L). Here Q(L) =

(L, L" and Q;(L) = [-%, L] for each 1 < i < d.
Let A? = {vf, ..., Ufl} C R™ be a non-degenerate simplex for each 1 <14 <d.

Proposition 3.3 (Parametric counting lemma on R” for simplices). Let 0 < e <1
and R > 1. There exists an integer J; = Ji(e, R) = O(Re™*) such that for any
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e-admissible sequence of scales Ly > Ly > --- > Ly with the property that Lo
divides 1(Q) and collection of functions

0 Qi (Lo) — [~1,1] with 1<i<d, 1<k<n;, 1<r<Randt€Tl,q

2L

there exists 1 < j < Jy and a set T, CT'p, o of size |T;| < ¢e|l'r, q| such that
(3.9) NiA&Qti(Lo)( {iz’ T :l’:E) = Mﬁin (Lo)( 12:2’ Tt TZL’:E) +0(e)
for all A € [Ljy1, L;] and t ¢ T, uniformly in1<i<dand1l<r <R.

The proof of Proposition B3] will follow from Lemma B and the following gen-
eralization of Lemma in which we simultaneously consider a family of functions
supported on the subcubes in a partition of an original cube Q.

Lemma 3.3 (A simultaneous Koopman-von Neumann type decomposition). Let
0<e<1l,m>1, and Q@ C R™ be a cube. There exists an integer Jp = O(m5_3)
such that for any e-admissible sequence Lo > Ly > --- > Ly, with the property that
Lo divides 1(Q), and collection of functions

ity e Qi(Lo) — [-1,1]

defined for each t € I'r, g, there is some 1 < j < J1 and a set T. C I'ry,0 of size
|T.| <e|l'r,,| such that

(3.10) | fie — E(fi,t|ng7Qt(L0))||Uij+1(Qt(LO)) <e
foralll<i<m andt¢T..
Proof of Proposition[B3l Fix 1 <i<d. For 1 <k <n;andt= (t1, ..., tq) €
I'r,,0, we will abuse notation and write
;2(%, cey ) = ZZ(xl)

for (Il, ...,l‘d) EQL(L()). _

If we apply Lemma [3.3] to the family of functions f;’} on Q¢(Lo) for 1 <i < d,
1<k<n;and1<r S_R, with m = (ny + ... 4+ ng)R, then this produces a grid
Gr,,qforsomel <j<J; = O(e™®R), and aset T. C T'r, g of size |T:| < €|T'z, .0l
such that _ _

e = E(el9e;.)luy  @uron <€
uniformly_forlgigd,lgl_fgni and 1 <r < Rfort¢T..

Since f}(x1, ..., xa) = fi (x;) for (z1, ..., zq) € Q¢(Lo) it is easy to see that

ik — ]E(fé’,gng,Q)HU;HI(QA(LO)) = Iy —E(f}9L;.0.)
Let fg: = E(f,i’ﬂng,Qi), then by Lemma [3.]] one has

Mist @y i) IEhs - F470) = Ming g0y Fis- -+ ) + O,

U3 (@i, (Lo

Lj+1

and

Mint,;(Lo)(fi:z’ Tt f:lﬁi) = Mi,Qw(Lo)(flz:; Tt f:lyji) + 0(5)
for all ¢ ¢ T. provided 5*6Lj+1 < A. Finally, if we also have A < eL; then it is
easy to see that

AlA?th,;(Lo)( ng tt 77117:£) = Mi\,Qti (Lo)( 711:2’ te ;le,t) + O(E)
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as the functions f;; are constant on cubes Qy,(L;) of Gr; q,, which are of size
L; < ely. B

Passing first to a subsequence of scales, for example L;. = Ls;, the condition
e5L;41 < XA < eL;j can be replaced with Lj1; < A\ < Lj so this completes the
proof of the proposition. O

We conclude this section with a sketch of the proof of Lemma B3l These argu-
ments are standard, see for example the proof of Lemma B.2] given in [12].

Proof of Lemma B3l First we make an observation about the U} (Q)-norm. Sup-

pose 0 < L' < %L with L’ dividing L. If s € 'ty and t € Qs(L') then
|t — s| = O(L') and hence

f o(x) dz = f g(x)dz + O(L'/L)
z€Q(L) z€Q, (L)

for any function g : @ — [—1,1]. Moreover, since the cube Q4(L) is partitioned
into the smaller cubes Q:(L’), we have by Cauchy-Schwarz

2
][ g(x) da:’ < Eiery 6.0 ][ g(x) dx
2€Qs(L) z€Q:(L')

From these observations it is easy to see that

2
2
g =f ][ g(x)dx‘ it = Faery
H HUi(Q) teQ'JxcQ (L) o

and we note that the right side of the above expression is [|E(g|G1/ ) ||2LQ(Q) since the

’ 2

2
f g(z) dx’ +O(L'/L)
z€Q¢ (L)

conditional expectation function E(g|Grg) is constant and equal to
fert(L,) g(z) dz on the cubes Q(L’).

Suppose that (BI0) does not hold for some 1 < ¢ < m for every ¢t in some
set T, C T'p, @ of size |T;| > €|'z,,@|- If we apply the above observation to
9= fir —E(fitlGL,.q.(Lo)), for every t € T., we obtain by orthogonality that

Z IE(fitlGr; a0zl T2 Loy = Z (fitlr,.0. o) li2Quwoy + e
i=1 i=1

for some constant ¢ > 0.

If we now define f; : @ — [—1,1] such that fi|o,(,)) = fie, for 1 < i < m,
average over ¢t € ' o, and use the fact ||fi||2L2(Q) = EtEFLo,Q||fixt||%2(Qt(Lo))7 we
obtain

(3.11) Z IE(filGL, )220 = Z IE(filGr;.@) 172 () + &

i=1

It is clear that the sums in the above expressions are bounded by m for all j > 1,
thus (311 cannot hold for some 1 < j < .J; for J; := C'me~3. This implies that
(B.I0) must hold for some 1 < j < Jy, for all 1 <4 < m and all t ¢ T. for a set
T. CTp, . of size |T:| < e|T'L,y.0l- O
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4. PRODUCT OF TWO SIMPLICES IN R"™

Although not strictly necessary, we discuss in this section the special case d = 2
of Theorem This already gives an improvement of the main results of [12], but
more importantly serves as a gentle preparation for the more complicated general
case, presented in the Section Bl which involve both a plethora of different scales
and the hypergraph bundle notation introduced in Section

4.1. Proof of Theorem with d = 2. Let Q = Q1 X Q2 with @; C R™ and
Q2 C R™ be cubes of equal side length /(Q) and A? = A? x AY with A = {vq3,
oty Vi, CR™ and A9 = {11, ..., von, } € R™ two non-degenerate simplices.

In order to “count” configurations of the form A = A; x Ay C R™ 172 with A,
and A, isometric copies of AA?Y and AAY respectively for some 0 < A < I(Q) in a
set S C ) we introduce the multi-linear expression

ny n2
Muwallha)=f f f / TITI fuatene o)
211€Q1 Y21 €Q2 Y T12,...,T1ny J T22,..

Tng k=1 ]=1
dospo(T12 — T11, - oo, T1py — T11)
doaag(@22 = T21, ..., Ton, — T21) dT21 dzns

for any family of functions fi; : Q1 X Q2 — [—1,1] with 1 <k <nj and 1 <1 < ns.

Indeed, if fy; = 1g for all 1 < k < mny and 1 <[ < ny then the above expression
is 0 unless there exists a configuration A C S of the form A; x Ay with A7 and A,
isometric copies of AA{ and AA§ respectively.

The short argument presented in Section [[LJ] demonstrating how both Theorem
[B] and Corollary [DI follow from Proposition B, and hence from Proposition B.1]
applies equally well to each of our main theorems. This reduces our main theorems
to analogous quantitative results involving an arbitrary lacunary sequence of scales.
In the case d = 2 of Theorem [[.2]this stronger quantitative result takes the following
form:

Proposition 4.1. For any 0 < & < 1 there exists an integer J = O(exp(Ce™13))
with the following property:

Given any lacunary sequence 1(Q) > Ay > -+ > Aj and S C Q, there is some
1 <j < J such that

(4.1) N2po o({15]) > (%) .

fOT all X € [)\jJrl, )\]}
Our approach to establishing Proposition 1] is again to compare the above
expressions to simpler ones for which it is easy to obtain lower bounds. For any

0 < A< (Q) and family of functions fy; : Q1 X Q2 — [—1,1] with 1 < k < mn; and
1 <1 < ny we consider

M3 o({fu})
ny mn2
- ][ ][ ][ H kal(xm,xzz)d% dz, dt,
teQ Jz €(ti+Q1 (W)™ Sz, €(ta+Q2(N)"2 [, 57 1o
where t = (t1,t2) € Q1 X Q2, z; = (i1, ..., Tin,) and Q;(A) = [—3, 3]™ for

i=1,2.
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Note that if S C @Q is a set of measure |S| > 0|Q)| for some § > 0, then careful
applications of Holder’s inequality give

ning
M3 o({1s}) > ][ ][ Ls(z1,22) dv1dzs dt > 6" —O(e)
teqQ (z1,72)EL+Q(N)

for all scales 0 < A <€ €l(Q).

In light of the observation above, and the discussion preceding Proposition [3.2]
we see that Proposition [£.1] and hence Theorem when d = 2, will follow as a
consequence of the following

Proposition 4.2. Let 0 < ¢ < 1. There exists an integer Jo = O(exp(Ce™12))
such that for any e-admissible sequence of scales I(Q) > Ly > -+-> Ly, and S C Q
there is some 1 < j < Jy such that

(4.2) Mo o({1s}) = M3 o({1s}) + O(e)
for all A € [Ljq, Lj].

There are again two main ingredients in the proof of Proposition The first
establishes that the our multi-linear forms N3 o o({fri}) are controlled by an ap-
propriate box-type norm attached to a scale L.

Let Q@ = Q1 X Q2 be a cube. For any scale 0 < L < I(Q) and function f: Q@ — R
we define its local box norm at scale L to be

(4.3) Hf”éL(QlXQQ) ::][ Hf”é(HQ(L)) dt,
teQ
where Q(L) = [_%, %]n1+n2 and
(4.4)
4
1£114,3,

:f _ ][ [, @or) f(212, w21) f(211, T22) f (@12, T22) dqy - . . dago
r11,212€Q1 J x21,222€Q2

for any cube @ C @ of the form @ = @1 X @2 with ij CQj;forj=1,2.

Lemma 4.1 (A generalized von-Neumann inequality [12]). Let e > 0, 0 < A <
1(Q), and 0 < L < %4\

For any collections of functions fr; : Q1 X Q2 — [—1,1] with 1 < k < ny and
1 <1 < ny we have both

(4.5) NRao.o({f})] < Lep i [ frilloL@ixq.) + O(€)
(4.6) M3 o({fu})] < min [ frillo, (@i x@a)-

1<k<ny, 1<i<ny

The result above was essentially proved in [I2] for the multi-linear forms N3 AOQ
when Q = [0, 1]"1*"2 however a simple scaling argument transfers the result to an
arbitrary cube ). For completeness we include its short proof in Section

The second and main ingredient is an analogue of a weak form of Szemerédi’s
regularity lemma due to Frieze and Kannan [7]. The more probabilistic formulation,
we will use below, can be found for example in [21], [22], and [23], and is also
sometimes referred to as a Koopman-von Neumann type decomposition.
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For any cube Q C R™ and scale L > 0 that divides I(Q) we will let Q(L) =
[—£,L]" and G o denote the collection of cubes Q,(L) = t + Q(L) partitioning
the cube @ and let I'; o denote grid corresponding to the centers of these cubes.
We will say that a finite o-algebra B on @ is of scale L if it contains Gy, ¢ and for
simplicity of notation will write B; for B|q,(z)-

Recall that if we have two o-algebras By on a cube @1 and By on @2 then by
By V By we mean the g-algebra on QQ = Q1 X Q5 generated by the sets By x By with
By € By and By € By. Recall also that we say the complexity of a o-algebra B is
at most m, and write complex(B) < m, if it is generated by m sets.

Lemma 4.2 (Weak regularity lemma in R™). Let 0 < e < 1 and Q = Q1 X Q2
with @1 CR™ and Q2 C R™ be cubes of equal side length 1(Q).

There exists an integer Jy = O(e~*2) such that for any £*-admissible sequence
(Q)> Ly >---> Ly, and function f: Q — [=1,1] there is some 1 < j < Jo and
a o-algebra B of scale Lj on Q such that

(4.7) If = E(fIB)llo.,,, @ixqs) <€

which has the additional local structure that for each t = (t1,t2) € I'p;q there
exist o-algebras By, on Q, (L;) and Bz on Qu,(L;) with complex(B; ;) = O(j) for
i =1,2 such that B, = B1; V Ba,.

Comparing the above statement to Lemma for d = 2, i.e to the weak regu-
larity lemma, note that the o-algebra B of scale L; has a direct product structure
only locally, inside each cube Q¢(L;). Moreover this product structure varies with
t €T’z q, however the “local complexity” remains uniformly bounded.

Assuming for now the validity of Lemmas 1] and we prove Proposition
We will make crucial use of Proposition[B.3l namely our parametric counting lemma
on R™ for simplices.

Proof of Proposition 2. Let 0 < ¢ < 1, &1 := exp(—Cie712) for some C; > 1,
and {L;};>1 be an ;-admissible sequence of scales. Set R = e<;! and Ji(e1, R)
be the parameter appearing in Proposition B3] noting that J; (g1, R) = O(e;®).

For L € {L;};>1 write index(L) = j if L = L;. We now choose a subsequence
{Li} € {L;} so that L{ = L; and index(L} ;) > index(L’) + Ji(e1, R) + 2.
Applying Lemma [£2] with fi; = f == lg forall 1 < k < nj; and 1 <1 < no,
guarantees the existence of a o-algebra B of scale L;- on @ such that

(4.8) If— E(f‘B)HDL; (@xQ2) S€

+1

for some 1 < j < Ce~'2. Moreover, we know that B has the additional local

structure that for each t = (t1,t2) € FL;)Q there exist o-algebras By, on Qy, (L))
and By on Qy,(L}) with complex(B;;) = O(¢~"?) for i = 1,2 such that B; =
Bit V Bayg. Thus, if we let Ry, and Ry, denote the number of atoms in B, and
Ba,+ respectively, then we can assume, by formally adding the empty set to these
collections of atoms if necessary, that Ry, = Ra; = R’ := exp(Ce'?) for all
te FL;wQ'

If we let f := E(f|B1 V Bs), then by Lemma Bl and multi-linearity we have
(4.9)

Nino.qUFH) = Mo o({fH) +0(e) and  MZ o({f}) = M3 o({f}) + O(e)
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provided for e =24 L/, ip1 < A Foragivent € I'g, L/ write fz for the restriction of f
to the cube Q(L}). By localization, one then has

(4.10) )\AU,Q({f}) = ELEF%Q N/\2AO,Q£(L3)({JF£}) + O(e),
and
(4.11) M3 Q{f}) = Erer,, M3 q. ) ({F}) +O(e)

provided one also insists that A < e L;.

For givent € I L,Qs the functions f;(z1,z2) are linear combinations of functions
of the form 1Ar1 (xl)lArz (z2), where {A7" hi<r,<r and {45 h1<r,<r are the col-
lections of the atoms of the o- algebras By ; and By ; defined on the cubes Qy, (L’)
and @y, (L}). Thus for each ¢ € I'Lr @ one has

R R

t = E E QI1£1A2}£ X ].A;2£,

ri=1ro=1

where r = (r1,72). Plugging these linear expansions into the multi-linear expres-
sions in above one obtains

2 7 2
Niaoquey(fih) = Z Q. t NAAD,QL(L;)({lA:}é’Cl X 1Ag?£kl})
r={ry }rt ; -
using the notations r5; = (71 k1, 72,61), @rt = [} @r,,.c- Notice that the product

ny Nz

H H 1A71"1£kl (xlk)lA;i“ (le)

k=11=1

is nonzero only if AT} = A", that is if 15 = rix for all 1 <1 < ny, as the
atoms Af 1, are all disjoint. Similarly, one has that 7y Kk =1y forall 1 <k < ny.
Thus, in fact

(4.12) NfAO,QL(L;)({fTL}) = Z Qr.t NfAO,QL(L;)({lA’;}ik X 1,4;2;})

r={ry; tri

and similarly

(4.13) Mi,QL(L’j)({fL}) = Z Qrt Mi,QL(L;)({lA;}tvk x 1A;’2£l})-
r={ry; }rt - -

Note, that indices r are running through the index set [1, R']"* x [1, R']"2 of size at
most R if C; > 1.
The key observation is that

1 1
= N)\A(l)7Qtl(L;)(1A:1£1 yeeey 1A:}£n1 ) NAA%,QQ (L;)(lA;Zil geeey 1A;‘2£,712)
and

— 1
= M)MQtl (L;)(lA:)lil gee ey 1A:,1£'"1 ) M)HQQ (L;)(lA;?L’l yeeey 1Ar2,712 )

2.t
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Let r = {(r1,k,72.) } 1 and gk =1 AT glz;t =1 A Writing j’ := index(L’)
and J/ := index(L} ), one may apply Proposmon B:{I for the families of functions
gk:, glt ,where 1 <k <njy, 1 <l<ngand r = (r1 5, 72:)m € [1, R/|™ x [1, R'|"2,
with respect to the £;1-admissible sequence of scales

Ljpy1>Ljyo>---2>Ly_y.

This is possible as J' — j' = Ji(e1, R). Then there is a scale L; with j' < j < J' so
that

1,r 1,r 1,r 1,r
(4.16)  NMag.q,, (01 9nit) = Mi g, (1) (91 i) + O(e1)
and
2, 2, 2,r
(417) NAO,QtQ(L/)(gl,gﬁv'"7gn2, ) M}\ QfQ(L/)(ng’”"gn;L)+O(€1)’
for all A € [Lj41, L;] uniformly in r = {(r1,72,) }x and t ¢ T,, C FL;7Q, for a set
of size |T¢,| < e1|T'1; o[- Then, by (£14)-E.I5) and E.I2)-E.I3), we have
(4.18) N)%AU,QL(L;)({JFL}) = Mi,QL(L}) ({f:}) +O(e)

fort ¢ T.,, as |a, | <1 and Rey < e. Finally, since |T;,| < 51|FL3_7Q\, by averaging
int e FL;.,Q, one has

Nino o({FY) = M3 o ({FH) +O(e)
using (LI0)-(ZII) and the Proposition follows by (£3) with an index 1 < j <
Jo = 0(e7127°). O
4.2. Proof of Lemmas [4.1] and

Proof of Lemma BTl First we note that if x := L™"1;_1/2,1/2j» and ¢, 1= xr *
XL, then

Yp(xe —x1) = /XL(ﬂﬁl —t)xr(xe —t)dt

t
and hence for any function f : Q@ — [—1,1], with @ C R™ being a cube of side
length 1(Q), one has

110 =F [ Fensevntes o) dodes + OL/Q)
z1€Q Jx2

Write 2’ := (221, ..., Ton,) and let gx o () := [[;2, fu (2, 22). Then one may
write

Niro o({fr})

,,,,,

Using estimate (B.4]), the above observation, and Cauchy-Schwarz one has

|N§A0,Q({fkl})|2

< ][ / QZ}L(IH - ‘Tll) N;AQ,QQ (hlwuwlw ) h7l27901179012) dryidzis + 0(54)
z11€Q1
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provided 0 < A < 1(Q) and 0 < L < e\ where Ry 4y, 21, (%) = f11(z11,2) fu (212, 7)
for 1 <1 < ny. Applying the same procedure again ultimately gives

NRao Ut < f11llEs, (@i x@a) + OEY).

The same estimate can of course be given for any function fg; in place of fi;.
This establishes (d3]). Estimate (4.6) is established similarly. O

Proof of Lemma L2l For each t = (t1,t2) € T'n,. 0 we will let By (L) =
{0,Q¢,(L1)} and Bay(L1) := {0,Q,(L1)}, in other words the trivial o-algebras
on @, (L1) and Qy,(L1) respectively. If (£F)) holds with B(L1) = Gr, g, noting
that B,(L1) := Bi4(L1) V Ba(L1) in this case, then we are done.

We now assume that we have developed, for each t = (¢1,t3) € T L;,Q, o-algebras
B1,4(Lj)on Qy, (L;)and By (L;) on Q, (L;) with complex(B; ((L;)) < jfori=1,2.
Let B(L;) be the o-algebra such that By(L;) = B1+(L;) V Ba(L;) forallt € ', o
and assume that (£8) does not hold, namely that

l9llos,,, @ =&
where g := f—E(f|B(L;)). By the definition of the local box norm this means that

][ HgHE(EJrQ(LjH)) dt > &'
teQ

and hence, as Lj1o < €%L;, it is easy to see that

4
EQEFLHQ»Q HgHD(éﬂ-Q@jﬂ)) =z 64/2'
This implies that thereis aset S C 'z, o of size |S| > (¢*/4)|T'L,,,.¢| such that
for all s = (s1,s2) € S, one has that ||g||E(QS(LH2)) > ¢*/4. Tt therefore follows, as

is well-known see for example [12] or [23], that there exist sets Bi s C Qs, (Ljt2)
and Ba s C Qs,(Ljy2) such that

(4.19) ][ ][ g(ml,xg) 1Bl,i($1)132,£(l‘2) dl‘l d.TQ > 54/16.
T1€Qs, (Ljt2) T2€Qs, (Lj42)

For a given s € ', ,, ¢ there is a unique ¢ = £(s) such that Q,(L;12) € Q¢(L;).
Let Bllé(Lj_i_Q) = BLL(LJ) Quy (Lji2) and Bé7§(Lj+2) = 3272(1;]‘) Qo (Lj2) not-

ing that complex(B; ,(L;12)) < j for i = 1,2, as the complexity of a o-algebra

does not increase when restricted to a set. If, for ¢ = 1,2, we let B; 4(Ljy2)
denote the o-algebra generated by Bj ;(L;4+2) and the set B;, if s € S and let
Bis(Ljt2) = Bj ,(Lj12) otherwise, then clearly complex(B; s(L;+2)) is at most
j + 1. We now define B(Lj12) to the the sigma algebra of scale L; o with the
property that Bs(Lji2) = Bis(Ljy2) V Bas(Ljyo) forall s € T'r, , .

Using the inner product notation (f, g)g = JCQ f(z)g(x) dz we can rewrite ([L19)
as

<f - E(f‘B(L])) ) 131@ X le,g >Qi(Lj+2) 2 54/16
for all s € S. Since the function 1p, | x 1p, , is measurable with respect to B(L;2)
one clearly has

<f - E(f|B(Lj+2))’ 1B1,§ X 132,§>Q£(L;‘+2) =0

and hence

<E(f|B(LJ+2)) - ]E(f|B(LJ))7 1Bl,i X 132,§>QL(LJ‘+2) > 54/16'
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It then follows from Cauchy-Schwarz and orthogonality that
IEFIB(Li+2) 1 22(qu (1,120 — IEFIBUL I 2(qu(z,40)) = €°/256.

Since |S| > (e*/4)|T'y,,,.o| averaging over all s € 'y, o gives
IE(FIB(Lj+2))72q) = IEFIBEL))Zz(q) + /2"

Trivially both sides are at most 1 thus the process must stop at a step j = O(e
where (8] holds for a o-algebra of “local complexity” at most j. This proves the
lemma. O

—12)

5. PROOF OoF THEOREM [[.2} THE GENERAL CASE

After these preparations we will now consider the general case of Theorem
Let Q = Q1 X -+ x Qg € R™ with Q; C R™ cubes of equal side length [(Q) and
A% = A? x -+ x AY with each A; C R"™ a non-degenerate simplex of n; points for
1<i<d.

We will use a generalized version of the hypergraph terminology introduced in
Section 21 In particular, for a vertex set I = {1, 2, ..., d} and set K = {il; 1 <
i1<d,1<1<n;}wewilllet 7 : K — I denote the projection defined by = (il) := i
As before we will let Hyy := {e C I; |e|] = k} denote the complete k-regular
hypergraph with vertex set I, and for the multi-index n = (n1, ..., ngq) define the
hypergraph bundle

Hay = 1{e S K; |e| = |m(e)| = k}

noting that |7 =1(i)| = n; for all i € I.

In order to parameterize the vertices of direct products of simplices, i.e. sets of
the form A = A; x -+ x Ay with A; C @y, we consider points z = (24, ..., 2 )
with ; = (241, ..., Tin;) € Q) for each ¢ € I. Now for any 1 < k < d and any
edge € € Hyp we will write Qe = ], Qi, and for every z € QT x--- x Q* and
ec ’H%k we define z, 1= m.(z), where 7, : Q7" X --- X Q" — Qr(c) is the natural
projection map. Writlng A; = {1, ..., Tin, } we have that Ay x -+ x Ay = {z,
e € Hy,} since every edge z, is of the form (zy,, ..., za,). We can therefore
identify points x with configurations of the form A; x -+ x Ay.

For any 0 < A < I(Q) the measures doyao, introduced in Section B.I} are
supported on points (ya, ..., Yn,) for which the simplex A; = {0, y2, ..., Yn,} is
isometric to AAY. For simplicity of notation we will write

/ f dU ][ / dO'/\AO(JJZQ—:Eﬂ,...,{I}mi _xil)dxil'
zi1€Q; JTi2,.. 3’:1717

Note that the support of the measure doi is the set of points z; so that the
simplex A; = {z;1, ..., Xin,} is isSometric to )\A? and z;; € Q;, moreover the
measure is normalized. Thus if S C @ is a set then the density of configurations A
in S of the form A = Ay x ... x A, with each A; C @; an isometric copy of AAY
is given by the expression

(5.1) NjAo,QaS;eeHﬁd)::/ / 1 1s(a) doday)..dod(zy).
% Ld e e€Hy,

The proof of Theorem reduces to establishing the following stronger quanti-
tative result.
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Proposition 5.1. For any 0 < € < 1 there exists an integer Jg = Jy(e) with the
following property:

Given any lacunary sequence [(Q) > Ay > --- > Ay, and S C Q, there is some
1 <j < Jgq such that

n S ny--Ng
(5.2) N/{levQ(ls; e€ Mgy > <|6|> —€
for all X € [Njt1,Aj].
Quantitative remark. A careful analysis of our proof reveals that there is a choice
of Jy(g) which is less than W,(log(Cae™?)), where Wy(m) is again the tower-
exponential function defined by Wi (m) = exp(m) and Wy11(m) = exp(Wy(m)) for
k>1.

For any 0 < A < I(Q) and set S C @ we define the expression:
(5:3) MSo(ls: e € Hy,) 1= ]fEQ M qun(ls; e € Hiy)dt,

where Q(\) = [-%, 3]" and

(5.4) M%(ls; e€Hyy) ::][ o ][ . H 1s(z,)dz, ...dzy,
£1EQ11 szQdd CHZ

d,d

for any cube@vg Q@ of the form@z@l X o+ x@d with @i CQ;forl<i<d.
Note that if S C @ is a set of measure |S| > §|Q| for some § > 0, then careful
applications of Holder’s inequality give

n1 nqg
Mf\’Q(ls;eeﬂgd) 2][ ][ Is(x1,...,xq)dxy ... deg dt
’ teQ\J (z1,..,ma) EL+Q(N)

>gmna _ Ofe)

for all scales 0 < A < €l(Q).

In light of the discussion above, and that preceding Proposition [3.2] we see that
Proposition 5.1} and hence Theorem in general, will follow as a consequence of
the following

Proposition 5.2. Let 0 < ¢ < 1. There exists an integer Jqg = Jy(g) such that
for any e-admissible sequence of scales [(Q) > Ly > --- > Ly, and S C Q there is
some 1 < j < Jg such that

(5.5) Nipoo(lss e € Hyy) = MS o(1ss e € Hiy) + O(e)
Q ) ;
for all A € [Ljyq, Lj].

The validity of Proposition will follow immediately from the d = k case of
Proposition (5.3

5.1. Reduction of Proposition to a more general “local” counting
lemma. For any given 1 < k < d and collection of functions f, : Q) — [~1,1]
with e € 7—[3’ . we define the following multi-linear expressions

(56)  Niaoo(feie e HEy) i= / / ] foa) dod(@y) ... dodzy)

=d e€Myy,
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(58)  ML(feiecHE,): ][Q][ H fule)dz, ... dz,
z, € tJz

foranycube@@@oftheform@:@l X -~-><@d With@i CQ;forl1<i<d.

Our strategy to proving Proposition is the same as illustrated in the finite
field settings, that is we would like to compare averages Nyao g(fe;e € H;—L,k)
to those of ./\/l(iQ(fe; e € Hﬁk), at certain scales A € [L;y1,L;], inductively for
1 < k < d. However in the Euclidean case, an extra complication emerges due to
the fact the (hypergraph) regularity lemma, the analogue of Lemma 22 does not
produce o-algebras B;, for f € ’H%’k_l, on the cubes (5. In a similar manner to
the case for d = 2 discussed in the previous section, we will only obtain o-algebras
“local” on cubes Qy (Lo) at some scale Lo > 0. This will have the effect that the
functions f. will be replaced by a family of functions f. ., where ¢ runs through a
grid FLO,Q-

To be more precise, let L > 0 be a scale dividing the side-length I(Q). For
teTrq and € € Hqyp we will use ¢, to denote the projection of ¢ onto Qe and
Qt,, (L) :=t. + Qe (L) to denote the projection of the cube Q:(L) centered at t
onto Q. It is then easy to see that for any € > 0 we have

(5.9) Nino o(fese € M) = Brer, o Nino g, 1) (fer i€ € Hiy) +O(e)
and
(5.10) MS o(fese € Hyy) = Bier, o M g, 1) (ferie € Hiy) + O(e)

provided 0 < A « €L where f,; denotes the restriction of a function f. to the cube
Q(L).

At this point the proof of Proposition 5.2l reduces to showing that the expressions
in (59) and (5I0) only differ by O(e) at some scales A € [L;y1,L;], given an e-
admissible sequence Ly > L1 > --- > Ly, for any collection of bounded functions
fets e € Hﬁk, t €I'r,.@. Indeed, our crucial result will be the following

Proposition 5.3 (Local counting lemma). Let 0 < ¢ < 1 and M > 1. There
exists an integer Jy, = Jx(e, M) such that for any e-admissible sequence of scales
Lo > Ly > --- > Ly, with the property that Ly divides 1(Q), and collection of
functions

f Qe (Lo) = [1,1] with e € Hyy, 1<m <M andt €T, q
there exists 1 < j < Jy, and a set T, C ', q of size |T.| < €|l'r, q| such that
(5.11) N;\iAQQL(LD)(fem,;; e € Hyp) = Maquno)(fl e € Hyp) +O(e)

for all X € [Ljy1, L;] and t ¢ T, uniformly mee?—ldk and 1 <m < M.
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5.2. Proof of Proposition 5.3l We will prove Proposition (.3 by induction on
1 <k <d. For k =1 this is basically Proposition 3.3

Indeed, in this case for a given t = (t1, ..., tq) € 'z, o and edge e € 'Hﬁl =
{il : 1<i<d,1<1<n;} wehave that f(z.) = fi";(za) with xy € Q,(Lo)
and hence both ) B

d
d . noN 1
Niao guro) (f25: e € Hiy) = 1] Nono., (o) ite -+ finit)
=1
d

d n
M Qo) (s e € Hi) = [T Mig,, o) (- Fi )

i=1

By Proposition B3l there exists an 1 < j < J; = O(Me~*) and an exceptional set

T. C Ty, of size |T;| < e|l'z, ql, such that uniformly for ¢ ¢ T, and for 1 < i <d,
one has

N§A07Qti(Lo)( it fingd) = Mi,Qti(Lo)(fiTvi’ oo fin ) +0(€)

7

hence
N;\lAO,QL(LO)(f:E; ec Hil) = M‘i,QL(LO)(fén,i; ec Hﬁl) + O(e)
as the all factors are trivially bounded by 1 in magnitude. This implies (BI1) for
k=1.
For the induction step we again need two main ingredients. The first estab-
lishes that the our multi-linear forms A )‘\’lAO’Q( fese € Hi ) are controlled by an
appropriate box-type norm attached to a scale L.

Let Q = Q1 x---x Qg and 1 < k < d. For any scale 0 < L < I(Q) and function
f:Qe — [—1,1] with €' € Hy we define its local box norm at scale L by

k k
(5.12) 115 ) = feQ 113 o, ds:

where
(5.13)

2k
2:][ o ][ _ H f(ftlgl,...,l‘kgk)dl‘ll d:Elg... dIkl dl‘kg
Z11,212€Q1 ZTp1,TR2€QK (01,....01)€{1,2}F
for any cube @ of the form é = él X+ X @k.
Lemma 5.1 (Generalized von-Neumann inequality). Lete >0, 0 < A < I(Q) and
0<L< ()0

For any 1 < k <d and collection of functions fe : Qr(ey — [—1,1] with e € Hﬁk
we have both

(514) ‘N)l\iAO,Q(fe; ec H;_L,k” < én’}—?il ”f@HDL(Qﬂ(e)) + O(E)
€Stk
(5.15) |M§,Q(fe§ S ,HZI_L,k” < H;_%E ”feHEIL(Qﬂ(e))‘
e Ak

The crucial ingredient is the following analogue of the weak hypergraph regularity
lemma.
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Lemma 5.2 (Parametric weak hypergraph regularity lemma for R™). Let 0 < ¢ <
1, M>1,and1 <k <d.

There exists Jy, = O(ME’QICH) such that for any 2" _admissible sequence Ly >
Ly > ---> Ly with the property that Lo divides [(Q) and collection of functions

er Qe (Lo) = [-1,1] with e€ Hip 1<m <M, andt €T,

there is some 1 < j < Ji and o-algebras Bery of scale Lj on Q¢ ,(Lo) for each
telr, o and e € Hqp such that

(5.16) 178 = BUEuBre). e, (@, (o) S €
uniformly for all t ¢ T., e € Hik, and 1 < m < M, where T, C T'r, o with
T:| < el'ry,ql-

Moreover, the o-algebras Be ¢ have the additional local structure that the exist
o-algebras Be/ s on Qs (L;) with complex(Ber js) = O(j) for each s € I'r, q,
e € Hap, and § € de’ such that if s € Q(Lo), then

0., )= V Begs
§/ €0’

(5.17) Boy

Lemmal[5.2]is the parametric and simultaneous version of the extension of Lemma
to the product of d simplices. The difference is that in the general case one has
to deal with a parametric family of functions f[7; as ¢ is running through a grid
Iz, 0. The essential new content of Lemma [5.2is that one can develop o-algebras
By on the cubes Q4(Lo) with respect to the family of functions f, such that
the local structure described above and (5.16) hold simultaneously for almost all
te FLO,Q-

Proof of Proposition 5.3l Assume the proposition holds for k& — 1.

Let € > 0, 1 := exp (—C’le_QHS) for some large constant Cy = Cy(n, k,d) > 1,
and {L;};>1 be an e1-admissible sequence of scales. Set F(g) := Jy_1(e1, M) with
M =ceert

For L € {L;};>1 we again write index(L) = j if L = L;. We now choose a
subsequence {L} C {L;} so that Ly = Lo and index(L’ ;) > index(L})+ F(g)+2.
Lemma .2 then guarantees the existence of o-algebras B/ ; of scale L’ on Q_, (Lo)
for each t € I'y.¢ and €’ € Hgy, with the local structure described above, such
that

(5.18) 17 = B(feilBr(e))llDy, | Qe o) <€

41
uniformly for all t ¢ T, e € H%k, and 1 <m < M, for some 1 < j < Jy(e, M) =
O(Me=2""), where T! C I'p, o with [T7] < eI, 0l Let f7 := E(f7|Br(e).) for
telp,qand e € Hyy. If t ¢ T,, then by (5.14), (E15), and (EI6) we have both
(519) N§A07Q£(Lo)(fg?§; e c H%k) = NgAO,QL(LO)(f:E; (S Hg,k:) + O(E)
provided (e’zk)ﬁL;-+1 < A For given s € I'rs g, (1,) one may write f;’; for the
restriction of f;’z on the cube Q (L) C Qi(Lo), as s uniquely determines . By
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localization, provided \ < eL;, we then have both

(5.21)
N)(\iAO,QL(Lo)(ft:z; ec 'Hik) = ]EEGFL;,QL(LO)Nf\lAOyQi(L;)(fg?ﬁ; ec Hik) + O(E),

(5.22) M?\,QL(LO)(]T,LQ €c Hg,k) =E Mi,Qi(L})(.f:é; €c H%k) + O(e).

SEL L Q4 (Lo)

For a fixed cube Q(L’;) we have that

Re s
(5.23) FI =" agrem lare

w(e).s’
re=1

where {A;E(e)é}lgrSRe,é is the family of atoms of the o-algebra By (., restricted
to the cube Q4(L}). Note that |ag,. | < 1 and |R.s| = O(exp (C5*2k+3)). By
adding the empty set to the collection of atoms one may assume |R. | = R =
exp (C’E*QHS) for all e € 'Hﬁk and s € I'ys . Then, by multi-linearity, using the
notations r = (T‘?)ee"ﬂ?,k and o, s = [[, o r., one has both

w(e),s

(5.24) N)U\lAO,Qi(L;)(fge; €€ Hik) = Z%,ﬁ,m N)(\iAO,Qi(L;)(lATE pec H%k)
(5:25) M g, ([les e € Hgp) = D asrm M3 g (laze | 5 e € ).

The key observation is that these expressions in the sum above are all at level

k — 1 instead of k. To see this let e = (i1l1, ..., imlm, ., ixlk) so e = m(e) = (i1,

oy dmy ooy dg). I § = €\{iy,} then recall that the edge py(e) = (irli, ...,

ily) € 'Hﬁk_l is obtained from e by removing the i,,[,,-entry. Thus, for any atom
Aer s of By er(L;) we have by (2.I7), that

(526) 1Ae/,i(£e) = H 1Ae’,f’,g, (gpf/(e)%
f1€de!
where Ay 5 is an atom of the o-algebra B/ yr ;. Thus
(5.27)
IT tar, @)= ]I II Lare (@)= I i (ap.
e€Hy FEHT k1 e€EHy T €0m(e) FEHG k1

Py (e)=f
It follows that

(5.28) Niao gy (are, e € Hay) = Niao g.1) (9.5 F € Hapor)
and hence that
(5:20)  Mipouer) (0 e € Hgy) = D 0snm Nno g, 1) (955 F € Hipon)

and similarly

(5.30) Mﬁ,Qi(L;)(JTﬁ; ecHyy) = Z@Lg,m Mi,Qi(L;) (5.6 T € Hapr)-

Note that number of index vectors r = (Te)GEH?,k is RP with D := \’H;—L,k| and
hence RP < M if Cy > 1.
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Writing j* := index(L}) and J' := index(L’ ) it then follows from our inductive
hypothesis functions, applied with respect to the £;-admissible sequence of scales
Lypy1 2 Ljry2>---2Ljy

which is possible as J' —j’ > J,_1(g1, RP), that there is a scale L; with j/ < j < J’
so that

(5.31) Moo, (955 T € Hapo1) = Mooy 9oy € Hypoy) +O(er)

for all A € [L; 41, L;] uniformly in r for s ¢ S.,, where S., C I'rr g is a set of size
|5, < 51|FL;,Q|‘

Since the cubes Q;(Ly) form a partition of ) as t runs through the grid I'z, ¢
the relative density of the set S, can substantially increase only of a few cubes

Q¢(Lo). Indeed, it is easy to see that [T/ | < 51/ IT'L,.0l for the set

T/ = {t€Tr,q: |-, NQu(Lo)l > &1 [Trs o N Qu(Lo)l}.
We claim that (5I1) holds for A\ € [Lj41, L;] uniformly in t ¢ T, := T, U T/

€17
e € Hik, and 1 < m < M. Indeed, from (529), (E30), and (IEII) and the fact
that |og | <1, it follows
NgAO,Qﬁ(L;) (fess e € H%k) M§ Qs (L) (fesi € € Hd ) T 0(e)

for s ¢ Se, N Q¢(Lo) since RPe; < e. Finally, the fact that ¢ ¢ T together with
localization, namely (B.21)) and (22]), ensures that averaging over I' L,Qs(Lo) 8lves

r n r n 1/2
NAdAO,QL(LO) (fers e € Hyy) = M(/{,QL(LO) (fers e € Hyy) +0(e) + O(gy 2)
which in light of (5.19), (5:20)), and the fact that &1 < 2 complete the proof. [J
5.3. Proof of Lemmas [5.1] and

Proof of Lemma 5.1l The argument is similar to that of Lemma 2.J1 Fix an edge,

say g = (11, 12, ..., 1k), and partition the edges e € Hik in to as follows. Let Hg
be the set of those edges e for which 1 ¢ w(e), and for I =1, ..., ny let H; denote
the collection of edges of the form e = (11, jalo, ..., jrlk), in other words e € H; if
= (1l,¢') for some edge e’ = (jala, ..., Jrlk) € H§_17k_1. Accordingly write
ni
I f@)=1J f@) [T II  Aeeluz).
eEHﬁk e€Ho =1 e/EHg_l b1
For z € Q1 and 2/ = (z,, ..., z4) with z; € Q}', define

(5.32) g@d)= ] fueleuz).

eleﬂg—l,k—l
Then one may write
(5.33) Nipoo(fe; € € Hy)

][ ]{C [ fel (][w ﬁgl (z1,2") doy (551)) doj (zg) - . - doy(z,).

=d e€Ho 1]=1
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For the inner integrals we have, using ([B.6]), the estimate

ni 2
.
(]i [[o(zu.z d01> < lgillz (@) + O(*)

11=1

k
:][ / 91(y11) 91 (W12)¥L (Y12—y11) dyaa dyrz + O ()
Y11v Y12
provided 0 < L < (azk)ﬁ)\, where as in the proof of Lemma [T we use the notation
Uiy — ) = /Xi(yl — )X}, (y2 — t) dt
t
with x¢ = L= 1 _p /2,12 for 1 <4 < k. By Cauchy-Schwarz we then have

2
‘N/{IAD (fe;ee’Hﬁk‘
/][ f 11 f11,e/(33117£e/)f11,e/(96127£6f)daﬁ---d0§\dwi(g1)+0(52k),

“deleMy 1,k—1

where dwy (y,) = |Qi| ™ 0% (2 — ir) dyin dyso with Y, = (Yi1, yi2) € Qifor1<i<
k.

The expression we have obtained above is similar to the one in (50) except for
the following changes. The variable z; € Q" is replaced by y, € Q? and the
measure d01 by de The functions fi; . are replaced by fi1,., for 1 <1 < ng,
while the functions f. for all e € ’Hﬁ . such that 1 ¢ 7(e) are eliminated, that
is replaced by 1. Repeating the same procedure for i = 2, , k replaces all
variables z; with variables Yy, as well as the measures da with dw - The procedure
eliminates all functions f, when e is an edge such that ¢ ¢ 7(e) for some 1 <4 < k;
for the remaining edges, when m(e) = (1, ..., k), it replaces the functions f. with
feo = fi1,21,... 1. For k < i the variables z; and the measures daf‘ are not changed,
however integrating in these variables will have no contribution as the measures are
normalized. Thus one obtains the following final estimate

(5.34)

ok
}N)\AO,Q(JC& ec /Hﬁk‘

S|C;—1|/ QLH/ H feoly H (yz‘z—yu)dyi1dy12+0(52k)
Y, Yp e

2

k

noting that these integrals are not normalized. Thus, one may write the expression
in (2.34), using a change of variables y;1 := y;1 — t;, Yi2 := yio — t;, as

(5.35) / ][ / ][ feoly,) dy, - dy, dt
|Q1| tq yet1+Q1 ‘Qk| te Jy, €L+ Qr 61;[3 ’ =

k,k

= Hf€0||2|:|L(Q.,,(EO>) + 0(52 )

where the last equality follows from the facts that the function f,, is supported on
the cube Qr(c,) and hence the integration in ¢ is restricted to the cube Q 4+ Q(L),

giving rise an error of O(L/l(Q)). Estimate (5I4) follows from (£.34) and (E30)
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noting that the above procedure can be applied to any e € ’Hﬁk in place of eg.
Estimate (5I3)) is established similarly. O

Proof of Lemma [5.2l For j = 0 we set Ber 1 (Lo) := {Q¢(Lo), 0} and Be 5 (L) :=
{Qﬁf,(Lo),@} for ¢’ € Hap, f € 9¢/, and t,s € ', . We will develop o-algebras
Be +(Lj) of scale L; such that (5.I7) holds with complex(Be s/ s(L;)) < j.

We define the total energy of a family of functions f!"} with respect to a family
of o-algebras Bes (L) as

(5.36) E(f1Bery(L;)) fEterLoQZ > IES

m=1 eE’sz

LDz, oy

Since [f";| < 1 for all e, m, and ¢t it follows that the total energy is bounded
by M - |’H,gk_\ = O(M). Our strategy will be to show that if (5.I6) does not hold
then there exist a family of o-algebras Be ¢(L;;2) such that the total energy of
the family of functions [} is increased by at least ck52k+3 with respect to this
new family of o-algebras, and at the same time ensuring that (BI7) remains valid
with complex(Ber s/ s(Ljy2)) < j + 2. This iterative process must stop at some

= O(M 2" proving the lemma.

Assume that we have developed o-algebras Be¢(L;) and B s (L;) of scale L;
such that (ZI7) holds with complex(Ber s s(L;)) < j. If (5I6) does not hold then
|T:| > €|T'L, q| for the set

Toi={telr,q : 1S = E(fZHBre .t (Li)lloL,., @, (o)) 2 €
for some e € ’H%k and 1 <m < M}.

Fixt € T, and let e € ’H;—Lk and 1 < m < M be such that

/et = B Bre).e(Li))lloe, (@, (Ro)) 2 €

and write e’ := 7(e). Consider the partition of the cube Q; ,(Lo) into small cubes
Qs,, (Ljy2) where s, € Tz, ., q., N Q@ (Lo). By the localization properties of the

Or,,,(Q)-norm, and the fact that L, < e ij+1 we have that

k
52

Hf”DL i+l (Q+ /(LO)) S ES €L j+2:Qt ,(Lo) Hf”‘:l (Qs /(LJ+2)) + 7

for any function f : @y, (Lo) — [—1,1]. Thus there exists aset S; ¢, C U000, (Lo)
of size 4
2k
|Sset| > — |FL]+2,Qr /(L0)|
such that
2k

m m k 3
(537 177 ~ BB B, i 2
for all 5., € Scet-

For a given cube @ and functions f,¢g : @ — R, define the normalized inner

product of f and g as
(9)0 = f@)g(a) ds
Q
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Then by the well-known property of the Cl-norm, see for example [23] or the proof
of Lemma [Z2] it follows from (B.37) that there exists sets

Bjis, .t © Qs,, (Ljt2)

for f/ € de’ such that

k
82

(5.38) < o= BBk (Ly) s IT 1m0, = e

If sel'y,,, q then there is a unique t = t(s) € I', @ such that s € Q¢(Lo). If
t € T and s,/ € Se, then we define the o-algebras By e s(Lj12) on Qs (Lj+2)
as follows. Write By o s = By s, where t = t(s) and let By o s(Lj12) be the
o-algebra generated by the set By . ¢ and the o-algebra By o o (L;) restricted to
Qs (Lj12) where s’ € I'; ¢ is the unique element so that s € Qy(L;). Note that
that the complexity of the o-algebra By o s(Lj;2) is at most one larger than the
complexity of the o-algebra By ./ (L) as restricting a o-algebra to a set does not
increase its complexity. If ¢t = ¢(s) ¢ T. or s, ¢ Sc e, then let By o (Lji2) be
simply the restriction of By o/ o (L;) to the cube Q§f, (Ljy2), or equivalently define
the sets By er s i= Qs (Ljt2). Finally, let

(5.39) Bes(Liya) = \/ Byes(Ljt2)

i’ e’

be the corresponding o-algebra on the cube Q; , (Ljy2).

Since the cubes @ ,(L;42) partition the cube Q; ,(Log) as s, runs through
the grid I'r, , ., N Q¢ (Lo), these o-algebras define a o-algebra Bes ((L;42) on
Qr,, (Lg), such that its restriction to the cubes Qs,, (Ljy2) is equal to the o-algebras
Ber,s(Ljt2).

Since the function Hf, coer 1 Byrors is measurable with respect to the o-algebra
Ber ¢ (Lj12) restricted to the cube Qg , (Lj+2) one clearly has

(5~40) <f;n,§ - E(fem,g‘Be’,i(Lj+2))v H 1Bf/,ﬁl,§ >Qie,(Lj+2) =0
§1€e!

and hence, by (£.38)), that

ok
m m 6
(5'41) <E(fe,§|Be’,£(Lj+2)) - ]E(fe7§|B€’7t(Lj))’ H 1Bf/,c/,§ >Q§e, (Ljt2) > ok+2”

§'€de’

It then follows from Cauchy-Schwarz and orthogonality, using the fact that the
o-algebra Be/ ((Ljy2)) is a refinement of Bes 4(Lj12), that

(5.42) IE(feBert(Lj+2)) — E( ?,;\Be',z@j))H%?(Qﬁe,(Lj+2))
= ||]E(fem,§|B€’7£(Lj+2))||2L2(Q£C,(Lj+2))

— ||E( :E'BE',E(LJ))H%%QEE, (Lj42))
Qk

5 2
(2k+2)

Y
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2k
. € .
for s, €85; 4. Since |S’€,e’£|2—4 ITL,12.. (Lo)| averaging over 5., €l', ., q, (Lo)
implies
2k+2

g
(5.43) |IE( §"¢|Be',z(Lj+2))||i2(Qze, (Lo)) = ||E(f§f§|3e',z(Lj))H%2(Q£E, (o)) T Sors

At this point we have shown that if t € T, then there exists an edge e € ’Hg’ &>
1 <m < M, and o-algebras Ber ¢(Lj42)) of scale Lj o on Qy,(Lo), with e’ = (e),
such that (2.43]) holds.

For all ¢ € Hqy with €’ # € let By o s(Ljt2) be the restriction of the o-
algebra By o s (L;) to the cube Qs (Lj+2), where s’ is such that s € Qu (L;).
By (E39) this implies that B s(Lj12) is also the restriction of Ber o (Lj) to the
cube Qs , (Lj4+2), and hence the o-algebra Bev (Ljy2) is generated by the grid
GL,12.Q, ,, (Lo) and the o-algebra Ber ¢ (L;).

We have therefore defined a family of the o-algebras Bes ;(L;12) for ¢’ € Hap,
satisfying

M
DY I ?,ﬂBﬂ(e),z(LHz))||%2(sz(e)(Lo))

= n
m=1 e€H
ok+2

M
m 2 €
>y IECSE e Brie) e (LiD 2@y, ., (o) T 5306

m=1e eH

Using the fact that || > ¢|I'z, | and averaging over t € I'z, ¢ it follows using
the notations of (£.30]) that

2k+3

m m €
E(f3|Ber t(Ljr2)) > E(f41Ber 1 (Lj)) + 22k76"

As the total energy £(f%;|Ber +(L;)) is bounded by O(M), the process must stop

at astep j = O(Me=2""") where (5.16) holds for a o-algebra of “local complexity”
at most 7, completing the proof of Lemma a

6. THE BASE CASE OF AN INDUCTIVE STRATEGY TO ESTABLISH THEOREM [L.4]

In this section we will ultimately establish the base case of our more general
inductive argument. We will however start by giving a (new) proof of Theorem [B'}
namely the case d = 1 of Theorem [[4]

6.1. A single simplex in Z". Let A = {v; = 0, v2, ..., v, } be a fixed non-
degenerate simplex of ny points in Z™ with n = 2n; + 3 and define t; := vy - v; for
2 < k,1 < ny. Recall, see [I7], that a simplex A = {m; =0, ..., my, } C Z" is
isometric to AA? if and only if my, - m; = A%ty for all 2 < k,1 < ng.

For any positive integer ¢ and A € ¢vN we define Sxaao g(ma, ..., mp,) :
zn(m—1) _y {0,1} be the function whose value is 1 if my - m; = A%tz with both my,
and m; in (¢Z)" for all 2 < k,1 < n; and is equal to 0 otherwise. It is a well-known
fact in number theory, see [I1] or [I7], that for n > 2n; + 1 we have that

S Swang(ma,.oma,) = p(A%) (Ag) "D (1 4+ O(AT))

M2,y My
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for some absolute constant 7 > 0 and some constant p(A°%) > 0, the so-called
singular series, which can be interpreted as the product of the densities of the
solutions of the above system of equations among the p-adics and among the reals.
Thus if we define

Tan0,q = p(A%) 71 (A /q) "I TNS, o
then ojao0 4 is normalized in so much that
Z UAAOJI(va“'vme) =1 +O(>‘7T)
M2, My

for some absolute constant 7 > 0.
Let @Q C Z™ be a fixed cube and let {(Q)) denotes its side length. For any family
of functions

fioooosfn 1 Q = [—1,1]
and 0 < A < [(Q) we define the following two multi-linear expressions
(6.1)
NiaoqqUfrs s fun)

=En,c0 Z fi(ma) ... fo, (M) oxp0,q(me —ma, ... ,mp, —my)

m2,...,Mn,y

and
(62) M%\,q,Q(fla sy fnl) = EtEQ Eml,...,m"let-i-Q(q,)\) fl (ml) e fnl (mn1)7
where Q(q,\) = [—%, %]" N (gZ)". Note that if S C @ and NiAo,q,Q(l& ol

15) > 0 then S must contain an isometric copy of AAY, while if |S| > 6|Q| for some
6 > 0 then as before Holder implies that

(6.3) M5 0(ls, ... 1) > 6" — O(e)

for all scales A € ¢vN with 0 < A < €1(Q).

Recall that for any 0 < € < 1 and positive integer ¢ we call a sequence L; >
-+ > Ly (g,q)-admissible if Lj/L;j41 € N and Lj11 < e*L; forall 1 < j < J and
Lj/q € N. Note that if Ay > --- > Ay > 1 is any lacunary sequence in q\/N with
J' > (loge™1) J+log q, one can always finds an (&, ¢)-admissible sequence of scales
Ly > --- > Ly with the property that for each 1 < j < J the interval [L;;1, L;]
contains at least two consecutive elements from the original lacunary sequence.

In light of these observations we see that the following “counting lemma” ulti-
mately establishes a quantitatively stronger version of Proposition B’ that appeared
in Section [[3] and hence immediately establishes Theorem [[4] for d = 1.

Proposition 6.1. Let 0 < ¢ < 1 and q; := qi1()? for j > 1 with q1(¢) :=lem{1 <
q < Ce™ 10},

There exists J; = O(e~2) such that for any (e, q;,)-admissible sequence of scales
(Q)>L1>---> Ly and S C Q there is some 1 < j < Jy such that

(64) N)%Ao,qj,Q(lS’ LR ]-S) = M%\,qj,Q(lsa B 15) + 0(6)

for all X € ¢;vN with Lj1 <\ < L;.
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As in the continuous setting the proof of Proposition has two main ingredi-
ents, namely Lemmas and In these lemmas, and for the remainder Sections
and [0l we will continue to use the notation

qi(e) :=1em{l < ¢ < Ce 1%}
for any given ¢ > 0.

Lemma 6.1 (A generalized von Neumann inequality). Let 0 < ¢ < 1, ¢,¢ € N
with qq1(¢)|q’, and X € ¢v'N with A < 1(Q) and 1 < L < €'9X. For any collection
of functions f1, ..., fn, : @ = [—1, 1] we have

1 .
(6.5) |N/\A0,q,Q(f17 s fan)] < 1;115;1 ||fi||U;,,L(Q) +0(e)
where for any function f: Q — [—1,1] we define

1 1/2
(6.6) 17103 02 = (g7 221 * xan (0)?)
teqQ

with xq,1 denoting the normalized characteristic function of the cubes Q(g, L) =
(=5, 51" N (aZ)".

For any cube Q C Z" of side length I(Q) and ¢, L € N satisfying ¢ < L with L
dividing I(Q), we shall now partition @ into cubic grids Q:(q, L) = t+((¢Z)"NQ(L)),
L L

with Q(L) = [~5, 5]" as usual. These grids form the atoms of a o-algebra G, 1.q-

Note that if ¢|¢’ and L'|L then G, 1.0 € Gy .1/ 0-

Lemma 6.2 (A Koopman-von Neumann type decomposi‘Eion). Let 0 < e ¥ 1
and q; == q1(e)? for all j > 1. There exists an integer J, = O(e72) such that

any (e,q7,)-admissible sequence of scales 1(Q) > Ly > --- > Ly and function
f:Q — [-1,1] there is some 1 < j < Jy such that
(6.7 I~ B lo: @ <=

The reduction of Proposition to these two lemmas is essentially identical to
the analogous argument in the continuous setting as presented at the end of Section
B, we choose to omit the details.

Proof of Lemma 6.1l We will rely on some prior exponential sum estimates, specif-
ically Propositions 4.2 and 4.4 in [I7]. First we deal with the case ny > 3. By the
change of variables mi := my, m; := m; — my for 2 < i < ny, one may write

N)}Ao,q,Q(fh .- '7f7l1)
=En, con Z fi(ma) fa(ma +ma) -+ fr, (M1 4+ mp,) oan0 g(Mma, ..., my,).

M2, My
We now write
UAAO,q(m2> ey mnl) = UAAO’,q(m27 v 7mn171) Uzﬁf;"..’mnlil (mn1)7
where %LO/ :nivl =0, vg, ..., Up,—1} and for each maq, ..., My, —1 € (¢Z)™ we are
using o, ; "17!(m) denote the (essentially) normalized indicator function of the
subset of (¢Z)™ that contains m if and only if m - my = A\?tg,, for all 2 < k < n.
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Using the fact that |f;] < 1, together with Cauchy-Schwarz and Plancherel, one
can then easily see that

(6.8) wnmﬁmwwﬂmﬁsm*/’|ﬁ@Wmao%

5 cTn
with .
Hy (&)= D onavglma,...,mp, 1) oy " QR

ma,...;Mny

It then follows by Propositions 4.2 and 4.4 in [17], with § = ¢* and after rescaling
by ¢, that in addition to being non-negative and uniformly bounded in £ we in fact
have

(6.9) H) ,(&) =0(e) whenever ’q§ - chL(e)

>
= €4>\7

for all [ € Z™.

We note that the expression Hj 4(£) may be interpreted as the Fourier transform
of the indicator function of the set of integer points on a certain variety, and estimate
(€9)) indicates that this concentrates near rational points of small denominator. It is
this crucial fact from number theory which makes results like Theorem [B/] possible.

Since
n

> _ q —2mim-&
Xq,L(g) ~In Z e

me[—%,%)", qlm

it is easy to see that X,,r,(I/q) = 1 for all | € Z™ and that there exists some absolute
constant C' > 0 such that

(6.10) 0<1-Xq(€)* <CLIE~1/q|

for all £ € T™ and [ € Z™. Tt is then easy to see using our assumption that qq; (¢)|g
that

(6.11) 0 < Hyg(€)(1 = Xg,2(6)*) < Ce
for some constant C' > 0 uniformly in & € T" provided L < €°\. Substituting
inequality (67 into (6], we obtain

‘N)}Ao,q,Q(fla"wfnl)F
s@|(/MA@%A@@w@V%+/MMQWA@O—@w@%@)
< sl (@) +0()

provided L < €°\. This proves Lemma [G.1] for k& > 3, as it is clear that by re-
indexing the above estimate holds for any of the functions f; in place of f,,. For
ny = 2 an easy modification of arguments in [14], specifically the proof of Lemma
3 therein, establishes that

|N,\1A07q7Q(f1,f2)‘2 < HfiH?];,yL(Q) +0(e)

for i = 1,2 provided L < €®\. O

/

Proof of Lemma 62l Let q,L € N such that L|N, ¢|L. The “modulo ¢” grids
Q:(g, L) = t+Q(q, L) partition the cube @ with ¢ running through the set I'y 1 o =
{1, ..., ¢}" + T g, where 'y, o denote the centers of the “integer” grids ¢ + Q(L)
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in an initial partition of Q. Let ¢’, L’ be positive integers so that ¢|¢’, L'|L and
L' <e?L. lfsely g andt e Qs(¢, L) then |t —s| = O(L’) and hence

Eocqiq.0)9(%) = Eseq.q,0)9(x) + O(L'/L)
for any function g : Q — [—1,1]. Moreover, since the cube Q4(g, L) is partitioned
into the smaller cubes Q:(¢’, L), we have by Cauchy-Schwarz
|EZ€QS(¢1,L) g(l’)|2 S EtEFqQL/,QS(q,L) |Ez€Qt(q’,L’)g(x)|2'

From this it is easy to see that
||g||?];7L(Q) = Et€Q|EZ€Qt(q,L)g(l‘)‘2 < ]Etel“q/,L,,Q |]Ez€Qt(q/,L’)g($)|2 +O(L'/L)

and we note that the right side of the above expression is ||IE(g|gq/7L/7Q)H%2(Q)
since the conditional expectation function E(g|Gy 1/ o) is constant and equal to

Ercq,(q,2)9(x) on the cubes Q(q', L').
Now suppose ([6.7]) does not hold for some j > 1, that is

. 2
If = B0,

Since Lj4o < €2Lj+1, L;ji2|L;, and gj4+1/gj+2 we can apply the above observations
to g := f —E(f|Gg,.L,,@) and obtain, by orthogonality, that

(612) ||E(f|gq]‘+2,Lj+2,Q)”%Q(Q) > ||E(f|gq]‘7lijQ)||%2(Q) + 082

for some constant ¢ > 0. Since the above expressions are clearly bounded by 1,
the above procedure must stop in O(e~?) steps at which (6.7) must hold for some
1 <j < Ji(e) with Ji(e) = O(e72). O

> g2,
j+1(Q) =

6.2. The base case of our general inductive strategy. Let Q = Q1 X ... X Qq
with @Q; C Z?"*3 be cubes of equal side length [(Q) and A? C Z?"*3 be a non-
degenerate simplex of n; points for 1 <17 < d.

We note that for any qo € N and scale Lo dividing I(Q) if t = (t1, ..., tq) €
Tg.10,Q, then the corresponding grids @+ (qgo, Lo) in the partition of @ take the form
Q¢(q0, Lo) = Q¢, (qo, Lo) X - -+ X Q¢,(qo, Lo).

As in the continuous setting we will ultimately need a parametric version of
Proposition [6.1] namely Proposition

Proposition 6.2 (Parametric counting lemma on Z" for simplices). Let 0 < e <1
and R > 1.

There exists an integer J; = Ji(e,R) = O(Re~*) such that for any (e,qz,)-
admissible sequence of scales Ly > Ly > -+- > Ly, with Ly dividing 1(Q) and
q; = qoqi(g)? for 0 < j < .Jy with qo € N, and collection of functions

for s Qu(go, Lo) = [=1,1] with 1<i<d, 1<k<n;, 1<r<R andt € Ty, 1,0
there exists 1 < j < Jy and a set T, C Ty 1.0 of size |T:| < e|Tyy 1.0l such that
1 s s — 1 2 L
(6-13) Nya0.4,.0u,tanLo) 1t fule) = Mg, @0 a0, 20) (Lo - i) +O(6)

for all X € qj\/N with Lit1 < A < Lj and t ¢ T, uniformly in 1 < i < d and
1<r<R.

This proposition follows, as the analogous result did in the continuous setting,
from Lemma [6.1] and the following parametric version of Lemma
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Lemma 6.3 (A simultaneous Koopman-von Neumann type decomposition). Let

0<ex1l,m>1, and Q C Z™ be a cube. There exists an integer J; = O(m5_3)

such that for any (e, q5,)-admissible sequence Lo > Ly > --- > L with Lo dividing

U(Q) and qj == qoqi(g)? for 0 < j < .J; with qo € N, and collection of functions
fl,t> s fm,t : Qt(qO7 LO) — [_17 1]

defined for each t € Ty 1.o.0, there is some 1 < j < Jy and a set T- C Ty, 1.0 of
size |Te| < €|Tyy.10,0| such that

(6.14) Il fit = E(fitlGq,.2,.Q4(q0,L0) I

foralll<i<m andt ¢T..

by (Qilao.Lo) S €

Lemma is of course the discrete analogue of Lemma Since the proofs of
Proposition and Lemma [6.3] are almost identical to the arguments presented in
Section we choose to omit these details.

7. PrRooF OoF THEOREM [[.4t THE GENERAL CASE

After the preparations in Section [6] we can proceed very similarly as in Section
to prove our main result in the discrete case, namely Theorem [[L4. The main
difference will be that given 0 < ¢ < 1 and 1 < k < d, we construct a positive
integer gx () and assume that all our sequences of scales will be (g, g (¢))-admissible.
The cubes Q;(L) will be naturally now be replaced by the grids Q;(g, L) of the form
that already appear in Section [l where we always assume q|L.

Let A? =AY x ... x AY with each A} C Z2"*3 a non-degenerate simplex of n;
points for 1 <i<dand Q = Q1 X ... x Qq C Z" with Q; C Z*™13 cubes of equal
side length 1(Q) (taken much larger than the diameter of AO). We will use the
same parameterizations in terms of hypergraph bundles Hj 4 and corresponding
notations as in Section [l to count the configurations A = A; x ... x Ay C Q with
each A; C Q; an isometric copy of AA? for some \ € vN.

Given any positive integer ¢ and A € ¢v/'N we will make use of the notation
(7.1)

Zf )oha(@) =Buieqr D (@) 0an0g(@ia = @ity -, Tin, — xi1) dwig

L2505 Ting

with TAAO,q @S defined in the previous section and z; = (z;1, ..., Tin,) € Q7.

Note that if S C @ then the density of conﬁguratlons A in S, of the form
A =A; x...x Ay with each A; C @; an isometric copy of AAY for some )\ € qvN
is given by the expression

(72) N)\AO \d, Q(ls , € S Hd d Z Z H 1S 0')\ q(xl) Ug,q(gd)'
Zy e€Hy,

More generally, for any given 1 < k < d and a family of functions fe : Qr() —
[—1,1] with e € "H%  we define the multi-linear expression

(7.3) ./\/}\Ao 4, Q(fea ec Hd k Z Z H fe(z.) U/\ q(xl) 'Uf\l,q(zd)
Zy e€Hy,

as well as

(7.4) MS o(feie € Hiy) i=Freq MY\ o) (feie € Hyy),
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where Q(Qa L) = Ql(qa L) XX Qd(Q7 L) with each Ql(% L) = (qu [_%a %])2ni+3
and

(7.5) ME(feie € Hiy) =B, cam - B, cgra [ felze)

n
eE’H;’k

foranycube@@@oftheform@:@l X -~-><@d With@i CQ; forl1<i<d.
We note that it is easy to show, as in the continuous, that if S C @ with
|S| > 0|Q| for some ¢ > 0 then

(7.6) MS ,o(lsie € Hyy) = 6™ " = O(e)

for all scales A € ¢vN with 0 < A < €1(Q). In light of this observation and the
discussion preceding Proposition [6.1] the proof of Theorem [[4] reduces, as it did in
the continuous setting, to the following

Proposition 7.1. Let0 < € < 1. There exist positive integers Jq4 = Jy(e) and qq(e)
such that for any (e, qq(e)’*)-admissible sequence of scales 1(Q) > Ly > --- > Ly,
and S C Q there is some 1 < j < Jg such that

(7.7) Ninog0(lsi e € Hiy) = MR, o(lsie € Hy ) + O(e),
for all A € ¢;vN with L1y <X < Lj with q; := qa(e)?.

Quantitative Remark. A careful analysis of our proof reveals that there exist
choices of Jy(g) and qq(e) which are less than W,(log(Cac™3)) and Wy(Cae™13)
respectively where Wy (m) is again the tower-exponential function defined by Wy (m)
= exp(m) and Wi1(m) = exp(Wy(m)) for k > 1.

The proof of Proposition [l follows along the same lines as the analogous result
in the continuous setting. As before we will compare the averages N /{le, “ Q( fee€
'H%k) to those of M§7q7Q(fe;e € Hﬁk% at certain scales ¢ and A € ¢vN with
with Lj11 < A < Ly, inductively for 1 < k < d. As the arguments closely follow
those given in Section [l we will be brief and emphasize mainly just the additional
features.

7.1. Reduction of Proposition [7.I] to a more general “local” counting
lemma. For any given 1 < k < d and a family of functions fe : Q) — [~1,1]
with e € Hﬁk it is easy to see that for any ¢ > 0, scale Ly > 0 dividing the
side-length 1(Q), and ¢o|q we have

(7.8) N)(\iAO,q,Q(fe; e €Hyp) =Eiery 10 N)(\iAO,q,QL(qO,LO)(fe,L; e€Hyy) +O0(e)

and

(7.9) Mgi\,q,Q(fe; e € Hyp) = Eier, o Mgi\,q,QL(qo,LO)(fe,ﬁ; e € Hyy) +0(e)

provided 0 < A < €Ly where f.; denotes the restriction of a function f. to the
cube Q¢(qo, Lo)-

Thus the proof of Proposition [[Ilreduces to showing that the expressions in (7.8])
and (Z9) only differ by O(e) for all scales A\ € ¢v/N with Lj;; < A < Lj, given
an (e, ¢)-admissible sequence Lo > Ly > --- > Ly, for any collection of bounded
functions fe4, e € 7—[37 w t € U'go.10,0- Indeed, our crucial result will be the following
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Proposition 7.2 (Local counting lemma in Z"). Let 0 < e < 1 and qo, M € N.

There exist positive integers J, = Ji(e, M) and qi(g) such that for any (g,q,)-
admissible sequence of scales Lo > Ly > --- > Ly, with Ly dividing 1(Q) and
q; == qo qr(g)? for j > 1, and collection of functions

[y Qtﬂ(@(qO,Lo) = [—1,1] with e€ 'Hﬁk, 1<m<Mandt€ly 1,0
there exists 1 < j < J and a set T, C Ty 1.0 of size |T.| <¢€|lg, 14,0| such that
(7.10) NgﬁovqijL(QOﬁLo)(fevi; ec H%k) = Ml}i\ﬂijg(QmLo)(fevi; ec H;_L,k) +0(e)

for all X € qj\/N with Ljyw < A < Lj and t ¢ T, uniformly in e € ’Hﬁk and
1<m< M.

Note that if k = d, Lo = (@), go = M =1, then |T'y, 1,.0| = 1, and moreover
if fey = 1g for all e € Hj, for a set S C @, then Proposition reduces to
precisely Proposition [Z.1} In fact, Proposition is a parametric, multi-linear and
simultaneous extension of Proposition [[.I] which we need in the induction step, i.e.
when going from level k — 1 to level k.

7.2. Proof of Proposition We will prove Proposition by induction on
1<k <d.

For k = 1 this is basically Proposition [6.2] exactly as it was in the base case of
the proof of Proposition [5.3

For the induction step we will again need two main ingredients. The first es-
tablishes that the our multi-linear forms N’ f\lAD’ q,Q( fe;e € ’Hﬁ «) are controlled by a
box-type norm attached to scales ¢’ and L.

Let Q = Q1 X ... X Qg with Q; C Z?"*3 be cubes of equal side length (Q)
and 1 < k < d. For any scale 0 < L < {(Q) and function f : Q. — [—1,1] with
¢’ € My we define its local box norm at scales ¢’ and L by

k k
(7~11) Hf”QDq/,L(QC/) = E§6Qe/ Hf”QD(Qi(q’,L))a
where
k
(712) Hf”QD(Q) = Ezl1,z12€@1 T Emkl,rkzeék H f(xwl’ T ’Ikek)

(L1yee i) €{1,2}F

for any cube Q of the form Q = @y x --- x Q. We note that (Z4) and (Z5) are
special cases of (TII) and (TI2) with k =d, n = (2, ..., 2), and f. = f for all
ee 'Hﬁd.

Lemma 7.1 (A generalized von-Neumann inequality on Z"). Let 1 < k < d.

Let 0 < ¢ < 1, q,¢" € N with qq1(¢)|¢’, and X € ¢vN with X\ < 1(Q) and
1<« L K (52k)10/\. For any collection of functions fe : Qrey — [—1,1] with
ee 'Hﬁk we have both
(713)  Waogolfee € Hgl < min Ifello, , @n +0)

e Ak
and

(7'14) |M§,Q,Q(fe; € 6 H%,k})| S egig Hf@H‘:’q/)L/(Qﬂ.(C))'

d.k
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The proof of inequalities (I3 and (7.I4)) follow exactly as in the continuous
case, see Lemma[5.1] using Lemma [6.1]in place of Lemma B3Il We omit the details.

The crucial ingredient is again a parametric weak hypergraph regularity lemma,
i.e. Lemmalb.2ladapted to the discrete settings. The proof is essentially the same as
in the continuous case, with exception that the [z ,-norms are replaced by U, 1.,-
norms where ¢; = goq’ is a given sequence of positive integers and Lo > Ly > -+ >
L; is an (g, qy)-admissible sequence of scales. To state it we say that a o-algebra
B on a cube Q is of scale (q,L) if it is refinement of the grid G, 1 o, ie. if its
atoms partition each cube @Q;(g, L) of the grid. We will always assume that ¢|L and
L)I(Q). Recall also that we say the complexity of a o-algebra B is at most m, and
write complex(B) < m, if it is generated by m sets.

Lemma 7.2 (Parametric weak hypergraph regularity lemma for Z™). Let 0 < ek
1,1 <k <d, q,q Lo,M € N, and let q; := qo¢’ for 7 > 1. There exists J, =
O(MS*QHB) such that for any (52k,qjk)—admissible sequence Lo > Ly > ---> Lj,
with the property that Lo divides 1(Q) and collection of functions

foy Qiﬂe) (g0, Lo) — [-1,1] with e€ ’Hﬁk, 1<m <M, andt €Ly 10,0

there is some 1 < j < Ji and o-algebras Be: 4 of scale (gj, Lj) on Qt,,(qo0, Lo) for
each t € Ty 1,0 and € € Hqy such that

(7.15) 17~ G Brt )0, v,

uniformly for all't ¢ T., e € Hyp, and 1 < m < M, where T. C Ty, 1,0 with
72| < €llgo,10.0-

Moreover, the o-algebras Be: ¢ have the additional local structure that the exist o-
algebras Ber yr s on Qﬁf, (gj, Lj) with complex(Be v s) = O(j) for each s € Uq, 1.0,
e € Har, and §' € 0e’ such that if s € Q¢(qo, Lo), then

(7.16) Bery Qe (a5,L5) — \/ Berfrs:
freoer

) (La) S €

The proof of Lemma follows exactly as the corresponding proof of Lemma
in the continuous setting, so we will omit the details. We will however provide
some details of how one deduces Proposition [.2] from Lemmas [Z.1] and The
arguments are again very similar to those in the continuous setting, however one
needs to make a careful choice of the integers g (¢), appearing in the statement of
the Proposition.

Proof of Proposition [[.2l Let 2 < k < d and assume that the lemma holds for k—1.

Let 0 < ¢ < 1 and &; := exp (—Cla_QkH) for some large constant C; =
Ci(n,k,d) > 1.

We then define qi(¢) := gr_1(e1) recalling that q;(g) := lem{l < ¢ < Ce~10}
and note that it is easy to see by induction that g (e)|qx(e’) for 0 < & < e and
qr—1(¢)|qr(g). We further define the function F(e) := Jy_1(e1, M) with M = ee;?
and recall that ¢; := qo qi(g)? for j > 1.

We now proceed exactly as in the proof of Proposition B.3lbut with {L;};>1 being
a (€1, ¢5)-admissible sequence of scales, with J > F(e) Ji(e, M). We again choose a
subsequence {L’;} C {L;} so that Lj = Lo and index(L/ ;) > index(L})+ F(e) +2,
but also now set ¢; = g;;, where j’ := index(L}). Lemma [2] then guarantees the
existence of g-algebras B ; of scale (¢}, L)) on Q¢ _, (qo, Lo) for each t € T'y, 1, and
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e’ € Ha,x, with the local structure described above, such that (Z.I3]) holds uniformly
forallt ¢ T/, e € Hgy, and 1 <m < M, forsome 1 < j < Ji(e, M) = O(Me=2""),
where T/ C Ty, 1,0 With |T7| < e|Tyy,L0,0]-

Arguing as in the proof of Proposition we can conclude from this that for
each 7' <1 < J' we have
(7.17)

d n d T n
NAAO,qz,Qi(q},L;)(f:,TQ? 667{3,/9) :Z %,mnN,\AO,ql,Qi(q;,L;) (g,:,éaf € 7{3719_1) +0(e)

r

and
(7.18)

d n d L n
M/\,ql,Qi(qg.,L’j)(f:,;; €€ HZ,I@) = Z%ﬁ,m M)\,ql,Qi(q;,L;) (g;g fe HZ/@—Q +0(e)
r

provided (€_2k)10L;-+1 < A with A € VN, where each |a, | < 1 and number of
index vectors r = (Te)GEH%,k is RP with D := |’H§k| and hence RP < M if Cy > 1.
By induction, we apply Proposition to the sequence of scales L = Lj >
Liyijy1>--->Ly = L;_H with e; > 0 and for ¢ := ¢} qk(e)l’j' = gy qkfl(sl)l’j'
where j' <1 < J’ with respect to the family of functions ggf P Qs, (¢;, L) — [=1,1].
This is possible as J' — j' > J._1(e1, RP) and our sequence of scales is (g1, qy)-
admissible. Thus there exists an index j' <1 < J’ such that for all A € g VN with
Lii1 <A< L; we have
(7.19)

d T, n _ d ro. n
N3a0.g0u(a; 1) Grsi T € Haeo1) = MK g, 0,010 9755 T € Hapy) + O(en)

uniformly in r for s ¢ S.,, where S;, C Lgr 11, is a set of size |Se, | < 51|Pq§7L37Q|.
The remainder of the proof follows as just as it did for Proposition O

8. APPENDIX: A SHORT DIRECT PROOF OF PART (1) OF THEOREM [B/]

We conclude by providing a short direct proof of Part (i) of Theorem [B] namely
the following

Theorem 8.1 (Magyar [I7]). Let 0 < § < 1 and A C Z?**3 be a non-degenerate
simplex of k points.

If S C Z?**3 has upper Banach density at least &, then there exists an integer
qo = qo(9) and Ag = Ao(S,A) such that S contains an isometric copy of qoAA for
all X € VN with X > .

For any ¢ > 0 we define
ge '=lem{l < ¢ < Csflo}

with C' > 0 a (sufficiently) large absolute constant. Following [14] we further define
S C Z™ to be e-uniformly distributed (modulo q.) if its relative upper Banach
density on any residue class modulo g. never exceeds (1 + £2) times its density on
7™, namely if

§*(S|s+ (¢:2)%) < (14 %) 6*(S)
for all s € {1, ..., ¢-}%. Tt turns out that this notion is closely related to the
U, (@)-norm introduced in Section Recall that for any cube @ C Z" and
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function f: Q — [—1, 1] we define

1/2
(8.1) 110z, = (15 17 * X0 OF)
teQ

with x4 1 denoting the normalized characteristic function of the cubes Q(g,L) :=
[—%, L"N(¢Z)™. Note that the U, 1(Q)-norm measures the mean square oscillation
of a function with respect to cubic grids of size L and gap q.

The following observation from [14] (specifically Lemmas 1 and 2) is key to our

short proof of Theorem

Lemma 8.1. Let e > 0. If S CZ" be e-uniformly distributed with § := 6*(S) > 0,
then there exists an integer L = L(S,e) > 0 and cubes Q of arbitrarily large side
length 1(Q) with 1(Q) > =L such that

s = dlgllvz @ = O():

Let A = {v; = 0, vg, ..., v} be a fixed non-degenerate simplex of k points
in Z™ with n = 2k 4+ 3 and define ¢;; := v; - v; for 2 <4,5 < k. We now define a
function which counts isometric copies of AA°.

Recall, see [I7], that a simplex A = {m; =0, ..., m;} C Z" is isometric to
MY if and only if m; - mj; = At for all 2 < 4,5 < k. For any A € VN we
define Sypo(ma, ..., mg) : Z"*=1 — {0,1} be the function whose value is 1 if

m; - mj = Aztij for all 2 < 4,5 < k and is equal to 0 otherwise. It is a well-known
fact in number theory, see [I1] or [I7], that for n > 2k 4+ 1 we have that

Z S)\AO (m27 s 7mk?) = p(AO) )\(n_k)(k_l)(l + O(A_T))
ma,...,Mg

for some absolute constant 7 > 0 and constant p(A%) > 0, the so-called singular
series, which can be interpreted as the product of the densities of the solutions of
the above system of equations among the p-adics and among the reals. Thus if we
define

oxn0 = p(A%)TIAT (RN G, o
then o0 is normalized in so much that
Z U)\Ao(mg,...,mk)zl-i-O()\_T)
ma,...,M

for some absolute constant 7 > 0.
Let Q C Z" be a fixed cube and let {(Q)) denotes its side length. For any family
of functions

fiooo [k @ = [-1,1]
and 0 < A < I(Q) we define
(8.2)
Nino gty 1) =Bmieq D filma) ... fr(mi)orao(ma—ma, ..., mx—my).

It is clear that if f; = --- = fr = 1g restricted to @, then the above expression
is a normalized count of the isometric copies of AA? in S N Q. Thus, Theorem B.1]
will follow from Lemma [8] and the following special case (with ¢ = 1) of Lemma
0. 1]
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Lemma 8.2 (A generalized von Neumann inequality). Let 0 < ¢ < 1.
If A € VN with A < 1(Q) and 1 < L < €'9X then for any collection of functions
fis ooy fr 0 Q@ = [—1,1] we have

1 .
(53) NsoUfiss )l € min 155l , @)+ O(E):

This compares with the purely number theoretic fact that the number of simplices
A={v; =0,vy,..., v} C Z" isometric to NA® is asymptotic to p(A%) A=k (E=1),
Thus, under the same conditions as in Lemma B2 we have

(8.4) Niroo(lg, -, 1) =1+ 0N T) + O(e)
provided one also has A < €l(Q).

Proof of Theorem Bl Let 0 < ¢ < 6¥ and S C Z" be a set of upper Banach
density 4.

We assume first that S is e-uniformly distributed. Select a scale L = L(g, S)
and a sufficiently large cube @ so that the conclusion of Lemma holds. For a
given A\ € VN with A < €l(Q) and L < ')\ write 15 = d1g + g and substitute

this decomposition into the multi-linear expression N, Al A07Q(13, ..., 1g). Then by
Lemma B2 and B3))-(§4), we have that
(8.5) Ninoo(s, ..., 1s) > 6¥ = O(e)

and we can conclude that S must contain an isometric copy of AA°.

If S is not e-uniformly distributed, then its upper Banach density is increased
to at least d; := (1 + £2)d when restricted to a residue class s + (¢.Z)". Identify
5+ (geZ)"™ with Z™ and simultaneously the set S|, (4.z» with a set S C Z", via
the map y — ¢-'(y — s). Note that if S; is e-uniformly distributed then it contains
an isometric copy of AA° for all sufficiently large A € v/N and hence S contains an
isometric copy of g-A\A”.

Repeating the above procedure one arrives to a set S; = ¢-7(S — s;) C Z™ for
some s; € Z" in j = O(log ') steps which contains an isometric copy of AA° for
all sufficiently large A € v/N. |
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