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Abstract. In this paper, we introduce a perturbed first order non-convex sweeping process for a
class of subsmooth moving sets depending on the time and the state. In the first result we study
the existence of solution and the compactness of the attainable set, the perturbation considered
here is an upper semi-continuous set-valued mapping with nonempty closed convex values un-
necessarily bounded. In the second result, we prove the existence of solution for the autonomous
problem under assumptions that do not require the convexity of the values of the perturbation
and that weaken the assumption on the upper semi-continuity. Then, we deduce a solution of the
time optimality problem and we describe the attainable set.
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1. INTRODUCTION

The perturbed state-dependent sweeping process is an evolution differential inclu-
sion governed by the normal cone to a mobile set depending on both time and state
variables, of the following form:

—1i(t) € Nequ@)) (u(t)) +G(t,u(t)), ae t €[T,T]

u(t) € Clt,u(t)), ¥t € [To,T], u(To) = uo, (D

where Nc( (1)) (u(t)) is the normal cone to C(¢,u(t)) at u(z) and G is a set-valued
mapping playing the role of a perturbation to the problem, that is an external force
applied on the system. This type of problems was initiated by J. J. Moreau (see [18])
for time-dependent sets C(7) and G = {0}. After, many generalizations have been
obtained, see for example [1, 2, 5, 7-10, 19] and the references therein. When the
moving set C depends also on the state, one obtain a generalization of the classical
sweeping process known as the state-dependent sweeping process. This problem has
been studied in [12, 13, 16] when C(¢,u(t)) are convex or non-convex sets.

In the study of existence of solutions for differential inclusions, the use of con-
vexity assumptions on the perturbation is widely known, it is the property required
in order to pass to a weak limit along a sequence, be it a minimizing sequence or
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a sequence of successive approximations, preserving the properties that are needed.
Because of its generality, this approach need not always provide the best results, since
it does not take into account possible additional information for example the presence
of symmetries in the problem. In [1 1], a generalization of convexity has been defined,
that is the almost convexity of sets, the authors have shown the existence of solution
to the upper semi-continuous differential inclusions u(¢) € G(u(t)), u(0) = ug. This
almost convexity condition has been used successfully by [2—4] to study the perturbed
first order Moreau’s sweeping process, the right-hand side contains a set-valued per-
turbation with almost convex values.

In this work, we extend the results in [2] in many direction. In the setting of a
finite dimensional space, we provide the existence of solution and the compactness
of the attainable sets for the problem (1.1), when the moving sets C(t,u) are equi-
uniform-subsmooth and the perturbation G is a set-valued mapping with nonempty
closed convex values, upper semi-continuous and such that its element of minimum
norm satisfies a linear growth condition.

On the other hand, under the almost convexity of the values of the perturbation and
weakening the assumption of the upper semi-continuity, we provide the existence of
solution for the autonomous problem:

—u(t) eNc(u(t))(u(t))JrG(u(t)), ae t€[T,T)| (12)
u(t) € C(u(t)), vt € [Ty, T), u(Ty) = up € C(up). )

And, we deduce the existence of solutions to the time optimal control problem
11(t) € =Neu(r) (u(t)) +h(u(r),2(1)), for z(r) € Z(1), (1.3)

where the set G(u(t)) = h(u(t),Z(u(t))) is compact and almost convex, then we use
the minimal time function to describe the attainable set of this problem.

The paper is organized as follows. In Section 2, we introduce notation and prelim-
inaries needed throughout the paper. Section 3 is devoted to the study of (1.1) when
the perturbation is convex. In Section 4, we prove the existence of solutions of (1.2)
under the almost convexity and the upper semi-continuity of co(G). Then, we present
an application to an optimal time problem.

2. PRELIMINARIES

Let R” be a n-dimensional Euclidean space and I = [T, Tp|, T > Tp > 0 be an
interval. We denote by B the unit closed ball of R”, B(x,r) the open ball of center
x € R" and radius r > 0, Cr«(I) the Banach space of all continuous mapping from
I and LIlR{,l (I) the space of all Lebesgue integrable R"-valued mappings defined on /.
We say that the mapping u : I — R" is absolutely continuous if there is f € Lﬁv (I
such that u(r) = u(To) + [7, f(s) ds, forall z € 1.

Let S be a nonempty closed subset of R”, Is is the characteristic function of the set
S, that is, Is(x) = 1 if x € § and Is(x) = 0 otherwise. We denote by ds(-) or d(-,S) the
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usual distance function associated with S, i.e., dg(x) = ing |ly — x|| and by Projs(x)
ye

the projection of x on S defined by Projs(x) = {y € S: ds(x) = ||y — x|| }. The convex
hull of S is denoted by co(S) and the closed convex hull by ¢o(S) is characterized by

o(S) = {x e R",vX e R", (¥, x) < & (X,S)},

where 8*(x',S) = sup(x’,y) is the support function of S at x' € R". Let7 € I, we
yeS
denoted by

Accy,(f) = {z € R" : z=u() such that u(-) € Sy(uo)},

the attainable set of (1.1) at the time 7, where S;(up) is the set of the trajectories of
(1.1) on the interval [7p,7] and by ¥ : Acc,, — I the minimal time mapping defined
by

F(z) =inf{r €1:z€ Accy, ()}
For a locally Lipschitzian function ¢ : R” — RU{eo}, the Clarke subdifferential d¢(x)
of @ at x is defined by (see [15])

00(x) = {E € R": ¢°(x,v) > (v,&), forallveR"},

t —
where @°(x,v) = limsup(p(y+ V)= 90)
. t
110

is the generalized directional derivative of

¢ at x in the direction v. The Clarke normal cone Ng(x) at x € S is defined from TSC
by polarity, that is,

Ns(x) = {E € R": (£,v) <0, forall v € T¢ (x)},
where T (x) is the Clarke tangent cone at x € S given by
TS (x) = {veR": dd(x,v) = 0},

where dg (x,V) is the generalized directional derivative of ds at x in the direction v.
A vector § € R" is said to be in the Fréchet subdifferential of ¢ at x (see [15, 17])
denoted by o7 @(x), provided that for every € > 0, there exists 8 > 0 such that

€y —x) <0(y) —@(x)+ely—x|, forallye B(x,3).

We always have the inclusion 9" @(x) C d@(x), for all x € S. The Fréchet normal cone
NE(x) at x € S is given by NI (x) = 9fyg(x), where s is the indicator function of
S, that is, Yg(x) = 0 if x € § and Yg(x) = 4o, otherwise. So we have the inclusion
NE(x) € Ns(x), for all x € S. On the other hand, the Fréchet normal cone is also
related ([17]) to the Fréchet subdifferential, since for all x € S

of dg(x) = NE (x) NB. (2.1)
Another important property is that, whenever y € Projs(x), one has

x—y€NE(y) then x—y&Ns(y). (2.2)
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Now, we introduce the definition of equi-uniform subsmoothness for a family of sets.
We begin with some basic definitions from subsmoothness while referring the reader
to [6].

Definition 1. Let S be a closed subset of R”. The set S is called subsmooth at
xo € S, if for every € > 0 there exists & > 0, such that for all x;,x, € B(x,d) NS and
& € Ng(x;)NB, i€ {1,2}, one has

(€1 =82, x1 —x2) > —¢|lx1 —x2. (2.3)

The set S is called subsmooth if it is subsmooth at every xg € S. We say that S is
uniformly-subsmooth if for every € > 0 there exists 8 > 0, such that (2.3) holds for
all x1,xp € S satisfying ||x; —x2|| < dand all §; € Ng(x;) NB, i€ {1,2}.

The following subdifferential regularity of the distance function also holds true for
subsmooth sets (see [0]).

Proposition 1. Let S be a closed set of R". If S is subsmooth at x € S, then
ods(x) = 9"dg(x) and Ns(x) = NE(x). (2.4)
Now we introduce the definition of equi-uniformly-subsmoothness.

Definition 2. Let (S(g))4c0 be a family of closed sets of R” with parameter g € Q.
This family is called equi-uniformly- subsmooth, if for every € > 0, there exists 6 > 0
such that, for each g € Q, the inequality (2.3) holds for all x;,x, € S(q) satisfying
|lx1 —x2|| < & and all & e Ns(q) (x;)NB, i€ {1,2}.

For the proof of the next proposition, we refer the reader to [16].

Proposition 2. Ler {S(t,x) : (t,x) € I X R"} be a family of closed and nonempty
sets of R", which is equi-uniformly-subsmooth and let a real 1 > 0. Assume that
there exist a real constant L > 0 and a continuous function v : I — R such that, for
any x,x',y,y' € R" and s,t € I

‘dS(Lx)(y) _dS(s,x’)(y/)| < Hy_y/H + ’V(t) —V(S)’ +LHX_XIH'
Then,
() for all (t,x,y) € GphS, we have nddy; \(y) C NB;
(ii) for any sequence (tn,xn)n in I x R" converging to (t,x), (yu)n converging to
y € S(t,x) with y, € S(tn,x,) and any & € R", we have
timsup 8° (&, 19,5, (1)) < 8" (&1 ())

Next we give the definition of the almost convex sets.

Definition 3 ([11]). For a vector space X, a set Q C X is called almost convex if
for every & € co(Q) there exist A; and A, 0 < A; < 1 <Ay, such that ;& € Q and

7»2& € Q0.
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Trivially, any convex set is almost convex, since Q = co(K). If K is a convex set
not containing the origin, Q = JK is almost convex, and if the convex set K contains
the origin, one takes Q = {0} UJK.

The following lemma is a direct consequence of discrete Gronwall’s inequality
proved in [14] (by using the inequality 1+ b < exp(bx)).

Lemma 1. Let A > 0 and let (a,) and (b,) be two nonnegative sequences such
that

n—1

a, <A+ Z bray, forall n € N.
k=0

n—1
a, < Aexp by |.
k=0

3. SWEEPING PROCESS WITH CONVEX PERTURBATION

Then,

In this section, we prove the existence of solution for (1.1), where the perturbation
is an upper semicontinuous set-valued mapping with nonempty closed convex values
unnecessarily bounded and without any compactness assumptions.

Theorem 1. Let C : I x R" = R” be a set-valued mapping with nonempty closed
values such that:
(Hy) forall (t,x) € I x R", the sets C(t,x) are equi-uniformly-subsmooth;
(Ha) there are two constants Ly > 0, Ly € [0, 1] such that, for all s,t € I, and any
X1,X2,Y € R"
ey (¥) = des ) (0)| < Lilt = 5|+ La[x1 —x2|.
Andlet G: I xR" =2 R" be a set-valued mapping with nonempty closed convex values,
upper semi-continuous such that:
(#5) for some real 0. >0, d(0,G(t,x)) < a1+ |x]|), V(z,x) € I x R".
Then, for every ugy € C(To, uo),
(1) (1.1) admits an absolutely continuous solution u : I — R".
(2) Forft € fixed the attainable set Acc,,(f) is compact on R".

Proof. (1) For each integer n > 1, we consider the following partition of I by
—T

 kef0,1, ,n—1}and I! = {1} = {T}.
n
For all (¢,x) € I x R", we denote by g(,x) the element of minimal norm of the closed
convex set G(t,x), i.e., g(t,x) = Proj( ) (0).
Step 1. We construct the sequence (x}}) as follows: set x{j = ug € C(1g,x), as C(¢],x{)
is closed, we can choose

T
I = [t,i’,t,i’ﬂ[, 1l =To+kep, ey =

x}il € PrOjc(t?7xg)(X8 + eng(tgaxg))7
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according to (2.2), we get x] € C(11,x¢), x¢ + eng (1§, x3) —x§ €N (”xn)( x), and
|g(t6,x8)|| < o(1+]lxg]l). By (#4) and the last inequalities, we obtain
¢ = ]| < 1t = (x5 + eng (a8 X8)) | + [Jens (15.35) |
= dy (g ) (a8 ) + lensE. )]

< ) 00) ) 08| 20008 30)]

ngen+zaen<1+Hx'a||>. 3.1)
By induction, we define x| satisfying

X1 € C(6 %) (3.2)

X+ eng (6, 3F) — iy € Nc(tfwa) (X 41)- (3.3)

Using (#4) and (44), we obtain
1 =2 < [|y — O+ eng (8,20 || + [ eng (17 270) |
\d o) 6 (g ) O8]+ 20 le )|
SLlen+Lz||xz—xz,1H +2ae,(1+ [X4])-
Then, for 0 < k <n-—1, we have
koo k ,
5y =2l < (L +200)eq Y LY +20ie, Y Ly /[,
j=0 =0

since L € [0, 1], we get

L+ 20 koo
s en+20e, Y L5 [11]. (3.4)

i r =2l <
1L, “

On the other hand, we have
[l = x| < llocg — x|l + gy — o[l + -+ [|x] — x5

<L1—|—20L 1+2(X

— 1-L

—+ ... +en(L1 —{—2(1) +2(X/€onnH

k—1

Li+20
< L en(k—1) 4 2ae,||xg| ZLJ + 20, ||xT]| ZL%
j=0 j=0

en+20e, ZLk j” n||+

en + 20, ZL J||x"||
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k—1 k=1
+20e, 5] Y L5 + -+ 20 6y || Y L
rd E

J

Li+20  2aT *!
<T "I
=T9—p +1_L2j§OHXJH

So,

Li+2a
[l < [lxoll + T

1

=0

20T %!

1-L,
By Lemma 1, for all k € {0,1,---

+ Y Il
1—Ly =2

,n— 1}, we can write

Li+2a 20T
bl < (W8l + 75 =7 ) exe (=1 ) =B (3.5)
Step 2. Construction of sequence (”’l('))nZO'
For every n > 1 and for any ¢ € I} with k € {0,1,--- ,n— 1}, we define
., —t t—1"
unt) = L
n €n
Thus, u,(tf) = x and on Jt, 1, | |
X X
li (1) = LTk (3.6)
€n
By (3.2) and (3.3) we obtain
un(tis1) € Ctgy,un(ty)) (3.7
) € Ny o) @) F el ae €, G8)
and by (3.4) and (3.5) we get
[ =l Li+20 5o
< 20y L5 UB < (L 20+ 200 ) 3.9
e, - 1—L2+ jg(’)z B_l—Lz 1t + B ( )
The relations (3.6) and (3.9) give
1
i) < 7= (L1+20c+20c[3> —. (3.10)
—L
For eacht € I and n > 1, let define the function
oo e
On(t) = { o i =T
i rery
On (1) = { T if (=T,
and we have
lim [8,(r)—t| = lim |8,(t)—t| =0. (3.11)

n——+oo n—y—+oo



20 DORIA AFFANE AND LOUBNA BOULKEMH

Furthermore, the definitions of §,(-) and 6,(-) combined with (3.5), (3.7) and (3.8)
yield
Un (0,(1)) € C(6,(t),un(8n(r))), forall r€l, (3.12)

(521 (un(84(2))) +8(8,(),un(8,(¢))) ae.t€l,  (3.13)
|| (8 (t),un(8n(1)))|| < (1 +B)=m forall ¢ € 1. (3.14)

Step 3. Convergence of the sequences.
From (3.5) it follows that (u,(6,(¢)) is relatively compact and by (3.10) we have

0,(t)
260 (84 (1)) — 10n (1) g[ i (5)] ds <y (8a(1) 1),

lin(t) € N(

then
lim ||un(0,(1)) — un(2)|| = 0. (3.15)

n—r—+oo
So, (un(t))n>1 is relatively compact for all ¢ € I, on the other hand (u,(+)),>1 is equi-
continuous according to (3.10). Using Ascoli-Arzela’s theorem (”")n>1 is relatively
compact in Cgs(I), so we can extract a subsequence of (u,),> (that we do not rela-
bel) which converges uniformly to some mapping u € Cgr«(I) and (i,),>1 converges
weakly in LL, (1) to mapping z € LL.(I) with ||z(¢)|| <y ae.t € I. Fixing t € I and
taking any & € R", the above weak convergence in L, (1) yields

T T
tim [ {11(5) & (o)) ds = | {19 B 2(9) ds

n—+too I

hm uo—l—/ ln(s) ds) = uo+/

t t
Then, lim [ u4y,(s)ds = / z(s) ds, since u,(-) is an absolutely continuous map-
n—+teo I, T

ping, we get

or equivalently

! t
Jim (un(r) —ug) = Jim . ity (s) ds = /To z(s) ds,

so u(-) is an absolutely continuous mapping, and z = .

Let put (g(8,(-),un(84(-))) , = (hn(-)) ,» 50 (hn)n>1 is a measurable because G(-, -)
is upper semi-continuous and || 2, (¢)|| <M, then (h,(-)) € Ly, (), taking a subsequence
if necessary we conclude that (h,(-)) ., weakly converges to a mapping h € L, (I)
with [|A(2)]| <N a.e.

Step 4. We prove in this step that u is a solution of (1.1).
Fix any ¢ € I, by (#4) and (3.12), we have

d(un(t),C(t,u(t))) < |[un(0n(t)) — wn(t)[| +d(un(0n(2)),C (2, u(t )))
< [[un (8 (1)) — un ()] + [|d (un (8 (1)), C(r,u(2))) — d (1 (6 (2)), C(Bn (1), (8, (2)))) |

n>1
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< (80 (1)) = un ()[4 L1 (8 (£) — ) + Lo|un (8 (2)) — u(2) -
Using (3.11) and (3.15) and by passing to the limit in the last inequality, we get
u(t) € C(t,u(t)) for all r € I thanks to the closedness of C(z,u(t)). We have

| = tn(t) + ha(0)]| < (Y+M) =M ae. 1 €1,
that is, —it,, () + h,(t) € MB, then

—ii(t) +ha(t) € Nc(en(t),un(éin(t))) (

we get by relation (2.1) and Proposition 1
— Uy (1) + hy (1) € Madc(en(wn(sn(t))) (un(84(1))) ae. t €l (3.16)

un(8,(1))) NMB,

Note that ( — i, + hy,hy) weakly converges in Li,, g (I) to (— i+ h,h) according
to Mazur’s lemma, there exists a sequence (&n, Cn) which strongly converges in
Ly gn(I) to (—it+h,h) such that

€, € co{—ig+hy, q>n} and G, €cofhy, q>n}. (3.17)

Extracting a subsequence if necessary, we may assume that (&,(-),C, ("))

n>1

n>1 con-

verges almost every to ( —ii(+) +h(-),h(-)). Then, there is, a Lebesgue negligible set
N C I such that for every r € I\N

€ N{& (), a=n}C (eo{—iy(t)+hy(t), g=n}, (3.18)
n>0 n>0

and

e N {%(1), ¢>n} c (eo{hy(t), g >n}. (3.19)

n>0 n>0
Fix any ¢ € I\N and u € R". Then, relations (3.16) and (3.18) give

(it i(r) + h(r)) < limsupd (MO, o (,(04(0))))-

n—+-oo0
By using Proposition 2, we obtain
(p, —ii(1) + (1)) < 8" (11, MOy (u(0)) ).

Since M adc () (u(r)) is closed and convex, we conclude that

—u(t)+h(t) € Madc(,_’u(t)) (M(t)) CN (

C|tu(r)

)(u(t)) ae.t € I\N. (3.20)
Further, by relation (3.19) we have

(s () < limsupd* (i, G(8u(r),ua (34 (1)) ).
n—r—+oo

Since G is upper semi-continuous with closed values, we obtain A(t) € G(r,u(r)).
Consequently, 1(t) € —N( () (u(t)) +G(r,u(t)) ae. t €.
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(2) To prove that the attainable set Acc,, (7) is compact it suffices to show that Sz(uo)
is compact for 7 € I. By the part (1), we get S;(uo) # @. Let (u,), C Si(uo), then, for
each n € N, u, is an absolutely continuous solution of (1.1) with

in(2)|| < v ace. 1 € [Ty, ). (321
and

ia)]] < [0 +/T in ()] s < [Juo] +¥(t — To). (3.22)

Then, (u,(t)), is relatively compact in R”, in addition, it is equi-continuous according
to (3.21). By Arzela-Ascoli theorem (uy,), is relatively compact in Cr-([Tp,]), so, we
can extract a subsequence of (uy,), (that we do not relabel) which converges uniformly
to some mapping u on [Ty, ] and (i, ), converges in L, ([To,7]) to u(-) with [[u(1)|| <
v ae. t € [To,7] and u(t) = up + f}o u(s)ds. For the rest of the demonstration we can
follow the proof of part (1) to get

u(t) € _NC(t,u(t)) (u(t)) —I—G(t,u(t)) ae.t € [Tp,1].

4. SWEEPING PROCESS WITH ALMOST CONVEX PERTURBATION

In the following theorem we prove the existence of solution of (1.2), when the per-
turbation G takes almost convex values and with weaker assumption on upper semi-
continuity. In the previous results, one takes the perturbation upper semi-continuous,
an analysis of the proof, shows that we need only the upper semi-continuity of the
co(G).

Theorem 2. Let C: R" = R” be a set-valued mapping with nonempty closed val-
ues satisfying:

(A1) for all x € R" the sets C(x) are equi-uniformly-subsmooth;

(Ay) there is a constant Ly € [0, 1] such that, for all xy,x,,y € R"

40C0)) ~d(3.Clo) | < Lallr —.

And let G : R" = R" be a measurable set-valued mapping with compact and almost
convex values such that

(A3) the set-valued mapping co(G(+)) is upper semi-continuous on R";

(44) for some real >0, d(0,co(G(x))) <ol + ||x||) for all x € R".
Then, for every ugy € C(uo),

(1) (1.2) admits an absolutely continuous solution;
(2) fori € fixed, the attainable set of (1.2) at, Accy, (%), coincides with Accy ()
the attainable set at T of the convexified problem.
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Proof. (1) Step 1. We start by proving the existence of two integrable functions
A1(+) and Az (+) defined on 7, such that 0 < A;(¢) <1 <A,(z) and forz € I

M (Om(u()) € Gu(r)), Ma(t)m(u(t)) € G(u(r)), @

where m(u(t)) = Projeo(Gu()))(0)- Since for every t € I, G(u(t)) is almost convex,
there exists two nonempty sets Aj(7) and A, (¢) such that

Ar(t)={h €[0,1] : Mm(u(t)) € G(u(t))},

Ao(1) = { Ay € [1,400[ : Aom(u(t)) € G(u(t))}.
Consider Gph(A;) the graph of A; defined by
Gph(A1) ={(t,h1) €I x[0,1]: Mym(u(t)) € G(u(t))}
={(t,M) €1x[0,1]: d(Mm(u(r)),G(u(r))) = 0}
=o' ({o})n(1x[0,1]),

where @ : (t,A) — d(Mm(u(t)),G(u(t))) is measurable. Then Gph(A;) is measur-
able. So, there exists an integrable selection A;(-) of A;(-) satisfying 0 < A;(r) <1
and Ay (1)m(u(t)) € G(u(t)) for t € I. The existence of an integrable selection Ay (-)
of Ay (+), satisfying Ax(¢) > 1 and A (¢t)m(u(r)) € G(u(t)), can be proved using the
same reasoning as above with the fact that G(u(z)) is bounded.
Step 2. (a) Let [a,b] C I be an interval and assume that there exist two integrable
functions A; () and A,(-) define on [a,b], such that 0 < A;(t) < 1 < A;(1), for all
T € I. Using the same procedure as in the proof of Theorem 4.1. in [2], we con-
clude the existence of two measurable subsets of [a,b], having characteristic func-
tions Iy and I, such that I; (-) +I2(-) = 4 4)(-) and an absolutely continuous function
s : [a,b] — |a,b] with s(b) — s(a) = b — a, such that

§ ! I ! I

s(t) = e () + () 2(1).
(b) Using Theorem 1, there exists an absolutely continuous solution x : / — R" of the
convexified problem

{ u(t) € _NC(u(t))(u(t)) —I-CO(G(M(Z‘))), ae. tel;
u(t) € C(ult)), Vi € I; u(Ty) = uo € Clug).

Consider the set Q = {t € 7:0 € co(G(x(t)))}. Since co(G(+)) is an upper semi-
continuous set-valued mapping with compact values and x(+) is continuous, we obtain
the closedness of Q.

If Q is empty, in this case A;(t) > 0 on I, so, we can apply part (a) to interval
1. Set 5(1) = Ty + [7, S(0)dw, s is increasing and we have (s(T),s(T)) = (To,T),
so s defined from [ into itself. Let y: I — I be its inverse, then (y(7p),y(T)) =
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d ) .
(To,T), - s(v(v)) = $(¥()) 7(t) = 1, and

=M (v(®) 11 ((%) + 22 (v(1)) T2 (Y(9))-

Consider % : I — R" the mapping defined by %(t) = x(Y(t)), then we get

2250 =£(v(©) (M (v(0)) L (¥(0)) + 22 (¥(0)) T2 (U(1))),

using the properties of the normal cone and (4.1), we obtain

if(f) € (=Neiyay) (K(¥())) +m(x(¥(7))) (M (V1) I (V7)) + A2 (V(1)) 2 (1(7)))

dt
€ —Nc(a(y(xy) (x(¥(7))) + G(x(¥(t))) = —Ne(i(r)) (K(7)) + G(X(T)).

If Q is nonempty, let [ = sup{t, T € Q} € Q. The complement of Q is open relatively
to 1, it consists of at most countably many overlapping open intervals |a;, b;[, with
the possible exception of the form [a;;, b; [ with a;, = Tp and one of the form |a; ” b; f]
with a;, = [. For each i, we can apply the part (a) to the |a;,b;], so, there exist two
measurable subsets of Ja;, b;[ with characteristic functions I (-) and I5(-) such that
I (+) +I5(-) =g, ;). Setting $(t) = ﬁﬂ’i (t)+ ﬁ)ﬂg(r), we obtain [ §(w)do =
b; — a;. For all t € [Ty, 1], set

1 | 1 .
(1) = —— la(t —— () +——=D(t
S( ) }LzT Q( )+Z(>\‘1 T 1( )+7\«2(T) 2( ))7
where the sum is over all intervals of the complementary of Q contained in [Ty, ] in

addition to that A, (t) > 1 and/ ®)do = p <1—Ty. Setting s(z To+/

then s(+) is an invertible map from [Ty, !] to [Ty, p]. Let define y: [Tp, p] — [To,l]
be the inverse function of s(-). Extend y(-) as an absolutely continuous map ¥(-) on
[To, 1], setting ¥(t) = 0 for T € [p,I]. Let us show that the mapping ¥(t) = x(¥(1)) is
a solution of the problem (1.2) for all T € [Ty, /].

On [Tp, p], we have ?( ) = y( T), yis invertible and

() =X (v(7)) +Z (M1 (y (7)) + 22 (¥(7)) 5 (¥(1))),

as i)Z(’c) = x(Y(7))¥(t), we get

dt
d
(W €T ) (= Ney) (*(¥())) +m(x(¥(1))))
)

€ —Ne(xix (((T)) +G(x(¥(1))) = =Ny (£(1) + G(X(1))-

On |p, 1], we have Y(p ) =/ and ¥(t) = 0, then we get ¥(1) = ¥(p) = Y(p ) we obtam
%(t) = x((t)) = x(y(p)) = I, then ¥ is constant on ]p, 1], and we have L %(t) =
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co(G(%(t))). Using (4.1), we conclude that for T €]p, /]

%f(f) =0 € —Ne(a(e) (£(0) + G(3(T)).

On [, T], the set Q is empty, and A (T) > 0, then we can repeat the arguments of part
(a). We conclude, that ¥ is an absolutely continuous solution of the problem (1.2).
(2) For the proof of this part, we refer the reader to Theorem 3 in [2].
This completes the proof of the theorem. O

5. APPLICATION TO AN OPTIMAL TIME PROBLEM
Now consider the control system (1.3) under the almost convexity assumption.

Theorem 3. Let C : R" = R”" be a set-valued mapping with nonempty closed val-
ues satisfies the hypothesis (A4;) and () in Theorem 2, Z : R" = R" be a set-valued
mapping with compact valued upper semi-continuous on R" such that 0 € Z(x) for all
x € R". And let h : R" x R" — R" be a continuous mapping satisfying the following
assumption

(H") there is a nonnegative constant o, such that ||h(x,y)|| < o1+ ||x|)), for all
(x,y) € R" x R™;
(") for all x € R", h(x,0) = 0;
(.’]—[3h) Let G be a measurable set-valued mapping with compact and almost convex
values such that G(x) = {h(x,z) }.ez(x)-
Let ug,u; be given in R", and assume that fore somet € I, uj; € Accy,(t) the attainable
set of the problem (1.3). Then,

(1) the problem of reaching uy from ug in a minimum time admits a solution;
(2) forallt €l
Accyy(t) ={ueR": T(u) <t}.

Proof. (1) By the assumptions on & and Z, we conclude that co(G(-)) is an upper
semicontinuous set-valued mapping values and

d(0,c0(G(x))) <a(l+|x|), forall xeR".
According to Theorem 2 the problem (1.3) admits a solution.
Let 7 =inf{t € [Tp,t] : u1 € Accy,(t)}, so by the lower bound property, there exists
a decreasing sequence (7,) in [Ty, 7] converging to 7 and for each n, u,(-) is solution
of the problem

{ i(t) € =Neq) (u(t)) +G(u(t)) ae. 1 € [To,5);
u(t) € C(u(t)), Vre [To,h); u(Ty) =up € Clup),

such that u; = u,(f,). We define the sequence (y,(-)) by yu(s) = u,(s) for all s €
[To,f]. SO,
(yn(s)) C Accy,y(s) = Accl‘f; (s).
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By the compactness of Acc(?(s), we can extract a subsequence if necessary and con-
clude that (y,(s)) converges to u(s) € AccC(7) and y(7) = uy € Acc2(F) = Accy, (7).
Consequently, u is the solution of the problem (1.3) that reaches u; in the minimum
time, and 7 is the value of the minimum time.

(2) We have u; € Accy,(t), this means that there exists u(-) solution of the problem

(1.3) such that u; = u(t). We define the mapping

- u(s) for s € [Tp,1]
i(s) = { up for se [t,OT].

For s € [Ty,t], we can write
ii(s) € —N (ats) (i(s)) + G(i(s)) ae. 5.1
For s € [t,T], ii(s) = 0, by hypotheses (#4') and since 0 € N (z(y)) (ii(s)) we get
ii(s) = 0 € —=Nc(a(s)) ((s)) + Gi(s)) ae. (5.2)

By relation (5.1) and (5.2), we conclude that i(+) is a solution of (1.3) for all 7 € I.
On the other hand, for all t < s, ii(s) = u; € Accy,(s). Then

Accyy(t) C Accy,y(s). (5.3)

Now let z € {u € R" : T(u) <1}, according to relation (5.3), Accy, (T(u)) C Accy, (1),
then z € Accy, (t). Hence

{u e R" : T(u) <t} CAccy,(t). (5.4
In addition, using the definition of the attainable set we get
Accyy(t) C{ueR": T(u) <t}. (5.5)

By (5.4) and (5.5) we conclude that
Accyy(t) ={ueR": T(u) <t}.
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