
A "Véges rugalmas-képlékeny alakváltozás elméleti
és numerikus vizsgálata"

cím½u OTKA kutatási téma rövid szakmai
összefoglalója

Az OTKA téma keretében végzett kutatásokat az alábbi pontok foglalják össze.

� Amikropoláris testek alakváltozási és feszültségi állapotának számítására egy háromdi-
menziós végeselemes eljárást dolgoztunk ki, 20 csomópontos izopareméteres elemek
felhasználásával. Az elem csomópontjaiban 3 elmozdulás és három (az elmozdulás-
mez½ot½ol független) forgás koordináta van értelmezve. A végeselemes programban az
Eringen-féle mikropoláris test leíró egyenletei kerültek beépítésre. A lineárisan ru-
galmas modellt kiterjesztettük a kis rugalmas-képlékeny alakváltozási tartományba.
A mikropoláris testre vonatkozó rugalmas torzítási energia alapján módosítottuk a
Mises-féle képlékenységi feltételt. Az egyenérték½u feszültség számítására vonatkozó
összefüggés a feszültség tenzor mellett a feszültségpár tenzort is tartalmazza. Ezt
röviden az alábbi egyenletek foglalják össze (Gombos, Szabó [2,4,3-w]):
a módosított Mises-féle képlékenységi feltétel :
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Itt sS, sA;mdS és mdA a deviátoros feszültségi és feszültségpár tenzor szimmetrikus
és ferdén szimmetrikus része, N ; lt és lb mikropoláris anyagparaméterek, R (�) kemé-
nyedési függvény.

� A rugalmas-képlékeny konstitutív egyenlet integrálására rugalmas-ideálisan képlékeny
anyagmodell esetén analitikus megoldást állítottunk el½o. Keményed½o esetben a prog-
ramba a "Return mapping" eljárást építettük be. Mindkét eljáráshoz kidolgoztuk a
konzisztens érint½o mátrixot(Gombos,Szabó[2,4,2-w,3-w,5-w]).

� Kétdimenziós rugalmasságtani feldatok megoldására a meshless eljáráson alapuló
programot dolgoztunk ki. A programot kiterjesztettük a peridynamikus modell
számítására is( Ladányi [5,6,7]).

� Egy kristályok véges alakváltozásának számítására különböz½o algoritmusokat dolgoz-
tunk ki. A teljes konstitutív egyenletrendszerben a rugalmas alakváltozást leíró
modelleket külön vizsgáltuk különböz½o hiper és hipoelasztikus anyagmodellek alapján.
Egy és két csúszási rendszert tartalmazó nyírási feladaton összehasonlító számítá-
sok történtek. Az eredmények alapján jól körülhatárolható az az alakváltozási tar-
tomány, ahol már jelent½oséggel bírnak a rugalmas modellek.(Kossa,Szabó[1,3])
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� A klasszikus Prandtl-Reuss elmélet konstitutív egyenletének integrálására analitikus
eljárást dolgoztunk ki lineárisan izotrop keményedési modell esetén. A megoldás az
"incomplete Beta" függvények alkalmazásán alapul(Szabó[1-w]).

� Az izotrop modellre kidolgozott eljárást továbbfejlesztettük a kombinált izotrop-
kinematikai modellre. Mivel számos végeselemes program az egytengely½u feszültség-
képlékeny alakváltozás görbét lineáris szegmensekb½ol építi fel, ezért a javasolt egzakt
integrálási eljárás a gyakorlati alkalmazás szemponjából nagy jelent½oséggel bír (Kossa,
Szabó [4-w,6-w]).
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Summary. The goal of this paper is to present a constitutive relations in single crytal plasticity using 
logarithmic stress-rate. This equation is composed of fourth-order elastic-plastic tangent tensor, and the rate of 
deformation tensor and objective corotational rate of Kirchhoff stress tensor. In addition elastic-plastic relations 
are derived for other objective corotational stress-rates. A comparative numerical study of derived models is 
presented by using symbolic mathematical software MAPLE, and finite element program ABAQUS. 

1 INTRODUCTION 

In crystal plasticity at finite strain the constitutive equation usually is expressed in terms of the relation between 
a corotational stress rate and the rate of deformation. In most cases the elastic part of the constitutive equation is 
a spatial hypoelastic rate equation. In past years, studies demonstrated that in all spatial hypoelastic rate 
equations only the one based on the logarithmic stress rate is consistent with elasticity [3]. This favorable 
property can be use in elastic constitutive relation of single crystal plasticity. This paper presents a general 
elastic-plastic consitutive equation for various corotational stress rates, including logarithmic stress rate. Finally 
numerical comparisons are presented, using ABAQUS UMAT subroutine and MAPLE symbolic mathematical 
software. 

2 CONSTITUTIVE RELATIONS IN SINGLE CRYSTAL ELASTOPLASTICITY 

In crystal plasticity the total deformation gradient F , can be divided into a non-plastic deformation gradient , 
and a plastic deformation gradient 

*F
pF , as follows: * p=F F F . The velocity gradient  in the current 

configuration can be calculated by the following equation: 
L

1 * * *p p−= = + = + + +L FF L L d w d w p , where pd  
and pw  are plastic deformation rate and plastic vorticity, respectively, due to dislocation slip, and  and  
are the non-plastic deformation rate and non-plastic spin due to the crystal lattice deformation and rotation. The 
vector 

*d *w

αs  in the slip direction of the α th slip system at the current state is defined in the following way: 
* 0

α α=s F s . To keep vector αm  normal to the slip plane, the following relation has to be introduced: 
. The time-rate-of-change of the vectors 0 * 1

α α
−=m m F αs  and αm  which define the current direction of the α th 

slip on the slip plane of normal αm  are defined by *
α α=s L s , and *T

α α= −m L m , respectively. The plastic parts 
of the rate of deformation and vorticity become 
 p α

αγ=d N , and p α
αγ=w Y , (2.1) 

where ( )1
2α α α α α= ⊗ + ⊗N s m m s , and ( )1

2α α α α= ⊗ − ⊗Y s m m sα

*

*Ω

. 

2.1 Elastic constitutive relations 

The elastic constitutive relations by using objective corotational stress-rate is defined by: 

 , (2.2) * :e= dτ
o

D

where  is the elastic part of the objective corotational rate of Kirchhoff stress , and  is 
the elastic spin tensor, which can be written: 

* *= − +Ωτ τ τ τ
o

τ *Ω
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 * * * := +Ω w *dA , (2.3) 
where the expression of the fourth-order tensor ( )* * * *T= F FA A  is different for each objective corotational 

rate (for example in  case of Jaumann-rate tensor *A  identical to zero). 
The elastic constitutive equation, using the relations between total and elastic parts of  deformation can be 

written as: 

 (:e α )αγ= −d Θτ
o

D , (2.4) 

where  , e e= +D D M ( ) ( ) ( )1 * *: : : :e e
α α α α α α

− ⎡ ⎤= + − + + +⎣ ⎦Θ N Y N Y Nτ τD M D A A . Here M  is defined 

by: 
 ( ) ( ) ( ) ( )* * *: : : , ijkl im mjkl mjkl mjkl mjkl mj

*τ τ⎡ ⎤ ⎡ ⎤− − − = = − − −⎣ ⎦ ⎣ ⎦d d dτ τA A A A M M A A A A . (2.5) 

2.2 Elastic-plastic constitutive relations 

The hardening law without non-Schmid effect is defined as hcr β
α αβγτ = , where hαβ  is the hardening matrix, 

and cr
ατ  is the critical shear strength. Using this hardening law, the equation (2.4) can be reformulated to the 

widely used form of the elastic-plastic constitutive relation. A straightforward manipulation yields 

 , (2.6) :ep= dτ
o

D
where the fourth-order elastic-plastic tangent tensor  is defined as: epD

 ( ) ( ) (
1

G : : G : :ep e e eβα βα
β α β α

−
)⎡ ⎤ ⎡ ⎤= + ⊗ − ⊗⎣ ⎦ ⎣ ⎦Θ N Θ ND I D D D M , (2.7) 

where ( ) 1
G gβα

αβ

−
= , and ( ) ( )g h :αβ αβ α β β β β⎡ ⎤= + − − −⎣ ⎦N N Y N Yτ τ , and  is the the fourth-order unit 

tensor, and 

I

M  is defined by: 
 ( ) ( ): : : , ijkl im mjkl imkl mjτ τ− = = −d d dτ τA A M M A A , (2.8) 

where the fourth-order tensor ( )T= FFA A  is derived from the expression of spin tensor  respect to the total 
deformation in the following way: 

Ω

 := +Ω w dA . (2.9) 

3 APPLICATIONS 

The consitutive models presented above has been implemented in the finite element program ABAQUS through 
subroutine UMAT. In possession of material parameters, numerical tests can be perform, using different 
corotational rates, and the results can be compared. From this comparison, features of corotational rates will  
appear, which is useful in deciding on an appropriate elastic constitutive relation in single crystal plasticity at 
large deformation. 
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Summary. This paper is concerned with the computational analysis of elastoplastic micropolar solids at
small deformation. A stress updating integration algorithm is derived and an explicit expression is deduced
for the consistent tangent operator. The applicability and the performance of the proposed numerical
method are illustrated by sevaral three dimensional �nite element applications.

1 INTRODUCTION

The micropolar continuum model have been fairly extensively analysed in the last decad. The micropolar
theory have been employed to the J2-�ow theory by de Borst [2], Willam at el. [6], and to the deformation
theory by Mülhaus and Vardoulakis [5] in two dimensional range at small deformation. A more general
elastoplastic micropolar models in the large deformation range developed by Forest [3] and Grammenoudis
and Tsakmakis [4]. However, despite considerable theoretical and computational contributions made
in the computational analysis of micropolar continua, many questions are still unanswered and useful
formulations similar to the classical continuum plasticity are not available in the literature.
The purpose of this paper is to develop a stress updating algorithm to elastoplastic micropolar solid,

and to derive the corresponding consistent (algorithmic) tangent operator to three dimensional case at
small deformation. The elastic part of the constitutive model is based on the Eringen�s [1] micropolar
theory, and the plastic part is de�ned by an extended �ow theory of plasticity.

2 CONSTITUTIVE RELATIONS FOR MICROPOLAR SOLIDS

The kinematic equations for micropolar continuum at small deformation are of the form [1]:

" = gradTu+ (� � �)T ; 
 = grad�; (1)

where u is the displacement vector, � is the microrotation vector, " and 
 are the strain measures.
The rate form of the elastic-plastic constitutive equations in the case of small deformation can be

summarized as

_t = Ae : ( _"� _"p) ; _mT = Be : ( _
 � _
p) ; _"p = �
@F

@t
; _
p = �

@F

@mT
; _� = �h (t;m) ; (2)

where t is the stress,m is the couple stress tensor, and Ae and Be are the fourth-order elastic constitutive
moduli, � is the plastic multiplier, � is the hardening parameter.
The extended form of the von Mises yield condition is de�ned by

F (t;m;� (�)) = f(t;m)� 1
3
�2 (�) � 1

2

�
t : T : t+mT :M :mT

�
� 1
3
�2 (�) � 0; (3)

where the fourth-order tensorsT andM de�ned as (T)ijkl =
1
2 (1 + a1) �ac�bd+

1
2 (1� a1) �ad�bc�

1
3�ab�cd;

(M)ijkl =
1
2 (b1 + b2) �ac�bd +

1
2 (b1 � b2) �ad�bc �

1
3�ab�cd, here a1; b1and b2 are the micropolar material

parameters. The yield function de�ned above is obtained by a consistent derivation of distortion strain
energy, so it represents by the deviatoric part of t and m:
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3 STRESS UPDATING AND CONSISTENT TANGENT OPERATOR

In this work, the implicit backward Euler method is employed to determine the updated stress and plastic
state variables. In the strain driven problem, the Newton-Raphson iteration privides the strain "n+1 and
torsion 
n+1 values which use to de�ne the stress and couple stress at step n+ 1 as

tn+1= t
trial
n+1 ���Ae :

@f

@t

����
n+1

mT
n+1=

�
mtrial
n+1

�T ���Be : @f

@mT

����
n+1

; (4)

where ttrialn+1 and m
trial
n+1 are the so-called trial stress and couple stress, respectively. The set of equations

(4) with the yield condition Fn+1(tn+1;mn+1;� (�n+1)) = 0 a set of nonlinear equation in terms of values
tn+1; mn+1 and �� which is e¤ectively solved by a local Newton iterative procedures. It is important
to note that in the case of perfect plasticity or linear isotropic hardening a closed form exact solution is
possible.
The consistent tangent operator is essential to preserve the quadratic rate of asymptotic convergence

of global Newton-Raphson iteration. To derive this quantity, equation (4) is di¤erentiated to give

dtn+1 = D" : d�"� d��Nt; D" =

�
Ae�1 +��

@2f

@t@t

��1
; Nt = D" :

@f

@t
(5)

dmT
n+1 = D
 : d�
 � d��Nm; D
 =

�
Be�1 +��

@2f

@mT@mT

��1
; Nm = D
 :

@f

@mT
: (6)

Using the consistency condition dF (d��) = 0, the plastic multiplier can be expressed as d�� =
1

h
(Nt : d�"+Nm : d�
) ; where h =

@f

@t
: Nt +

@f

@mT
: Nm +

2

3
� (�n+1)

@� (�n+1)

@��
h (tn+1;mn+1) :

By combining these equations de�ned above, the consistent tangent relations takes the following form

�
dt
dmT

�
=

264 D" �
1

h
Nt 
Nt � 1

h
Nt 
Nm

� 1
h
Nm 
Nt D
 �

1

h
Nm 
Nm

375� d�"d�


�
: (7)

It should be note that the inversion in tensors D" and D
 can be evaluated in a closed form.
The method is intended for use in �nite element calculations that employ the micropolar plastic-

ity model in small deformation range. The algorithm and the consistent tangent operator has been
implemented in a �nite element code based on 20-noded solid element type. Some full three dimen-
sional numerical examples are presented that demonstrate the capability and accuracy of the proposed
algorithm.
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Summary. One of the greatest drawback of the classical elasticity is the lack of discontinuities. The
peridynamic material model of Silling et al. can solve this problem and in other hand using this there is
no need of any additional technique to enforce the natural boundary conditions in meshless methods. In
this paper a simple example shows this second feature of peridynamic material model.

1 INTRODUCTION

The meshless methods are known as good alternatives to eliminate the disadvantages of finite element
method. For example using them the handling of discontinues are possible. One of the simplest meshless
method is the Radial Basis Functions method (RBF), but like others, it suffers from the difficulties of
enforcement of boundary conditions because meshless shape functions suffice the Kronecker condition on
the nodal points. To eliminate this problem in the last decade many solutions were born, like Lagrange-
multipliers, penalty methods [1].
In the classical theory of elasticity the main variable is the displacement. Usually, the numerical determi-
nation of this is made with approximation of the equilibrium equations, but in them only the derivatives
of displacement appear.
In 2000, Silling S. A. has introduced a new material model, the peridynamic type. Using it the problem
of natural boundary conditions and discontinous displacement field can be solved in one hand.

2 DEFINITION OF PERIDYNAMIC MATERIAL

Let Ω be the set on the inner points of a solid body, Γu the boundary with prescribed movement and Γt

the boundary with surface load.
Let X, Y ∈ Ω two points of the body, u the displacement and b the body load at the point X. By the

Figure 1: Peridynamic inner force between two points

hypothesis of peridynamic material model, during the motion, there is an f(X, Y, u(X), u(Y )) pairwise
force between X and Y (see Figure 1). As in the work of Silling and co. [2] can be found, with the
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introduction of ξ = Y − X and η = u(Y ) − u(X) variables the pairwise force function must have next
features:

f(−η,−ξ) = −f(η, ξ); f(η, ξ) = F(η, ξ) · (η + ξ). (1)

In case of small displacements and linear microelastic material, the function f is linear function of η and
it can be written in f(η, ξ) = C(ξ) · η form. Assuming these properties the equilibrium equation of an
inner point has new shape:

∫

Ω
⋃

Γt

C(ξ) · (u(Y )− u(X))dY −
∫

Γu

C(ξ) · u(X)dY = −
∫

Γu

C(ξ) · û(Y )dY − b(X). (2)

The (2) equation is a Fredholm-type integral equation of the second kind. The numerical solution of
these equations is possible on quite wide range of function spaces by many techniques, like collocation,
least-square or Galerkin method.

3 RADIAL BASIS SIMULATION IN THE CASE OF HOOKEAN PLANE STRESS
PROBLEMS

In present work an uniconstant Hookean material was modelled. An inner nonlocal spring was assumed
between every two point of the body with semi-Hookean behavior. The distribution theory was used to
describe this phenomena with Gaussian distribution function where lr was the characteristic length of
material. Introducing the λ = ξ/|ξ| vector the kernel function of (2) was

C(X,Y ) = Eδ′′(|Y −X|) · λ⊗ λ → C(X,Y ) = E · ∂2

∂ξ2
(
eξ2/l2r

π · l2r
) · λ⊗ λ. (3)

Let Xj and Xk nodal points in Ω and Γu, respectively. If [N ] is the matrix of radial basis functions [3]
and {U} is the vector of nodal coefficients, then from (2) integral equation and the natural boundary
conditions, an asymmetric system of collocation equations can be set.

[
∫

Ω∪Γt

C(ξ) · (N(Y )−N(Xj))dY −
∫

Γu

C(ξ) ·N(Xj)dY ]{U} = {−
∫

Γu

C(ξ) · û(Y )dY − b(Xj)} (4)

[N(Xk)]{U} = {û(X)}. (5)

The presented example is a 1mm wide plate with b = 1N/mm3 uniaxial volumetric load. (Figure 2)
shows the convergence of numerical solution to the analytical solution (ua) with 175, 324 and 637 nodal
points.

Figure 2: Plate with uniaxial load: solution and convergence
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