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Abstract
The precision of gears has a major influence on the quality of the transmission. If the gear cannot be finished 
by grinding, the precision of the generating tool becomes essential. Archimedean spiral toothline cylindrical 
gears are obtained by reciprocate meshing using a milling cutter built up by individual cutters, organized 
in groups. The profiles of edges must be realized with a minimal profile error. In order to ensure the quality 
and the precision of the meshed tooth surface, and also the profile constancy after re-sharpening, relief faces 
must be realized by a grinding relieving operation. A secondary effect of the kinematics of relieving end the 
spatial extent of the grinding wheel a post undercut results and this produces an inevitable profile error. The 
present paper discusses a possible grinding wheel setting that produces a maximum theoretical profile error 
under 1μm along the whole re-sharpening reserve of the cutter. The proposed setting can be realized on a 
classical relieving lathe.
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1. The constructive principle of the 
milling head 

An Archimedean spiral toothline gear pair is 
realizable by meshing with a generating surface 
whose generatrix equals the classical rack profile 
while its direction line is an Archimedean spiral 
[1, 2]. Thus, the coupling tooth flanks are built-
up – with respect to Olivier’s first theorem– with 
the use of a common meshing surface [3]. As an 
advantageous consequence, meshing can be per-
formed by both gears with the same milling head. 
The virtual meshing rack appears with the rota-
tion of the milling head, due to the spiral-effect. 
The virtual rack executes a radial motion. The 
kinematic scheme is shown in Figure 1. The rack 
has a traditional  α0 = 20° profile angle. The mill-
ing head consists of Zs equiangular disposed cut-
ter groups, each of them containing Zk b inserts. 
The inserts of a given group work in the same 
tooth gap, while the consecutive groups machine 
consecutive tooth gaps. Figure 1. The appearance of the virtual rack. [4]
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Due to the special relative motion, the function-
al rake- and relief angles of each insert present a 
continuous variation. Due to this, it is necessary 
to compute the constructive geometry in corre-
spondence with the kinematical peculiarities of 
the cutting edge’s relative motion  [5, 6].

2. The mathematical modelling of re-
lieving 

2.1. The purpose of the model
The model comes to describe the relative motion 

of the grinding wheel’s surface to the cutting in-
sert. As a result, there is a dependence between 
the constructive relief angle values and the set-
ting parameters. The equations of the relief sur-
face result also. Starting from these, the equations 
of the new cutting edge can be easily computed 
by the displacement of the rake face, due to the 
resharpening. This way, the occurring profile er-
ror and the variance of the relief angle can also 
be computed.

The model is general due to the fact it is suitable 
for both the concave and the convex flank ma-
chining inserts.

2.2. Annotation
The model uses the following annotations:

mn	– normal module, [mm];
α0 	– normal rack angle, the cutting insert profile 

angle, [°];
u	 – cutter edge parameter, [mm];
uk	 – generatrix parameter of the grinding wheel, 

[mm];
ξ	 – angular parameter of the grinding wheel, [°];
ϕ	 – rotation of the milling head, [°];
Rs	 – reference radius of the milling head, [mm];
Rk	 – reference radius of the grinding wheel, 

[mm];
Ruk	– grinding wheel radius value corresponding 

to the generatrix parameter’s uk value, 
[mm];

ψ	 – half-cone angle of the grinding wheel, [°];
αknstr – constructive relief angle, [°];
λ	 – relieving spiral parameter, [mm/rad].

The position of the grinding wheel related to 
the machined insert is shown on Figure 2. The 
frames shown here have the following sense:
Xs Ys Zs 	 – the cutter head’s frame;
Xks Yks Zks	 – the grinding wheel’s frame;
X0 Y0 Z0 ≡ Xs Ys Zs – the standing frame, the cutter 

head’s frame coincides with at the start of 
the motion;

Xkk Ykk Zkk – the final, tilted position marking 
frame of the grinding wheel;

Xkz Ykz Zkz – – auxiliary frame, whose (zy) plane 
contains the direction line of the normal 
vector of the relief face in an arbitrary 
edge-point M;

Xkxy Ykxy Zkxy – the twisted auxiliary frame (axes 
are parallel to their corresponding axes of  
Xs Ys Zs).

2.3. The parametric equations of the relief 
face

The edges of the inserts are located in the axial 
plane of the cutter head. Any insert can be rotated 
about axis Z1 till the edge fails on the plane  X1 Z1. 
Here it must be noted that any insert is positioned 
at the same distance to the axis of rotation, during 
the relieving operation, although they occupy dif-
ferent positions in the cutter head. Based on the 
kinematics of the relieving operation [7, 8] the 
equations of the relief faces are as follows:

  	

(1)

Figure 2. The frames defining the relative position of 
the grinding wheel and the workpiece.
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The normal vector expression in an arbitrary 
point of the relief face is

	 (2)

3. The geometric model of the relieving 
operation

Let us suppose that the relieving operation is 
intended to be realized on a classical relieving 
lathe. The insert subjects to be relieved are posi-
tioned in equipment that confers an orientation 
of the inserts identical with that from the cutter 
head. To achieve the required orientation and set-
ting of the grinding wheel, the grinding unit will 
be mounted on a support, which allows the neces-
sary independent tilting and twisting.

Let us define the nominal diameter of the grind-
ing wheel at the half of the tooth height, thus Rk 
value of the radius corresponds to the zero value 
of uk parameter. 

Let us select the point M of the relief face, lo-
cated on the edge, having the parametric coordi-
nates u = 0; ϕ = 0. This is the midpoint of the error-
less straight edge segment – also considered the 
reference point. 

Let us take the normal vector n of the relief face 
Σα in the assigned point M then consider a plane 
containing it and parallel to the axis O zs This 
plane closes the angle αxy with the coordinate 
plane (xs zs) (the index xy points the plane where 
the angle appears).

The axes of frame Ok xkxy ykxz zkxy are parallel to 
the axis of the fixed frame and also the equipment 
frame in the start position, but they are rotated 
about axis z- by 180°.

Frame Ok xkz ykz zkz results as the effect of ro-
tation of frame Ok xkxy ykxz zkxy about axis  Ok zkxy 
with –αxy where the minus sign denotes the clock-
wise sense.

In the following, the positioning of the grinding 
wheel’s axis in the plane (Ok xkz zkz) will be ana-
lysed , as shown in Figure 3. 

The grinding wheel’s surface is a cone.
The cone is set in such a manner that its genera-

trix coincides, in point M with the perpendicular 
of the normal vector n of the relief face  (Σα) Both 
are included in the tangent plane of the relief 
face. In this case the angle between axes xkk and 
xkz equals the algebraic sum of the cone half angle 
ψ and the angle αz between the normal vector and 
the plane (xs ys):

	 (3)
In the situation shown in Figure 3, the tip of the 

cone falls in the direction of the edge tip, ψ > 0, 
otherwise ψ < 0. Axes ykz and ykk are coincident 
and implicitly, perpendicular on the blue, normal 
vector containing plane, shown in Figure 3. Thus, 
the result is that frame Ok xkk ykk zkk is, by defini-
tion, the frame of the grinding wheel, in machin-
ing position. It results from the effect of rotation 
of the grinding wheel’s frame, starting from the 
basic position Ok xkz ykz zkz about axis ykz by angle 
–αz

*.
The frame Ok xks yks zks is, by definition, the 

frame of the grinding wheel, in machining posi-
tion. It results from the effect of rotation of the 
grinding wheel’s frame, starting from the basic 
position  Ok xkk ykk zkk about axis xkk ≡ xks called 
hereafter tilting. The reason for introducing this 
tilting is due to the in the fact that only the normal 
vector in reference point M crosses the axis of the 
cone, while all other edge-points, are avoiding it. 
The coincidence of normal vector support lines 
in the common point of two surfaces is the basic 
condition of the surface mating. Let us denote 
the tilt angle by αk. Figure 4. shows that, normal 
vectors of the relief face, defined in the edge tip 
respectively in the edge root, present opposite 

Figure 3. The initial position of the grinding wheel.
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inclinations from the normal vector defined in  
M That geometric peculiarity justifies the neces-
sity of tilting: applying it, e.g. the rotation about 
axis  xkk the mating condition will persist in the 
reference point, while in the extremities, they ap-
proach in the  the best way the grinding wheel’s 
axis. This way, the reference point possesses a 
common normal line, while the normal lines in 
the other points pass as near as possible next to 
the grinding wheel’s axis.

Based on Figure 2. the vectorial parametric sur-
face equations of the grinding wheel are as fol-
lows:

	 (4)

In parametric equation (4) Rk denotes the nom-
inal middle radius value of the grinding wheel, ψ 
the half angle of the cone, while, uk and ξ are the 
independent parameters of the conical surface, 
and the height- and the angular parameter. The 
length of the edge segment equals the length of 
the generatrix, and  is a function of u.

Considering that the useful length of the edge 
coincides with that of the cone generatrix, the 
parameters uk and u are bound by the following 
expression:

	
(5)

Using coordinate expressions (2) of the normal 
vector, the slope of this, relative to the plane xkz 
zkz can be computed as:

	 (6)

Angle αz from expression (3) can be deduced 
from the parametric coordinates (2) by particu-
larizing them to ϕ=0 value:

	 (7)

As an effect of the tilt, the axis of the grinding 
wheel leaves the position zkk and overlaps zkz sig-
nifying the rotation of frame xkk ykk zkk about axis 
xkk ≡ xks.

The value of the rotation angle αk is computed  
admitting that the normal vector directions in the 
edge tip and edge root point should be situated as 
near as possible to the axis of the relieving grind-
ing wheel.

Let us define the next trigonometric function:

	 (8)

Due to their excessive extent, we consider the 
justifying calculus can be omitted here. The value 
of the tilt angle αk with respect to (8), becomes

   (9)

The transformation matrix that links the proper 
(xks yks zks) frame of the grinding wheel and the 
auxiliary frame (xkxy ykxy zxky) can be obtained by 
the chaining of three elementary rotations as fol-
lows:

	 (10)

Elements of matrix (10) are denoted by  
. 

If using a classical relieving lathe, rotation an-
gles given by (3), (6), (7), (9), which are necessary 
to define the positioning of the grinding wheel 
defined given by (10), cannot be varied, thus they 
will stay at constant values hereafter.

In the next the linearized model we will pres-
ent the case where the normal-unit vector will be 
used. This, using expressions (1) and (2) can be 
put in the following form:

Figure 4. The change of the direction of the normal 
vector in different edge-points– projection.
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	 (11)

From here results:

	 (12)

4. The equations of meshing surface   
During the relieving operation the grinding 

wheel executes a radial linear motion while the 
holder equipment rotates about the lathe’s axis. 
This is geometrically primed as the rotation and 
radial approaching of frame xkxy ykxy zkxy relative 
to the frame xs ys zs (Figure 2). 

There exists a linear dependence between the 
motions mentioned above. 

Let us point with vector  
the center of the grinding wheel when the rota-
tion angle is set to zero (in the initial phase corre-
sponding to ϕ = 0) and define the relative linear 
motion unit vector by . Using 
this, the trajectory of the center point of the grind-
ing wheel, for an angular interval , 
marking the real amount of the rotation, can be 
written as:

	 (13)
Using the parallelism of axes of frames  

xkxy ykxy zkxy and x0 y z0 the equations of the grind-
ing wheel’s surface related to the frame of the ma-
chine body can be written as:

	
(14)

The meshed surface family, generated by the 
grinding wheel during the relative motion, in the 
frame of the insert becomes:

	
(15)

where: 

	 (16)

	 (17)
In correspondence with Figure 2, the initial and 

the final position of the grinding wheel’s center 
point, related to the fixed frame, can be written 
as:

	

(18)
where:

	 (19)

	
(20)

Using this, and knowing that the relieving tool 
holder’s motion possibilities on the classic reliev-
ing machine are only linear, the direction of this 
results as

	
(21)

The meshing surface’s parametric coordinates 
are obtained from vector (15), by the introduction 
of the dependence between the surface family 
parameters written as ξ = ξ(uk, ϕ) Because of the 
very laborious calculus this is omitted, and the 
mentioned relation will be given by the following 
expression suit:

            (22a)

          (22b)

         (22c)

  (22d)

  (22e)

Any of expressions (22a...e) are dependent on  uk 
and ϕ. Thus, the meshing condition results under 
the form:

	 (23)

As shown from expression (21), the direction of 
the relative motion of the grinding wheel to the 
machine body is defined on all three axes; but 
the construction of the relieving lathe allows only 
two of these. That fact necessitates a correction. 
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The motion will be transferred in a plane that 
contains the axis of rotation of the lathe and it is 
parallel with the δ direction. The angle comprised 
between this   plane and plane (xy) is:

	 (24)

With this correction, the equations of the 
meshed surface become:

	 (25)

	 (26)

After the development of (26) results:

 (27)

	 (28a)

	 (28b)

	 (28c)

5. Numerical investigation
By proofing the model, the following initial val-

ues were used:
α0 = 20°		  – standard profile angle
mn = 5 mm	 – normal module
Rs = 80 mm	 – radius of insert holder
Rk = 80 mm	 – middle radius of the grinding 

wheel
ψ = –1°		  – half cone angle of the grinding 

wheel
αknstr = –4°	 – prescribed constructive relief 

angle
φ0 = 0°		  – lower resharpening limit
φv = 10°		  – upper resharpening limit

Figure 5. shows the grinding wheel’ surface 
in the initial, the middle and the final position 
of the relieving motion, contacting the meshing 
relieving surface. Red lines represent the edges 
obtained after applying the resharpening. These 
were computed using numerical methods. 

Due to the particularity of the relieved surfaces, 
resharpening causes the radial shift of the cutting 
edge. Here a radial correction is necessary after 
each conditioning. It consists in the radial shift-

ing of the insert, till the characteristic point of the 
new edge fail on the theoretical point M of the in-
itial edge. All errors were computed considering 
the correction performed. 

The constructive relief angle increases with the 
height of the considered point on the edge. Due to 
the resharpening, a variation of the relief angles 
also occur, on both these ‘s magnitude is of sexa-
decimal minutes.

The magnitude of the computed theoretical pro-
file error is also negligible until it is of order of 
tenths of micron. 

6. Conclusion
With the implementation of the proposed math-

ematical model, a cost-efficient relieving oper-
ation of the inserts can be achieved by use of a 
classical relieving lathe. 

The model is suitable for both the inner and out-
er cutting inserts.

The relief angles and the re-sharpening reserve 
can be defined in comfortable large intervals. In 
spite of this, the variation of the relief angle and 
the theoretical profile error after the resharpen-
ing are of negligible magnitudes.

Figure 5. The relieving face and the grinding wheel’s 
surface – in different moments of the machin-
ing.
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Figure 6. The variation of the theoretical profile error 
in relation to the height parameter ‘u’ and the 
number of resharpening (upper: interior edge; 
under: exterior edge).

Figure 7. The variation of the constructive side relief 
angle in relation to the edge parameter ‘u’ and 
the number of resharpening (upper: interior 
edge; under: exterior edge).
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